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Abstract

Let G be a collection of graphs with n vertices. We present a simple description
of [G]ly ={H € G: x(H) = x(G)} where x denotes the Randi¢ index. We associate
to G a Q-linear map p : Q™ — QF (for some integers k, m depending on G) such that
the kernel of p contains the necessary information to describe [G]y in terms of linear
equations. These results provide precise tools for analyzing the behavior of y on a
collection of graphs.

1 Introduction

Let G be a simple graph (i.e. G does not have loops or multiple edges) with n vertices. The
connectivity index of G, denoted by Y, is defined as follows
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where m;;(G) is the number of edges in G between vertices with degrees ¢ and j.

Randi¢ ([14]) introduced this index (known today as the Randi¢ index) in the study of
branching properties of alkanes, and it became one of the most useful graph-based molecular
descriptors in applications to physical and chemical properties ([10, 11]). In spite of this
great number of practical applications, the study of the general mathematical properties of
X started recently (see for instance [1, 2, 3, 4, 5, 6, 7, 9, 12, 13]).

It is well known that y does not separate non-isomorphic graphs and, of course, it does
not distinguish between graphs with equal m;;’s. So, given a (significant) collection of graphs
G with n vertices and G € G, it would be interesting to describe the set

(Gly={H €§G: x(H)=x(G)}

To compute all graphs in this set seems a quite demanding task, since [G], is quite complex
from a combinatoric view point. In spite of all this, we will show that [G], can be described
very simply in terms of a system of linear equations.



In order to state our results we need the following identity for the Randi¢ index ([8])
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Notice that the m;’s are not included. We denote by R(G) the set {m;;(G)}h<icj<n—1
and called it the Randi¢ structure of G. It is clear from (2) that if R(G) = R(G’), then
X(G) = x(G"). Our description of [G], will be in terms of the Randi¢ structure of a graph.
The basic idea is the following. Let G be a collection of graphs and G € G. First
we express X(G) as a linearly independent combination of certain ,/g;’s, where the ¢,’s are
positive integers which derive from the set of vertex degrees of graphs from G. The coefficients
in this linear combination, which will depend on R(G), induces in a natural way a Q-linear
map p : Q™ — QF (for some integers k, m depending on G). As we shall see, the kernel of
p contains precise information that will lead us to characterize the set [G],, in terms of a
system of linear equations on the m;;’s. More precisely, we will show that for all G, H € G

X(G) = x(H) <= R(G) — R(H) € kerp

Perhaps the simplest situation, regarding the problem of describing [G], is when [G],
consists merely of those H € G such that R(H) = R(G). In this case, we will say G has Randic¢
structure property (RSP). We will show a fairly general method to generate collections with
the RSP. Furthermore, it will be shown that any collection of graphs G can be decomposed
into pairwise disjoint subcollections with the RSP. Moreover (and this is the non trivial part
of such decompositions) the subcollections are defined by linear equations on the m;;’s. As
an example of how these ideas can be used to get information about the behavior of y on a
collection of graphs, we will make in the last section an analysis of the collection of branch
regular trees of degree 4 (i.e. trees such that every vertex has degree 1, 2 or 4).

2 The Randi¢é matrix

Let G be a collection of graphs with n vertices. We would like, for a given graph G € G, to
describe the set

[Gly ={H € G :x(H) =x(G)}
As we mentioned in the introduction, the idea is to associate to G a Q-linear map p : Q™ —
QF (for some integers k, m depending on G). The kernel of p contains the information needed
to characterize [G], in terms of a system of linear equations. Heading in this direction we

introduce some notation.
Let ID(G) be the set of vertex degrees of graphs in G and

X(G)={i-j:i,j €D(G) and i < j}.

