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Abstract—The multimode resource-constrained projectscheduling problem with discounted cash flows (MRCPSPDCF)
is important and challenging for project management. As the
problem is strongly nondeterministic polynomial-time hard, only
a few algorithms exist and the performance is still not satisfying.
To design an effective algorithm for the MRCPSPDCF, this paper
proposes an ant colony optimization (ACO) approach. ACO
is promising for the MRCPSPDCF due to the following three
reasons. First, MRCPSPDCF can be formulated as a graph-based
search problem, which ACO has been found to be good at solving.
Second, the mechanism of ACO enables the use of domain-based
heuristics to accelerate the search. Furthermore, ACO has found
good results for the classical single-mode scheduling problems. But
the utility of ACO for the much more difficult MRCPSPDCF is still
unexplored. In this paper, we first convert the precedence network
of the MRCPSPDCF into a mode-on-node (MoN) graph, which
becomes the construction graph for ACO. Eight domain-based
heuristics are designed to consider the factors of time, cost,
resources, and precedence relations. Among these heuristics, the
hybrid heuristic that combines different factors together performs
well. The proposed algorithm is compared with two different
genetic algorithms (GAs), a simulated annealing (SA) algorithm,
and a tabu search (TS) algorithm on 55 random instances with at
least 13 and up to 98 activities. Experimental results show that
the proposed ACO algorithm outperforms the GA, SA, and TS
approaches on most cases.
Index Terms—Ant colony optimization (ACO), discounted cash
flows, net present value, resource-constrained project-scheduling
problem (RCPSP).

I. INTRODUCTION
ASH flow means the amount of cash being received and
spent during a defined period of time. Without positive
cash flows, basic obligations such as payments to suppliers
and payrolls cannot be met [1], [2]. In project level, even a
high-profit project may turn out to be a failure if cash shortfall suddenly occurs. As such, cash flow management in project
level has attracted a considerable amount of research effort in
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recent years [3]. A promising progress is to integrate cash flow
management with the resource-constrained project-scheduling
problem (RCPSP).
The classical RCPSP is a problem of finding an optimal
schedule that satisfies the resource and precedence constraints
and minimizes the makespan (duration) of a project. Applications of the RCPSP can be found in a broad area of industrial
projects, such as house building and software development. For
a comprehensive survey of the RCPSP, please refer to Herroelen
et al. [3] and Brucker et al. [4].
The classical RCPSP ignores the cash flow criterion of a
project. Russell [5] first introduced the cash flow criterion and
proposed a model named max-NPV. In this model, a series of
cash inflows and outflows occurs in the course of the project.
Cash inflows include the payments for the execution of activities and cash outflows include all expenditures for resources.
Time value of money is taken into account by discounting the
cash flows. The difference between discounted cash inflows and
outflows is referred to as the net present value (NPV). The objective function is to maximize the final NPV of the project. The
max-NPV model with resource constraints becomes the RCPSP
with discounted cash flows (RCPSPDCF) [6], [7]. Some recent surveys on the RCPSPDCF are given by Özdamar and
Ulusoy [7], Herroelen et al. [3], [8], Brucker et al. [4], and
Tavares [9].
A more general and practical type of the RCPSPDCF model
considers the time–cost, time–resource, and resource–resource
tradeoffs [10]. Each activity can be implemented by any one out
of a finite number of alternative execution modes. In the situation
of time–cost tradeoff, an execution mode with longer duration
may cost less money, whilst a mode with shorter duration may
cost more money. In the situation of time–resource tradeoff, an
execution mode with longer duration consumes fewer resources,
vice versa. In the situation of resource–resource tradeoff, the
usage of a resource in an execution mode can substitute for
the other resources. The presence of such tradeoffs leads to the
multimode RCPSPDCF (MRCPSPDCF) [11].
The classical RCPSP is nondeterministic polynomial-time
hard (NP-hard) as it contains the job shop problem (JSP) as
a special case [12]. The computational effort increases in the
RCPSPDCF by having to evaluate the NPV in a nonlinear
model. Furthermore, the computational complexity of the MRCPSPDCF greatly increases as both the schedules for activities
and for different modes have to be considered. Kolisch [13] has
proven that the problem of finding a feasible solution for the
MRCPSPDCF with more than one nonrenewable resource is
already NP-complete. As the cash flow criterion is important
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and the problem is difficult to solve, MRCPSPDCF has been
considered as a challenging model for project management in
recent years [4], [14].
For the single-mode RCPSP and RCPSPDCF, many exact
and stochastic approaches have been proposed, such as zero–
one integer programming [6], [15], branch-and-bound algorithm [16], [17], genetic algorithm (GA) [18], [19], ant colony
optimization (ACO) [20], tabu search (TS) [21], simulated annealing (SA) [22], and specialized heuristic methods [23].
However, for the more difficult MRCPSPDCF, only a few
algorithms have been developed. Ulusoy [11] considered four
payment models and proposed a GA approach to the general
form of MRCPSPDCF. The algorithm was tested on a set of
instances with at most 51 activities and achieved good performance. However, as the algorithm does not make use of any
domain-based information to accelerate the search, the search
speed of the GA approach may become slow especially for
large-size instances. Mika et al. [14] proposed an SA and a TS
algorithm for the MRCPSPDCF with positive cash inflows. As
the SA and TS are local search metaheuristics [14], they may
sometimes get trapped in local optima. In addition, several specialized algorithms were also designed for some specific cases
of the MRCPSPDCF. Icmeli and Erenguc [10] introduced a
model in which crashing costs are incurred if the duration of an
activity is shorter than normal. A heuristic procedure with embedded priority rules was proposed for the model. Özdamar [26]
considered a housing project with various expenditure rates and
a heuristic method was developed to construct and reconstruct
the schedule. Ulusoy and Cebelli [27] set up a model to consider
the goals from the view of both the contractor and the client and
developed a double-loop GA approach.
This paper aims to take advantage of the ACO metaheuristic to propose a more effective algorithm for the intractable
MRCPSPDCF. ACO is a population-based optimization algorithm proposed by Dorigo and coworkers [28]–[30] in the early
1990s in the light of how ants manage to discover the shortest
path from their nest to the food source. The idea of applying ACO to the MRCPSPDCF is motivated by the following
three reasons. First, the MRCPSPDCF can be naturally formulated as a graph-based search problem, which ACO has been
shown to be particularly successful in solving [31]–[35]. Second, domain-based heuristics have been found to be useful for
solving scheduling problems [4], [7], [12], [18]. Various effective heuristics have been proposed for the classical RCPSP [18].
The mechanism of ACO supports the use of such heuristics to
improve performance. Third, the ACO algorithms for the singlemode RCPSP [36] and RCPSPDCF [20] have achieved good
performance. However, to the best of our knowledge, the utility
of ACO for the more difficult MRCPSPDCF is still unexplored.
In this paper, we first formulate the model of MRCPSPDCF.
To make the model more realistic, indirect costs and a bonus–
penalty (B-P) mechanism are taken into account. An ant colony
system (ACS) algorithm is developed for the general form of the
MRCPSPDCF. The algorithm is named ACS–MRCPSPDCF.
ACS [32], [35] is one of the best ACO algorithms so far. To propose the ACS approach, the precedence network of the problem,
which is an activity-on-arc (AoA) network [11], is converted

