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1 IntroductionAbduction is the process of �nding explanations for observable e�ects in the world. A typicalabductive process is the selection of a disease or set of diseases as explanation for a series ofsymptoms. Most diagnosis system performs some kind of abduction to explain observations.There are other situations, not necessarily involving diagnosis, where an intelligent reasonermay opt to use abduction to draw conclusions. For example, from the implication:rained last night ! grass is wet (1)and the observation the grass is wet we may hypothesize that it rained last night. Generallyspeaking, there are two parts in an abductive framework (�; Ab): The domain theory � oflaws about the world and a distinguish set of symbols Ab, called abducibles, from where theset of possible explanations AbForm will be de�ned. We will assume � to be a consistentset of sentences in a �nite propositional language L and Ab a set of propositional lettersfrom L. Any formula built using only letters from Ab will be an abducible formula inAbForm. Given an observation �, the process of abduction is usually de�ned ([14, 17, 3,11, 20, 4]) as the task of �nding a consistent subset � of AbForm such that � [� ` � .In our example above, � will be the implication (1), � will be grass is wet and � the setfrained last nightg. However, this formal description covers only part of the e�ects one canobtained by abduction. Suppose, for example that � also contains the formula:rained last night ! do not bike to work (2)In this case the explanation for the grass is wet has also as a consequence that we will notuse the bike to go to work. This second component of abduction can be also observed ina diagnostic process where assuming a particular disease to explain certain symptoms cantrigger as consequence actions for treatment of the disease or actions to perform tests tocon�rm the hypothesis.So far, the study of abduction has tried to describe how explanations are drawn andhas taken little consideration on the consequences of explanations.1 If we want to considerthese consequences we may start by de�ning a consequence relation based on an abductiveframework as follows.De�nition 1.1 Let (�; Ab) be an abductive framework. We will say that a formula � isan abductive consequence of �, � `Ab �, if and only if � [ � ` �, where � is the set ofabducible formulas selected to explain � (and � [� is consistent).Notice that De�nition 1.1 does not specify how to select the set of explanations �. Theproperties of `Ab will depend on the way this selection is done. When � is the cautiousexplanation of � (i.e. the disjunction of all possible explanations), � `Ab � says thatevery explanation of � is an explanation of �. Hence, in a symptom/disorder model, theabduction process says that every cause of � has normally � as a symptom or consequencetoo; equivalently, normally each time the symptom � is observed, the symptom � is alsopresent. If there are preferences among the explanations, then � `Ab � says the most likely1In [5] consequences of the explanations are used to de�ne the notion of corroboration to help the selectionpossible explanations. An explanation fails to be corroborated if some of its logical consequences are notobserved. 2



(i.e. the preferred) explanation of � is normally an explanation of �. We say \normally"since `Ab has a \conditional nature", which is due to the fact that our domain theory isincomplete. We will see that when the reasoner has preferences among explanations, thenthe associated consequence relation will not be monotonic (it will be a modi�cation of `Abas given by 1.1). The reasoner epistemic state is considered during the abduction process.This extension to the standard notion of abduction was studied by Boutilier and Becher in[2] in the context of �nding explanations to observations. However, our emphasis is moreon the consequence relation implicit in abductive reasoning rather than in the selection ofthe explanations.Several researchers have studied abstract properties of non-monotonic consequence re-lations (see for instance [6, 7, 15, 16, 19]). Kraus, Lehmann and Magidor [15] and Lehmannand Magidor [16] have de�ned several types of consequence relations and have developedsemantic characterizations of each of them.The contribution of this paper is a classi�cation of abductive consequence relationsaccording to the systems de�ned in [15] and [16]. We show that a monotone abductiveconsequence relation satis�es the properties of a cumulative monotonic system as de�nedin Kraus, Lehmann and Magidor [15] only when the explanation selected to justify theobservations is the disjunction of all the abducible explanations. We also show that ingeneral for this class of abductive consequence relations the Or rule does not hold. We alsopresent an example that shows that when there are preferences between di�erent abductiveexplanations monotonicity does not hold. In fact, we will show that the use of preferenceswill always force the consequence relation to be non-monotonic. In Section 3, we showthat non-monotonic abductive systems preserve a partial version of rational monotonicityand that they are very similar to rational relations (in the sense of [16]). We also presentsemantic characterizations of both cumulative and non-monotonic abductive systems interms of cumulative models as de�ned in [15]. In the last section we have some conclusionsand directions of research.2 Monotone and cumulative abductive reasoningIn the absence of extra information, the selection of the correct set of explanations for aformula in an abductive framework leads to a formula equivalent to the disjunction of allpossible explanations. This formula is called the cautious explanation and can be formallyde�ned as follows.De�nition 2.1 Let (�; Ab) be an abductive framework, an abducible formula  is calledan abductive explanation of a formula � if � [ fg is consistent and � [ fg ` �. Thecautious explanation of � is de�ned to be the disjunction of all the abductive explanationsof � in (�; Ab). We will denote this explanation by Fc(�). In case there is no explanationfor � we let Fc(�) =?. In general, a selection function with respect to (�; Ab) will be anyfunction F that maps a formula � into an abducible formula F (�) such that:(i) For all �, � [ fF (�)g ` � and � [ fF (�)g is consistent. In case there is no abductiveexplanation of � then F (�) =?.(ii) If ` �$ � then ` F (�)$ F (�). 3



Let us recall that the underlying language is a �nite propositional language. In partic-ular, this implies that the cautious explanation is well de�ned. Also notice that clearly Fcsatis�es the conditions in 2.1. Condition (i) makes F a selection function, since it selectsan explanation for �. (ii) says that the syntax of � is irrelevant when selecting one of itsexplanation.Based on this selection functions we can de�ne precisely a consequence relation associ-ated with an abductive framework.De�nition 2.2 Let (�; Ab) an abductive framework and F a selection function w.r.t.(�; Ab). We will say that a formula � is an F -abductive consequence of � (and will write� F̀ �) i� � [ fF (�)g ` �. When F = Fc we will denote this consequence relation by �̀since the selection of explanations only depends on �.There are other properties of the cautious explanations that can be obtained from 2.1.We collect three of them in the following fact.Fact 2.3 The cautious explanation Fc(�) satis�es the following:(i) Fc(� ^ �) = Fc(�) ^ Fc(�).(ii) Fc(�) _ Fc(�) ` Fc(� _ �).(iii) For every abducible formula  we have � `  $ Fc(). That is to say,  �̀ � i�Fc() �̀ �.Proof: Straightforward. 2The simplest deductive systems studied by Kraus, Lehmann and Magidor were theCumulative Systems (C). A Cumulative system has the following properties.(Reexivity) � j� �(Left Logical Equivalence) If ` �$ � & � j� � then � j� �(Right Weakening) If ` � ! � & � j� � then � j� �(Cut) If � j� � & � ^ � j� � then � j� �(Cautious Monotony) If � j� � & � j� � then � ^ � j� �It follows directly from the de�nitions that for every selection function F , F̀ satis�esReexivity and Right Weakening. From (ii) in 2.1 it follows that Left Logical Equivalenceholds for F̀ . In general, F̀ does not satisfy Cut and Cautious Monotony (see Appendix Afor an example). However �̀ does: from the hypothesis in the rule Cut and 2.3 (i) it followsthat � ` Fc(� ^ �)$ Fc(�).There are other rules that follow from the system C ([15]), and therefore they will holdfor �̀ :(Supraclassicality) If � ` � then, � j� �(Reciprocity) If � j� � and � j� � and � j� � then, � j� �(And) If � j� � & � j� � then, � j� � ^ � 4