Given z € X(G), let © = p{* - ---p% be the prime decomposition and define F(z) =
{ie{l,...;r}ra;iseven} and O(x) = {i € {1,...,7} : o; is odd}. So we can express ev-
eryx € X(G)asz = ] p- I] pi. Hy= 1] qu - I 4¢;7 € X(G) we define an

i€E(z) icO(x) JEE(y) Jj€O(y)



equivalence relation over X(G) as follows:
e~y = {pii€O0(@)}={qg:Jje€O0y)}

Denote by X(G) the quotient set of X(G) modulo this equivalence relation and by [z] the
equivalence class of z € X(G). L

Finally, we will define two functions ¥ : X(G) — R and I' : X(G) — N such that
Vi =T(x)U([z]) for z € X(G). Let ¥ be defined as follows:

[T piifO(x)#0

U () =4 w0l
1 it O(z)=10
and let I" be defined by
o Bi=1
= [ »* x 1] »"
1€E(x) 1€0(x)

For instance, ' (23 - 3% - 5) = 2 - 3% In other words, I'(z) is the part of = that can be taken
out as an integer of the square root of x.

The following lemma is probably known, but we will sketch its proof for the sake of
completeness.

Lemma 2.1. {V ([z])} ez 15 a linearly independent set over Q.

Proof. Let py,...,p. be the set of all different prime numbers appearing as odd powers in

the prime decomposition of each [z] € X(G). Consider the following tower of field extensions
KoCK,C---CK,
where for each 1 <i<r, K; = K;_4 (\/]72) (the field obtained from K;_; by adjoining |/p;).
Since {1, \/E} is a basis of K; over K;_; then the set
B={z1 202 :2z€{l,\/p}}
forms a basis of K, over Ko = Q. But clearly {¥ ([z])}, cxgy © B which implies that
{¥ ([z])} 45y 18 @ linearly independent set over Q. O

Now we have all we need to show a key lemma

Lemma 2.2. Let G be a collection of graphs with n vertices (n > 5) and x : G — R the
Randi¢ function. Suppose there is u € X(G) such that O(u) =0 (i.e. u is a perfect square)
and let k = l.c.m.{X(G)}. Then for every G € G,

k(2x(G) = Y Aymi(@) = D) Bymy(G)

ij€[u] [z]€X(G) t€lx]
[2]#[u]

+ Z Z Cimi;(G) | ¥ ([2])

[z]eX(g) \i€l]

[]#[u]

whereAij:%;_i_j)EZ,Bij:k(i—jj)ENandCij:%}.mEN.
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Proof. For G € G we know from (2) that

1 1 1 7
o =" ¥ (Ce)m@r ¥ e o
1<i<j<n—1 J 1<i<j<n—1 J
and
] o
> Yae - ) ()| w (i)
1<i<j<n—1 J [z]€X(G) | #i€lx] J
T (ij I (zg
- Y @+ XY )| v
b J — | - 1]
ij€[u [z]eX(g) |weElz]

[2]#[u]
By substituting this last equation in (3) and then multiplying by 2k we get the result. [

The integer coefficients A;;, B;; and C;; that appeared in Lemma 2.2 gives a natural way

to associate a linear map pg : QF@I — @‘@‘ to every collection G of graphs with a fixed
number of vertices as follows:

[Aij]ije[u] [_B’ii]ije[m] [_Bii]ije[xz} o [_Bii]ije[xr]
[O]ije[u] [Cij]ije[xl] [O]ije[xg} T [O]ije[azr]
pg=| Oyews  Oljepy  [Cilijey - Oijepen
[O]z‘jE[u] [O]ia‘dxﬂ [O]ije[xz] o [Cij]ije[mr]

where X(G) = {[u], [z1], ..., [z,]} is ordered by the induced order of {V¥ ([z])},cxgy and the

elements in each class of X(G) are lexicographically ordered (viewing them as a set of two
integers). We call the matrix above the Randié matriz of G. For the sake of simplicity, when
there is no danger of confusion about the collection G, we will write p instead of pg.

Remark 2.3. If X(G) contains no perfect square numbers, then k (2x —n) (G) can be ex-
pressed in a simpler way as

E@x—n)(G)=— > > Bymy(@)+ > | D Cymy(G) | ¥ ([z])
]

[x]€X(G) wElz ex@) \Welzl

In this case, the Randi¢ matriz of G is

[—Bj] [—Bij] [—Bij]

ij€lz1] ij€[xa] ij€[zr]
Ciilijee Olijerea 100:sefen
pg = [O]ije[zl] [Cij]ije[xz] o [O]ije[l’r] (4)
[O]ije[:pl] [O]ijE[xz] [Cij]ijE[xr}
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which determines a Q-linear map pg : QX9 — Q‘@‘H

It is convenient at this point to redefine the notion of the Randi¢ structure of a graph
(see the introduction) so that it includes the order of the columns of the Randi¢ matrix.

