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Abstract

Let (X, 7) be a countable topological space. We say that 7 is an analytic (Borel) topology if
7 as a subset of the Cantor set 2% (via characteristic functions) is an analytic (Borel) set. For
example, the topology of the Arhangel’skii-Franklin space S, is Fys. In this paper we study the
complexity, in the sense of the Borel hierarchy, of the subspaces of S,,. We show that S, has
subspaces with topologies of arbitrarily high Borel rank and it also has subspaces with a non
Borel topology. Moreover, a closed subset of S, has this property iff it contains a copy of S,,.
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1 Introduction

Let (X,7) be a countable topological space. We say that 7 is an analytic (Borel) topology if 7
as a subset of the Cantor set 2% (identifying a subset of X with its characteristic function) is an
analytic (Borel) set. Most of the examples of countable topological spaces found in the literature
are analytic. For example, every second countable topology is Fs, in particular, the topology of
the rational is (in fact a complete) F,4 subset of 22, Another examples of F,,s5 topologies are Arens
space [1] or its more general version, the Arhangel’skii-Franklin space S,, [2]. A systematic study of
analytic topologies was initiated in [13, 12] where it was shown explicitly the connection between
descriptive set theoretic properties and pure topological properties of a given space. For example,
analytic topologies are tight related to spaces of continuous functions: a T, regular countable space
has an analytic topology iff it is homeomorphic to a countable subspace of C,(NY) (the space of
real valued continuous functions over the Baire space N with the pointwise topology) [13, theorem
6.1].

In this note we are interested in studying the complexity of the subspace topologies of a given
countable space. It is clear that any subspace Y of a space X with an analytic topology also has
an analytic topology. However, the complexity of the subspace topology of Y (measured in terms
of the Borel hierarchy) might vary considerably depending on X and Y. On the one hand, if X
is second countable or more generally with a F, basis (see section 3.2 for the definition), then the
topology of every subspace of X is F,s5. On the other hand, we will show in this paper that the
Arhangel’skii-Franklin space S, (which has a F,s topology) has subspaces with arbitrarily high
Borel rank and also has non Borel subspaces (see §2 for the definition of S, and some general
information about it).

Our main result is the following



Theorem 1.1. Let X be a closed subset of S,,. The following are equivalent:
(i) X has a subspace whose topology is not Borel.
(i) X has subspaces with Borel topology of arbitrarily high Borel rank.

(iii) X contains a copy of S,,.

The proof uses the fact that .S, is a sequential space, thus every closed subspace X has associated
an ordinal p(X) called the sequential rank (see the definition in §2). We will show the following

Theorem 1.2. Let X be a closed subset of S,,.
(i) If p(X) < wi, then the subspace topology of every subset of X is Borel.
(ii) If p(X) = w1, then X has a closed copy of S, and a subspace whose topology is not Borel.

Examples of subspaces of S, with Borel topology of arbitrarily high rank are essentially given by
the terminal nodes of wellfounded trees. These subspaces will have only one non isolated point and
therefore the topology is given by a filter. Thus in §4 we will construct Borel filters of arbitrarily
high rank which in fact are the nbhd filter of a point in a subspace of S,. Part (i) and (ii) of
theorem 1.2 are shown in §5 and §6 respectively.

A very natural question is to determine which countable spaces satisfy the conclusion of theorem
1.1. In particular, we would like to know when a countable space contains a copy of S,, (a similar
question was asked in [2]). In section §3 we show that if a countable space X with Borel topology
satisfies that the nbdh filter of every point is Borel, then every subspace of X has also a Borel
topology. In particular, for the homogeneous space S,,, theorem 1.1 implies that the nbhd filter of
every point in S, is not Borel. Moreover, we will see that these nbhd filters are complete analytic
sets. This stands in contrast with the fact that S, has a F,5 topology.

We end this introduction making some comments about the connection between analytic topolo-
gies and the descriptive complexity of Cp(X), the space of real valued continuous function on a non
discrete completely regular countable topological space X with the topology of pointwise conver-
gence. There have been a lot of work on the classification of Cy,(X) (see [5, 4, 6] and the references
therein). One of their main results is that C,(X) is homeomorphic to ¢* (the countable product
of the space of sequences eventually equal to zero), whenever Cp,(X) is F,s as a subset of RX. It
can be shown that a regular topology on X is analytic iff Cp(X) is analytic. However the exact
relationship between the complexity of the topology on X and that of C,(X) has not been fully
investigated. For the case of spaces with only one non isolated point, i.e. spaces associated to
filters, this has been done ([5, Lemma 4.2] and references therein). We have not pursued this issue
here but we think it is worth studying it and it will be treated elsewhere.

