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Abstract

A collection of topologies ®,, (for o an ordinal) is introduced in the space of
bounded continuous functions Cp(X) (where X is a discrete space). It is proved
that | X| < N, if and only if the unit ball B;(X) in Cp(X) is ®4-compact. We
compute the dual of (Cy(X), ®,) and present a characterization of the cofinality
of | X| in terms of ®g-equicontinuity.

1 Introduction

The compactness (with respect to various topologies) of the unit ball in the space
of bounded continuous real functions over a completely regular Hausdorff space X
has been used very successfully to characterize some topological properties of X (see
9], [8] [6] and [7]). We introduce a collection of topologies in Cy(X) @, (for o an
ordinal) and use them to characterize the cardinality of X and the cofinality of | X].
The k-product topology on 2% (which coincides with @ in 2" as a subspace of Cy(k))
has been used to study some large cardinal properties of x (see [2]). In [5] it is shown
that the compactness of the unit ball with respect to the strict topologies 3, and f3,
characterize the real measurability and Ulam measurability of | X|, respectively. The
idea behind the results of this paper is that some set theoretic notions, like cardinality
and cofinality, can be characterized using concepts from functional analysis.

The main results are the following:

Theorem A: Let X be a discrete space. |X| < W, if and only if the unit ball in
Cy(X) is ®,-compact.

The proof is a transfinite version of the well known fact that (for X discrete) the
unit ball in Cy(X) is || - ||-compact if and only if X is finite.
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In order to characterize the cofinality of | X | we will look at the dual of (C,(X), ®,,)
and then use the notion of ®g-equicontinuity. Let E be a locally convex space and « a
cardinal. We say that F is k-barrelled if for every pointwise bounded family {A; }ies
in the topological dual of F, with |I| < x we have that {A;};cs is equicontinuous. Put

bar(E) = sup{k : E is k-barrelled}

Theorem B: Let X be an infinite discrete space. Then cof (| X|) = bar((Cy(X), ®y)).

Now we fix the notation. Let X be a completely regular Hausdorff space, Cy(X)
will denote the space of bounded continuous real functions over X and the unit ball
{f € Cy(X) | f <1} will be denoted by By (X). If 7 and 7" are topologies on some
space, 7 < 7’ means that 7’ is finer than 7. The pointwise topology will be denoted
by t,. All topologies on C,(X) that we use in this paper are finer than t,. If Cp(X)
is given the supremum norm || - ||, its dual is given by Alexandroff representation
theorem and it consists of all finite, finitely additive Baire measures on X (see e.g.
[9]). Our set theoretic notation is standard, as in [3]. |X| will denote the cardinality
of X. Lower case Greek letters will denote ordinals. Let » be an infinite cardinal, x*
denotes the cardinal succesor of k, the cofinality of k (denoted by cof(k)) is the least
cardinal A such that there exists a family {A¢}ecy of subsets of x such that [A¢| < &
and k = J A¢. An infinite cardinal « is called regular if cof (k) = k.

2 Cardinality and compactness
Let X be discrete space, we introduce the cardinal topologies on Cp(X).
Definition 2.1 Let o be an ordinal and X a set.

So(X) ={Y C X : either Y is finite or if |Y| =Ry, then Ny, < |X| }

Definition 2.2 For every Y C X let py(f) = sup{|f(z)| : = € Y} for f € Cp(X).
py is a seminorm over Cy(X). For every ordinal «, let ®X be the locally convex
topology defined by the family of seminorms {py : Y € S,(X)}.

If there is no confusion about X, we will write ®, and S, instead of @gf and
S.(X). We show next some basic facts about the cardinal topologies ®,. (In [5],
another collection of topologies was introduced (also called cardinal topologies) which
are finer than the ®,’s and also satisfy the conclusion of theorem 2.5 below).

Lemma 2.3 Let X be a discrete space



2. If a < B then &5 < P,
3. @, 1s the projective topology induced by the maps:
Ty Cyp(X) = (Co(Y), [ - )

where Y € S, and

mv(f)=f1Y,
i.e. ®, is the smallest topology for which the maps my ’s are continuous. Hence,
a net f, in Cy(X) converges to zero with respect to @, if and only if f,, converges
uniformly to zero over every set in S,

Proof: It follows easily from the definitions. |

The following is a well known fact.

Lemma 2.4 Let X be a discrete space. X 1is finite if and only if B1(X) is || - ||-
compact. O

Theorem 2.5 Let X be discrete space. The following statements are equivalent:

1] X] <N,
2. d, =t,
3. By(X) is ®,-compact

Proof: (1 = 2) If | X| <R, then S, = {Y C X : Y isfinite }. Hence ®, is the
pointwise topology.

(2=3) If &, =t, then By(X) is ®,- compact by the Tychonoff theorem (since
X is discrete we have that By (X) = [—1,1]%).

