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Chapter 1

LINEAR EQUATIONS

1.1 Introduction to linear equations

A linear equation in n unknowns x1, x2,- -, T, is an equation of the form
a1x1 + agxe + - -+ + apxT, = b,

where a1, as,...,ay,, b are given real numbers.

For example, with = and y instead of z; and x2, the linear equation
2x 4 3y = 6 describes the line passing through the points (3, 0) and (0, 2).

Similarly, with z, ¥y and z instead of x1, xo and x3, the linear equa-
tion 2z + 3y + 4z = 12 describes the plane passing through the points
(6,0, 0), (0, 4, 0), (0, 0, 3).

A system of m linear equations in n unknowns x1, xs,- -, &, is a family
of linear equations

a1121 + ajpxe + -+ aypxT, = by
9121 + agewo + -+ + agpx, = by
Am1T1 + amax2 + -+ QpnTn = bm

We wish to determine if such a system has a solution, that is to find
out if there exist numbers z1, x2, - - -, z, which satisfy each of the equations
simultaneously. We say that the system is consistent if it has a solution.
Otherwise the system is called inconsistent.
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Note that the above system can be written concisely as
n
Zaij;rj:bi, i:1,2,-'-,m.
j=1

The matrix

ail ai2 e A1n
a1 a2 o a2n
Gml Gm2 " QGmn

is called the coefficient matriz of the system, while the matrix

air a2 - aiy  br
a1  aze -+ az, ba
aAml Am2 **° amn bm

is called the augmented matrixz of the system.

Geometrically, solving a system of linear equations in two (or three)
unknowns is equivalent to determining whether or not a family of lines (or
planes) has a common point of intersection.

EXAMPLE 1.1.1 Solve the equation
2z 4 3y = 6.

Solution. The equation 2x + 3y = 6 is equivalent to 22 = 6 — 3y or
r=3-— %y, where y is arbitrary. So there are infinitely many solutions.

EXAMPLE 1.1.2 Solve the system

rT+y+z =
r—y+z = 0.

Solution. We subtract the second equation from the first, to get 2y = 1
and y = % Thenz =y — z = % — z, where z is arbitrary. Again there are

infinitely many solutions.

EXAMPLE 1.1.3 Find a polynomial of the form y = ag+aiz+asz?+azx?
which passes through the points (-3, —2), (-1, 2), (1, 5), (2, 1).
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Solution. When z has the values —3, —1, 1, 2, then y takes corresponding
values —2, 2, 5, 1 and we get four equations in the unknowns ag, a1, as, as:

ag — 3a1 + 9ag — 27a3 = —2

ap—ai +az —as

ap +aj +as +as
ag + 2a1 + 4as + 8ag =
This system has the unique solution ay = 93/20, a1 = 221/120, as =

—23/20,
ag = —41/120. So the required polynomial is

93 221 23 5 41 4

Y= 50T 120" 207 T 1207

In [26, pages 33-35] there are examples of systems of linear equations
which arise from simple electrical networks using Kirchhoff’s laws for elec-
trical circuits.

Solving a system consisting of a single linear equation is easy. However if
we are dealing with two or more equations, it is desirable to have a systematic
method of determining if the system is consistent and to find all solutions.

Instead of restricting ourselves to linear equations with rational or real
coefficients, our theory goes over to the more general case where the coef-
ficients belong to an arbitrary field. A field F' is a set F which possesses
operations of addition and multiplication which satisfy the familiar rules of
rational arithmetic. There are ten basic properties that a field must have:

THE FIELD AXIOMS.
1. (a+b)+c=a+ (b+c) forall a, b, cin F;
2. (ab)e = a(be) for all a, b, c in F;
3. a+b=0b+aforalla,bin F;
4. ab = ba for all a, b in F}
5. there exists an element 0 in F such that 0 +a = a for all a in F

6. there exists an element 1 in F such that la = a for all a in F;
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7. to every a in F, there corresponds an additive inverse —a in F', satis-
fying

8. to every non—zero a in F', there corresponds a multiplicative inverse
a~!in F, satisfying

9. a(b+c) =ab+ac for all a, b, ¢ in F;

10. 0 # 1.

With standard definitions such as a — b = a + (—b) and % = ab~! for

b # 0, we have the following familiar rules:

—(—a) = a, ail)flza,
b

(@ o (=2
E—I-E _ad+be
b d bd ’

ac _ ac

bd bd’

a _ b a _ac

ac ¢ (% b
—(ab) = (—a)b=a(-b);
_(9> _ —4_a

b) b —b’

Oa = 0

Fields which have only finitely many elements are of great interest in
many parts of mathematics and its applications, for example to coding the-
ory. It is easy to construct fields containing exactly p elements, where p is
a prime number. First we must explain the idea of modular addition and
modular multiplication. If a is an integer, we define a (mod p) to be the
least remainder on dividing a by p: That is, if @ = bp+ r, where b and r are
integers and 0 < r < p, then a (mod p) = r.

For example, —1 (mod 2) =1, 3 (mod 3) =0, 5 (mod 3) = 2.
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Then addition and multiplication mod p are defined by

a®b = (a+b)(modp)
a®b = (ab)(modp).

For example, with p = 7, we have 3® 4 = 7(mod7) = 0 and 3 ® 5 =
15(mod 7) = 1. Here are the complete addition and multiplication tables
mod T7:

D

O U W N RO
ol U x| w| | = Oo|o
O| | Y x| W DN =] =
—| O] o ot x| Wl | DO
|| O | ot | w|w
W | = | O o Ot k|
| N | O] o ut| o
Ol x| W o = o] | >
oUW~ OR
o|lo|lo|lo|lo|lo|lo|lo
o U x| W | =| O =
Ul W| —| o] | | O o
| = ol o] o w| o w
w| o | o = o
M| | | =] wo| o o] ot
=] w | ol o o] o

If we now let Z, = {0, 1,...,p—1}, then it can be proved that Z, forms
a field under the operations of modular addition and multiplication mod p.
For example, the additive inverse of 3 in Z7 is 4, so we write —3 = 4 when
calculating in Z7. Also the multiplicative inverse of 3 in Z7 is 5 , so we write
37! = 5 when calculating in Z.

In practice, we write a®b and a®b as a+b and ab or a x b when dealing
with linear equations over Z,,.

The simplest field is Zo, which consists of two elements 0, 1 with addition
satisfying 141 = 0. So in Zo, —1 = 1 and the arithmetic involved in solving
equations over Zo is very simple.

EXAMPLE 1.1.4 Solve the following system over Zo:

r+y+z = 0

r+z =

Solution. We add the first equation to the second to get y = 1. Then x =
1 —z =1+ z, with z arbitrary. Hence the solutions are (z, y, z) = (1, 1, 0)
and (0, 1, 1).

We use Q and R to denote the fields of rational and real numbers, re-
spectively. Unless otherwise stated, the field used will be Q.
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1.2 Solving linear equations

We show how to solve any system of linear equations over an arbitrary field,
using the GAUSS-JORDAN algorithm. We first need to define some terms.

DEFINITION 1.2.1 (Row—echelon form) A matrix is in row-echelon
form if

(i) all zero rows (if any) are at the bottom of the matrix and

(ii) if two successive rows are non—zero, the second row starts with more
zeros than the first (moving from left to right).

For example, the matrix

o = O

[0
0
0

| O

o O O =
o O O O

is in row—echelon form, whereas the matrix

S O O O
O O ==
o O O O
S O O O

is not in row—echelon form.

The zero matrix of any size is always in row—echelon form.

DEFINITION 1.2.2 (Reduced row—echelon form) A matrix is in re-
duced row—echelon form if

1. it is in row—echelon form,
2. the leading (leftmost non—zero) entry in each non-zero row is 1,

3. all other elements of the column in which the leading entry 1 occurs
are zeros.

For example the matrices

10
[01] and

o O O O
o O o
O O O N
o O = O
O = O O
O = W N
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are in reduced row—echelon form, whereas the matrices
100 1 20
010 and 010
0 0 2 0 00

are not in reduced row—echelon form, but are in row—echelon form.
The zero matrix of any size is always in reduced row—echelon form.