Definition 2.4. The Randié¢ structure of a graph G with n vertices, denoted by R(G), is
defined as the ordered |X(G)|-tuple

R(G) = (mij) jex(q) € Q!
where ij € X(G) varies in the same order as the columns of pg.

Notice that R (G) is empty when all components in GG are regular graphs.

In this way we have the Randi¢ structure function G —— Q@I defined by R(G) =
(mij)ijex(g)‘ The content of Lemma 2.2 is that, for a G € G, x(G) can be expressed in terms
of the Randié matrix of G as follows

k2x(G) —n) = p(R(G)) - (¥([u]), Y([z1]), ..., O([z:])) ()
where - means the usual inner product.

Now we are ready to present a basic representation of [G], for a general collection G of
graphs.

Theorem 2.5. Let G be a collection of graphs with n vertices and let pg be the linear map
associate with G. Then the following holds for every G, H € G.

X(G) = x(H) <= R(G) — R(H) € ker pg
Proof. For every G € G, we know from equation (5) that
k(2x = n) (G) = p(R(G)) - (¥ [u] , ¥ [z1], ..., ¥[z,])
From this it follows that
X(G) =x(H) <= p(R(G) — R(H)) - (¥ [u] , ¥ [24],..., V[z,]) =0.

To finish the proof we recall that by Lemma 2.1 the W [z]’s are all independent over Q. [

Example 2.6. Consider the collection of chemical graphs C = C(n) (i.e. graphs in which no
vertex has degree greater than 4) with n vertices. Then

X(C)={1-2,1-3,1-4,2-3,2-4,3-4}

and

X(C) =A{[1-4],[1-2],[1-3],[2- 3]}



Let us calculate the entries of pc

A14 — 24(2-42—5) - _6 312 — 24(12+2) =36 B24 _ 24(28-‘1-4) =18
313 _ 24(134’3) — 32 B34 _ 24(13;4) — 14 B23 _ 24(26+3) =920
C12 — 2~224~1 =92 C24 _ 2~284~2 =12 013 _ 2‘234‘1 =16

and the matriz s
—6 —36 —18 —-32 —14 —-20
o 24 12 0 0 o0
Pe=t o o o 16 8 0
0 0 0 0 0 8
It can be easily checked that ker (pc) = ((—2,0,0,3,—6,0),(0,1,—2,0,0,0)), where (X) de-
notes the subspace generated by X .
Now fiz G € C and let R(G) = (m14(G), m12(G), may(G), m13(G), m34(G), ma3(G)). By
Theorem 2.5

[G], ={H €C: R(H) - R(G) € ((—2,0,0,3,-6,0), (0,1,-2,0,0,0))}

In other words, H € [G]X if and only if there exist integers a,b such that

mis (H) = myy(G) —2a
miz (H) = mp(G)+b
may (H) may (G) — 2b
mz (H) = mi3(G)+ 3a
mss (H) = m34(G) —6a
ma3 (H) = Ma3g (G)

We end this section with a couple of remarks in order to clarify the dependency of the
Randié matrix on the collection G and also the role played by the identity (2) in our definition
of p.

Remark 2.7. (i) The order we have been using for the columns of a Randi¢ matriz and for
the Randic¢ structure of a graphs does not really depend on the collection G. In fact, it only
depends on n.

(i) Given two collections G' C G, it is not difficult to show that pg: can be easily computed
from pg. In fact pg is obtained by deleting the columns of pg which do not correspond to
elements of X(G') and then multiplying by an appropriate integer (determined by the m.c.m
used to define pg and pg ).

(7ii) There are other identities like (2) that could be used to associate a matriz to x. The
advantage of using (2) is that the number of variables used is minimal.



3 The Randi¢ structure property

As we said in the introduction, perhaps the simplest situation, regarding the problem of
describing [G],, is when [G],, consist merely of those H € G such that R(H) = R(G). In this
section we will present examples of such collections. We recall a concept already mentioned
in the introduction.