(3=1) If X, < |X|, then X contains an infinite countable subset Y and Y € S,.
Since my : (Cp(X), Po) — (Co(Y), || - ||) is continuous and 7y (B (X)) = B1(Y) we
have that By(Y) is || - ||y-compact and from lemma 2.4 we get that Y is finite, which
is a contradiction. O

It is natural to ask if the restriction to discrete spaces is necessary. On this respect
we notice the following: Let X be a completely regular Hausdorff space. [, is the
finest locally convex topology on Cy(X) which coincides on the norm-bounded sets
with the compact open topology. Wheeler [8] has proved that X is discrete if and only
if B1(X) is fo-compact. In fact, a bit stronger result can be shown analogously: if 7
is a topology on Cy(X) with ¢, < 7 and B;(X) is T-compact then X is discrete. Thus
it is interesting to determine the relationship between 3, and the cardinal topologies
we have defined. This was done in [5] and for the sake of completeness we repeat it
here.



Lemma 2.6 Let X be a discrete space and (f,) be a net on Cp(X). Then f, — 0
in By if and only if for every sequence (x,) € X and every sequence (r,) € R which
converges to zero we have that Sup{|r, fa(x,)] : n >0} — 0

Proof: [, is also characterized as the topology determinded by the seminorms
pr(f) =|| hf || where h is a bounded real function on X vanishing at infinity (i.e.
{z € X :|h(z)| > €} is compact for all € > 0) (see e.g. theorem 2.4 in [4]). Using
this characterization for X discrete, it is easy to obtain the result. O

As a corollary we get

Lemma 2.7 Let X be a discrete space and T a topology on Cy(X) such that for every

net (fo) € Co(X) with (f.) — 0, we have that for every countable Z C X fo | Z .
Then (g < T O

We have the following comparison theorem

Theorem 2.8 Let X be a discrete space. For every ordinal o one and only one of
the following holds:

(a) t, = P,
(b) Bo < Pq

In particular By and ®, are always comparable.

Proof: If | X| <R, then by theorem 2.5 we have ®, = ¢, and (a) holds. On the other
hand, suppose |X| = N3 > N,. By the definition of ®, the hypothesis of the previous
lemma are satisfied, hence Gy < ®,. By the result of Wheeler mentioned before we
get By < D, otherwise B;(X) would be ®,-compact and therefore by theorem 2.5
| X | <N,, which is a contradiction. O

We will see next that the relation |X| = |Y| can be topologically characterized.

Theorem 2.9 Let X and Y be infinite discrete spaces. | X| < |Y| if and only if for
every a there is a continuous onto map T : (Cy(Y), ®Y) — (Cy(X), ®X). *

Proof: (=) Let h: X — Y be a 1-1 map. Let T : Cy(X) — C,(Y) be defined by
T(f) = foh. Since h is injective it is clear that 7" is onto. Let Z € S,(X) and
W = h|Z] then pz(T(f)) = pw(f), from which follows that 7" is continuous.

(<) Let « be such that |Y| < R,. We will see that | X| <R,. Hence | X| <|Y|.

L As the referee pointed out, this result is false for X and Y finite.



Let T as in the hypothesis. By 2.5 By (Y)) is ®Y -compact, hence Cy(Y’) is the union
of a countable collection of @) -compact sets, then (as T is onto and continuous) Cj(X)
is the union of a countable collection of ®X-compact sets. Since ®X < || - ||, then
those compact sets are norm closed. Hence by the Baire category theorem one of them
has non empty interior (in the norm topology) and therefore there is a ®X-compact
ball, which implies that B;(X) is also ®-compact. Hence by 2.5 | X| <R, O

Let us observe that if h : X — Y is a bijection then the map T defined in the
previous proof is a homeomorphism. Hence we have

Corollary 2.10 Let X and Y be discrete spaces. |X| = |Y| if and only if for every
a (Cy(Y), ®Y) is homeomorphic to (Cy(X), ®X). 2 O

3 Cofinality and equicontinuity

As mentioned in the introduction, in order to characterize the cofinality of | X| we will
look at the dual space of (Cy(X), ®g). Following the classical Alexandroff’s theorem,
dual spaces are identified with a collection of Baire measures over X.

Theorem 3.1 (Alexandroff’s Theorem)( See e.g. [9]) Let X be a completely
regular Hausdorff space. Then the map T : M(X) — Cy(X)" defined by T(u)(f) =
Ix [ dp in an isometric isomorphism from M(X) (the finite, finitely additive Baire
measures with the total variation norm) onto Cy(X) (with the norm topology).

We identify first the ®,-equicontinuous sets.