Notation. If a matrix is in reduced row—echelon form, it is useful to denote
the column numbers in which the leading entries 1 occur, by c1, co, ..., ¢,
with the remaining column numbers being denoted by ¢,+1,..., ¢,, where
r is the number of non—zero rows. For example, in the 4 x 6 matrix above,
we have r =3,¢c1 =2,c0=4,c3=5,c4 =1, ¢c5 =3, cg =6.

The following operations are the ones used on systems of linear equations

and do not change the solutions.

DEFINITION 1.2.3 (Elementary row operations) There are three
types of elementary row operations that can be performed on matrices:

1. Interchanging two rows:

R; < Rj; interchanges rows ¢ and j.

2. Multiplying a row by a non-—zero scalar:

R; — tR; multiplies row ¢ by the non—zero scalar ¢.

3. Adding a multiple of one row to another row:

R; — R; +tR; adds t times row ¢ to row j.

DEFINITION 1.2.4 [Row equivalence/Matrix A is row—equivalent to ma-
trix B if B is obtained from A by a sequence of elementary row operations.

EXAMPLE 1.2.1 Working from left to right,

1 2 0 1 2 0

A= 2 1 1 Ry — Ry + 2R3 4 -1 5
1 -1 2 1 -1 2

1 2 0 2 4 0



8 CHAPTER 1. LINEAR EQUATIONS

Thus A is row—equivalent to B. Clearly B is also row—equivalent to A, by
performing the inverse row—operations R; — %Rl, Ry <« R3, Ro — Ro—2Rj3
on B.

It is not difficult to prove that if A and B are row—equivalent augmented
matrices of two systems of linear equations, then the two systems have the
same solution sets — a solution of the one system is a solution of the other.
For example the systems whose augmented matrices are A and B in the
above example are respectively

z+2y = 0 2z+4y = 0
2r+y = 1 and r—y = 2
r—y = 2 de—y = 5

and these systems have precisely the same solutions.

1.3 The Gauss—Jordan algorithm

We now describe the GAUSS-JORDAN ALGORITHM. This is a process
which starts with a given matrix A and produces a matrix B in reduced row—
echelon form, which is row—equivalent to A. If A is the augmented matrix
of a system of linear equations, then B will be a much simpler matrix than
A from which the consistency or inconsistency of the corresponding system
is immediately apparent and in fact the complete solution of the system can
be read off.

STEP 1.

Find the first non—zero column moving from left to right, (column c;)
and select a non—zero entry from this column. By interchanging rows, if
necessary, ensure that the first entry in this column is non—zero. Multiply
row 1 by the multiplicative inverse of aj., thereby converting a;., to 1. For
each non-—zero element a;.,, 7 > 1, (if any) in column ¢;, add —a;, times
row 1 to row ¢, thereby ensuring that all elements in column ¢, apart from
the first, are zero.

STEP 2. If the matrix obtained at Step 1 has its 2nd, ..., mth rows all
zero, the matrix is in reduced row—echelon form. Otherwise suppose that
the first column which has a non—zero element in the rows below the first is
column cy. Then ¢; < c2. By interchanging rows below the first, if necessary,
ensure that ag., is non-zero. Then convert as., to 1 and by adding suitable
multiples of row 2 to the remaing rows, where necessary, ensure that all
remaining elements in column ¢y are zero.
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The process is repeated and will eventually stop after r steps, either
because we run out of rows, or because we run out of non—zero columns. In
general, the final matrix will be in reduced row—echelon form and will have
r non—zero rows, with leading entries 1 in columns cy, ..., ¢, respectively.

EXAMPLE 1.3.1

00 40 2 2 -2 5
22 25| Ri<>Ry |0 0 40
55 -15 55 -15
(11 -1 2 11 -1 3
Ri—iR, |0 0 4 0| Rg—R3—5R; |0 0 4 0
| 55 -1 5 00 4 -
(11 -1 2 110 3
2 2
Ry—1R, [0 0 1 0 = A+ iy 001 0
15 R3 — Rz — 4R 15
00 4 b 000 =¥
110 3 1100
Ry— 2Ry |0 01 0| Riy—R—3Rs [0 0 1 0
0001 0001

The last matrix is in reduced row—echelon form.

REMARK 1.3.1 It is possible to show that a given matrix over an ar-
bitrary field is row—equivalent to precisely one matrix which is in reduced
row—echelon form.

A flow—chart for the Gauss—Jordan algorithm, based on [1, page 83] is pre-
sented in figure 1.1 below.

1.4 Systematic solution of linear systems.

Suppose a system of m linear equations in n unknowns z1, - - -, x, has aug-
mented matrix A and that A is row—equivalent to a matrix B which is in
reduced row—echelon form, via the Gauss—Jordan algorithm. Then A and B
are m X (n + 1). Suppose that B has r non—zero rows and that the leading
entry 1 in row ¢ occurs in column number ¢;, for 1 <4 < r. Then

1< <<, < <n+1.
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START
!

Input A, m, n

!

i=1,j=1

4

Are the elements in the
jth column on and below

the ith row all zero?

No

Let ap; be the first non-zero
element in column j on or
below the ith row

j=j+1

Isj=n?

Is p=17

Yes \‘\NO

Interchange the
pth and ith rows

//

Divide the ith row by a;;

|

Subtract a,; times the ith
row from the qth row for
forgq=1,...,m(q #1)

Yes

Set ¢; = j
Yes
Z:=‘,+11 Is ¢ =m? -
N Ye
° Isj=n? el

Print A,
Cly...,Cq

l

Figure 1.1: Gauss—Jordan algorithm.

STOP
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Also assume that the remaining column numbers are ¢,41, - -, Cy4+1, Where
1< << - <ep<n+ 1l
Case 1: ¢, = n+ 1. The system is inconsistent. For the last non—zero
row of B is [0, 0,---, 1] and the corresponding equation is
0x1 4+ 0224+ -4+ 0xy, =1,
which has no solutions. Consequently the original system has no solutions.

Case 2: ¢, < n. The system of equations corresponding to the non—zero
rows of B is consistent. First notice that » < n here.

Ifr=n,thenci=1,¢c0=2, -+, ¢, = n and
1 0 -+ 0 dy ]
1 -+ 0 do
B=|00 1 d,
0 0 0
00 --- 0 0 |
There is a unique solution 1 = dy, x2a =da, -+, Tp = dp.

If r < n, there will be more than one solution (infinitely many if the
field is infinite). For all solutions are obtained by taking the unknowns
Zeys -0y Te, as dependent unknowns and using the r equations correspond-
ing to the non—zero rows of B to express these unknowns in terms of the
remaining independent unknowns ., ..., Tc,, which can take on arbi-

trary values:

Loy = bl n+1 — blcT+1ch+1 - blcnxcn
Le, = brni1 — brcr_chH_l - = brcnl‘cn-
In particular, taking z..., = 0,...,2,, , = 0 and z., = 0, 1 respectively,

produces at least two solutions.
EXAMPLE 1.4.1 Solve the system
z+y = 0

T—=Y
dr+2y = 1
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Solution. The augmented matrix of the system is

10

I

I
I

|
[N
— =

which is row equivalent to

Sy
Il
S O =
O = O
|
O N[N

We read off the unique solution x = %, y= —%.

(Here n = 2,7 =2,¢1 = 1,0 =2. Alsoc, =2 =2<3=n+1and
r=n.)

EXAMPLE 1.4.2 Solve the system

2x1 4+ 219 — 223 = b
Tx1+ Txo+23 = 10
5ZE1 + 5$2 — T3 = 5.

Solution. The augmented matrix is

2 2 =2 5
A=|7 7 1 10
5 5 -1 5
which is row equivalent to
1100
B=]10010
00 01

We read off inconsistency for the original system.
(Heren=3,r=3,c1=1,c0=3. Alsoc, =cg=4=n+1.)

EXAMPLE 1.4.3 Solve the system

1 — X2 + T3

Tl +x9—23 = 2.



1.4. SYSTEMATIC SOLUTION OF LINEAR SYSTEMS. 13

Solution. The augmented matrix is

1 -1 11
A‘L 1 -1 2]

which is row equivalent to

1o o032
B- [ : ] .
01 -1 3
The complete solution is x1 = %, Ty = % + x3, with 3 arbitrary.
(Here n = 3,7 =2,¢c1 = 1,0 =2. Alsoc, = =2<4=n+1and
r<n.)