In [11, 6] was studied the problem of classifying Cp(X), the set of continuous functions on X
with the topology of pointwise convergence on D, where D is a countable dense subset of X, i.e,
Cp(X)={fID: f e C(X)} CRP. They have shown that the Borel complexity of Cp(X) might
vary considerably depending on D and X. For instance, for every countable ordinal « there is a
space X, and a dense subset D, of X, such that Cp(X,) is Fs and Cp, (X) has Borel rank larger
than « (see [6, Prop. 2.6]). Our results go in the same line and show that a similar phenomenon
happens within the single space S,,.



2 Preliminaries

We will use the standard notions and terminology of descriptive set theory (see for instance [10]).
w<* denotes the collection of finite sequences of natural numbers. If s € w<%, |s| denote its length.
For n € N, s n is the concatenation of s with n. For & € N¥, we denote a|n the restriction of «
to {0,1,--- ,n — 1}. The Borel sets of rank a will be denoted by X% and ITY, where for instance
30 and IT{ are respectively the open and closed sets, 39 and II9 are respectively the F, and G
sets and so on. A subset of a Polish space is analytic (or £1) if it is the continuous image of the
Baire space NN, A well known result of Souslin says that a subset of a Polish space is Borel iff it
is analytic and co-analytic (see for instance [10, theorem 14.11]). Let X,Y be Polish spaces and
AC X, BCY. The set A is said to be Wadge reducible to B, denoted by A <,, B, if there is a
continuous function f : X — Y such that z € A iff f(z) € B (see [10, §21.E]). Notice if A <,, B
and A is Borel (projective), then the Borel (projective) type of B is at least that of A. Let I" be a
class of sets in Polish spaces. If Y is a Polish space, a set A CY is called I'-complete if A € T'(Y)
and B <, A for all B € T (see [10, §22.B]). The archetypical Xi-complete set is the collection of
ill founded trees on N, i.e. trees with at least one infinite branch (see [10, 27.1]). Any ¥i-complete
set is not Borel. Thus to show that an analytic subset A of a Polish space Z is not Borel it suffices
to show that the set of ill founded trees is Wadge reducible to A.

Let A be a subset of a topological space X, the sequential closure of A is defined by transfinite
recursion as follows [2]. Let A(®) = A and A™) be the set of all limits of convergent sequences in A,
AltD) = [A@])M) and AP = U, 5A@ for B a limit ordinal. The sequential closure of A, denoted
[A]seq, is the set A1) The space X is called sequential if for every A C X the closure of A is
equal to its sequential closure, i.e. A = [A]seq. A subset O C X is said to be sequentially open iff
for all x € O and a sequence x, converging to x there is IV such that z, € O for all n > N. A
space is sequential iff every sequentially open set is in fact open. A closed subspace of a sequential
space is sequential.

Definition 2.1. Let X be a sequential space and A C X. The sequential rank of A in X, denoted
U(A7X) 18 deﬁned by
o(A, X) = min{a: Al — A(a+1)}

The sequential rank of X is defined by
p(X) = sup{o(4, X) : AC X}
The local versions of these ordinals are defined as follows. Given A C X and s € X define

o(s,A) = minfa: s€ AY} forsecA

p(s,X) = sup{o(s,A): s€ A& AC X}

The following elementary facts about these ordinals are stated for later reference.
Proposition 2.2. Let X be a sequential space, A C X and s € X.
1. Alc(AX)) — 4.

2. p(s,X) =0 iff s is isolated in X.



3. 0(A, X) =sup,40(s,A).