Lemma 3.2 Let X be discrete. A subset A of Cy(X)* (the algebraic dual of Cy(X))
1s D -equicontinuous if and only if there exists r > 0 and Y € S, such that:

IA(f)| < rpy(f) forall A€ A and all f € Cyp(X).
Proof: The condition is clearly sufficient. For the other direction suppose that A
is a ®,-equicontinuous subset of linear functionals on Cy(X). There exists Y € S,
and ¢ > 0 such that for all A € A, if py(f) < 0 then |A(f)| < 1. It is easy to see

that 7 = 1/0 and Y work. (Observe that if f € Cy(X), A € A and py(f) = 0 then
A(f) = 0. Otherwise |A(6f/py(f))] < 1). O

Now we will identify the measures representing the dual of (Cy(X), ®,).

Lemma 3.3 A € (Cy(X), ®,) if and only if there exists a unique p € M(X) such
that for some Y € S, with |u|(Y) = |p[(X)

A(S) :/fdu for all  f € Cy(X).

ver comentario del referee
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Proof: (=) Let € M(X) be the measure given by the Alexandroff’s theorem and
let Y € S, and r > 0 given by 3.2 be such that

A < rpy(f) forall f e Cy(X).

We will show that |p[(X \Y) = 0. Let xp € Cp(X) be the characteristic function
of BC X \Y then

!/XBCM = [Axs)l = 0
for all B C X \'Y. Hence |u[(X\Y) =0.
(<) Let Y € S, such that |u|[(X) = |p|(Y), then

A = | [ san| < | [ pdu] + fdu’ — | s,

X\Y

Thus |[A(f)| < |p|(Y)py (f) for all f e Cp(X). O

It is a well known fact that a locally convex space X is barrelled if and only if every
pointwise bounded family of continuous linear functionals over X is equicontinuous
(see e.g. [1]). We will introduce a “cardinal version” of this property which will be
used to characterize cofinality.

Definition 3.4 Let E be locally convex space and r cardinal. We say that E is k-
barrelled if for every pointwise bounded family {A;}icr in the topological dual of E
such that |I| < k we have that {A;}ier is equicontinuous.

Definition 3.5 Let E be a locally convex space. Then

bar(E) = sup{k : E is k-barrelled}

Theorem 3.6 Let X be an infinite discrete space. Then

bar(Cy(X), ®o) = cof (| X]).

Proof: Let | X| =k and cof (k) = A. We will show first that if {A;};cr is a pointwise
bounded family of linear ®y-continuous functionals in Cy,(X) and |I]| < A then {A;}ier
is ®g-equicontinuous, i.e. (Cy(X), Py) is A-barrelled.

From 3.2 we know that for every ¢ € I there exists ¥; C X with |Y;| < x and
r; > 0 such that

[Ai(f)] < ripy, (f) for all f € Cy(X).
Let Y = Ui Vi, then Y € Sy and
Ai(f)] < ripy (f) for all f € Cy(X). (1)
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We define A; : Co(Y) — R by Ay(f) = A;(f) where
o ={ 4

It is clear that {A; : i € I} is a subset of (C,(Y), | ||) and {A; : i € I'} is pointwise
bounded. By the Banach-Steinhaus’s Theorem there exists r > 0 such that |A;(f)| <
rpy (f) for all f € Cyp(Y) and all @ € I. From (1) we have that if f € Cy(X) and
fIY =0, then A;(f) = 0. In particular we have that A;(f) = Ai(f | Y) for every
f € Cp(X) and every i € I and now the result follows.

To finish the proof we will show that (C(X), ®g) is not A*-barrelled. Let {Y :
£ < A} be a family of pairwise disjoint infinite subsets of X such that X = [Jg) Ye
and |Ye| < |X|. Let {ue : & < A} be finitely additive measures on X with values in
{0,1} such that pe(Ye) = 1 and pe(Y) = 0 for Y C Y, with |Y| < |Ye| (ie., pe is a
uniform ultrafilter over Yg).

Let A¢ € (Cy(X), ®g)’ such that

Aelf) = [ Fdne

fxzeY
otherwise.

for f € Cyp(X) and £ < .

It is clear that {A¢ : £ < A} is pointwise bounded. We will show that it is not
®p-equicontinuous. Suppose, towards a contradiction, that there is Y C X with
Y| < |X| and r > 0 such that

[Ae(f)] < rpy(f)
for all f € Cp(X) and € < A.

In particular, if f is the characteristic function of Y \ Y then A¢(f) = pe(Ye \ Y).
Since py (f) = 0 then pue(Ye \Y) =0 and pe(YeNY) = pe(Y) =1 for all £ < A\. Then
Ye Y| =|Ye| for all £ < X and

V=2 [V NYe|=> [Ye| =|X]

£< <A
which is a contradiction. O

As a corollary we immediately get
Corollary 3.7 Let X be an infinity discrete space and |X| = k, then k is reqular if
and only if (Cp(X), ®o) is k-barrelled. O
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