EXAMPLE 1.4.4 Solve the system

6x3 + 214 — 45 — 8xg =

3x3 + x4 — 2x5 — 4xg

201 — 3xo + x3 + 4y — Tx5 + g
6x1 — 920 + 11lxg — 1925 4+ 326 =

I
N e 00

Solution. The augmented matrix is

0 06 2 -4 -8 8

A 0o 03 1 -2 —4 4

12 -3 1 4 -7 1 2

6 -9 0 11 -19 3 1

which is row equivalent to

3 11 19 1

b 2% b H

B_ 0 01 5 -5 0 3

0 00 O 01 3

0 00 O 00 O

The complete solution is

1,3 11 19
1 =95 + 522 — Gra+ T,
5 _ 1 2
T3 =3 — 3T4+ 55,

_ 1
Te = 7>

with xo, x4, x5 arbitrary.
(Heren=6,r=3,c1=1,c0=3,c3=6;¢,=c3=6<7=n+1; r<n.)
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EXAMPLE 1.4.5 Find the rational number ¢ for which the following sys-
tem is consistent and solve the system for this value of .

r+y
r—y =
3r—y =

Solution. The augmented matrix of the system is

1 1 2
A=|1 -1
3 -1 ¢

which is row—equivalent to the simpler matrix

B =

S O =
O =
N =N

t—

Hence if t # 2 the system is inconsistent. If ¢ = 2 the system is consistent
and

O =
O = O
O =

We read off the solution x =1, y = 1.

EXAMPLE 1.4.6 For which rationals a and b does the following system
have (i) no solution, (ii) a unique solution, (iii) infinitely many solutions?

T—2y+3z =
2 =3y +az =
3r —4y+5z =

Solution. The augmented matrix of the system is

-2

1 3 4
A=12 -3 a 5
3 5 b
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Ry — Ry — 2Ry 1 -2 3 4

R R 3R 0 1 a—6 -3

3 3 ! 0 2 -4 b—12
1 -2 3 4

R3*>R3*2R2 0 1 a—=©6 -3 = B.
0 0 —2a+8 b—6

Case 1. a # 4. Then —2a + 8 # 0 and we see that B can be reduced to
a matrix of the form
u
v

b—6
—2a+8

100
010
0 01

and we have the unique solution z = u, y = v, 2z = (b — 6)/(—2a + 8).

Case 2. a = 4. Then

1 -2 3 4
B=|0 1 -2 -3
0 0 O b—-6

If b # 6 we get no solution, whereas if b = 6 then

1 -2 3 4 10 -1 =2
B=]10 1 -2 -3 Ry — Ri + 2Ry 01 -2 -3 |. We
0O 0 0 0 00 0 O

read off the complete solution x = —2 + z, y = —3 + 2z, with z arbitrary.

EXAMPLE 1.4.7 Find the reduced row—echelon form of the following ma-

trix over Zs:
21 2 1
2 21 0|

Hence solve the system

2x +y+ 2z
20 +2y+2z = 0

over Zs.

Solution.
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[2121} Ry — Ry — R [21 2 1]:[2121}

2 210 01 -1 -1 01 2 2
1 2 1 2 1 0 01
Ry — 2Ry |:0 1 92 2:| Ry — R1 + Ry |:0 1 9 2:|

The last matrix is in reduced row—echelon form.

To solve the system of equations whose augmented matrix is the given
matrix over Zs, we see from the reduced row—echelon form that x = 1 and
y =2—2z =2+ z, where z = 0, 1, 2. Hence there are three solutions
to the given system of linear equations: (z, y, z) = (1, 2, 0), (1, 0, 1) and
(1, 1, 2).

1.5 Homogeneous systems

A system of homogeneous linear equations is a system of the form

ailxry + ajpr2 + - -+ aipy =

ag1x1 + a2 + - - + agpnTy =

Am1T1 + amaT2 + -+ + amprn, = 0.

Such a system is always consistent as 1 = 0, ---, x, = 0 is a solution.
This solution is called the trivial solution. Any other solution is called a
non—trivial solution.

For example the homogeneous system

r—y
rTt+y =

has only the trivial solution, whereas the homogeneous system

r—y+z =0

r+y+z = 0
has the complete solution z = —z, y = 0, z arbitrary. In particular, taking
z = 1 gives the non-trivial solution x = —1, y =0, z = 1.

There is simple but fundamental theorem concerning homogeneous sys-
tems.

THEOREM 1.5.1 A homogeneous system of m linear equations in n un-
knowns always has a non—trivial solution if m < n.
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Proof. Suppose that m < n and that the coefficient matrix of the system
is row—equivalent to B, a matrix in reduced row—echelon form. Let r be the
number of non—zero rows in B. Then r < m < n and hence n —r > 0 and
so the number n — r of arbitrary unknowns is in fact positive. Taking one
of these unknowns to be 1 gives a non—trivial solution.

REMARK 1.5.1 Let two systems of homogeneous equations in n un-
knowns have coefficient matrices A and B, respectively. If each row of B is
a linear combination of the rows of A (i.e. a sum of multiples of the rows
of A) and each row of A is a linear combination of the rows of B, then it is
easy to prove that the two systems have identical solutions. The converse is
true, but is not easy to prove. Similarly if A and B have the same reduced
row—echelon form, apart from possibly zero rows, then the two systems have
identical solutions and conversely.

There is a similar situation in the case of two systems of linear equations
(not necessarily homogeneous), with the proviso that in the statement of
the converse, the extra condition that both the systems are consistent, is
needed.

1.6 PROBLEMS

1. Which of the following matrices of rationals is in reduced row—echelon
form?

1 00 0 -3 010 0 5 01 0 O
@|0010 4| ®M|oo1 0 -4] (©|oo0o1 o0
0O 001 2 000 -1 3 01 0 =2
[0 1 0 0 2] 12 0 00 0000
0000 -1 001 0O 00 1 2
Dloo0o01 4! @loooo1r]| Dlogoo 1
L0000 0] 00000 000 0

1 0 0 O 17

0100 2
() 000 1 -1 . [Answers: (a), (e), (g)]
(0000 0

2. Find reduced row—echelon forms which are row—equivalent to the following
matrices:

1 11 2 0 0
0 0 0 01 3
@y to] o153 © Lol @] 000
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[Answers:
1 00 1 00
(a)[(l)(z)g} (b)[é?_g] @lo 1ol @|oool]
0 0 1 0 00
3. Solve the following systems of linear equations by reducing the augmented

matrix to reduced row—echelon form:

(a) rT+yt+z = 2 (b) r1+x2 —x3+2x4 = 10
20+ 3y — 2z = 8 3r1 — a0+ Txs+4xy = 1
rT—y—z = —8 —521 + 3wg — 1523 — 6y =
(c) 3r—y+T72 = 0 (d) 209 +3x3 —4xy = 1
20 —y+4z = % 203 +3x4 = 4
rT—y+z = 1 201+ 2290 —bxs+2x4 = 4
6r — 4y + 10z = 3 201 — 623 +92x4 = 7
[Answers: (a) x = =3, y = 14—9, z= %; (b) inconsistent;
(c) x = —% —3z,y = —% — 2z, with z arbitrary;
(d) 1 = % — 91y, x9 = —g + %u, T3 =2 — %3:4, with x4 arbitrary.]

4. Show that the following system is consistent if and only if ¢ = 2a — 3b
and solve the system in this case.

2 —y+32z =
3r+y—5z = b
—br—Hy+2lz = c
+b —3a4+2b | 19
3 5t

'z, with z arbitrary.]

[Answer: z = + %z, Y= E

5. Find the value of ¢ for which the following system is consistent and solve
the system for this value of t.

r+y = 1
tr +y
1+t)z+2y = 3.

I
~

[Answer: t =2; x =1,y =0.]
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6. Solve the homogeneous system

—3ri+trat+x3+mws =
r1—3r2+x3+x4 =

T1+x9—3r3+2x4 =

o o o o

T1+x9+23—314 =

[Answer: 1 = x9 = x3 = x4, with x4 arbitrary.]
7. For which rational numbers A does the homogeneous system

r+(AN=3)y =
A=3)z+y =

have a non-trivial solution?
[Answer: A = 2, 4.]