4. p(X) = sup,ex p(s, X).
O

Now we recall the definition of S, and some basic facts about it. Define a topology T over w<%

by
Uers {neN: sngU}is finite for all s € U

Let S,, be the space (w<¥, 7). It is clear that S,, is T», zero dimensional and has no isolated points.
Notice that a set U is 7py-open iff there is f : w<* — N such that if s € U, then sn € U for all
n > f(s). A sequence {z;}; in S, converges to s iff {z;}; is eventually of the form s™n; for some
increasing sequence of integers {n;}. From this it follows that S, is sequential. For each ¢t € w<¥
we define

Ny={scw¥: t=<s}

Notice that Ny is a clopen set in S,,. If we consider T as a subset of 2¢~ (which with the product
topology is homeomorphic to the Cantor set), then it is clear that 7 is Fyg.

S, has showed up in many different contexts. The first occurrence was as an example of a
sequential homogeneous space of sequential rank wy [2]. A very interesting description of S,, as a
translation invariant topology over Z is given in [7]. S, has been implicitly used to study sequential
convergence in Cp(X) [9]. For instance, if Z is a topological space such that there is a continuous
surjection from Z onto a non-meager subset of R, then C,(Z) contains a copy of S,. Another
occurrence of S, is in the following result about spaces with the Schur property. Let E be a linear
normed space, then every weakly convergent sequence in F is norm-convergent iff £ with the weak
topology has no copy of S, ([13, theorem 5.3] and [9, theorem 17]). Another interesting property
of S, appears in [3, example 3.8].

3 On the complexity of the neighborhood filters

In this section we will make some comments about the problem of determining when every subspace
topology of a Borel topology is also Borel. Let us start by analyzing the case of a (Hausdorff) space
with only one non isolated point. Let F be a filter over w and X be w+ 1 with the topology where
every n € w is isolated and the nbhds of w are the elements of F. Let Y C X, then the restriction
of F to Y, denoted by Fy, is easily seen to satisfied that A € Fy iff ACY and AU(X \Y) € F.
This shows that Fy <,, F. Therefore, if F is Borel, then Fy is also Borel and thus the subspace
topology of Y is Borel for every Y C X.

Recall that the nbhd filter F, of a point z € X is the filter over X \ {z} defined by A € F, if
there is an open set V such that x € V.C AU {z}. Notice that if 7 is analytic, then every F, is
also analytic. It is elementary to show that V' is open iff V' \ {z} € F, for all z € V. In particular,
this says that if every F, is Borel, then 7 is also Borel. The converse is not true, as we will see in
section §6, S, has a Borel topology but in fact all its nbhd filters are non Borel.

A basis B for a countable topological space X is said to be F, if B as a subset of 2X is a F,
set. Every space with a F, basis has a F,s topology [13, proposition 3.2]. The converse is not true,
since S, has a F,s topology but it does not admit a F, basis [13, proposition 5.2] (this will be
deduced also from one of the results presented in this paper). A countable T5 regular space X has



an F, basis iff X has a closed subbasis iff X is homeomorphic to a countable subspace of Cp(2V)
([13, theorems 3.2, 3.4 and 6.1]). It is easy to check that having a F,, basis is a hereditary property.
Moreover, in this case, every nbhd filter is F,. In fact, let {F,}, be closed subsets of 2% such that
B =J,, F» is a basis for 7. Then

AcF, & IneNIWV [VeF, &rxeV CAU{z}]

The set of all (V, A) € 2% x 2% such that V € F,, & x € V. C AU {2} is compact for any x € X
and n € N. So F, is a countable union of projections of compact sets, therefore it is F, for all x.
We state this result in the following

Proposition 3.1. If 7 has a F, basis, then F, is F, for all x. O

We do not know if the converse of the previous result holds. Arens space Sz (which can be
defined as w=? with the topology it inherits from S, (see [8, Example 1.6.19])) is an example of a
space whose topology does not admit a F,, basis [13] but all its nbhd filters are Borel (in fact, they
are X7, see lemma 4.5).

We will denote the closure operator of a topological space (X, 7) by clx or cl.. The following
result characterizes when every F, is Borel for an analytic (and therefore Borel) topology.

Theorem 3.2. Let 7 be an analytic topology over a countable set X. The following are equivalent
1. F, is Borel for every x € X.
2. For each x € X, the set C, = {A C X : x € A} is Borel.
3. cl. is a Borel function from 2% into 2%.
4. The relation R(A,Y) given by “A is closed in'Y ” is Borel (in 2% x 2%).