The following observation will clarify the role that the cautious explanation is playingin the approach to abductive reasoning we are taking.Fact 2.4 Let (�; Ab) be an abductive framework and suppose F̀ satis�es system C, thenfor every � f� : � F̀ �g = f� : Fc(�) F̀ �gProof: By de�nition of the cautious explanation F (�) ` Fc(�). Since F̀ satis�es Reci-procity and Supraclassicality it su�ces to show that Fc(�) F̀ F (�). It is clear that� F̀ F (�) and since F̀ satis�es Right Weakening, then � F̀ Fc(�). Also, it is easy tosee that �[ fF (Fc(�))g ` �, therefore Fc(�) F̀ �. Hence by reciprocity Fc(�) F̀ F (�). 2A way of understanding 2.4 is as follows: in order to have F̀ satisfying the system C thefunction F must select a preferred explanation of � based only on Fc(�). That is to say, if� and �0 happen to have the same set of possible explanations, then � and �0 will have thesame F̀ -consequences. This might seem a trivial observation, however, the point we wantto stress is that this property of F̀ follows from the requirement that F̀ is a Cumulativeconsequence relation. It is also saying that once we know the cautious explanation of �,F will select an abductive formula based on the cautious explanation independently of �.Thus, the observation also says that it su�ces to know F restricted to AbForm.We will continue now presenting some other principles which have been studied in thecontext on non-monotonic reasoning. We will concentrate on the cumulative relation �̀.Cautious Monotony is the weakest form of monotony that has been considered in theliterature. There are various ways to state Monotony. In [15] it is stated as follows:(Monotony) If ` �! � & � j� � then � j� �:For �̀, Monotony follows from the fact that if ` � ! � , then F (�) ` F (�). CautiousMonotony follows from Monotony.In summary we have:Fact 2.5 The consequence relation �̀ satis�es the rules of system C and Monotony.Proof: From 2.3 and the observations above. 2The next rule considered by Kraus, Lehmann and Magidor that does not follow fromthe rules in C and Monotony is the Or rule.(Or) If � j� � & � j� � ; then � _ � j� �This rule does not hold for �̀ as we will see below through an example. However, thefollowing restricted version of the Or-rule holds.(Ab-Or) Let ; 0 2 AbForm If  j� � and 0 j� � ; then  _ 0 j� �Fact 2.6 The relation �̀ satis�es the rule Ab-Or.Proof: It follows from 2.3 (iii). 25



Before we comment about this last rule, observe that from 2.3 (iii) we have that  is anexplanation of � i�  �̀ �. The rule Ab-Or is important because it says that when  and0 are both explanations of � then  _ 0 is also an explanation of �.There might be an explanation  of � _ � that is not a \con�rmed" explanation ofeither � or � 2 and therefore it is \natural" to expect that the Or rule fails in general.A situation where the Or rule fails is illustrated in the following example. In this case,although formulas � and � abductively entail a formula �, from the observation � _ � wecan not draw any speci�c conclusions.Example 2.7 Consider the following domain theory �:turn on car ^ battery is ok ! engine startsturn on car ^ :battery is ok ! :engine startturn on car ! have the keysLet t be turn on car, b be the battery is ok, s be engine starts and k have the keys. LetAb = ft; bg. It is easy to check that s �̀ k and also that :s �̀ k, but obviously s_:s 6 �̀ k.When we observe that the engine starts we conclude that the battery is ok and if we observethat the engine does not start then we conclude that the battery is not ok, but notice that ineither case we are assuming that we have tried to start the engine (otherwise it is pointlessto look for an explanation) and therefore we must have had the keys. This extra informationis not available if we just claim that we observe that either the engine starts or it does notstart. 2Under the presence of the rules in C, Monotony is equivalent to the following rule ([15])(Transitivity) If � j� � & � j� � ; then � j� �If the rule Or is also available, then Monotony turns out to be equivalent to contraposition([15])(Contraposition) If � j� � ; then :� j� :�However, without the Or rule, Contraposition is stronger than Monotony ([15]). Since�̀ does not satis�es the Or rule then we only get the following form of contraposition: If is an abducible formula and  �̀ � then :� �̀ :. In words, it says that if a symptom �is not observed, then none of the disorders that normally cause � can be present. However,sometimes we only can �nd an explanation for the presence of a symptom but not for theabsence of it.3 This is the reason why full contraposition fails, since even if we know thatthe expected cause of � is  (and therefore we abductively get that � �̀ ), we can not saythat the absence of  implies that � should not be observed (i.e. : �̀ :�).The following example shows that we can not have full contraposition.2It could be that  sometimes causes � and sometimes � but we do not know which one. We only knowthat  always causes either � or �.3The grass is wet because it rained last night, but if the grass were not wet maybe it was because thelawn was covered. But this is an exception that is not explained by the domain theory which is supposed toconsist of general laws. 6