into a mode-on-node (MoN) graph. The MoN graph becomes
the construction graph for algorithm. By applying the serial
schedule generation scheme (SSGS) [37], artificial ants in the
algorithm build their solutions step by step on the MoN graph
using pheromones and heuristic information. In order to enhance
the search ability of ants, eight heuristics are introduced, including two precedence-relation-based heuristics, two time-based
heuristics, two cost-based heuristics, a resource-based heuristic,
and a hybrid heuristic. As there are time–cost–resource tradeoffs in MRCPSPDCF, the hybrid heuristic is able to combine
the information from all aspects and performs well. Parameters
of the algorithm are analyzed for balancing the exploration and
exploitation ability of the search. In the experiment, the algorithm is compared with two GA approaches [11], [18], an SA
algorithm and a TS algorithm [14] on 55 instances with at least
13 and up to 98 activities. Experimental results demonstrate the
effectiveness of the proposed algorithm.
The rest of the paper is organized as follows. In Section II,
the MRCPSPDCF model is formulated. The ACS algorithm for
MRCPSPDCF is presented in detail in Section III. Experimental
results are given in Section IV. The conclusion finally comes in
Section V.

II. MRCPSPDCF MODEL
A. Problem Definition and Notation
MRCPSPDCF is a problem of finding an optimal schedule
for a project so that the precedence and resource constraints
are satisfied and the final NPV of the project is maximized.
The basic notation for the problem is shown in Table I. The
characteristics of the MRCPSPDCF are summarized as follows.
1) Precedence constraint—Given a project with n activities, the precedence relations of the activities are given
by an AoA network G = (E, A), where the node set
E corresponds to the set of events and the arc set
A = {a1 , a2 , . . . , an } corresponds to the set of activities.
Fig. 1 shows an example of the AoA network. We add two
dummy activities a0 and a7 to represent the beginning
and the end of the project, respectively. Based on the AoA
network, the precedence constraint is defined as follows.
Event ei takes place as soon as all direct predecessor activities of ei have finished. Only after the occurrence of
ei , the direct successor activities of ei can start.
2) Resource constraint—The project uses |RR| types of renewable resources and |NR| types of nonrenewable resources. Renewable resources are limited period by period, and nonrenewable ones are limited for the entire
project.
3) Multimode—Each activity ai (i = 1, 2, . . . , n) can be executed in any mode out of a finite alternative execution
mode set Mi = {mi1 , mi2 , . . . , mi|M i | }, where mij is the
jth mode for ai and |Mi | is the total number of available
modes for ai . The duration and resource consumption of
each execution mode are given deterministically. The duration of mode mij is dij . The mode mij consumes rrkij
units of renewable resource k, nrlij units of nonrenewable
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TABLE I
BASIC NOTATION FOR THE MRCPSPDCF MODEL

Fig. 1. Example of the AoA network with five events and eight activities (six
real activities).

resource l, and its constant expense is CE ij . Different
execution modes for ai may consume different levels of
time, cost, and resources. In this sense, there are time–cost,
time—resource, and resource–resource tradeoffs between
different modes.
4) Nonpreemption—Once an activity ai is executed in mode
mij (mij ∈ Mi ), it has to be completed without any interruption.
5) Cash flow analysis—The NPV of the project is analyzed.
The objective function of the problem is to maximize the
final NPV.

In addition, to make the model more comprehensive and realistic, two more characteristics are taken into account in our
formulation.
1) Indirect costs (including overhead expenses, finder’s fee,
etc.) are considered. According to He and Xu [38],
indirect costs have been experientially proven to occupy a significant proportion of cash outflows in a
project.
2) A B-P scheme is incorporated. The B-P scheme has been
widely used in contemporary contracting projects [38]. In
the B-P scheme, the expected finish time of the project
is given by an interval [tLOW , tUP ]. If the project finishes
earlier than tLOW , additional rewards will be given. Otherwise, if the finish time is later than tUP , the company
will be punished.
The formulation will be presented in detail in the following
part of this section. The formulation follows the payment at
event occurrences (PEOs) [11] scheme, in which the payments
occur at milestone events. Nevertheless, the proposed ACO algorithm can also be applied to the MRCPSPDCF model with
other payment schemes.
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B. Formulation
The goal of the MRCPSPDCF is to find an optimal schedule
S ∗ = (S0∗ , . . . , Sn∗ +1 ) that maximizes the final NPV. The NPV
of a schedule S is evaluated by the following equation.
N P V (S) = fIN (S) − fOUT (S) + fBP (S).