Proof: Since 7 is analytic, then R is analytic and each C, is coanalytic. The following equivalences
are straightforward:

AcF, & 24 A& X\ (Au{z}) ¢ C,

AeC, & X\ (AU{z}) ¢ F,

R(A)Y) & VB[cl.(A)=B—BNY CA]

AeC, & ze€Aor g A& -R(A AU{z})]
cl.(A)=B & ACB & Ve(zreB—-Ac(Cy) & X\Ber.

Notice that the complementation mapping is a homeomorphism of the Cantor set and thus the
function A — X \ (AU {x}) is continuous for every x € X. To finish the proof we notice that the
first two equivalences above show that F, is Borel iff C), is Borel. The third one shows that if cl; is
Borel, then R is co-analytic and, being analytic, it is then Borel by Souslin’s theorem [10, theorem
14.11]. The forth one shows that if R is Borel, then Cy is Borel for all z. And the last equivalence
shows that if C, is Borel for all x, then cl; has an analytic graph and thus it is a Borel function
[10, theorem 14.12]. O

In view of the previous result it is natural to introduce the following notion. Let us say that
a topology on a countable set X is hereditarily Borel if the subspace topology of every Y C X is
Borel. Thus by theorem 3.2 we have the following result.



Corollary 3.3. Let 7 be an analytic topology over X . If every nbhd filter F,. of X is Borel, then the
topology of X is hereditarily Borel. Moreover, the Borel rank of the subspace topologies is uniformly
bounded. O

Remark 3.4. We do not know whether the converse of 3.3 holds. That is to say, if X has an
analytic topology such that the nbhd filter of some point is not Borel, then X has a subspace with
a non Borel topology.

We end this section by showing a general fact about the Baire measurability of cl,.

Proposition 3.5. Let 7 be a meager (as a subset of 2X ) Ty topology with infinite many limit points.
Then cl; is not of Baire class 1.

Proof: Since 7 is T}, then it is a dense subset of 2X. Thus the collection of 7-closed sets is also
dense and meager. Given any non 7-closed set B, there is a sequence of finite Fj, sets such that
B = lim,, F,, (in the product topology of 2X ). Since 7 is 11, then F,, = F;, and therefore cl, is not
continuous at B. This shows that the collection of non continuity points of cl; is a comeager set,
therefore cl, can not be of Baire class 1. O

Remark 3.6. In particular, by [13, corollary 2.6]), cl; is not of Baire class 1 when 7 is an analytic
T7 topology with infinite many limit points.

4 Subspaces of S, with topology of arbitrarily high Borel rank

In this section we will show the following

Theorem 4.1. For any countable ordinal o there is X C S, such that the subspace topology of X
1s a Borel set of rank > «.

The idea for the proof of 4.1 is to associate to a well founded tree T" on N a subspace X7 of
S, is such way that the Borel rank of the topology of Xr will be, roughly speaking, equal to the
rank of T. Let E(T') be the terminal nodes of 7. The subspaces we will construct are of the form
{0}UE(T). Let us observe that any antichain D (i.e. there are no two elements in D one extending
the other) is discrete as a subset of S, so in particular E(T') is a discrete set. Therefore, we will
actually construct filters of arbitrarily high Borel rank. Our filters are similar to those constructed
in [4]. It is interesting to realize that these filters correspond to nbhd filters of points in a subspace
of S,.

Definition 4.2. For any well founded tree T on N, let Fr be the nbhd filter of O in the subspace
{0}y UE(T) of S,.

We will construct by recursion a wi-sequence of trees T, such that Fr, is X0-complete, that is
to say, they will satisfy the following two conditions:

(i) Fr, is 320.

(ii) For every A in X0 there is a continuous function V : 2N — 2F(Te) such that = € A iff
V($) S .7:Ta.



Recall that the exact Borel rank of a X0-complete set is precisely a.
Before stating the preliminary lemmas needed for the proof of theorem 4.1 we will make a
general observation which shows that the subspaces we will construct can not be sequential.

Proposition 4.3. Let X C S,,. If X is a sequential subspace of S,,, then the topology of X is I13.

Proof: Since X is sequential, then V C X is open in X iff V is sequentially open. Therefore V' is
open in X iff for all s € V' the following holds

If {n: sm € X} is infinite, then INVMm > N[sm € X — sm € V]

and from this it follows that the topology of X is Hg. O
We will use the following result [4, Lemma 8.2] (see also [10, 23.5]).