Example 2.8 Consider the following domain theory that Lisa has about some weatherrelated issues. � = 8><>: sprinkler ! wet shoesrain ! wet shoesrain ! bring umbrellaLet sprinkler and rain be the abducible atoms. Note that bring umbrella �̀ rain .However, if it is not raining Lisa still might want to bring her umbrella (she is very cautiousabout weather reports), and in fact :rain 6 �̀ :bring umbrella .The main property that distinguishes �̀ from other consequence relations is that theconsequences with respect to �̀ of a formula � depend on the explanations of � ratherthan on � alone. In order to express this property we will introduce an abstract notion ofcautious explanation with respect to an arbitrary consequence relation j�.De�nition 2.9 Let j� be a consequence relation and (�; Ab) an abductive framework. Thecautious selection function induced by j� is de�ned byF j�c (�) =_f 2 Abform : � [ fg is consistent and  j� �g;if there is an abducible formula  such that � [ fg is consistent and  j� �. Otherwise,F j�c (�) =?.Notice that we only have an indirect reference to � in the previous de�nition. Thereason is that � is expected to be \built-in" j�. For instance, if we let � j� � be de�ned by� [ f�g ` �, then F j�c is exactly Fc (as de�ned in 2.1).The reader may feel that there is unnecessary generality in the new de�nition of thecautious explanation, especially because of the use of an abstract consequence relation j�.The reason to move to this level of generality is because, as we will see, the most interestingabductive consequence relations will need to be non-monotonic. In other words, even if wemaintain the notion of explanation in the form of � [ fg ` �, after including preferencesamong explanations, we will end up with a non-monotonic consequence relation. Hence,by not imposing any constraints on j� in De�nition 2.9 we will be able to use the samede�nition of cautious selection functions for monotonic and non-monotonic consequencerelations.Now we can express the abductive nature of �̀ as follows:(Abductive axiom (AA)) A consequence relation j� is said to satisfy the abductive axiomif � j� F j�c (�) for every formula �.Remark 2.10 (1) The abductive axiom can be stated in an equivalent form without ex-plicitly mentioning F j�c as follows: As usual, given a consequence relation j�, we de�neC(�) = f� : � j� �gWhen j� is cumulative and satis�es the Ab-Or rule then AA is equivalent to: � j� � i�for every abducible formula  such that  j� � there is an abducible formula 0 such that0 j� � ^ � and C(0) = C( _ 0). 7



(2) When j� satis�es reciprocity and the abductive axiom then � j� � if and only ifF j�c (�) j� �. In particular, all conclusions made using j� have to be based on abducibleformulas.(3) The following observations may help to clarify the content of the abductive axiom.Let j� be any cumulative consequence relation that satis�es the Ab-Or rule. First, given twoexplanations  and 0 of a formula � (i.e.  j� �), it is clear that _0 is also an explanationof � (by the Ab-Or rule). If we want to be extremely cautious about our claims, we shouldprefer  _ 0 over  or 0 as an explanation of �, since the former is less speci�c than thelatter. On the other hand, one way to compare two explanations is by looking at theirconsequences. Let us say that an explanation 0 of � is as good as another explanation ,denoted by 0 � , if C(0) = C(_0). In words, we say that the explanation 0 is as goodas the explanation  because, after all, the conclusions we could draw using the less speci�cexplanation _0 are the same ones we would get by using the more speci�c explanation 0.Notice that if 0 �  then  _ 0 j� 0 and also that � is not antisymmetric. This relation(or a variant of it) has been used in [15, 16, 7, 10] and it has reminiscences of the simplicitycriterion for selection of explanations in [17]. Now, we rephrase the abductive axiom asfollows: � can be abductively deduced from � if and only if for any abductive explanation of � there is an explanation 0 of � as good as  such that � follows abductively from 0.The following fact is obvious from the de�nition of �̀.Fact 2.11 The consequence relation �̀ satis�es the abductive axiom. 2In general, � can be considered to contain the world's current laws used by the reasonerto justify explanations and draw conclusions. Hence, for every � 2 � and every �, we have� �̀ �. This can be understood as saying that � must hold in every state considered by thereasoner as a possible state of a�airs. In particular, this implies that when � ` �! �, then� �̀ � holds (this follows easily using And and Right Weakening). Also, it implies that if�[f�g is inconsistent, then � �̀?. The converse is not true in general (for instance, when� has no explanation), however it holds for those abducible formulas that are consistentwith �. We will state it as a separate rule, since it will be needed in the sequel.(Ab-Consistency) If  is an abducible formula and  j�? then � [ fg is inconsistent.In [10] a similar axiom is called \Preservation of Consistency". This condition will bealso reected in the semantic side of the representation theorem.Since �̀ satis�es the rules of a cumulative system we can present a semantic character-ization of �̀ based on simple cumulative models as in [15].De�nition 2.12 [15] A simple cumulative model is a pair (S; l) where S is a set (its elementsare called states) and l is a function that assigns to each state s 2 S a non-empty collectionl(s) of interpretation of the language. For every formula � we let�̂ = fs 2 S : l(s) �Mod(�)gi.e., s 2 �̂ if for every N 2 l(s) we have N j= �. Given a simple cumulative modelW = (S; l)the associated consequence relation is de�ned as follows:� j�W � i� for all s 2 �̂ we have l(s) �Mod(�)8



In [15] it was shown that a consequence relation satis�es the rules of C together with themonotonicity rule (this system is denoted by CM) if and only if the consequence relation isof the form j�W for some simple cumulative modelW . We will show a similar representationtheorem for abductive relations.Theorem 2.13 Let (�; Ab) be an abductive framework and j� a consequence relation. Thefollowing are equivalent:(i) j� satis�es the rules of system CM (i.e. it is a cumulative monotonic relation), therule Ab-Or, the abductive axiom, Ab-consistency and the following constraint: For every� 2 � and every �, � j� �.(ii) There is a simple cumulative model W = (S; l) such that j�=j�W where S is thecollection of abducible formulas consistent with �, for every ; 0 2 S we have l() �Mod(� [ fg), l( _ 0) = l() [ l(0) and l() \Mod(0) � l(0).(iii) There is a domain theory �0 � � such that for every abducible formula  , �[ fgis consistent if and only if �0 [ fg is consistent, and j�= �̀0 . 2Proofs of theorems can be found in the appendix. However, we should point out thatTheorem 2.13 is a corollary of a more general result presented in the next section.Let us make some remarks about conditions (ii) and (iii) in the previous theorem. Thefunction l is giving the intended meaning of the abducible formulas in S. In other words,models in l() are those models of  that the reasoner thinks are relevant, appropriated,normal, etc., and only those models will be considered. In our case, they have to be modelsof � [ fg. Thus, a limiting case in the previous theorem is when l() = Mod(� [ fg),which corresponds to j�= �̀. However, it could be that l() does not include all models ofMod(� [ fg). In this case �0 contains extra constraints that forces to leave out of l()some of those models. Hence, the axioms listed in (i) do not determine uniquely the domaintheory used by the agent to draw conclusions and justify explanations, although the domaintheory �0 in (iii) must contain � and both have to determine the same set of consistentexplanations (i.e. � [ fg is consistent i� �0 [ fg is consistent).The last condition in (ii) above says that if a normal model of  is also a model of 0then it has to be a normal model (of 0). The extra condition is necessary in order to getthe rule Ab-Or. We recall here that in general a simple cumulative model does not inducea relation that satis�es Or (in fact, in [15] in order to get the Or rule l(s) was restricted tocontain only one model).So far, we have studied abductive reasoning assuming that there are no preferencesamong the explanations. However, for the most interesting situations this is not the case.We will present next an example that shows that there are consequence relations naturallyde�ned using abductive reasoning that are not represented by simple cumulative models,i.e., that are not monotonic.Consider the following scenario: Lisa lives in a high-rise and parks her car in the 16-oorparking garage of her building. One morning, Lisa was looking for her car and did not �ndit where she thought she left it the night before. She considered the possibility that she wasin the wrong oor and went to the next oor. There was also the possibility that the carwas stolen and she must had called the police, but Lisa looked for the elevator and went9