(1)

fIN (S) =

|R R |

RC j l =



|N R |

rrkjl · PRRk +

k =1

Here, NPV (S) is the final NPV of schedule S,
fIN (S), fOUT (S), and fBP (S) indicate the cash inflows, cash
outflows, and bonus or penalty, respectively. Schedule S must
satisfy the precedence and resource constraints.
1) Cash Inflows (fIN ): fIN consists of the payments at all
milestone events. The payment occurs at milestone event ei is
denoted as payi . The value of payi is discounted to the projectstart-time value and the discounted value is denoted as dpayi .
fIN is evaluated by using (2)–(6). Equation (2) shows that fIN
is composed of three parts: the payment occurs at the beginning
of the project (dpay1 ), at the end of the project (dpay|E | ), and
the payments in midway milestone events
|E |


Direct cost dcost includes both the constant expenses of activities and the costs of resources. For an execution mode mj l ,
the resource cost (RCj l ) of mj l in each time unit is given by


nrkjl · PNRk .

(8)

k =1

The discounted direct cost (DCj l ) associated with mj l can
be calculated by
d j l −1

DC j l = CE j l +



RC j l · exp(−α · t ).

(9)

t  =0

Based on the discounted cost of each execution mode, the
total direct cost of a schedule S is given by
dcost(S) =

n


DC (S i .act)(S i .mode) · exp(−α · Si .st). (10)

i=1

The indirect cost (icost) is evaluated by
dpayi (S)
icost(S) =

i=1



dpayi (S) + dpay|E | (S). (2)

i=2

At the beginning of the project, a proportion (λ) of the total
value (U ) is prepaid.
dpay1 (S) = pay1 (S) = λU.

dpayi (S) = payi (S) · exp(−α · TE i ),

1 < i < |E| .
(5)
Here, α is the discounted rate. The discounted value of the final
payment is given by

icost(S) =



(12)

III. ACS–MRCPSPDCF ALGORITHM
payi (S)] · exp(−α · S.ET ).

i=2

(6)
2) Cash Outflows (fOUT ): fOUT consists of all expenses
during the course of the project, including direct cost (dcost)
and indirect cost (icost)
fOUT (S) = dcost(S) + icost(S).

(7)

The application of ACO requires setting up a construction
graph and designing the pheromones and heuristic information.
Based on the construction graph, the SSGS [36] is applied for
artificial ants to build solutions. In the process of this algorithm,
each ant maintains a schedule generator and builds its solution
following the rules of ACS using pheromones and heuristic
information.

 
n

θ
isF inish(j, [TLATEST i , TE i ]) · WS j .act ,



1 − exp(−α · S.ET )
I.
exp(α) − 1

3) Bonus and Penalty Analysis (fBP ): The B-P value fBP
depends on the finish time of the project (S.ET). An expected
finish period [TLOW , TUP ] is given. If S.ET is earlier than TLOW ,
the company will gain additional income. Otherwise, if S.ET
comes later than TUP , the company will lose money due to the
penalty of delay. The value of the bonus or penalty should be
discounted to the project-start-time value. fBP is evaluated by
(13). γ and δ are the bonus and penalty rates, respectively (13),
as shown at the bottom of the next page.

|E |−1

dpayi (S) =

(11)

In a special case, if the indirect costs of all time units equal to
a constant value I, according to the summation rule of geometric
progression, (11) can be simplified to (12) as follows:

(3)

Suppose that the latest milestone event before ei occurs at
TLATEST i and ei occurs at TE i , the midway payments are
evaluated by (4), as shown at the bottom of this page.
Here, θ is the milestone payment rate. payi is discounted to
dpayi according to the following equation:

dpay|E | (S)=[U −pay1 (S)−

I[t  ,t  +1] · exp[−α(t + 1)].

t  =0

|E |−1

= dpay1 (S) +

S.E
T −1


if ei ∈ P E

j =1

0,

where isF inish(j, [TLATEST i , TE i ]) =



1 < i < |E|

,

/ PE
if ei ∈
1,

if TLATEST i < Sj .et ≤ TE i

0,

otherwise

.

(4)
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ing a path from the beginning node (mode 1 ) to the ending node
(mode |MODE | ) with the maximum NPV, satisfying the precedence and resource constraints. Fig. 3(b) shows a feasible path
for the problem. Second, in the MoN graph, there are a lot of redundant directed edges that disobey the precedence constraints
and will never be used in any feasible paths. To prevent from
processing such redundant edges, each ant maintains an eligible
set of edges. Only the edges that satisfy precedence constraints
can be selected into the eligible set.
B. Schedule Generator

Fig. 2. Pseudocode of how to reorder the indexes of modes and generate the
set MODE.