Lemma 4.4. Let A C 2N and a > 1 a countable ordinal.

1. A belongs to ch+1 iff there are sets A, in H%m for some B, < a such that

rcAsVndm>nzc A,

2. Ais in 9 iff there are sets Ap, in E%m for some By, < o such that

re A InVm>nx e A,

For o =1, the sets A,, can be chosen to be clopen. ([l
The base for the induction is given in the following
Lemma 4.5. Let T = w=%. Then Fr is XY-complete.
Proof: Notice that E(T) = w?. Let V C E(T). It is easy to check that
VeFr it ANVR>NIMVYm>M (n,m) eV (1)

From this it follows that Fr is 22. To see Fr is 22—complete fix AC 2N a 22 set. By lemma 4.4
there are clopen sets F'(n,m) such that

r€ASINVR>NIMVYm>Mx e F(n,m) (2)

Let V : 2N — 2B(T) given by V(z) = {(n,m) : = € F(n,m)}. Since the F(n,m)’s are clopen, then
V is continuous. From (1) and (2) we conclude that z € A iff V(x) € Fp. O

Remark 4.6. Recall that Arens space S» is the subspace w=? of S,,. Thus the previous lemma
might be known (see [4, Remark 8.11]) but we have included the proof for the sake of completeness.

Lemma 4.7. Let T;, be well founded trees such that Fr, is Egn—complete. Let T be the following
tree
T = U {(n)s: seT,}U{D}
n
Then T is well founded and Fr is 2, -complete for o = sup{c,, + 1: n € N},

7



Proof: 1t is clear that T' is well founded. Notice that E(7T) is the union of {(n)s : s € E(T,)}.
Let @, : S, — N,y be defined by ®,(s) = (n)s. It is clear that ®,, is an homeomorphism. Let
Gn = ®,[Fp,]. Then G, is the nbhd filter of (n) in the subspace ®,[E(T,) U{0}] = {(n)s: s €
E(T,)} U{(n)} and moreover G, is =, .

Let A C E(T), we claim

A€ Frp iff ANVR >N ANNy, € G, (3)

From this and lemma 4.4 it follows that Fp is 39 ;.

To show (3), suppose A € Fr and let W be an open set in S, such that ) € W and WNE(T) =
A. There is N such that (n) € W for all n > N. Notice that W,, = W N Ny, is an open set in
Niny, (n) € Wy, and W, N @,[E(T,)] € AN Nyy,y. Conversely, suppose the right hand side of (3)
holds and let W,, be an open set in N, such that (n) € W, and W,, N ®,[E(T;,)] = AN Ny, for
all n > N. Let W be the union of the W,,’s together with (). Then W is an open nbhd of (). It is
routine to check that W N E(T) C A.

Now we will show that Fr is £0_ ;-complete. Let A C 2V be a 39, set. By lemma 4.4 there
are E%n sets A, with 3, < « such that

rc€ A& INVRn> Nz e A,

We can assume that 5, < «, (in fact, suppose ag < fy. Find the least n such that Gy < a,.
Replace the original sequence {Ay} by {A}} which now starts with n copies of 2N and then the
original sequence {Ay}. Now 3} < ap. Repeat this procedure as many times as necessary).

Since Fr,, is 22n—complete, there are continuous functions Vj, : 28 — 2F(T») such that

z€ A, = V() € Fr, (4)

Let V(z) = U, ®n[Va(z)]. Notice that V : 2N — 2F(T) is continuous and V(z) N Nipy = @p[Va(z)].
From this, (3), (4) and the definition of G,, we have V(z) € Fr iff AN Vn > N &, [V, (2)] € G, iff
AN Vn > N V,,(z) € Fr, iff © € A. O

Remark 4.8. The definition of the filter Fp occurring in the proof of the previous result could be
stated in terms of the Hausdorfl operation (see [10, Exercies 23.5]) and the Frechet product (see
[4, Section 8]). Thus the X° y1-completeness of Fr can be proved based on some general results
about these operations. Our filters are similar to the filters F,’s constructed in [4, Section 8]. For
instance, Fr with T = w<? corresponds to Fj.