to the next oor instead before taking the extreme decision of calling the police. We couldmodel part of her domain theory as follows::right oor ! :carstolen car ! :car:right oor ! go to next oorstolen car ! call policeIn this situation she made a decision based on abductive reasoning but she also preferredto believe :right oor over stolen car. Hence, she has implicitly assumed an order in thepossible explanations for :car. However, if Lisa had used the kind of reasoning we haveapplied so far instead of her own she would not know what to do when she did not �nd thecar. She could have either called the police or gone to the next oor. In order to introducepriorities among explanations and being able to select \go to the next oor" it is necessaryto leave the system CM to accommodate orders in the set of states. The new consequencerelation will not be characterized by a simple cumulative model, and we will need to forfeitMonotony. The new ordering coincides with the intuition given by Kraus, Lehmann andMagidor [15] to cumulative models (not necessarily simple) where states are taken to bepossible states of a�airs and the order relation represents the preferences between di�erentstates the reasoner may have. In the situation of abductive consequence relations the statesrefer to possible causes or explanations.3 Putting some order in the explanationsAs we have shown in (2.4), in order to have a well behaved consequence relation one mustbe careful in the criteria used to select explanations. We have shown that the selectionfunction should select a formula from a set of abducibles explanations of �, based only onFc(�). This happens, for instance, when there is an order � of the abducible formulasand F (�) picks the �-minimal explanations of �. The formalisms presented in this sectionwill follow this idea. Furthermore, the order will be a possibility ordering ([6]) over theabducible formulas.A consequence relation can be seen as an order over the set of formulas, and conversely,some orders (epistemic entrenchment, possibility ordering or preferential orders, etc.) area way of encoding an inference relation (see [10, 6, 7]). There is no di�erence with ourapproach to abductive consequence relations. The preference relation among abducibleformulas will be a possibility ordering and its associated inference relation will be part ofthe abductive consequence relation. Hence, the order among the abducible formulas can berecuperated from the consequence relation. It has been shown that consequence relationsbased on orders are not monotonic. In Lisa's example, this is equivalent to say that she isusing a non-monotonic consequence relation4 as a background inference relation. Anotherexample that shows the non-monotonicity nature of abduction with preferences among theexplanations is the following. In Lisa's situation we have that :right oor j� :stolen car(\normally, when Lisa is not in the right oor, her car has not been stolen"), because thisis a way of expressing that she prefers :right oor over stolen car. But, on the other hand,4For \jumping to explanations" 10



this should not imply that :right oor ^ stolen car is a contradiction, i.e., Lisa's reasoningis not monotonic.We will introduce the class of models we use to capture preferences among the expla-nations. This will be done by means of an order among the models of the domain theorywhich will translate into an order among the explanations. We will use the following notionof cumulative model:De�nition 3.1 [15]5 A cumulative model is a triple (S; l;�) where S is a set (its elementsare called states), l is a function that assigns to each state s 2 S a collection l(s) ofinterpretations of the language and � is a binary asymmetric relation over S.6 For everyformula � we de�ne �̂ as before by�̂ = fs 2 S : l(s) �Mod(�)g:With every cumulative model W = (S; l;�) the associated consequence relation is de�nedas follows: � j�W � i� for all s 2Min(�̂;�) we have l(s) �Mod(�):Where s 2Min(�̂;�) if s 2 �̂ and there is no t 2 �̂ with t � s.The di�erence between cumulative models and simple cumulative models is that in thelatter there is no relation among the states. In the case under consideration, the relation �will be a pre-order that encodes the reasoner preferences between explanations.We will use a particular type of cumulative models. Let (�; Ab) be an abductive frame-work and suppose we are given a total pre-order7 on Mod(�), denoted by ��. De�ne acumulative model as follows: The set of states S will be the collection of abducible formulasconsistent with �. Now de�ne l : S ! 2Mod(�) byl() =Min(Mod(� [ fg);��)and de�ne � in S by  � 0 i� l() � l( _ 0)The strict relation � is de�ned as usual by  � 0 i�  � 0 and 0 6� . It is clear that �is asymmetric.The motivation behind this choice of l and � comes from the theory of belief revision(see Section x4). In fact � is a reversed possibility ordering (which is a dual notion ofepistemic entrenchment, see [10] and [6]).De�nition 3.2 Let (�; Ab) be an abductive framework and S, l and � be de�ned as before.We call the cumulative model W = (S; l;�) an abductive cumulative model.5In [15] there is an extra technical condition imposed in the models called smoothness that always holdwhen � is an order and S is �nite, which is our case, and therefore we do not use.6A relation � is called asymmetric if for every s and t in S such that s � t, we have t 6� s.7A pre-order is a transitive and reexive binary relation11