Definition 3.1. A collection G of graphs with a fixed number of vertices has the Randic¢
structure property (RSP) if for all G,G' € G

X(G) =x(G) <= R(G) = R(G')

Notice that the implication from right to left always holds. In other words, if G has RSP
then for every G € G

Gl, ={H €G:my (H) =my; (G) foralli<jeD(G)}

Let us define Ag : G x G — Q¥ as A (G, H) = R(G) — R(H) for every G, H € G. From
Theorem 2.5 we immediately get the following

Proposition 3.2. Let G be a collection of graphs with n vertices and pg its associated linear
map. The following conditions are equivalent:

1. G has the Randic¢ structure property;
2. Im (Ag) Nker pg = (0).
|

In particular, if pg is one to one then G has the RSP. Our next result characterizes
collections G such that pg is one to one.

Proposition 3.3. Let G be a collection of graphs with n vertices and pg its associated linear
map. The following conditions are equivalent:

1. pg s one to one;

2. 1X(9) = [X(@)].

Proof. If there exists a perfect square number u € X(G) then dim (I'mpg) = ‘X(g)‘ since pg

has exactly ‘ (G)

result follows.
Let us assume then that X(G) has no perfect squares and so its Randi¢ matrix has the

form (4). Note that |X(G)| < dim (Impg) < ’ (g)‘ + 1 which implies

independent rows. Consequently, dim (ker pg) = |X(G)| — ‘X(g)‘ and the

X(G)| - [X(G)] — 1 < dim (ker pg) < [X(9)]| ~ [X(G)| (6
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1. = 2. Suppose that |X(G)| > ’X(g)’ If |X(g)|—‘X(g)‘ > 2 then, by (6), dim (ker pg) >
1 and so ker pg # (0).
Next we show that if X(G) has no perfect squares then |X(G)| — ‘X(g)‘ # 1. I |X(G)| —

’X(g)‘ = 1 then there exists i - j, r - s € X(G) such that {i,j} # {r,s} andi-j ~r-s.

Consequently, we have expressions of the form
. . v e v ° u e’ v ol
i-j=1Ipx 1] q" r-s=[[p* < Il q*
k=1 k=1 k=1 k=1

where for all k, e, and €, are even (possibly zero) natural numbers and o, and o), are odd
natural numbers. Let

) u o v ) u ) 5
i=Tlo < e j=T1p"x e
k=1 k=1 k=1 k=1
u o v 6l u 7, v 5
r=1Ip">x1la"* s=Ilp"xIla'
k=1 k=1 k=1 k=1
where for each k,
apt v =¢er Pp+ ok =o
ap+v.=¢€, B+, =0,
We claim that i - r ~ j - s. In fact,
ir =T < g™ jos=TIn T x g™
k=1 k=1 k=1 k=1
where by (7)
(o +ap) + (e +7%) = exte
(B + Bi) + (0 +0;,) = ox + 0},

Since ey, + ¢}, and oy, + 0}, are even, we deduce that

(ap + ) iseven < (1 +7,.) is even
(Br + By) iseven < (0 + 0.) is even

Consequently, ¢ -7 ~ 7 - s.
Now, since |X(G)| — ‘X(g)‘ = 1 we must have r = j or i = s. Assume r = j. Then for

all k, aj, = vy and ), = 6, which implies by (7)
apt+ap=e B+ B =ox

/ !/ ! / !
o+ Y = € By + 0}, = 0y



Hence,
oy is even & 7, is even
B is even & ¢, is even

This clearly implies that oy + ;, and () + d), are even for all k. Finally, since

v / v !
. o+, +65,
ios = [ < JTa™
k=1 k=1

we conclude that 7 - s is a perfect square, but this is a contradiction. Similarly, ¢ = s implies
r - j is a perfect square which also yields a contradiction.
2. = 1. This is an immediate consequence of (6). O

An application of Propositions (3.2) and (3.3) gives the following examples
Example 3.4. Let P, be the collection of all graphs with n vertices such that all vertex

degrees are prime numbers or 1. Then clearly the condition |X (P,)| = |X(Py)| is satisfied

for all n. Hence P,, has the Randic¢ structure property. In particular, the collection B, of
benzenoid systems with n vertices has RSP since it is a subset of P,,.