8. Solve the homogeneous system

3x1 +x2 + 23 + 14 0
91 —xo+x3—24 = 0.
[Answer: z1 = —%1‘3, Ty = —i:ﬂg — x4, with z3 and x4 arbitrary.]

9. Let A be the coefficient matrix of the following homogeneous system of
n equations in n unknowns:

(l-n)zi+a2+--+z, =
ri+(1l—n)zo+--- 4z, =

I
o o o o

r1+xe+---+(1—n)x, =

Find the reduced row—echelon form of A and hence, or otherwise, prove that
the solution of the above system is z1 = 29 = - -+ = x,, with x,, arbitrary.

10. Let A = [ a b
c d

0
01
whose second row is zero, if ad — bc = 0.

] be a matrix over a field F. Prove that A is row—

equivalent to [ ] if ad — bc # 0, but is row—equivalent to a matrix
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11. For which rational numbers a does the following system have (i) no
solutions (ii) exactly one solution (iii) infinitely many solutions?

r+2y—3z = 4
3 —y+ 5z 2
dr+y+(a®—14)z = a+2.

[Answer: a = —4, no solution; a = 4, infinitely many solutions; a # +4,
exactly one solution.]

12. Solve the following system of homogeneous equations over Zo:

r1+x3+x5 =

T2+ x4 + 25

o o o o

T+ T2+ T3+ T4

r3+ x4 =

[Answer: 1 = x9 = x4 + x5, 3 = x4, with x4 and x5 arbitrary elements of
Zs.)

13. Solve the following systems of linear equations over Zs:

(@) 204+y+32z = 4 (b) 2z+y+32z =
dx+y+4z = 1 de+y+4z = 1
3xr+y+2z = z+y = 3.

[Answer: (a) z =1,y =2,2=0; (b) x =1+ 22,y = 2+ 3z, with z an
arbitrary element of Zs.]

14. If (v, ..., a) and (B, ..., Bn) are solutions of a system of linear equa-
tions, prove that

(1 =t)ar +tBu, ..., (1 —t)an + t5)

is also a solution.

15. If (aq,...,qy,) is a solution of a system of linear equations, prove that
the complete solution is given by 1 = a1 + y1,...,Tn = an + Yn, Where
(y1,--.,Yn) is the general solution of the associated homogeneous system.
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16. Find the values of a and b for which the following system is consistent.
Also find the complete solution when a = b = 2.

r+y—z4+w = 1
axr+y+z+w = b
3x+2y+ aw = l+4a.

[Answer: a #2ora=2=0b;x =1— 2z, y = 3z — w, with z, w arbitrary.]
17. Let F = {0, 1, a, b} be a field consisting of 4 elements.
(a) Determine the addition and multiplication tables of F'. (Hint: Prove

that the elements 140, 1+ 1, 1+a, 1+ b are distinct and deduce that
1+1+41+1=0; then deduce that 1+ 1 =0.)

(b) A matrix A, whose elements belong to F', is defined by

b
A= b
1

—_Q
— o Q
L =

prove that the reduced row—echelon form of A is given by the matrix

o = O

0
0
1

= o O

[ 1
B=1|0
| O
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Chapter 2

MATRICES

2.1 Matrix arithmetic

A matrix over a field F' is a rectangular array of elements from F'. The sym-
bol M, xn(F') denotes the collection of all m x n matrices over F. Matrices
will usually be denoted by capital letters and the equation A = [a;;] means
that the element in the i—th row and j—th column of the matrix A equals
a;j. It is also occasionally convenient to write a;; = (A);;. For the present,
all matrices will have rational entries, unless otherwise stated.

EXAMPLE 2.1.1 The formula a;; = 1/(i +j) for 1 <i<3,1<j <4
defines a 3 x 4 matrix A = [a;;], namely

101 1 1
2 3 4 5
_ |1 111
A_3456
101 1 1
4 5 6 7

DEFINITION 2.1.1 (Equality of matrices) Matrices A and B are said
to be equal if A and B have the same size and corresponding elements are
equal; that is Aand B € Man(F) and A = [Cbij], B = [bij]u with aij = bij
forl1<i<m,1<j<n.

DEFINITION 2.1.2 (Addition of matrices) Let A = [a;;] and B =
[bij] be of the same size. Then A 4 B is the matrix obtained by adding
corresponding elements of A and B; that is

A+ B = [aiﬂ + [bz]] = [aij + bm]

23
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DEFINITION 2.1.3 (Scalar multiple of a matrix) Let A = [a;;] and
t € F (that is t is a scalar). Then tA is the matrix obtained by multiplying
all elements of A by t¢; that is

tA = t[aij} = [taij].

DEFINITION 2.1.4 (Additive inverse of a matrix) Let A = [a;;] .
Then —A is the matrix obtained by replacing the elements of A by their
additive inverses; that is

—A = —[aj] = [ay].

DEFINITION 2.1.5 (Subtraction of matrices) Matrix subtraction is
defined for two matrices A = [a;;] and B = [b;;] of the same size, in the
usual way; that is

A — B = [a;;] — [bij] = [ai; — by)-

DEFINITION 2.1.6 (The zero matrix) For each m, n the matrix in
M sn(F), all of whose elements are zero, is called the zero matrix (of size
m x n) and is denoted by the symbol 0.

The matrix operations of addition, scalar multiplication, additive inverse
and subtraction satisfy the usual laws of arithmetic. (In what follows, s and
t will be arbitrary scalars and A, B, C are matrices of the same size.)

1. (A+B)+C=A+ (B+C);

2. A+ B=B+ 4;

3.0+ A=A,

4. A+ (-A)=0;

5. (s+t)A=sA+tA, (s—t)A=sA—1tA4
6. t(A+ B)=tA+1tB, t(A—B)=tA—1B;
7. s(tA) = (st)A;

8. 1A=A, 0A=0, (~1)A=—A4;

9. tA=0=t=00r A=0.

Other similar properties will be used when needed.
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DEFINITION 2.1.7 (Matrix product) Let A = [a;;] be a matrix of
size m x n and B = [b;;] be a matrix of size n x p; (that is the number
of columns of A equals the number of rows of B). Then AB is the m X p
matrix C' = [¢;;] whose (i, k)—th element is defined by the formula

n
Cik, = Z a;jbjr = a;1big + - + ainbpg.
j=1
EXAMPLE 2.1.2

L[ 25 6] [1x5+2xT Ix64+2x8]_[19 227
13 47 8] | 3x5+4xT 3x6+4x8]| |43 50 |’

(5 6 1 2 23 34 1 2[5 6
2 78“3 4}:{31 46]#[3 4“7 8];

3. _H[?, 4]:[2 g};

4. [3 4}[;]:[11};
s o 4=l

Matrix multiplication obeys many of the familiar laws of arithmetic apart
from the commutative law.

1. (AB)C = A(BQ) if A, B, C are m x n, n X p, p X g, respectively;
2. t(AB) = (tA)B = A(tB), A(—B)=(—A)B=—(AB);

3. (A+ B)C =AC+ BC if A and B are m x n and C is n X p;

4. D(A+ B)=DA+ DB if A and B are m x n and D is p x m.

We prove the associative law only:
First observe that (AB)C and A(BC') are both of size m X q.
Let A= [ai]’], B= [bjk]v C = [cg]. Then

p p n
((AB)C)zl = Z AB zkckl Z Zazg ik | Ckl
k=1

k=1

p n
= g E a;ijbjkCr-

k=1 j=1
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Similarly
n_p

(A(BC))y =Y aibjren

j=1k=1
However the double summations are equal. For sums of the form

n p p n
DD dip and D) dj
j=1k=1 k=1 j=1

represent the sum of the np elements of the rectangular array [d;i], by rows
and by columns, respectively. Consequently

((AB)C); = (A(BC)),
for 1 <i<m,1<1<gq. Hence (AB)C = A(BC).

The system of m linear equations in n unknowns

a11x1 + ajpre + -+ apxT, = by
a91x1 + agoTo + -+ + agpT, = bo
Am121 + AmaX2 + -+ AppTn = bm

is equivalent to a single matrix equation

a1 a2 -+ Qin 1 b1
as1 a2 - a2, T2 bo

- b)
Aml Am2 *°° Amn Tn bm

that is AX = B, where A = [a;;] is the coefficient matriz of the system,

T bl
xIo b2

X = . is the vector of unknowns and B = . is the vector of
L, bm

constants.