Remark 3.3 If �� is trivial (i.e., N �� M for every N and M), then � is the emptyrelation and �̀=j�W . Notice that for this particular case, �̂ = f 2 S :  �̀ �g, so �̂ isthe set of explanations of �. We will keep this terminology and call any formula in �̂ anabducible explanation of � and the disjunction of all formulas in �̂ the cautious explanationof �. In this respect, the formulas in Min(�̂;�) are the most likely explanations of �. Therational behind the de�nition of j�W is precisely to use the disjunction of all most likelyexplanations of � as the preferred explanation.Example 3.4 Let us go back to the example of Lisa's car. Let � be her domain theory. Tosimplify notations, let us denote right oor with r, stolen car with s and car with c. So theabducible atoms are r and s. In this case a (optimistic) preference relation �� is given byN �� M i� N j= :r^:s, for N andM models of �. LetW be the corresponding abductivecumulative model. Then :c j�W :r ^ :s as expected. Also, :c ^ r j�W s, hence j�W is notmonotonic. Observe that :c 6 �̀ n and :c 6 �̀ :p. We can de�ne a selection function F basedon the order over abducible formulas given implicitly by ��. For instance, F (:c) = :r^:sand the j�W -consequences of :c are the classical consequences of � [ fF (:c)g. In otherwords, for this particular example, j�W is of the form F̀ .Notice, we could have chosen a slightly di�erent order on Mod(�). For instance, N ��M i� N j= :s. The consequence relation j�W will be di�erent, but we still have :c j�W:r ^ :s. 2Abductive cumulative models are actually ordered models (i.e., � is a transitive re-lation), as we will show below. Kraus, Lehmann and Magidor showed in [15] that theconsequence relation de�ned by an ordered model satis�es the rules of C together withthe rule Loop (see below). This new system is called CL. We will see that when W is anabductive cumulative model then j�W has even more properties than just the system CL.We state now other rules that are studied in [15]. We will also show that these rules (orpartial version of them) are satis�ed by j�W .(Loop) If �0 j� �1 & �1 j� �2 & : : :& �n j� �0; then �0 j� �n(Rational Monotony) If � 6j� :� & � j� ; then � ^ � j� Next theorem shows that j�W is almost a rational relation [16], i.e. in addition to therules of C the consequence relation also satis�es Or and Rational Monotony. Rationalrelations are considered the best ones one could expect from a non-monotonic consequencerelation.Theorem 3.5 Let (�; Ab) be an abductive framework, �� be a total pre-order on Mod(�)and W = (S; l;�) be the corresponding abductive model. The consequence relation j�Wsatis�es the following axioms: Reexivity, Left Logical Equivalence, Right Weakening, Cut,Cautious Monotony, Loop, Ab-consistency, the Ab-Or rule and the Abductive Axiom. Alsothe following partial form of Rational Monotony:(Rational Monotony for abducibles) If  and 0 are abducible formulas and  6j�W :0and  j�W � then  ^ 0 j�W �.Also the following constraint holds: For every formula � 2 � and every formula �,� j�W � 212



The proof appears in the appendix. Let us only mention a couple of facts about theproof. Let W = (S; l;�) be an abductive cumulative model. For every formula � with�̂ 6= ;, de�ne F (�) = Wf :  2 �̂g and F0(�) = Wf :  2Min(�̂;�)g. It easy to see thatF (�) is the cautious explanation of � with respect to j�W . By de�nition of j�W we haveC(�) = C(F0(�)) and also C(�) = C(F (�)) (this says that the abductive axiom holds). Inother words, the cautious explanation of � (with respect to j�W ) is j�W -equivalent to a morespeci�c explanation, namely F0(�). It also follows from the proof that C() = C(F ()),for every abducible formula , and in fact Mod(C()) = l(). This is to say, the originalinterpretation of an abductive formula given by l is preserved.We actually have a representation theorem for this kind of consequence relations as wewill show next. We introduce the following notion, which correspond in our setting to therational consequence relation of Lehmann and Magidor.De�nition 3.6 A consequence relation j� will be called an abductive rational relation if itsatis�es all the properties listed in the conclusion of Theorem 3.5.Remark 3.7 When the premises in the relation j�W are abducible formulas the relationhas all the properties of a rational consequence relation. In particular, we have the followingtwo rules which were shown in [15] to hold for any rational consequence relation. Let  and0 be abducible formulas:(Rule S) If  ^ 0 j�W �; then  j�W (0 ! �)(Disjunctive Rationality) If  6j�W � & 0 6j�W � ; then  _ 0 6j�W �Now we state the other direction of the representation theorem for abductive rationalrelations.Theorem 3.8 Let (�; Ab) be an abductive framework and j� be a consequence relationon a �nite propositional language. If j� is an abductive rational relation then there is anabductive model W such that j�=j�W . 2The proof is in the appendix. However, as in other proofs of representation theoremsof this kind ([16, 10, 7]), the heart of the proof consists of �nding an order �� derivedfrom a consequence relation j� as in the hypothesis of the theorem. So let us indicate how�� is de�ned. Following [15], an interpretation N is called normal if there is an abducibleformula  such that N j= C(). From one of the hypotheses we get that in particularnormal interpretations are models of �. We will de�ne �� only on normal interpretations,and then the rest of the models of � will be located above any normal interpretation. LetN1 and N2 be normal interpretations, we de�ne <� �rst as follows:N1 <� N2 if and only if for all 1 and 2 such that N1 j= C(1) and N2 j= C(2) thenN1 j= C(1 _ 2) and N2 6j= C(1 _ 2).Then we de�ne =� naturally by making N1 =� N2 if and only if N1 6<� N2 and N2 6<� N1.And �nally �� is de�ned by: N1 �� N2 if and only if N1 =� N2 or N1 <� N2.Remark 3.9 Notice that when � is the empty domain theory and Ab is the set of allpropositional letters then j�W is a rational consequence relation. Notice also that in this13



case S will be the set of all consistent formulas and � will be (the strict part of) a reversedpossibility order (see [6, 10] for de�nitions, references and its connection with expectationorders). As in [7] it can be shown that � j�W � i� � � � ^ :�.4 Connection with Belief revisionBelief revision is the process of changing the beliefs an agent has in order to incorporateincoming information (which might contradict the old one). The best known formalism forrevision theory is the so called AGM postulates [1]. Let K be the belief set of an agent(for instance K could be identi�ed with a propositional theory) and suppose that the newincoming information is represented by a formula �. The revision of K with � is denotedby K � �. It is natural to assume that K � � is also a belief set (i.e. closed under logicalconsequences) and obviously that � 2 K ��. The AGM postulates impose other non trivialconditions on � in order to make minimal the changes it performs in K. For instance, if �is consistent with K then K � � � Cn(K [ f�g). There is also a semantic characterizationof these operators that is equivalent to the postulates. This characterization says thatthe operators must induce an order among the interpretations of the language. The orderintends to capture the \distance" of the interpretations from the models of K. The revisionoperator must select the \closest" interpretations to the models of K that model � as themodels of the revised belief set.It has been shown by G�ardenfors and Makinson [9] that a revision operator is a conse-quence relation in disguise (and vice versa, some consequence relations can be representedas those coming from revision operators). More precisely, we can de�ne � j�K � if � 2 K��.In words, the agent is willing to conclude � from � in the case that � belongs to the revisedbelief set obtained after � is incorporated into K (using the revision operator �). In [9] itis shown that j�K is a rational consequence relation. This is a very interesting result, sinceit shows that the AGM postulates and some of the axioms for non-monotonic consequencerelations are \two sides of the same coin".Our original motivation to study abductive consequence relations came from the factthat in revision theory it is possible to use abductive reasoning to revise a belief set. Thisapproach was used in [18] to provide a notion of abductive revision operators. The ideais that given an abductive framework (�; Ab) and a belief set K that contains � we canincorporate a formula � using abduction as the basic reasoning mechanism. The operatorsso de�ned have properties that resemble the AGM postulates. It can be shown that if �a isan abductive revision operator and we let � j�a � when � 2 K �a�, then j�a is an abductiverational relation. The operators �a are represented by total pre-orders over Mod(�) andthis provides the intuition behind the de�nition of � and l in the notion of an abductivecumulative models de�ned in Section 3.5 Conclusions and further remarksWe have presented a study of consequence relations that model some form of abductivereasoning. We have divided our presentation in two cases: Monotone and non-monotonefollowing ideas from [15, 16]. Even though the monotonic case seems to be of lesser im-14