Example 3.5. Let G = R (n) be the set of all branch regqular trees of degree 6 and n vertices
(see [13]). We recall that G € Rs (n) if and only if all branching vertices of G' have degree
0. It can be easily checked that for all values of o, except when & is a perfect square or an

odd power of 2, | X (Rs(n))| = ’X(Rg (n))‘ It follows that for these values of 0, Rs(n) has

RSP. In section §5 we will present ezamples showing that Rs (n) has not the RSP for § a
perfect square or an odd power of 2.

Up to now all examples of RSP collections G have ker (pg) = (0). As we will see in our
next example this is not always the case.

Example 3.6. Let Sy = S4(n) be the collection of all starlike trees of degree 4 and n vertices.
Recall that T € Sy if and only if T has a unique branching vertex of degree 4. We have
X(8y) ={1-2,1-4,2-4}. Since 1-2 and 2 -4 are equivalent, then X(Sy) = {[1-4],[1-2]}
and k = 8. The associated matriz p = ps, 1S

-2 —12 -6
where the columns correspond to the pair 1 -4 , 1-2 and 2 -4 in that order. The kernel
of p can be easily shown to be generated by (0,—2,1). Now, for every S € S, the following

relations hold
m12(S) = m24(S) =4 — m14(5)

Consequently,
A54 (Sv S/) =R (S) - R(S,) = (m14 - m/14a miz — m/127 Mo4 — m/24) C <(17 -1, _1)>

Since ((1,—1,—1)) Nker (ps,) = (0), we deduce that Im (As,) Nker (ps,) = (0). It follows
by Proposition 3.2, that Sy has RSP.



4 Decomposition of a collection of graphs into disjoint

RSP subcollections

Even though collections with RSP might seem hard to find, we will show in this section a
fairly general method to generate them. Furthermore, we will show that every collection G
can be decomposed as a disjoint union of RSP subcollections.

Let G be a collection of graphs with a fixed number of vertices and pg : QX9 — Q|X @
its associated Q-linear map. It is clear from Proposition 3.2 that a subcollection G' C G has
the RSP if and only if pg is one-to-one in {R(G) : G € G'}. The basic idea for getting the
above mentioned decomposition of G is first to decompose QX! into disjoint pieces where
pg is one-to-one and then pull back with R~! such decomposition into G.

Lemma 4.1. Let p: Q™ — QF and o : Q™ — Q™% be Q-linear maps and consider the

Q-linear map (p,o) : Q™ — Q™, defined by (p,0) (Z) = (p(Z),0(Z)) for every Z € Q™.
If (p, o) is invertible then ker (o) is a complementary direct summand of ker(p) in Q™.

Proof. 1t is clear that (0) = ker ((p, o)) = ker(p) Nker(c). Now choose Z € Q™. Since (p, o)
is onto there exists Y € Q™ such that (p,o) (Y) = (0,0 (Z)). Consequently, Y € ker (p),
Z—-Y eker(o)and Z=Y +(Z-Y). O

Proposition 4.2. Let o : QX9 — Q‘X(Q)HW| be a Q-linear map such that (pg,o) is
invertible and Gy a subcollection of G. If o0 0 Ag, = (0) then Gy has the RSP.

Proof. Let G,G" € Gy and suppose that x (G) = x (G’). Then by Theorem 2.5, R (G) —
R (G") € ker (pg). On the other hand R (G) — R (G’) € ker (o) since o0 Ag, = (0). It follows
from Lemma 4.1 that R (G) = R(G’) and so Gy has the RSP. O

Theorem 4.3. Let G be a collection of graphs with a fized number of vertices. Then G can
be decomposed into pairwise disjoint RSP subcollections.