Another useful matrix equation equivalent to the above system of linear
equations is

a1 a2 a1n b1

as1 a2 aon by
I . + xI9 . + -+ Tn . -

am1 am2 Amn bm
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EXAMPLE 2.1.3 The system

r+yt+z =
r—y+z = 0.

is equivalent to the matrix equation

11 1] T
1 -1 1Y 7 o
z
and to the equation

il

2.2 Linear transformations

An n—dimensional column vector is an n X 1 matrix over F'. The collection
of all n—dimensional column vectors is denoted by F™.

Every matrix is associated with an important type of function called a
linear transformation.

DEFINITION 2.2.1 (Linear transformation) With A € M, (F), we
associate the function Ty : F™ — F™ defined by T4(X) = AX for all
X € F™. More explicitly, using components, the above function takes the

form
Y1 = a1r1+ a2+ -+ ams
Y2 = a2171 + a2+ -+ a2l
Ym = Gm1T1 + am2T2 + - + Gmnn,
where y1, Y2, -+, ym are the components of the column vector T4 (X).

The function just defined has the property that
TaA(sX +tY) = sTa(X) +tT4(Y) (2.1)
for all s, t € F' and all n—dimensional column vectors X, Y. For

TA(sX +tY) = A(sX +tY) = s(AX) + t(AY) = sTy(X) + tT4(Y).
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REMARK 2.2.1 It is easy to prove that if T : F™ — F™ is a function
satisfying equation 2.1, then T = T4, where A is the m X n matrix whose
columns are T(Ey),...,T(E,), respectively, where Ei,..., E, are the n—
dimensional unit vectors defined by

1 0

0 0
Elz . 9 7En:

0 1

One well-known example of a linear transformation arises from rotating
the (x, y)-plane in 2-dimensional Euclidean space, anticlockwise through 6
radians. Here a point (z, y) will be transformed into the point (z1, y1),
where

r1 = xcosl —ysinb

y1 = xsinf+ ycosb.

In 3—dimensional Euclidean space, the equations

1 =xcos —ysinfh, y; = xsinf +ycosb, z1 = z;
T =, Yy =YyCcos¢ — zsing, z; = ysin¢ + z cos ¢;

T1=xCcosy — zsiny, y; =y, 21 = xrsiny + zcosy;

correspond to rotations about the positive z, x, y—axes, anticlockwise through
0, ¢, ¢ radians, respectively.

The product of two matrices is related to the product of the correspond-
ing linear transformations:

If Aismxn and B is n X p, then the function TyT : FP — F™, obtained
by first performing T, then T} is in fact equal to the linear transformation
Tap. For if X € FP, we have

TyTs(X) = A(BX) = (AB)X = Txp(X).

The following example is useful for producing rotations in 3-dimensional
animated design. (See [27, pages 97-112].)

EXAMPLE 2.2.1 The linear transformation resulting from successively
rotating 3—dimensional space about the positive z, x, y—axes, anticlockwise
through @, ¢, 1 radians respectively, is equal to T 4pc, where
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l
(z1,91)
0
Figure 2.1: Reflection in a line.
[ cos® —sinf 0 1 0 0
C= | sinf cos@ 0|, B=|0 cosp —sing
| 0 0 1 0 sing cos¢
costyp 0 —siny
A= 0 1 0
| sinyy 0 cos®
The matrix ABC' is quite complicated:
cosyy 0 —siny cos 6 —siné 0
A(BC) = 0 1 0 cospsinf cospcosf —sing
siny 0 cosy singsinf singcosf coso
coscost —sinysingsing —cosysinf —sinysingsind  — sin cos ¢
= cos ¢ sin 6 cos ¢ cos 0 —sing

sint cosf 4 cospsinpsing —sinpsinf + cossinpcos  cosy cos @

EXAMPLE 2.2.2 Another example of a linear transformation arising from
geometry is reflection of the plane in a line [ inclined at an angle 6 to the
positive x—axis.

We reduce the problem to the simpler case # = 0, where the equations
of transformation are 1 = z, y; = —y. First rotate the plane clockwise
through 0 radians, thereby taking [ into the z—axis; next reflect the plane in
the z—axis; then rotate the plane anticlockwise through 6 radians, thereby
restoring [ to its original position.
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(1,71)

Figure 2.2: Projection on a line.

In terms of matrices, we get transformation equations

x1 [ cosf —sinb 1 0 cos (—0) —sin(—6) x

v | sinf  cosf 0 -1 sin (—60)  cos(—0) y
[ cos@ sin 6 cosf sinf x
- sinf —cosf —sinf cosd y

_ cos 20 sin 260 T
sin20 — cos 26 y |

The more general transformation

[l’l] [0059 —sin@][m] [u}

=a . + , a>0,

Y1 sinf  cosf Y v

represents a rotation, followed by a scaling and then by a translation. Such
transformations are important in computer graphics. See [23, 24].

EXAMPLE 2.2.3 Our last example of a geometrical linear transformation
arises from projecting the plane onto a line [ through the origin, inclined
at angle 6 to the positive r—axis. Again we reduce that problem to the
simpler case where [ is the z—axis and the equations of transformation are
1 =a,y; =0.

In terms of matrices, we get transformation equations

MR i | Rl et e |
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_ cosf O cosf sinf x
- sinf 0 —sinf cosé y
cos?6 cosfsind x
sin 6 cos 0 sin® 6 y |-

2.3 Recurrence relations

DEFINITION 2.3.1 (The identity matrix) The n x n matrix I, =
[0i;], defined by 0;; = 1 if i = j, 6;; = 0 if i # j, is called the n x n identity
matrix of order n. In other words, the columns of the identity matrix of
order n are the unit vectors Fy, - - -, E,, respectively.

For example, I» = [ (1) (1) ]

THEOREM 2.3.1 If Ais m x n, then [,,A = A = Al,.

DEFINITION 2.3.2 (k—th power of a matrix) If A isan nxn matrix,
we define A* recursively as follows: A° = I,, and A*+1 = A*A for k > 0.

For example A' = A’A = I,A = A and hence A? = A'A = AA.
The usual index laws hold provided AB = BA:
1. AMA™ = Amtn. (Am) = Amn,
2. (AB)" = A"B";
3. AmB™ = B"A™;
4. (A+ B)? = A? + 2AB + B

5. (A+B)"=> (HA'B";
=0

6. (A+ B)(A— B) = A? - B2
We now state a basic property of the natural numbers.

AXIOM 2.3.1 (PRINCIPLE OF MATHEMATICAL INDUCTION)
If for each n > 1, P, denotes a mathematical statement and

(i) Py is true,
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(ii) the truth of P, implies that of Ppy1 for each n > 1,

then Py, is true for alln > 1.

EXAMPLE 2.3.1 Let A = [ _g _;1 ] . Prove that
1+6n 4n )
n — > .
A [ ~9n 1—6n] o =1

Solution. We use the principle of mathematical induction.

Take P, to be the statement

1+ 6n 4n
n __
4 _[ —9n 1—6n}

Then P; asserts that

g [146x1 4ax1 J_[ 7 4
o —9x1 1—-6x11| | =9 =5 |’

which is true. Now let n > 1 and assume that P,, is true. We have to deduce
that

ni1 | 14+6(n+1)  4(n+1)
AH_[ —9(n+1) 1—6(n+1)]

7+ 6n dn +4
-In—-9 —-5-—-6n |

Now

An+1 — zflnA

1+6n 4dn 7 4

B | B

(1+6n)7+ (4n)(—=9) (14 6n)4+ (4n)(—5)
| (—9n)7+ (1 —6n)(—9) (—9n)4+ (1 —6n)(-5)
[ 7+6n  4n+4 ]
| -9m—-9 —5-6n |’

and “the induction goes through”.

The last example has an application to the solution of a system of re-
currence relations:
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EXAMPLE 2.3.2 The following system of recurrence relations holds for
all n > 0:

Tnt1 = 7xn+4yn
Yn+1 = —9z, — dyn.