portance, its simplicity allowed us to introduce easily the basic features of abduction thatwe have chosen as the key postulates of our consequence relation. For instance: (1) Therestricted form of the Or rule that we have called Ab-Or. This rules merely says that if anobservation � has  and 0 as explanation then _0 is also an explanation. It is importantto recall that the failure of the full Or-rule means that, in general, we do not ask that thepreferred explanation of a disjunctive fact � _ � has to be an explanation of either � or �.In other words, the process of explaining � _ � might be a completely di�erent task thanthat of explaining � or �. (2) Even more important, perhaps, is the Abductive Axiom AAsince it seems to capture the \essence" of the notion of abduction we are considering. Thispostulate simply says that a form of reasoning de�ned in terms of a consequence relation j�can be called abductive when from every observation � one is able to infer the disjunction ofall possible explanation of �, where the notion of explanation is de�ned based on j�. Fromthe view point of abduction when it is understood as the inference to the best explanation,AA is a weak requirement. However, as the representation theorem shows, AA togetherwith the rest of the rationality postulates capture a very precise notion of preference amongexplanations.There are some natural questions that emerge from our results. The representationtheorem presented in Section 3 ordered the models to encode the preferences among theexplanations. But note that in Lisa's example the order was generated not based on semanticconsiderations but on an order over the explanations. Previous studies of non-monotonicconsequence relations have considered the use of expectation or possibility orders amongthe formulas to generate consequence relations (see [10, 7, 6]). We are currently preparingan article where these issues are studied in more detail. In particular, it will include thestudy of relations of the form F̀ , where F is de�ned based on orders over sets of formulas.The study of these relations will bring closer our approach of abduction to other approachesin the literature (for instance, the work of Cialcea and Pirri [3], where they study propertiesof the relation \ is a preferred explanation of �").Another open question is how to deal with in�nite languages. The main obstacle is thatthe cautious explanation is ill-de�ned and thus AA is meaningless. However, there is a wayto state AA that avoids the problem of de�ning the cautious selection function. Anotherquestion is up to which extend a consequence relation determines the abductive framework.For instance, is the set of abducibles or the domain theory uniquely determined by j�?.Some results about those questions will be presented elsewhere.Another limitation of the abductive consequence relations presented here is that when aformula � does not have explanations the set of abductive consequences of � is inconsistent.Hence, consistency is not preserved even when � and � are consistent. An alternativeto attack this limitation would be to modify the abductive framework by expanding thelanguage with new abducible propositional letters and extending the domain theory inorder to have explanations for more formulas than in the original theory. The procedurecan be seen as a kind of completion for the theory to have explanations for every formula. 8This approach has been explored in [14] and also in [12] but restricted to logic programmingtype of theories. How exactly we could de�ne this completion is an open question.8Note that the abductive axiom can be seen as if it imposes a sort of completion restriction on j� sinceevery formula � is j�-equivalent to Fc(�). 15
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Cautious Monotony, Loop, Ab-consistency, the Ab-Or rule, Rational Monotony for ab-ducible formulas and the Abductive Axiom. Also the following constraint holds: For everyformula � 2 � and every formula �, � j�W �Proof: We will show thatW is an ordered model and from this it will follow that Reexivity,Left Logical Equivalence, Right Weakening, Cut, Cautious Monotony and Loop hold for j�W(see [15]). We only need to verify that � is transitive. Recall that S is the set of abducibleformulas consistent with � and for every  2 S, l() =Min(Mod(� [ fg);��). And � isde�ned by  � 0 i� l() � l( _ 0). Finally, recall that  � 0 i�  � 0 and 0 6� .The following fact will show to be useful.Fact B.1 Let  and 0 be in S.(i)  � 0 i� l() = l( _ 0) and l() �Mod(:0).(ii) One of the following holds: (a) l( _ 0) = l(), (b) l( _ 0) = l(0) or (c) l( _ 0) =l() [ l(0).(iii) If l() \ l( _ 0) 6= ; then l() � l( _ 0).(iv) If  � 0 and 0 �  then l( _ 0) = l() [ l(0).Proof: It follows from the de�nitions. 2Fact B.2 The relations � and � are transitive. Moreover, � is total.Proof: Direct from B.1. 2We recall that from the axioms of C we obtain that And and Reciprocity hold. To seethat the partial form of consistency preservation holds, notice that if  2 S then l() 6= ;,hence  6j�W?.The following fact will be usefulFact B.3 Let  be in S.  j�W � i� l() � Mod(�). Moreover, if 0 2 Min(̂;�), thenl(0) � l(). Hence l() = [fl(0) : 0 2Min(̂;�)g.Proof: Notice �rst that if 0 2 ̂ then l(0) �Mod(). Therefore, l( _ 0) = l() sinceMin(Mod(� [ f( _ 0)g);��) = Min(Mod(� [ fg) [Mod(� [ f0g);��)= Min(Mod(� [ fg) [ l(0);��)= Min(Mod(� [ fg);��):(since l(0) � Mod(� [ fg)). From here we get that  � 0. When  2 Min(̂;�) fromB.1(iv) we have that l( _ 0) = l() [ l(0). Thus l() = [fl(0) : 0 2 Min(̂;�)g fromwhich the claim follows. 2>From B.3 it follows that when  2 S, then l() = Mod(C()). Now, the Ab-Or rulefollows from B.1 (ii) and B.3. 17