Proof of 4.1: We will define by recursion a sequence U, of well founded trees such that Fy, is
3Y_complete where « is either an even integer greater than 2 or an odd infinite ordinal.

We start with Uy = w<? which works by lemma 4.5. Now taking 7}, equal to Uy, for all n and
applying lemma 4.7 we obtain Usgo. For infinite ordinals we start by taking 7;, = Us, in lemma
4.7 and obtain U,,1. Now for the inductive step the pattern should be clear. [l

It is quite easy to define topologies on the II side of the Borel hierarchy once we have available
topologies on the X side.

Proposition 4.9. Let (X, 7) be a countable topological space. Suppose X =J,, Un where Uy is a
pairwise disjoint family of non empty open sets. Suppose that T restricted to U, is Egn—complete and
Qy, 18 an increasing sequence of countable ordinals. Then T is Hg—complete, where X is sup,, (an+1).



Proof: For V C X, it is clear that V € 7 iff V NU,, is open in U, for all n. Thus 7 is Hg\. Fix ACY
a Hg subset of a zero dimensional Polish space Y. Let B, be a E%n set with 3, < X such that

A =), Bn. We can suppose w.l.o.g that 3, < a;. Then as 7 restricted to U, is Egn—hard there
are continuous functions f,, : Y — 2Y» such that y € B,, iff f,(y) is open in U,. Define f : Y — 2%
by f(y) = U, fn(y). Since the Uy,’s are pairwise disjoint, then f is easily seen to be continuous and
ye Aiff f(y) er. O

Remark 4.10. The method of constructing subspaces used in the proof of 4.1 and 4.9 does not
provide examples of topologies of any possible Borel type. For instance, it will be interesting to
determine whether S, has subspaces with topology of type IIJ,, 9 ., (n > 2) and X,

Remark 4.11. Notice also that from 4.1, 3.1, 3.2 and 3.3 it follows that S, does not have a F,
basis. A fact that was proved in [13, proposition 5.2] by a different method.

5 Subspaces of S, whose topology are hereditarily Borel

In this section we will show the following

Theorem 5.1. Let X C S, be a closed subspace with p(X) < wi. Then the closure operator clx
for the subspace topology of X is Borel. In particular, every subspace of X has a Borel topology
and, moreover, the Borel rank of the topologies of the subspaces of X is uniformly bounded.

Let X be a closed subspace of S,, with p(X) < w;. In order to use 3.2 and 3.3 we need to show
that the following sets Cs are Borel for all s € X

Cs={ACX: scA}
We will also allow s ¢ X, since in this case Cy is empty.

Lemma 5.2. Let X be a closed subspace of S,,. For all N the following holds

Co={ACX:s5eAt U (] | Com

n>Nm>n

Proof: Let A C S, and s € A\ A. A straightforward induction on (s, A) shows that there is an
increasing sequence of integers {n;}; such that sn; € A for all . From this the inclusion C follows.
For the other one, just observe that sn; converges to s. O

Lemma 5.3. Let X be a closed subspace of S, and s € X. If p(s,X) < wy, then there is N such
that p(s'm, X) < p(s,X) for allm > N such that sm € X.

Proof: Let o = p(s,X) and B the set of all m such that p(s'm,X) > o and sm € X. Suppose,
towards a contradiction, that B is infinite. Notice that o > 0, otherwise s would be isolated in X
and therefore there would be only finitely many m such that sm € X. We will only analyze the
case when « is a limit ordinal, the case when « is a successor ordinal can be treated similarly.
Since a < wy, then we can fix an increasing sequence o, < w; of ordinals converging to a. For
each n € B, there is A, such that sh € A, and o(sn, A,) > a,. We can assume w.l.o.g. that

A, C Ngy,. Let
A= U A,
neB
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Notice that s € A. We claim that o (s, A) > «, which is a contradiction. In fact, suppose s € A(®),
then there is m such that s € A@m+1)  Therefore there is an increasing sequence of integers n;
such that sn; € A@) for all 4. Since A4, C Ny, and the Ngy,’s are disjoint, then it follows that
sn; € A%O;m) for all 4. Thus ay; < o(sni, An;) < @y, which is impossible if m < n;. O
Proof of 5.1: By propositions 3.2 and 3.3 it suffices to show that Cy is a Borel subset of 2% for all
s € X. We will show it by induction on p(s, X).