A. Construction Graph
1) Definition 1—TheMoN Graph: The MoN graph G =
(MODE , EDGE ) is a complete directed graph. The set of
nodes MODE is composed
of the execution modes of all ac +1
tivities, i.e., MODE = ni=0
Mi . The set of directed edges
EDGE fully connects every two nodes of the graph from both
directions.
The AoA network in MRCPSPDCF can be converted into its
corresponding MoN graph through the following steps.
First, we
 +1
Mi =
gather the modes of all activities in a set MODE = ni=0
{mode 1 , mode 2 , . . . , mode |MODE | }. Then the indexes of all
modes are reordered. Each mode mij corresponds to an element mode k in the set MODE. Fig. 2 shows the pseudocode of
how to reorder the indexes. |MODE| represents the total number
of modes. mode 1 is the beginning mode and mode|MODE | is
the ending mode. All the other modes are sequentially indexed
from mode 2 to mode |MODE |−1 . For the sake of the conversion
between these two notations, if mode k = mij , we denote that
Act(mode k ) = i and Mode(mode k ) = j.
The set MODE becomes the node set of the MoN graph. The
set of directed edges fully connects all the nodes from both directions. The edge from mode i to mode j is denoted as edge(i, j).
An example of the AoA network and its corresponding MoN
graph is given in Fig. 3.
There are two important notes about the MoN graph. First,
the MoN graph is the construction graph for ants to build their
solutions to the problem. The directed edges become the carriers of pheromones and heuristic information. The pheromone
value and the heuristic information on edge(i, j) are denoted as
τij and ηij . Each ant builds a complete solution by choosing
these edges step by step according to pheromones and heuristic
information. From this point of view, the scheduling problem is
converted into a graph-based search problem that aims at find-

Based on the construction graph, every single ant maintains a
SSGS to build solutions. A solution S(S0 , . . . , Sn +1 ) generated
by SSGS is a path from the beginning node (S0 = mode1 ) to
the ending node (Sn +1 = mode|MODE | ), visiting each activity
exactly once. The pseudocode of the SSGS is shown by Fig. 4.
In the initial phase of the SSGS (lines 1–3 in Fig. 4), the
beginning node (mode 1 ) is chosen to be the first mode in S. The
start time (S0 .st) and the end time (S0 .et) of mode1 are set to 0.
Moreover, the ant maintains a set of feasible modes that can be
chosen as the next mode in the solution. We denote this set as
eligibleSet. At this stage, ∀ai ∈ succ(e1 ), all execution modes
of ai are added to eligibleSet.
In the lines 4–9 of the pseudocode, the ant builds a complete
solution by iteratively adding eligible modes from eligibleSet
to the solution S until all activities are covered by S exactly
once. In step k, the ant first selects a feasible mode Sk = model
from eligibleSet (line 5) and schedules Sk at the earliest time
that satisfies both the precedence and resource constraints (line
6). The function select() in line 5 is based on the pseudoproportion random selection rule in the ACS algorithm [32], which
will be discussed in the next part of this section. The amount
of available resources after executing model is updated in line
7. eligibleSet is also updated in line 8 by eliminating all the
modes that belong to the same activity as model . Moreover, if
the activity to which model belongs is one of the direct predecessor activities of event ej , i.e., Act(model ) ∈ pred(ej ), and
all the other activities in pred(ej ) have been chosen to execute,
the modes of all activities belonging to succ(ej ) are added to
eligibleSet. In a special case, if nonrenewable resources are not
enough for the execution of any unexecuted modes, the schedule generator will be terminated and the NPV of this infeasible
schedule will be set to a very small value.
After constructing a complete schedule S, the NPV of S is
evaluated based on the equations given in Section III.
C. ACS–MRCPSPDCF Algorithm
The flowchart of the ACS–MRCPSPDCF algorithm is given
in Fig. 5. In the algorithm, a group of ants is dispatched to build
solutions iteratively. Each ant maintains a single SSGS to build



 γU (TLOW − S.ET ) · exp(−α · S.ET ),
fBP (S) = 0,


−δU (S.ET − TUP ) · exp(−α · S.ET ),

if S.ET < TLOW
if TLOW ≤ S.ET ≤ TUP .
if TUP < S.ET

(13)
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Fig. 3. Example of the conversion from an AoA network to its corresponding MoN graph. (a) AoA network with three events, three real activities, and two
dummy activities (a 0 and a 4 ). Assume that each real activity has two modes. In all, there are eight modes, which are shown in (b). The eight nodes in (b) and the
set of directed edges that fully connects all the nodes from both directions compose the MoN graph, which is the construction graph for the ACS algorithm. (b)
Example of a feasible solution path.

Fig. 4.

Pseudocode of SSGS.

its own solution in every iteration. The ants also maintain the
pheromone values and heuristic information and use them in the
selection scheme of the SSGS.
1) Selection Scheme: The next mode is chosen by the function select( ) in the SSGS (line 5 in Fig. 4) according to the
pseudo proportion random selection rule. Suppose an ant is located at modei . The next mode modej returned by the function
select() is determined by the following equations:

arg maxmode l ∈elig ibleS et {τil · (ηil )β }, if q ≤ q0
mode j =
implement the roulette wheel scheme, otherwise
(14)
p(mode j )

τ · (ηij )β


ij
, if mode j ∈ eligibleSet

β
(15)
.
= mode ∈elig ibleS et τil · (ηil )
l



0,
otherwise
A random number q ∈ [0, 1] is generated and compared with
a parameter q0 . If q ≤ q0 , the mode model that has the largest
value of τil · (ηil )β among all the modes in eligibleSet is selected. τil and ηil are respectively the pheromone value and
heuristic information on the directed edge edge(i,l) from modei
to model . β is a parameter that determines the weight of heuris-

Fig. 5.