Proof. Choose a complementary direct summand W of ker (pg) in QX! Consider the
projection 7 : QX9 = W @ ker (pg) — ker (pg) = Q|X(g)|—|x(g)|‘ Clearly (pg,m) :
QX — QX9 is an invertible Q-linear map. For each k € Im (7o R) define G, =
{Ge€G:R(G)e W +k}. Then for every G,G" € G we have R(G) — R(G') € W and
consequently, 7 (R (G) — R(G’)) = 0. Hence m o Ag, = (0) and so, by Proposition 4.2, G

has the RSP. Finally, it is clear that the Gy ’s are pairwise disjoint and G = | G O
keIm(moR)

Let us look at a concrete example. Consider the collection Rs(n) of branch regular
graphs of degree § and n vertices. We analyze the case where 6 = ¢? is a perfect square.

Then X (Rs) ={1-2,1-9,2-6}, X(Rs) = {[1-6],[1-2]} and k = 2§. The associated matrix

1S
_( —20@—-1)? =3¢ —(¢"+2)
p 0 2¢° 2q
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Recall that the columns correspond to the following pairs 1-9,1-2,2 - in this order.
Consider the following completion of p

—2(¢—1)*> =3¢ —(¢*+2)
(p,o) = 0 2¢° 2q
1 1 0

where 0 : Q° — Q is defined by o (x5, T19, Tos) = @15 + T12. Notice that (p, o) is invertible.
For a given a graph G, we denote by k; = k; (G)) the number of vertices of G of degree i. For
each positive integer r > 1 consider the subcollection of Ry

R:={GeRs: ks (G) =7} 9)

Since for every G € Ry, myz (G) +mys (G) = ki1 (G) = (6 —2) ks (G) + 2, we deduce that
mia (G) +mys (G) = (0 — 2) r 4 2 for every G € Rj. Consequently, if G,G" € R}

o (R(G) = R(G") = o((mis—mls,mi —mly, mas — migs))
= (mis — mis) + (M2 —miy) =0

In other words, o0 Agr = (0). It follows from Proposition 4.2 that Rj has the RSP for every
r. Moreover, an easy induction shows that ks. (0 — 1) < n — 2. Therefore

k=i
Rs = U Rs (10)

is a disjoint union of RSP subcollections of R;.

Note that R} is the set of all starlike trees of degree 4. In particular, Example 3.6 can
be deduced from here since Sy = Rj.

The case in which § is an odd power of 2 is similar.

We will present one more example. It will show that such decompositions into RSP pieces
can be more complex than in the previous example. In particular, they could depend on
more than one parameter (due to the dimension of the kernel of the Randi¢ matrix).

Consider the collection of all chemical graphs C with n vertices. We have already com-
puted in example 2.6 its Randi¢ matrix p. Consider the following completion of p

-6 —36 —-18 —-32 —-14 -20

0 24 12 0 0 0

(p,0) = 0 0 0 16 8 0
’ 0 0 0 0 0 8

1 1 0 1 0 0

0 0 1 0 0 0

where o : Q% — Q? is defined by o (w14, T12, T4, T13, T34, To3) = (T14 + T12 + T13, Tog). For
each pair of integers 0 <r <n and 0 < s < n, let

Crs ={G € C: ma(G) +mu3(G) + mua(G) =1 & mau(G) = s}

Proposition 4.2 says that each C, ¢ has the RSP (notice that some of the C,’s are empty).
Finally, it is clear that these subcollections form a partition of C.
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5 A finer analysis of R4

In this section we will see how the ideas presented in previous sections can be used to make
a finer analysis of the collection of branch regular trees. We will restrict our analysis to Ry.
But before doing that, we will present some examples showing that R, and Rg does not
have the RSP. The pairs of trees shown in figure 1 and 2 are easily seen to have equal y and
different Randi¢ structures.

figure 1

figure 2

The key fact for all our analysis is the following lemma. It tells, in terms of the number
of branching vertices, where we have to look to find two trees in R4 with equal x. Notice
the crucial role played by the equations of the kernel of pg,.

Lemma 5.1. Let T, 7" € Ry with x(T') = x(1"). Then

(a)
3ky+1

4

dky — 1
3

<k, <

(b)

Myg — m214 = 4(]f4 - kﬁ;)

where ky = k4 (T') denotes the number of vertices of T of degree 4 (all variable with ' corre-
spond to T" and the others to T ).