If p(s,X) = 0, then s is isolated in X, therefore Cy consists of all A C X such that s € A, and
thus Cy is a closed subset of 2%. Suppose that C; is Borel for all t € X with p(¢, X) < a and let
s € X with p(s,X) = o. By lemma 5.3 there is N such that p(s'm, X) < « for all m > N such
that s“m € X. By the inductive hypothesis, Cs,, is Borel for all m > N. Now from lemma 5.2 it
follows that Cy is also Borel. O

Remark 5.4. Let T be a tree on N, then T as a subset of S, is closed and thus a sequential space.
By 4.3 the topology of T is F,s. If T' is well founded, it has associated a rank as a tree, which we
will denote by rk(T) (see [10, §2.E]). It is routine to check that p(T') < rk(T'). For the trees U,
constructed in the proof of 4.1, it can be easily verified by induction that p(U,) = rk(Uy) < a. It
can also be verified that every subspace of U, has a Borel topology of rank at most « and there
is one (namely E(U,) U {0}) whose topology is Borel of rank exactly a. So for this example, the
sequential rank p(X) gives a good (uniform) bound for the Borel complexity of the topology of
subspaces of X.

6 Subspaces of S, with an analytic non Borel topology

In this section we will show the following

Theorem 6.1. Let X C S, be a closed subspace with p(X) = w1. Then there is Y C X such that
the subspace topology of Y is mot Borel. Moreover, there is a closed copy of S, inside X.

The key lemma is the following

Lemma 6.2. Let D C w<¥ be an antichain and s € D with p(s, D) = wi. Then the topology of
D U{s} is a complete analytic set, in particular, it is not Borel.

Since any antichain is a discrete subset of S, then s is the only non isolated point of D U {s}.
So the topology of D U {s} is given by the nbhd filter of s in D U {s}.
A particular and concrete example of an antichain D such that p(@, D) = w; is the following:

D ={s"2n: s(i)is odd for all i < |s| and n € N} (5)

Notice the collection of all finite sequences of odd integers is a subset of D and () € D. Thus
D contains a closed copy of S,,. Therefore p(), D) = w; and from lemma 6.2 we conclude that the
subspace topology of D U {(} is analytic and non Borel.

From 6.1, 3.2 and 3.3 we know that there must be some s € S, such that the nbhd filter F, of
s is not Borel. Since S, is homogeneous, then every JF; is not Borel. Even more, we will show that
F; is a complete analytic set for every t € S,. It suffices to show it for ¢ = ). In fact, let D be
an antichain such that () € D and the topology of D U {(}} is a complete analytic set (for instance,
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that one given by (5)). By 6.2 the nbhd filter G of () in D U {0} is a complete analytic set. It is
easy to check that A€ Giff AC D and AU (S, \ D) € Fy. Thus G <,, Fy. So we have shown the
following

Proposition 6.3. Let Fs be the nbdh filter of s in S,,. Then Fs is a complete analytic set.

This proposition follows also from a result of [14]. In fact, for every tree T let
FT)={resS,: FteT|t|=|rl & t(i) <r(i)forall i < |r|}.

Let T, be the set of all initial segments of o, where o € NN, Let F be the filter given by S € F iff
there is @ € NN such that F(T,) C S. Notice that F C Fy. The proof of the main result in [14]
shows that if T" is not well founded, then F(T") € F and when T is well founded, then F(T) ¢ Fy.
Thus F and Fj are both complete analytic sets. The proof of 6.2 uses a similar argument and
the fact that S, is a sequential space. However, we do not know how to prove the existence of a
subspace of S, whose topology is not Borel just from the fact that the nbhd filters of S, are not
Borel. This is precisely an instance of the general question stated in 3.4.

Now we start the proof of theorem 6.1. We will need another property of the ordinal p defined
in §2.

Lemma 6.4. Let X C S, be a closed subspace and s € w<¥. If p(s,X) = w1, then p(sm, X) = w;
for infinite many m’s.