Flowchart of the ACS–MRCPSPDCF algorithm.

tic information. Otherwise, if q > q0 , the roulette wheel scheme
is adopted, i.e., the probability of selecting modej is in direct
proportion to the value of τij · (ηij )β , if mode j ∈ eligibleSet.
2) Pheromone Management: At the beginning of the ACS–
MRCPSPDCF algorithm, the pheromone values on all directed
edges are initialized to τ0 = 1.
τij = τ0 = 1

∀(i, j) ∈ EDGE

(16)

Here, τ0 is also the lower bound of all pheromone values,
i.e., the pheromone management procedure guarantees τij ≥ τ0
∀(i, j) ∈ EDGE .
Immediately after a mode is selected by an ant, the local
pheromone updating procedure is performed. Assuming that
an ant located at modei chooses modej to move, the local
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pheromone updating rule is given by

Furthermore, according to (20), we can deduce that
(17)

a1 = (1 − θ)a0 + θb

where ξ ∈ [0, 1] is a parameter. Because τ0 is the lower bound of
all the pheromone values, in general, we have τ0 ≤ (1 − ξ)τij +
ξτ0 ≤ τij . Therefore, the effect of (17) is actually to decrease
the value of τij , if τij > τ0 . In other words, the local pheromone
updating rule decreases the probabilities for the following ants
to choose the same edge (i, j). In this case, the following ants
have higher probabilities to explore other unused edges, and thus
the algorithm is able to maintain diversity to explore different
solutions.
After all ants have finished constructing their solutions at the
end of each iteration, the global pheromone updating rule is used
to reinforce the best schedule. Only the edges on the best-so-far
schedule are able to obtained additional pheromones based on
the following rule:

a2 = (1 − θ)a1 + θb

τij = (1 − ξ)τij + ξτ0

τij = (1 − ρ)τij + ρ∆bs
ij

(18)

where ρ ∈ [0, 1] is a parameter and ∆bs
ij is defined based on the
NPV of the best-so-far schedule S bs as follows:
NP V (S ) − ﬁrst
+ 1 · ψ.
ﬁrstBest − ﬁrst
bs

∆bs
ij =

(19)

In (19), first is the NPV of the first feasible solution found
since the beginning of the algorithm and firstBest is the NPV
of the first feasible iteration-best solution whose value is larger
than first. ψ ≥ 1 is a parameter to control the scale of pheromone
amount. If no feasible solutions have ever been found by
the algorithm (first is not defined), the global pheromone updating rule is not applied. If feasible solutions have been
found but the value of firstBest has not been defined, we set
∆bs
ij = ψ.
According to [35] and [39], if all the pheromone values are
limited in an interval [τm in , τm ax ] (τm in > 0 and τm ax < +∞),
the convergence of the ACS algorithm can be guaranteed. In
the previous pheromone management scheme, both the local and the global pheromone updating rules have the same
format
ak +1 = (1 − θ)ak + θb

(20)

where ak +1 is the pheromone value after updating, ak is the
pheromone value before updating, θ = ξ or ρ, k = 1, 2, . . ., and
b = τ0 or ∆bs
ij . Based on (16) and (19), we have τ0 = 1 and
1 ≤ ∆bs
ij ≤

∗

NP V (S ) − f irst
+1 ·ψ
f irstBest − f irst

(21)

where NPV(S ) means the NPV value of the global optimal
schedule S ∗ . The right-hand side item in (21) is a function of
the global optimal schedule S ∗ . We denote it as
NP V (S ∗ ) − ﬁrst
+ 1 · ψ.
ﬁrstBest − ﬁrst

Therefore, we have 1 ≤ b ≤ g(S ∗ ).

= (1 − θ)[(1 − θ)a0 + θb] + θb
= (1 − θ)2 a0 + [1 − (1 − θ)2 ]b
···
ak = (1 − θ) a0 + [1 − (1 − θ)k ]b.
k

(23)

Because a0 = τ0 = 1, θ ∈ [0, 1], and 1 ≤ b ≤ g(S ∗ ) ∀k =
1, 2, . . ., it can be deduced that
ak = (1 − θ)k a0 + [1 − (1 − θ)k ]b ≥ (1 − θ)k a0
+[1 − (1 − θ)k ]a0 = a0 = 1

(24)

and
ak = (1 − θ)k a0 + [1 − (1 − θ)k ]b ≤ (1 − θ)k b
+[1 − (1 − θ)k ]b = b ≤ g(S ∗ ).

(25)

In other words, all the pheromone values are limited to the
interval [1, g(S ∗ )]. So the convergence of the proposed ACS–
MRCPSPDCF algorithm can be guaranteed.
3) Heuristic Information: In this paper, eight different
heuristics are used to enhance the search ability of ants, including two precedence-relation-based heuristics, two time-based
heuristics, two cost-based heuristics, a resource-based heuristic,
and a hybrid heuristic. As there are time–cost, time—resource,
and resource–resource tradeoffs in the MRCPSPDCF, these
eight heuristics use the information from different aspects of
the tradeoffs to guide the search direction of ants.
a) Maximum total successors: Maximum total successors
(MTS) is a precedence-relation-based heuristic designed for the
classical RCPSP [18]. Suppose modej is an alternative execution
mode for activity ak and the number of all successor activities
of ak is allsonk , the heuristic ηij is set to ηij = allsonk . The
aim of the MTS heuristic is to first schedule the activities with
the largest number of total successors.
b) Weight resource utilization and precedence: Weight resource utilization and precedence (WRUP) is also a precedencerelation-based heuristic [18], [40]. If mode j is the lth alternative
execution mode for activity ak , the heuristic ηij is evaluated as
follows:
|R R |

ηij = 0.5 × |succ(ak )| + 0.5 ×

 rrh
kl
.
RRh

(26)

h=1

∗

g(S ∗ ) =

7

(22)

Here, |succ(ak )| is the number of direct successor activities
of ak . The effect of the WRUP heuristic is to expedite the
bottleneck activities that have many direct successors and take
up a lot of resources.
c) Earliest finish time: Earliest finish time (EFT) is a timebased heuristic for the classical RCPSP [18]. Given a precedence
network, the earliest start time (EST) of each activity ak is
determined by the critical path of the network [18]. We denote
the EST of ak as ESTk . Suppose modej is the lth alternative
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execution mode for activity ak the EFT of modej is given by
EF T j = EST k + dk l .