Solve the system for x,, and y, in terms of x¢ and yo.

Solution. Combine the above equations into a single matrix equation

St

7T 4 Tn
or X,,11 = AX,,, where A = [ 9 _5 } and X,, = [ yn }
We see that
X1 = AXp

X, = AX; = A(AXp) = A%X,

X, = A"X,.

(The truth of the equation X,, = A"X, for n > 1, strictly speaking
follows by mathematical induction; however for simple cases such as the
above, it is customary to omit the strict proof and supply instead a few
lines of motivation for the inductive statement.)

Hence the previous example gives

FA R s |
- [<9§Z§$*32Tff3320}=

and hence z,, = (14 6n)zo+4ny and y, = (—9In)xo+ (1 —6n)yop, for n > 1.

2.4 PROBLEMS

1. Let A, B, C, D be matrices defined by

—_ =

3
A=| -1 , B=| -
1

L )
|
i
— = ot
w O N
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-3 -1
C = 2 1 ,D:[;1 _é].
4 3

Which of the following matrices are defined? Compute those matrices
which are defined.

A+ B, A+ C, AB, BA, CD, DC, D?.

[Answers: A+ C, BA, CD, D?;

0 -1 0 12 -14 3
1 31, -4 2|, 10 -2 |, [1;1 _;1].]
5 4 —-10 5 22 —4
-1 0 1 . .
.LetA:[ 01 1].Showthat1fBlsa3><2suchthatAB:IQ,
then
a b
B=| —-a—-1 1-%
a+1 b

for suitable numbers a and b. Use the associative law to show that
(BA)’B = B.

CIfA= [Z 2],provethat A% — (a+d)A+ (ad — bc)Iy = 0.

le _(?; ], use the fact A2 = 4A — 31, and mathematical

induction, to prove that
(3" —1) 3-3"

n: : > .
A 5 A+ 5 I, ifn>1

. A sequence of numbers 1, Ta,...,Ty,,... satisfies the recurrence rela-

tion &y 41 = axy +bxy—1 for n > 1, where a and b are constants. Prove

that
|: T :| |: w* :|
Tn Tn—1 ’
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where A = | ¢ b and hence express Tl terms of | !
1 0 Tn Zo
If @ = 4 and b = —3, use the previous question to find a formula for
T, in terms of x1 and xg.
[Answer:
3 -1 n 3—-3" ]
Ty = x xg.
n 2 1 2 0
2a —a?
6. Let A= [ 1 0 ]
(a) Prove that
n (n+1a® —na"t! .
= > 1.
A [ na"1 (1 —n)a" itn >1
(b) A sequence xq, Z1,. .., Ty, ...satisfies the recurrence relation z, 11 =

2ax,, — a®z,_1 for n > 1. Use part (a) and the previous question
to prove that z,, = na" 'z + (1 — n)a"zq for n > 1.

a

7.LetA:[C d

quadratic polynomial 22— (a+d)x+ad—bc. (A1 and Ay may be equal.)
Let k, be defined by kg =0, k&1 =1 and for n > 2

kp = ix?ugl.

] and suppose that A1 and Ag are the roots of the

Prove that
kni1 = (A + A2)kn — M Aakn—1,

if n > 1. Also prove that

e ] T =28)/ (A = X) i A £ Ao,
" APt if A\; = Ao

Use mathematical induction to prove that if n > 1,
A" = kA — M Aekn—11s,

[Hint: Use the equation A% = (a + d)A — (ad — be)I5.]
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8. Use Question 7 to prove that if A = [ ; ? ], then
31 1 (-t 7 -1 1
n _ ~ B —
A= [1 1 } T 1 -1

ifn>1.

9. The Fibonacci numbers are defined by the equations Fy = 0, F} =1
and Fj,y1 = F, + F,_1 if n > 1. Prove that

(0 -(5))

10. Let » > 1 be an integer. Let a and b be arbitrary positive integers.
Sequences x,, and y, of positive integers are defined in terms of a and
b by the recurrence relations

if n>0.

Tn+l = Tpn+TUn

Yntl = Tp+ Yn,

for n > 0, where g = a and yg = b.
Use Question 7 to prove that

In
— — T as n — Q.
Yn

2.5 Non—singular matrices

DEFINITION 2.5.1 (Non—singular matrix)

A square matrix A € M, x,(F) is called non-singular or invertible if
there exists a matrix B € M, «,(F") such that

AB = 1I,, = BA.

Any matrix B with the above property is called an inverse of A. If A does
not have an inverse, A is called singular.
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THEOREM 2.5.1 (Inverses are unique)

If A has inverses B and C, then B = C.

Proof. Let B and C be inverses of A. Then AB = I, = BA and AC =
I,, = CA. Then B(AC) = BI,, = B and (BA)C = I,,C = C. Hence because
B(AC) = (BA)C, we deduce that B = C.

REMARK 2.5.1 If A has an inverse, it is denoted by A~!. So
AAT =1, = ATTA
Also if A is non-singular, it follows that A~! is also non-singular and
(A H™t = A

THEOREM 2.5.2 If A and B are non-singular matrices of the same size,
then so is AB. Moreover

(AB)"' =B7tA™h
Proof.
(AB)(B'A Yy = A(BB YA ' = AILA™' = AA ' = I,

Similarly
(B7'A™Y(AB) = I,,.

REMARK 2.5.2 The above result generalizes to a product of m non-—
singular matrices: If Ay,..., Ay, are non—singular n X n matrices, then the
product Aj ... A,, is also non—singular. Moreover

(Ar.. Ap) b= A0 AL

(Thus the inverse of the product equals the product of the inverses in the
reverse order.)

EXAMPLE 2.5.1 If A and B are n x n matrices satisfying A> = B? =
(AB)? = I,,, prove that AB = BA.

Solution. Assume A? = B? = (AB)? = I,,. Then A, B, AB are non—
singular and A~! = A, B~! = B, (AB)"! = AB.
But (AB)~! = B~'A~! and hence AB = BA.
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EXAMPLE 2.5.2 A = le z } is singular. For suppose B = { Z Z ]

is an inverse of A. Then the equation AB = I, gives

I

and equating the corresponding elements of column 1 of both sides gives the
system

a+2¢c =
4a+8 = 0

which is clearly inconsistent.

THEOREM 2.5.3 Let A = [ CCL Z ] and A = ad — bc # 0. Then A is
non-singular. Also
Al =A71 d b
—c a |
REMARK 2.5.3 The expression ad — be is called the determinant of A
and is denoted by the symbols det A or ¢ Z

d

Proof. Verify that the matrix B = A~! [
AB = I, = BA.

—b . .
a } satisfies the equation

EXAMPLE 2.5.3 Let

A=

o O O
S O =
S = O

Verify that A3 = 513, deduce that A is non-singular and find A~

Solution. After verifying that A% = 513, we notice that

A(L) o (L)

Hence A is non-singular and A~! = %AQ.
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THEOREM 2.5.4 If the coefficient matrix A of a system of n equations
in n unknowns is non-singular, then the system AX = B has the unique
solution X = A~!B.

Proof. Assume that A~ exists.

1. (Uniqueness.) Assume that AX = B. Then

(A7TAX = A7'B,
I,X = A'B,
X = A'B.

2. (Existence.) Let X = A~'B. Then
AX = A(A™'B)=A4AHB=1,B=B.
THEOREM 2.5.5 (Cramer’s rule for 2 equations in 2 unknowns)

The system

ar+by = e
cx+dy = f

has a unique solution if A =

a b
. d’#o, namely

P R
- A 9 y - A b
where
e b a e
A = fd‘ and AQ—‘cf
Proof. Suppose A # 0. Then A = [ Ccl Z } has inverse
At 4 b
—c a

and we know that the system

)17
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has the unique solution
N _ 1 d —b e
Yy f Al —c a f
o l de — bf . l Al . Al/A
A| —ce+af | A Ay | | AyJA |7
Hence x = A1 /A, y = Ag/A.
COROLLARY 2.5.1 The homogeneous system

ar+by = 0
ce+dy = 0

has only the trivial solution if A = ’ CCL Z ‘ # 0.