Proof. Let Ry = R4 (n). Since X (Ry) = X (S,), then we have already computed the Randi¢
matrix p = pg, in example 3.6.
-2 —-12 —6
P= ( 0 8 4 ) (11)
where the columns correspond to the pair 1-4 ,1-2 and 2 -4 in that order. The kernel of p

is generated by (0, —2,1). Suppose x(T") = x(7”) then by theorem 2.5 we know that

/
mig = My

2m12 + Moy = 2m/12 + m’24 (12)

Now we start the proof of (a). For every branch regular tree we have mis + mys =
(0 — 2)ks + 2. Since my4 = m/,, then

Let r(T) = 2my2 + mgy. By substituting (13) in (12) we get

12



For every tree in R4 we have that m/, < m),. This inequality together with (12) gives the
following
3may, > 1(T)

From this and (14) we get
r(T)  miy
By < —>+——1
1S5 T
Since miy + myy = 2k4 + 2, we immediately get
2 mig+moy 1
k< —ky+——" — = 15
1= gha + 6 3 (15)
Since myyq + may + 2mayy = 4ky, then myy +msoy < 4k,. This last inequality together with (15)
gives the right hand side of part (a) of our claim. The other inequality follows by symmetry.

(b) Since myy4 + moy + 2myy = 4ky and myy = m',, then we have
A(ky = k) = 2(maq — miy) + mag — miy (16)
From (12) we get
2(ky — k) = mag — miy +miy — mio (17)

Since myy + myy = 2k4 + 2 and myy = mf,, then we immediately get that m), — ms =
—2(ky — k}). From this and (17) we are done. O

Recall from §4 the partition of R4 given by the R}’s.

Proposition 5.2. The following collection has the RSP for every r > 4
RIURZURIUR,

Proof. 1t is a straightforward application of lemma 5.1(a). We will show the claim in three
steps. First we show that R} U R} has the RSP for every r > 2. Second we show that
R2UR/ has the RSP for every r > 3 and then we show that R3 UR/ has the RSP for every
r>4.

(i) Let T € R} and T" € R} with x(T) = x(T”). Then k4 = 1 and &k}, = r. By Lemma
5.1 we know that r < 251 = 1. Therefore 7" € R} and we are done as R} has the RSP.

(ii) Let T € R% and T' € R}, with x(T) = x(7"). Then from Lemma 5.1 we know that
r < % < 3. Therefore 7" € RL U R? and we are done as we just saw that this collection
has the RSP.

Notice that from (i) and (ii) we can conclude that R} U R U R} has the RSP.

(iii) Let T € R} and T" € R} with x(T) = x(7”). Then from Lemma 5.1 we know that
r < 221 < 4. Therefore T" € Ry UR] U R} and we are done as we just saw that this
collection has the RSP. Il
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We have already seen that the previous result is best possible, since the pair of counterex-
amples given in figure 2 have k; equal to 4 and 5 respectively. But we can get nevertheless
sharper results if we take into account the number of vertices. Recall that for branch regular
trees we have that ks < S‘T_f. In particular, for 6 = 4, we have that k; < ”T_Q It is not
difficult to see from 5.1 that the smallest pair of trees in R4 with equal x and different R

have size 19. Thus we have the following
Proposition 5.3. (i) Forn <19, Ry has the RSP.

(ii) For 19 < n < 20, Ry does not have the RSP but it is the union of two subcollections
with the RSP, namely R} URZURSUR] and RS.

(iii) For 20 < n < 23, Ry does not have the RSP but it is the union of two subcollections
with the RSP, namely RYUR2URIUR;URS and RS .

Remark: Let us define an equivalence relation =g by letting G =g G’ when R(G) = R(G").
A way of understanding the previous result is by noticing that the number of RSP pieces
gives a bound to the number of =5 equivalence classes that form [G],. In particular, for
G € Ry (with n < 23), there is at most one more Randi¢ structure different than R(G)
corresponding to a tree H € Ry with x(G) = x(H).

Of course we can continue the previous analysis to get a quite sharp picture of Ry in
terms of the smallest number of RSP pieces which are necessary to cover it all. This analysis
would give further information about the behavior of x over R4. For instance, given k, it is
now easy to construct (for large enough n) a set of k trees in R, with equal y and different
Randié¢ structures.
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