Proof: Suppose that p(s'm, X) < w; for all m > N with s'm € X. Let a = sup{p(s m,X): sm €
X,m > N}. Let A C X such that s € A. Tt suffices to show that o(s,4) < a + 1. We can
assume that s ¢ A. Then there is an increasing sequence of integers {n;}; such that sn; € A. By
hypothesis p(sn;, X) < a. Therefore o(sn;, A) < «, thus o(s, A) < a+ 1. O
Now we give the

Proof of 6.1: From part (4) of 2.2 we know that there is s € X such that p(s, X) = w;. We will
construct an antichain D C X such that s € D and p(s, D) = w;. Thus Y = D U {s} will be the
required subspace of X. By lemma 6.4 p(s'm, X) = w; for infinitely many m. The idea is to put
in D “half” of these sequences s m and repeat this process with the other “half”. More formally,
for each sequence t such that p(t, X) = wy put

By={m: p(tm,X) =w1}

and let BY, B} be a partition of B; into two infinite pieces. We define by recursion two sequences
of sets D,, and E,, as follows:

D,y = {sm: meB!}
E, = {sm: meBY}
Dpi1 = {tfm:teE, & me B} }
E,pi = {fm:t€E, & meB)}
Let
D=|JD,, E=|]JE.
n>1 n>1
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It is not hard to verify by induction on n that F,, C D. It is clear that D is an antichain and s € D.

To see that p(s, D) = wy it suffices to verify that E U {s} is a closed copy of S,. It is clear that

E U {s} is a copy of S,,. To check that E U {s} is closed, notice that if ¢t € E, ¢’ < ¢ and |s| < |/,

then t’ € E. O
Now we give the

Proof of 6.2: Since S,, is an homogeneous space, we can assume w.l.o.g that s = (). Consider the

following function F' that maps a tree 7" on N to a subset of D:

FT)={reD: HeT|t|=|rl & t(i)<r(@)foralli < |r|}

For a given r there are only finitely many sequences ¢ such that |¢t| = |r| and ¢(i) < r(¢) for all
i < |r|, thus F' is continuous.

We claim that T is ill founded iff F(T') U {0} is open in D U {0}. In fact, suppose first that T
is ill founded. Let o be an infinite branch of T'. Define

W = {tew<: a(i) <t@) for all i < |t|}
It is clear that W is an open set of S,, and () € W. Let

o= |J Nuw
teF(T)

O is an open set of S,,. We will show that
F(Tyu{0} =(Du{d})nO

It is clear that F(T) U {0} C (DU {0}) N O. On the other hand, let » € D N O. There are two
cases: (i) If r € Ny N O with t € F(T), then t = r as D is an antichain. (i) If » € W N D, then
a(i) <r(i) all i < |r|. Since « is a branch of T', then r € F(T) by the definition of F(T).

Suppose now that F(7T') U {0} is open in D U {()} and let O be an open subset of S, such that
F(T) U {0} = (DU{0})NO. By recursion we will define a € NN and a sequence 7, € w<* such

1) r, € ON D for all n.

2) alj € OND for all j.

(1) r
(2)
(3) (i) < afi) for all i < |ry].
(4) plalj, D) = wy for all j.
(5)

5) |rn| < |rns1] for all n.
Granting this has been done we finish the proof. To show that T is not well founded, let
To={teT: t(i) < i) for all i < [t|}

It is clear that T is a finitely branching subtree of T'. So it suffices to show that Tg is infinite. In
fact, by (1) r, € OND C F(T), thus there is ¢, € T such that ,,(z) < (i) for all i < |r,| = |ty].
From (5) we conclude that the ¢,’s are all different and from (3) we have t,, € Ty for all n.
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So it remains to show that such o € NN and 7, € w<* exist. Since ) € O N D, then there
is 7o € ON D. By lemma 6.4 there are infinitely many n such that p((n), D) = w;. Thus let
a(0) > 79(0) be such that («(0)) € O and p({a(0)), D) = w;. We can continue this way and define
a(1) for all i < |rg|. Thus (1) and (3) are satisfied for n = 0 and (2) and (4) for j < |ro].

Suppose we have defined r, and a(i) for all i < |r,| = k. Let

s = (a(0),a(1),--- ,a(k —1))

By (2) s € DN O, thus there is r,1 1 € DN O extending s. By (4) p(s, D) = w1, therefore r,,1
extends properly s. Hence |r,| < |rp41| and (5) holds. Now we repeat the same argument as for
the case n = 0 and define « up to |r,41| such that (2) and (4) holds for every j < |rp41]. O
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