EXAMPLE 2.5.4 The system

Tr+8y = 100
20 —9y = 10

has the unique solution z = A /A, y = Ay /A, where

7 8 100 8 7 100
A—‘2 _9‘——79,A1—‘ 10 _9‘——980,A2—‘2 10‘——130.
Sox:%andy:%.

THEOREM 2.5.6 Let A be a square matrix. If A is non—singular, the
homogeneous system AX = 0 has only the trivial solution. Equivalently,
if the homogenous system AX = 0 has a non—trivial solution, then A is
singular.

Proof. If A is non-singular and AX = 0, then X = A~10 = 0.

REMARK 2.5.4 If A,q,..., A, denote the columns of A, then the equa-
tion
AX = 2144+ ...+ 2,0

holds. Consequently theorem 2.5.6 tells us that if there exist scalars z1, ..., Ty,
not all zero, such that

T1Aa + .. Ay = 0,
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that is, if the columns of A are linearly dependent, then A is singular. An
equivalent way of saying that the columns of A are linearly dependent is that
one of the columns of A is expressible as a sum of certain scalar multiples
of the remaining columns of A; that is one column is a linear combination
of the remaining columns.

EXAMPLE 2.5.5

1 2 3
A=|1 0 1
3 4 7
is singular. For it can be verified that A has reduced row—echelon form
1 0 1
01 1
0 0O
and consequently AX = 0 has a non—trivial solution z = -1, y = —1, z = 1.

REMARK 2.5.5 More generally, if A is row—equivalent to a matrix con-
taining a zero row, then A is singular. For then the homogeneous system
AX = 0 has a non—trivial solution.

An important class of non—singular matrices is that of the elementary
row matrices.

DEFINITION 2.5.2 (Elementary row matrices) There are three types,
E;j, Ei(t), Eij(t), corresponding to the three kinds of elementary row oper-
ation:

1. Ejj, (1 # j) is obtained from the identity matrix I,, by interchanging
rows ¢ and j.

2. E;i(t), (t #0) is obtained by multiplying the i—th row of I,, by t.

3. E;;(t), (i # j) is obtained from I,, by adding ¢ times the j-th row of
I, to the i—th row.

EXAMPLE 2.5.6 (n=3.)

100 1 00 10 0
Eys=|0 0 1|,B(-1)=]0 -1 0|,Eps(-1)=|0 1 —1
010 0 01 00 1
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The elementary row matrices have the following distinguishing property:

THEOREM 2.5.7 If a matrix A is pre-multiplied by an elementary row—
matrix, the resulting matrix is the one obtained by performing the corre-
sponding elementary row—operation on A.

EXAMPLE 2.5.7

a b 1 00 a b a b
Eys| ¢ d| =10 01 c d|=1]e f
e f 0 10 e f c d

COROLLARY 2.5.2 The three types of elementary row—matrices are non—
singular. Indeed

1. E;l = Eij;
2. E7Nt) = B;(t7Y);
3. (Eij(t)~" = Ei(—1).

Proof. Taking A = I, in the above theorem, we deduce the following
equations:

EijEij = I
E(OE(Y) = Iy=E( Y)E({) ift#£0
Eij(t)Eij(=t) = In = Eij(—t)Ey(t).

EXAMPLE 2.5.8 Find the 3 x 3 matrix A = FE3(5)E23(2)E12 explicitly.
Also find A~ 1.

Solution.
010 010 010
A=FE3(5)Exs(2)| 1 0 0 |=E35)|1 0 2|=|10 2
0 01 0 01 0 0 5

To find A~!, we have

AT = ( ()323(2)312)
)

= By (Bas(2) " (Bs(5) "
= E12E23( 2)Es5(57")
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100
= EpExp(-2)[0 1 0
00 1

10 0 01 -2

= FEp| 01 -2 |=]|10 0

00% 00 1

REMARK 2.5.6 Recall that A and B are row—equivalent if B is obtained
from A by a sequence of elementary row operations. If F1,..., E, are the
respective corresponding elementary row matrices, then

B=E, (.. (By(E1A))...) = (E,...B)A = PA,

where P = E, ... Fj is non-singular. Conversely if B = PA, where P is
non-singular, then A is row—equivalent to B. For as we shall now see, P is
in fact a product of elementary row matrices.

THEOREM 2.5.8 Let A be non—singular n X n matrix. Then
(i) A is row—equivalent to I,,,

(ii) A is a product of elementary row matrices.

Proof. Assume that A is non—singular and let B be the reduced row—echelon
form of A. Then B has no zero rows, for otherwise the equation AX = 0
would have a non-trivial solution. Consequently B = I,,.

It follows that there exist elementary row matrices E1, ..., E, such that
E.(...(E1A)...) = B = I, and hence A = E;'...E ', a product of
elementary row matrices.

THEOREM 2.5.9 Let A be n x n and suppose that A is row—equivalent
to I,,. Then A is non-singular and A~! can be found by performing the
same sequence of elementary row operations on I,, as were used to convert

A to I,,.

Proof. Suppose that E,.... E1A = I,. In other words BA = I,,, where
B = E, ... is non-singular. Then B~'(BA) = B~'I,, and so A = B~
which is non-singular.

Also At = (BY) ™' =B =E,((...(E1l,)...), which shows that A~!
is obtained from I,, by performing the same sequence of elementary row
operations as were used to convert A to I,.
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REMARK 2.5.7 It follows from theorem 2.5.9 that if A is singular, then
A is row—equivalent to a matrix whose last row is zero.

EXAMPLE 2.5.9 Show that A = [ L2 } is non-singular, find A~! and

1 1
express A as a product of elementary row matrices.

Solution. We form the partitioned matrix [A|I2] which consists of A followed
by I5. Then any sequence of elementary row operations which reduces A to
I will reduce I to A~L. Here

=73 5Y)
wenen [ 2] 0]
oecom [12]1 2]
mem e [10 2],

Hence A is row—equivalent to Iy and A is non-singular. Also

4 [-1 2
=2

We also observe that
Ei9(—2)E2(—1)Ey (—1)A = Is.
Hence

A7l = Ep(—2)Ey(—1)Ey(-1)
A = Ey(1)Ey(—1)E(2).

The next result is the converse of Theorem 2.5.6 and is useful for proving
the non—singularity of certain types of matrices.

THEOREM 2.5.10 Let A be an n X n matrix with the property that
the homogeneous system AX = 0 has only the trivial solution. Then A is
non-singular. Equivalently, if A is singular, then the homogeneous system
AX =0 has a non—trivial solution.



2.5. NON-SINGULAR MATRICES 45

Proof. If A is n x n and the homogeneous system AX = 0 has only the
trivial solution, then it follows that the reduced row—echelon form B of A
cannot have zero rows and must therefore be I,,. Hence A is non-singular.

COROLLARY 2.5.3 Suppose that A and B are n x n and AB = I,.
Then BA = I,.

Proof. Let AB = I,,, where A and B are n x n. We first show that B
is non—singular. Assume BX = 0. Then A(BX) = A0 =0, so (AB)X =
0, I,X = 0 and hence X = 0.

Then from AB = I,, we deduce (AB)B~! = I, B~! and hence A = B~!.
The equation BB~! = I,, then gives BA = I,,.

Before we give the next example of the above criterion for non-singularity,
we introduce an important matrix operation.

DEFINITION 2.5.3 (The transpose of a matrix) Let A be an m xn
matrix. Then A, the transpose of A, is the matrix obtained by interchanging
the rows and columns of A. In other words if A = [a;;], then (A")

Consequently A is n x m.

i = Q-

The transpose operation has the following properties:
1 (AN = 4;
2. (A£B)! = A4+ Bt if A and B are m x n;

w

(sA)t = sAt if s is a scalar;

4. (AB)t = B'AYif Ais m x n and B is n x p;

5. If A is non-singular, then A? is also non-singular and
(4= ()"

6. X!X =2 +...+22if X =[r1,...,2,]" is a column vector.

We prove only the fourth property. First check that both (AB)! and B!A!
have the same size (p x m). Moreover, corresponding elements of both
matrices are equal. For if A = [a;;] and B = [bj], we have

((AB)'),, = (AB),

n
= > aibi
j=1
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n

= - (Bt)k:j (At)ji

_ t At
~ (B,
There are two important classes of matrices that can be defined concisely
in terms of the transpose operation.