To verify the partial form of Rational Monotony, let  and 0 be abducible formulassuch that  6j�W :0. We claim l( ^ 0) = l() \Mod(0): if N 2 l() \Mod(0), thenN 2 l( ^ 0), since N is ��-minimal. Finally, if  j�W �, then from the claim it followsthat l( ^ 0) �Mod(�) and from B.3 we get  ^ 0 j�W �.To verify the abductive axiom we will use the following fact.Fact B.4 For every formula � with �̂ 6= ; de�ne F (�) = Wf :  2 �̂g and F0(�) = Wf : 2Min(�̂;�)g. Let F j�c be the cautious selection function with respect to j�W (as de�nedin 2.9). Then(i) l(F (�)) = l(F0(�)).(ii) l(F0(�)) = [fl() :  2Min(�̂;�)g.(iii) � j�W � i� F (�) j�W �.(iv) F j�c (�) = F (�).Proof: (i) and (ii) follow from the de�nitions. (iii) follows from (i), (ii) and B.3. Now, it iseasy to check that (iv) holds. 2>From the previous fact the abductive axiom follows easily.Finally, from the de�nition of l we have that l() � Mod(�), hence � j�W � for every� and every � 2 �. 2 Theorem 3.5Theorem 3.8 Let (�; Ab) be an abductive framework and j� be a consequence relationon a �nite propositional language. If j� is an abductive rational relation, then there is aabductive model W such that j�=j�W .Proof: We will show �rst some facts that will be used later. Some of them are well known,we will include the proofs for the sake of completeness. Unless otherwise speci�ed theletter  will always denote abducible formulas. The following property was called in [8] thefactorization property.Fact B.5 ([8]) Let j� be any abductive rational relation, then for every abducible formulas and 0 one of the following holds:(i) C( _ 0) = C()(ii) C( _ 0) = C(0).(iii) C( _ 0) = C() \ C(0).Proof: We consider three cases. (i) If  _ 0 j� :0, then from Reexivity, And and RightWeakening we have  _ 0 j� . Thus by reciprocity C( _ 0) = C(). (ii) Analogously, if_0 j� :, then C(_0) = C(0). (iii) If _0 6j� :0 and _0 6j� :, then we will showthat C( _ 0) = C() \ C(0). One direction follows directly from the rule Ab-Or. For18



the other direction observe that if  _ 0 j� � then by Rational Monotony ( _ 0) ^  j� �and also ( _ 0) ^ 0 j� �. By Left Logical Equivalence  j� � and also 0 j� �, thereforeC( _ 0) � C() \ C(0). 2Fact B.6 If  6j� :0, then C( ^ 0) = Cn(C() [ f0g)Proof: Let � 2 C() then by Rational Monotony we have � 2 C( ^ 0). Thus Cn(C() [f0g) � C( ^ 0). For the other direction, if  ^ 0 j� � then by the Rule S in 3.7 we have j� 0 ! �. Therefore � 2 Cn(C() [ f0g). 2We will de�ne now an ordering on Mod(�). First we will introduce the following de�-nition as in [15].De�nition B.7 An interpretation N is called normal if there is an abducible formula such that N j= C().Notice that if N is normal, then N j= �, since for every formula � and � 2 � we assumethat � j� �.De�nition B.8 Let N1 and N2 be normal interpretations, we de�ne <�, =� and �� asfollows:� N1 <� N2 if and only if for all 1 and 2 such that N1 j= C(1) and N2 j= C(2) thenN1 j= C(1 _ 2) and N2 6j= C(1 _ 2).� N1 =� N2 if and only if N1 6<� N2 and N2 6<� N1.� N1 �� N2 if and only if N1 =� N2 or N1 <� N2.Fact B.9 (i) Let N and M be normal models. Then N <� M if and only if there are Nand M abducible formulas such that N j= C(N ), M j= C(M ) and N j= C(N _ M ) butM 6j= C(N _ M ).(ii) In consequence, for N and M normal models, N =� M if and only if for all abducibleformulas  and 0 such that N j= C(), M j= C(0) we have N , M j= C( _ 0).Proof: (i) The if part comes directly form the de�nition of <�. For the other directionsuppose that such N and M exist and let  and 0 be any abducible formulas suchthat N j= C() and M j= C(0). From B.5 we get that  _ 0 6j� :(N _ M ) and alsoN _ M 6j� :( _ 0). Hence from B.6 we get thatC((N _ M ) ^ ( _ 0)) = Cn( C( _ 0) [ fN _ Mg)= Cn( C(N _ M ) [ f _ 0g)and from this the result follows. (ii) follows from (i). 2Fact B.10 The relation <� is transitive. 19



Proof: Let N1 <� N2 and N2 <� N3 and assume toward a contradiction that N1 6<� N3.Then there exist 1; 3 such that N1 j= C(1) and N3 j= C(3) but either N1 6j= C(1 _ 3)or N3 j= C(1 _ 3).Suppose N1 6j= C(1 _ 3), then from B.5 we have that C(1 _ 3) = C(3). Now, sinceN2 is a normal model there exists 2 such that N2 j= C(2). Then, since N2 <� N3 andN3 j= C(1 _ 3) we have that N2 j= C(1 _ 2 _ 3). And, again since N1 j= C(1), andN1 <� N2 then it must be the case N2 6j= C(1 _ 2 _ 3), which is a contradiction.Suppose N3 j= C(1 _ 3) and let 2 be such that N2 j= C(2). Since N2 <� N3 thenN2 j= C(1 _ 2 _ 3). But since N1 <� N2 and N1 j= C(1) then it must be the case thatN2 6j= C(1 _ 2 _ 3) which is a contradiction. 2Fact B.11 The relation =� is an equivalence relation.Proof: By de�nition the relation is reexive and symmetric. The interesting case is whenN1 6= N2 and N2 6= N3. Let N1 =� N2 and N2 =� N3. We will �nd 01; 03 such thatN1 j= C(01), N3 j= C(03) and N1; N3 j= C(1 _ 3), then we will have that N1 6<� N3 andN3 6<� N1, and thus N1 =� N3. Let 1; 2; 3 be abducible formulas such that Ni j= C(i),for i = 1; 2; 3 (These 's exist since Ni's are normal models). Since N2 =� N3 then from B.9(ii), we get N2; N3 j= C(2_3). SimilarlyN1; N2 j= (1_2_3) andN2; N3 j= (1_2_3).Take 01 = 03 = 1 _ 2 _ 3. 2Now, we prove that �� is a total pre-order. Reexivity comes from the reexivity of=�. For transitivity, let N1 �� N2 and N2 �� N3. We have four cases. (1) When N1 =� N2and N2 =� N3 , then N1 =� N3 follows from Fact B.11. (2) If N1 =� N2 and N2 <� N3,the only case to consider is when N3 <� N1, but this case is impossible since by transitivityof <� we have that N2 <� N1 contradicting the fact that N1 =� N2. (3) When N1 <� N2and N2 =� N3, the situation is analogous to the second case. (4) When N1 <� N2 andN2 <� N3 follows from the transitivity of <�. 2We extend �� to a pre-order over all models of � as follows: If N is normal and M is anot normal model of �, then N <� M and every two non-normal models of � are =�. It isclear that the extended relation �� is a total pre-order. Let then W = (S; l;�) as de�nedin 3.2 using the pre-ordering ��. We will show next that j�=j�W .First, we show that for any  we haveMod(C()) =Min(Mod(� [ fg);��)in particular this says that for  2 S, Mod(C()) = l(). Notice that when  is notconsistent with � there is nothing to show because from the assumption about consistencypreservation in this case ?2 C(). So we can assume that  2 S. Let Normal() be thecollection of all normal models of  (from the remark above, for every abducible formula 2 S, Normal() is not empty). It follows from the de�nition of �� thatMin(Mod(� [ fg);��) =Min(Normal();��):Thus we have to show that for an abducible formula  2 S,Mod(C()) =Min(Normal();��):20