(27)

IV. EXPERIMENTAL RESULTS

Then, the heuristic ηij is evaluated by
ηij =

1
.
EF T j

(28)

d) Shortest processing time: Shortest processing time (SPT)
is a time-based heuristic for MRCPSP [41]. Suppose modej is
the lth alternative execution mode for activity ak , the heuristic
ηij is evaluated by
ηj =

1
.
dk l

(29)

The SPT heuristic biases the modes with shorter execution
time.
e) Minimal cost: Minimal cost (MC) is a cost-based heuristic
that considers the total cost of each mode. Suppose modej is the
lth alternative execution mode for activity ak , the heuristic ηij
is given by
ηij =

1
CE k l + (RC k l + I) · dk l

(30)

where CEk l and RCk l are the constant expenses and resource
costs of mk l , respectively.
f) Minimal discounted cost: To satisfy the need of the
MRCPSPDCF, we take the time value of money into account
and propose the minimal discounted cost (MDC) heuristic. Suppose modej is the lth alternative execution mode for activity ak ,
the heuristic ηij is evaluated by
ηij =

CE k l +

d k l −1
t  =0

1
(RC k l + I) · exp(−α · t )

.

(31)

The MDC heuristic biases the execution modes that cost less
money with respect to the discounted values.
g) Minimal resource consumed: To consider the aspect of resources, we also design the minimal resource consumed (MRC)
heuristic for the proposed ACO algorithm. Suppose modej is
the lth alternative execution mode for activity ak , the heuristic
ηij is evaluated by
ηij =
dk l

|R R |
h=1

1
rrhk l /RRh +

|N R |
h=1

the whole search process. In this way, the management of these
heuristics is not time-consuming.

nrhk l /NRh

.

(32)

The MRC heuristic biases the modes that use fewer resources.
h) Hybrid heuristic: The hybrid heuristic aims to combine
the information from all aspects. Four of the aforementioned
heuristics are selected in the hybrid heuristic, including MTS,
EFT, MDC, and MRC. These four heuristics belong to four
different types. In the hybrid heuristic, in each step of SSGS,
before calling the function select( ), the ants randomly choose
one of the previous four heuristics to build new solutions.
Note that the MTS, WRUP, EFT, SPT, MC, MDC, and MRC
heuristics are all static heuristics, i.e., the values of these heuristics are only determined by the instance. Therefore, in the implementation of the algorithm, these heuristics only need to be
evaluated once at the beginning, and remain unchanged during

A. Test Instances and Parameter Settings
A set of 55 random instances are used to study the performance of the proposed ACS–MRCPSPDCF algorithm. The instances are of eleven different sizes (numbers of activities), i.e.,
n = {13, 16, 18, 28, 36, 40, 48, 58, 60, 80, 98}. Each size corresponds to five instances. We name the five instances with 13
activities as Ins13_1, Ins13_2, . . ., Ins13_5. The other instances
are named in a similar way. The terms “instance 1” to “instances
5” in Table II correspond to the five instances of each size, respectively. In the instances, each activity is randomly associated
with one to five different execution modes. Resources and cash
flows are all randomly generated.
We first set the parameters of the ACS–MRCPSPDCF algorithm: the number of ants used in each iteration is 10, ζ = 0.1,
ρ = 0.1, β = 1, q0 = 0.9, and ψ = 20. The first three parameters are set according to the original ACS algorithm for traveling
salesman problem (TSP) [32]. These configurations still contribute to good performance with respect to the MRCPSPDCF.
For the other three parameters, experimental results suggest that
the aforementioned configuration manages to obtain promising
performance.
The parameter β in (14) and (15) is used to weight the importance of pheromones and heuristics. If β = 0, the algorithm
does not use any heuristic information but only the pheromone
values are at work. In contrast, a relative large β reinforces the
influence of heuristic information. But if β is too large, the algorithm tends to behave in a greedy-search manner and becomes
easily trapped in local optima. Fig. 6 illustrates the performance
of the algorithm when β is set to 0, 1, 2, 3, 5, and 8, respectively. In the figure, the label “evaluations” means the maximum
number of NPV evaluations during the process of the algorithm.
As the evaluation of NPV is the most time-consuming part of the
algorithm, Fig. 6 can be used to compare the search speed of the
algorithm with different β values. In the experiment, it is found
that the performance of the algorithm with no heuristics (β = 0)
is rather poor and the NPV values obtained by this setting are
always out of scales of the plots. Thus, the curves for β = 0 are
not shown in Fig. 6. When β is large, the algorithm stagnates in
the early stage and the performance is not good either. Overall,
β = 1 is able to balance the usage of pheromones and heuristics
and performs well in most cases.
The parameter q0 in (18) is used to balance the exploration and
exploitation behaviors of the algorithm. In (18), a random number q ∈ [0, 1] is generated. If q ≤ q0 , the ant directly chooses
the best mode according to the pheromone and heuristic values. In this case, the ant is exploiting the learned knowledge
and thus this selection scheme is called exploitation [32], [35].
On the other hand, if q > q0 , the ant uses the roulette wheel
selection scheme. In this case, the ant has a higher probability
to choose the modes that have never been explored in advance.
Thus, this selection scheme is called exploration [32], [35].
The performance of the algorithm with different q0 values is
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TABLE II
COMPARISON BETWEEN THE ACS–MRCPSPDCF AND THE PGA, HGA, SA, AND TS APPROACHES ON 55 INSTANCES
(ALL RESULTS ARE AVERAGED OVER 50 INDEPENDENT RUNS)
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TABLE II
(Continued)