(�) By contradiction assume that M 2 Mod(C()) but M 62Min(Normal();��). Thenthere is N <� M with N 2 Min(Normal();��). Then for any 1 such that N j= C(1),N j= C(1 _ ) and M 6j= C(1 _ ). Hence 1 _  6j� : (since N is not a model of :).Therefore from B.6 and Left Logical equivalence we haveC() = C((1 _ ) ^ ) = Cn( C(1 _ ) [ fg)contradicting that M 6j= C(1 _ ).(�) Let M 2 Min(Normal();��), and let 0 be such that M j= C(0) (such 0 existsbecauseM is normal). Since ; 6=Mod(C()) �Min(Normal();��), then there is N suchthat N j= C() and N =� M (recall that �� is total). From B.9 we have M j= C( _ 0)and using B.6 as before we get M j= C().What we have just proved implies that �̂ = f 2 S :  j� �g and also that the resultholds for abducible formulas, i.e.  j� � i�  j�W �:Using this remark and the function F de�ned in B.4 we haveF (�) =_f :  2 �̂g =_f 2 S :  j� �gHence F (�) = F j�c (�) (where F j�c , de�ned in 2.9, is the selection function associated withj�). Then we have� j�W � i� F (�) j�W � (by B.4)i� F j�c (�) j�W � (from the remark above)i� F j�c (�) j� � (since F j�c (�) is an abducible formula)i� � j� � (by AA for j�)2 Theorem 3.8Now we can prove 2.13 based on 3.8.Theorem 2.13: Let (�; Ab) be an abductive framework and j� a consequence relation.The following are equivalent:(i) j� satis�es the rules of system CM (i.e. it is a cumulative monotonic relation), therule Ab-Or, the abductive axiom, Ab-consistency and the following constraint: For every� 2 � and every �, � j� �.(ii) There is a simple cumulative model W = (S; l) such that j�=j�W where S is thecollection of abducible formulas consistent with �, for every ; 0 2 S we have l() �Mod(� [ fg), l( _ 0) = l() [ l(0) and l() \Mod(0) � l(0).(iii) There is a domain theory �0 � � such that for every abducible formula  , �[ fgis consistent if and only if �0 [ fg is consistent, and j�= �̀0 .Proof: (i) ) (ii) : Since Monotony clearly implies Rational Monotony and Loop (recallthat transitivity follows from monotonicity in the system C [15]), then from Theorem 3.5 weknow there is a total pre-order �� over Mod(�) such that for the corresponding abductive21



model W = (S; l;�) we have j�=j�W . We will show that � is the empty relation and l hasthe desired properties.(a) Let 1, 2 2 S, we claim that 1 _ 2 6j� :i, i = 1; 2. Otherwise, towards acontradiction, suppose 1 _ 2 j� :1, then by transitivity 1 j� :1, hence 1 j�?, whichcontradicts the hypothesis of preservation of consistency for abducible formulas. Therefore,as in Fact B.5, we obtain C(1 _ 2) = C(1) \ C(2). From Fact B.3 we know thatMod(C()) = l() for every  2 S, thus l(1) [ l(2) � l(1 _ 2). Therefore 1 � 2 and2 � 1. In other words, � is the empty relation. Notice also that from Fact B.1 (iv) wehave l(1 _ 2) = l(1) [ l(2).(b) It remains to be shown that l()\Mod(0) � l(0) for , 0 2 S. In fact, when N andN 0 are normal models then N �� N 0 and N 0 �� N . Therefore, when N 2 Min(Mod(� [fg;��) and N j= 0, then N 2Min(Mod(� [ f0g);��), i.e. N 2 l(0).(ii) ) (iii): Let �0 be the theory whose models are [fl() :  2 Sg. Then � � �0 andfor every abducible formula  we easily see that  2 S if and only if � [ fg is consistent,and also, if and only if �0 [ fg is consistent. We only need to show that for every  2 S,l() =Mod(�0[fg). One direction is obvious from the de�nition. For the other direction,let N j= �0 [ fg, then for some 0 2 S we have that N 2 l(0). Then from hypothesis in(ii) we obtain that N 2 l().(iii)) (i): This was already shown in x2. 2 Theorem 2.13References[1] C.E. Alchourr�on, P. G�ardenfors, and D. Makinson. On the logic of theory change.Journal of Symbolic Logic, 50:510{530, 1985.[2] C. Boutilier and V. Becher. Abduction as belief revision: A model of preferred ex-planations. In Proc. of eleventh National Conference on Arti�cial Intelligence, pages642{648, Washington, DC, July 1993.[3] M. Cialdea Mayer and F. Pirri. Abduction is not deduction-in-reverse. Journal of theIGPL, 4(1):1{14, 1996.[4] G. Eiter and G. Gottlob. The complexity of logic-based abduction. Journal of ACM,42(1):3{42, 1995.[5] C.A. Evans and A.C. Kakas. Hypotetic-deductive reasoning. In Proc. InternationalConference on Fifth Generation Computer Systems, pages 546{554, Tokyo, 1992.[6] L. Fari~nas del Cerro, A. Herzig, and J. Lang. From ordering-based nonmonotonicreasoning to conditional logic. Arti�cial Intelligence, 66:375{393, 1994.[7] M. Freund. Injective models and disjunctive relations. Journal of Logic and Compu-tation, 3:231{247, 1993.[8] P. G�ardenfors. Knowledge in Flux: modeling the dynamics of epistemic states. MITpress, Cambridge, MA, 1988. 22
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