Fig. 6. Performance of the ACS–MRCPSPDCF algorithm with different values for β. The results are averaged over 50 independent runs. (a) Instance
Ins16_1 with 16 activities. (b) Instance Ins36_1 with 36 activities. (c) Instance
Ins48_1 with 48 activities. (d) Instance Ins60_1 with 60 activities. (e) Instance
Ins80_1 with 80 activities. (f) Instance Ins98_1 with 98 activities.

plotted in Fig. 7. In the experiment, the algorithm stops when
it reaches the maximum number of NPV evaluations. From the
results given in the figure, obviously, q0 = 0.9 is the best choice
in most cases. This is because the artificial ants in the algorithm
are more likely to exploit the good modes found previously
when q0 is large. However, if q0 = 1, no exploration is made.
In this case, the algorithm stagnates in the early stage and the
performance is poor. The earlier results show that the function
of q0 in the proposed algorithm is consistent with that in the
original ACS algorithm for the TSP [32].
The parameter ψ in (23) is used to control the scale of
pheromone amount. If ψ is set to a small value, the differences between pheromone values on all edges become small
and the influence of pheromone is reduced. In the experiment,
ψ is set to {5, 10, 15, 20, 25, 30, 35, 40, 45, 50} and some of
the results are given in Fig. 8. Experimental results show that
the performance of ψ = 5, 10, and 15 is not good. This is because the differences between pheromone values are too small
to reflect the previous search experiences. According to Fig. 8,
the algorithms with ψ ∈ [20, 50] are all able to obtain relatively
good results.
B. Performance of Different Heuristics
Eight different heuristics have been considered in the proposed algorithm, including MTS, WRUP, EFT, SPT, MC, MDC,
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Fig. 7. Performance of the ACS–MRCPSPDCF algorithm with different values for q0 . The results are averaged over 50 independent runs. (a) Instance
Ins16_1 with 16 activities. (b) Instance Ins36_1 with 36 activities. (c) Instance
Ins48_1 with 48 activities. (d) Instance Ins60_1 with 60 activities. (e) Instance
Ins80_1 with 80 activities. (f) Instance Ins98_1 with 98 activities.

Fig. 8. Performance of the ACS–MRCPSPDCF algorithm with different values for ψ. The results are averaged over 50 independent runs. (a) Instance
Ins36_3 with 36 instances. (b) Instance Ins60_1 with 60 instances. (c) Instance
Ins80_1 with 80 instances. (d) Instance Ins98_1 with 98 instances.

MRC, and the hybrid heuristic. The performance of the ACS–
MRCPSPDCF algorithm with different heuristics is shown in
Fig. 9. In the experiment, the algorithm stops when it reaches
the maximum number of NPV evaluations. The results marked
by triangles in the figure are the averaged results of all the runs
where feasible solutions are successfully found. In some difficult instances with tight nonrenewable resource constraints, a
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Fig. 9. Performance of the ACS–MRCPSPDCF algorithm with different
heuristics. The results are averaged over 50 independent runs. (a) Instance
Ins16_1 with 16 activities. (b) Instance Ins36_1 with 36 activities. (c) Instance
Ins48_1 with 48 activities. (d) Instance Ins60_1 with 60 activities. (e) Instance
Ins80_1 with 80 activities. (f) Instance Ins98_1 with 98 activities.

heuristic may sometimes fail to find feasible solutions. Therefore, the percentages of successful runs are also given in Fig. 9.
If the percentage is not provided, it means that the heuristic is
able to find feasible solutions in all runs.
The precedence-relation-based heuristics MTS and WRUP is
designed to expedite the critical activities with respect to the
precedence relations [18]. If an activity has many successors,
the precedence-relation-based heuristics intend to schedule this
activity first so that the successors can be processed as soon as
possible. According to the results in Fig. 9, the performance of
MTS and WRUP is not remarkable compared with the other
heuristics. However, for the instances characterized by having
sufficient renewable resources for the parallel execution of several different modes (e.g., the instance Ins48_1), the MTS is
able to yield promising results [see Fig. 9(c)].
The time-based heuristics such as EFT and SPT are important for the classical RCPSP with makespan criterion [18]. For
the MRCPSPDCF, time-based heuristics are still useful as time
value of money is considered in the model. Fig. 9 reveals that
EFT and SPT are able to yield good results on some instances,
for example, the instance Ins16_1 [see Fig. 9(a)] and Ins60_1
[see Fig. 9(d)]. However, as these two heuristics only consider
the influence of time, they sometimes fail to find feasible solutions for the instances with tight nonrenewable resource constraints [see Fig. 9(b) and (f)].
Cost-based heuristics are directly related to the cash flow
criterion. Thus, the performance of the MC and MDC heuristics
is good in all instances. As the MDC heuristic considers the
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Fig. 10. The search speed of ACS–MRCPSPDCF, PGA, and HGA with respect to the CPU time. All results are averaged over 50 independent runs.
(a) Instance Ins16_1 with 16 activities. (b) Instance Ins36_3 with 36 activities.
(c) Instance Ins48_2 with 48 activities. (d) Instance Ins60_1 with 60 activities.
(e) Instance Ins80_1 with 80 activities. (f) Instance Ins98_1 with 98 activities.

time value of money, its performance is slightly better than MC
according to Fig. 9.
For the resource-based heuristic MRC, it is designed to bias
the modes that use fewer resources. Although the performance
of MRC is not as good as the cost-based heuristics, MRC is able
to help artificial ants to build feasible solutions that satisfy the
nonrenewable resource constraints.
In addition to the previous heuristics, we also combine four
different heuristics to propose a hybrid heuristic. In this way, the
hybrid heuristic is able to consider the problem from different
angles. According to the results in Fig. 9, the hybrid heuristic
significantly outperforms the other heuristics in all instances.
C. Comparison with
for the MRCPSPDC

the

Other

Existing

Algorithms

In order to demonstrate the effectiveness of the ACS–
MRCPSPDCF algorithm, the proposed approach is compared
with the pure GA (PGA) proposed by Ulusoy [11], the hybrid
GA (HGA) proposed by Özdamar [18], and the SA and TS algorithms proposed by Mika et al. [14]. The encoding scheme of
the PGA in [11] is based on the mode assignment and the order
of activities. A multicomponent uniform order-based crossover
operator (MCUOX) and two mutation operators are defined in
the algorithm. The parameter configurations of the GA in [11]
are as follows: population size popsize = 140, crossover probability pc = 0.65, bit mutation probability pmbit = 0.05, reposition mutation probability pmrep osition = 0.50, and elitist rate

G = 19/140 = 0.14. The HGA in [18] was originally designed
for the MRCPSP with the makespan criterion. The encoding
scheme of the HGA is based on domain-based heuristics. In the
experiment, we modify the HGA for the MRCPSPDCF with the
cash flow criterion by incorporating the MDC heuristic defined
in (32) to the algorithm. In the SA and TS approaches [14], the
neighborhood is defined by shifting the position of an activity
on the activity list or changing the execution mode of an activity. The parameters of the SA and TS are set according to [14]
as follows. In the SA, 50 trials of transitions are generated to
determine the initial temperature T0 . The initial acceptance ratio
χ0 is set to 0.95 and the distance parameter δ is set to 0.5. In
the TS, the length of the tabu list is 7. Parameters for the proposed ACS approach have been given in advance and the hybrid
heuristic is used in the comparison. A total of 55 random instances with different sizes are generated. The experiments are
run on a machine with Intel Core2 Quad CPU Q6600 at the rate
of 2.40 GHz and 1.96 GB of RAM. The operation system is MS
Windows XP and the compiler is VC++ 6.0. In the experiment,
the algorithms stop when they reach the maximum numbers of
NPV evaluations given in Table II.
In Table II, the size of each instance, the maximum evaluation
number for each algorithm, the results averaged over 50 runs,
and the t-test values are tabulated. Compared with the PGA
approach, ACS–MRCPSPDCF yields better results in 47 out of
55 instances. The results of two-tailed t-tests reveal that the ACS
approach achieves significantly better results in 37 instances.
Compared with the HGA approach, ACS–MRCPSPDCF yields
better results in 49 out of 55 instances and achieves significantly
better results in 35 instances in terms of the results of two-tailed
t-tests. It is important to note that in the largest 15 instances
(with 60 activities or more), the proposed approach manages
to make significant improvements in all cases. For the SA and
TS approaches, as they only search in a neighborhood of the
current solution, they are trapped in local optima in some runs.
Therefore, according to the results in Table II, the averaged
performance of SA and TS is poor compared with the proposed
ACS approach.
In Fig. 10, we also make a rough comparison of how fast are
the algorithms using CPU time. As the curves of the SA and TS
algorithms are out of the scales of the plots, only the curves of
ACS, PGA, and HGA are shown in the figure. The results are
averaged over 50 runs. According to the results in Fig. 10, in
most cases, at the very beginning of the search process, ACS is
able to find better solutions than PGA and HGA. This is because
the ACS algorithm uses domain-based heuristics to build good
initial solutions and searches in an aggressive behavior by setting
the parameter q0 in (14) to 0.9. Furthermore, in the late stages of
the search process, ACS is still able to improve the quality of the
solutions steadily. These results reveal that the proposed ACS
approach outperforms the PGA, HGA, SA, and TS algorithms
for the MRCPSPDCF.
V. CONCLUSION
In this paper, an ACS algorithm for the MRCPSPDCF has
been proposed. MRCPSPDCF is an important model for project
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management applications and the problem is NP-hard. Due to
its great complexity, only a few algorithms are available for
the problem and the performance is still not satisfying. Compared with the existing approaches, the proposed ACO approach
is promising in the following aspects. First, ACO has been
found to be good at solving graph-based search problems. In
the proposed algorithm, by converting the precedence network
(AoA network) into a construction graph (MoN graph), the
considered MRCPSPDCF is naturally converted into a graphbased search problem. Therefore ACO is suitable for solving
the problem. Second, as the mechanism of ACO supports the
use of domain-based heuristics, the proposed algorithm is able
to make use of different heuristics to enhance the search ability
of ants. Eight heuristics are used in the algorithm, including two
precedence-relation-based heuristics, two time-based heuristics,
two cost-based heuristics, a resource-based heuristic, and a hybrid heuristic. These heuristics consider different aspects of the
tradeoffs in MRCPSPDCF to improve the performance of the
algorithm.
In the experiment, the performance of different heuristics
is compared. It is found that the hybrid heuristic is able to
combine the information from different aspects and achieves
the best performance. For the parameters, it is found that β = 1,
q0 = 0.9, and ψ = 20 − 50 are able to find good solutions in
most cases. The ACS–MRCPSPDCF algorithm is compared
with two GA approaches, an SA algorithm and a TS algorithm
on 55 random instances. Experimental results reveal that the
proposed algorithm outperforms the existing approaches for the
MRCPSPDCF.
In the future research, we plan to integrate the ACO algorithm
with local refinement procedures for large-scale MRCPSPDCF
instances. On the other hand, ACO uses pheromones as a kind
of historical records. Such characteristic has been found to be
helpful for solving the optimization problems with uncertainties [42]. Therefore, it will be also interesting to apply ACO
algorithms to solve the MRCPSPDCF model with uncertain
duration or cost.
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