DEFINITION 2.5.4 (Symmetric matrix) A real matrix A is called sym-
metric if A®* = A. In other words A is square (n x n say) and aj; = a;; for
all 1 <7< n,1<j<n. Hence

a b
A=[3 ¢
is a general 2 X 2 symmetric matrix.
DEFINITION 2.5.5 (Skew—symmetric matrix) A real matrix A is called

skew-symmetric if A' = —A. In other words A is square (n X n say) and
aj; = —ai; forall 1 <i<n, 1 <j5<n.

REMARK 2.5.8 Taking i = j in the definition of skew—symmetric matrix
gives a;; = —ay; and so a; = 0. Hence

0 b
=[]
is a general 2 x 2 skew—symmetric matrix.
We can now state a second application of the above criterion for non-—
singularity.
COROLLARY 2.5.4 Let B be an n x n skew—symmetric matrix. Then
A = I, — B is non—singular.
Proof. Let A = I,, — B, where B! = —B. By Theorem 2.5.10 it suffices to
show that AX = 0 implies X = 0.
We have (I, — B)X =0, s0 X = BX. Hence X!X = X'BX.
Taking transposes of both sides gives
(X'BX) = (X'X)!
XtBt(Xt)t — Xt(Xt)t
X{(-B)X = X'X
-X'BX = X'X=X'BX.
Hence X!'X = —X!X and X'X = 0. But if X = [x1,...,7,]}, then X'X =
22 +...+ 22 =0and hence 1 =0,...,1, = 0.
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2.6 Least squares solution of equations

Suppose AX = B represents a system of linear equations with real coeffi-
cients which may be inconsistent, because of the possibility of experimental
errors in determining A or B. For example, the system

r = 1
y = 2
r+y = 3.001

is inconsistent.
It can be proved that the associated system A’AX = A'B is always
consistent and that any solution of this system minimizes the sum rf +. ..+

r2, where 71,...,rp, (the residuals) are defined by

ri = a1T1 + ...+ ainTn — b,

for i = 1,...,m. The equations represented by A'AX = A!'B are called the
normal equations corresponding to the system AX = B and any solution
of the system of normal equations is called a least squares solution of the
original system.

EXAMPLE 2.6.1 Find a least squares solution of the above inconsistent
system.

1 0 1
Solution. Here A= | 0 1 ,X:[x],B: 2
11 Y 3.001
10
1 0 1 2 1
meaa= 10 1[0 1] 2]z 1]
11
1 0 1 1 4.001
AlsoAtB:[O 1 1] 2 :[5001].
3.001 | ’

So the normal equations are

2z +y = 4.001
z+2y = 5.001

which have the unique solution

3.001 6.001
r=—, y=—".

3 3
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EXAMPLE 2.6.2 Points (21, y1), ..., (Tn, Yn) are experimentally deter-
mined and should lie on a line y = ma + ¢. Find a least squares solution to
the problem.

Solution. The points have to satisfy

mri+c = Y1
may, +¢ = Yn,
or Az = B, where
ry 1 Y1
A= |, x= [ m ] . B=
Do c :

The normal equations are given by (A'A)X = A'B. Here

r1 1
A A — x| ... Ip . . . a:%%—...—i—a:% 1+ ... +xn
I R | e R S By n
T, 1
Also
(!
AB — T ... Tp : _ T1Y1 + ...+ TpYn
Yn

It is not difficult to prove that

A= det(AA) = > (x>

1<i<j<n

which is positive unless 1 = ... = z,. Hence if not all of x1,...,x, are
equal, A*A is non-singular and the normal equations have a unique solution.
This can be shown to be

1
m= % > @iy —yp) c= A Y (g —wy)(a — aj).

1<i<j<n 1<i<j<n

REMARK 2.6.1 The matrix A’A is symmetric.
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2.7 PROBLEMS

1 4
-3 1
express A as a product of elementary row matrices.

1. Let A = [ Prove that A is non-singular, find A~! and

1 _4
[Answer: A™! = [ 1 ],
13 13

A = E9(—3)E2(13)E12(4) is one such decomposition.]

2. A square matrix D = [d;;] is called diagonal if d;j = 0 for i # j. (That
is the off-diagonal elements are zero.) Prove that pre—multiplication
of a matrix A by a diagonal matrix D results in matrix DA whose
rows are the rows of A multiplied by the respective diagonal elements
of D. State and prove a similar result for post—multiplication by a
diagonal matrix.

Let diag(ai,...,a,) denote the diagonal matrix whose diagonal ele-
ments d;; are aq,...,ay,, respectively. Show that

diag (a1, ..., a,)diag (b1, ..., b,) = diag (a1b1,. .., anby)

and deduce that if a; ...a, # 0, then diag(ay,...,a,) is non-singular
and

(diag (a1, ..,a,)) "t = diag (a7t,...,a; ).

Also prove that diag (ai,...,ay) is singular if a; = 0 for some 1.
0 0 2
3. Let A= | 1 2 6 |. Prove that A is non-singular, find A~ and
3 79
express A as a product of elementary row matrices.
—12 7T =2
[Answers: A1 = 5 =3 1/,
5 0
2

A= E12E31(3)E23E3(2)E12(2>E13(24)E23(—9) is one such decompo—
sition. ]
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8.

.IfA:[

. Let A=
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1 2 k
Find the rational number k for which the matrix A= | 3 -1 1
5 3 -5
is singular. [Answer: k = —3.]
1 2. . . .
. Provethat A= | 9 4|8 singular and find a non—singular matrix

P such that PA has last row zero.

-3 1
Al = —%(A — 2[2)

L4 }, verify that A2 — 24 4 131, = 0 and deduce that

N O =
— O

2

(i) Verify that A3 = 342 — 34 + I3.
(ii) Express A% in terms of A2, A and I3 and hence calculate A*
explicitly.
(iii) Use (i) to prove that A is non-singular and find A~! explicitly.

—11 -8 —4
[Answers: (ii) A =642 —8A + 3I3 = 12 9 4 |;
20 16 5
-1 -3 1
(iii) A= = A2 - 34 + 313 = 2 4 -1 1]
0 1 0

(i) Let B be an n x n matrix such that B3 = 0. If A = I, — B, prove
that A is non-singular and A~! = I,, + B + B2
Show that the system of linear equations AX = b has the solution

X = b+ Bb+ B?.

0 r s
(i) FB= |0 0 ¢t |, verify that B3 =0 and use (i) to determine
0 00
(I3 — B)~! explicitly.
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1
[Answer: | 0
0

9. Let Aben xn.

(i) If A% =0, prove that A is singular.
(ii) If A2 = A and A # I, prove that A is singular.

r
1
0

S

+rt
t
1

]

10. Use Question 7 to solve the system of equations

11.

12.

rt+y—=z
z =
2x +y + 2z

b

c

51

where a, b, ¢ are given rationals. Check your answer using the Gauss—

Jordan algorithm.

[Answer: © = —a—3b+c¢,y=2a+4b—c, z =10.]

Determine explicitly the following products of 3 x 3 elementary row

matrices.

(iv) (E1(100))~!

Let A be the following product of 4 x 4 elementary row matrices:

A= E3(2)E14E42 (3)

Find A and A~ explicitly.

[Answers: A =

0

0
0
1

3

1
0
0

0

0
2
0

o O o

o O O

w o = O

ov= o O

o O O
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13. Determine which of the following matrices over Zo are non—singular
and find the inverse, where possible.

14.

15.

16.

(a)

—_ = O =
O = O =

[Answer: (a)

Determine which of the following matrices

O~ = O

—_ = = =

—_ = = =

(b)

_— o O =

_ = O =

S O ==

the inverse, where possible.

1
(a) | —1
|2
[ 2
(d) |0
0

O =

|
o ot o

[Answers: (a)

(e)

o O O

-2

0

S O =

N O O

S =

—_ = O =

[ S S

O = = O
— O = =

2 2 4
10 1] (
010

(e)

o O o

— DO

S O~ N

S~ N

NN O D

o O O

ot

J

o O

QU= O

are non—singular and find

N O O

Let A be a non-singular n x n matrix. Prove that A’ is non-singular
and that (A")~! = (A1)

Prove that A = [ CCL 2 ] has no inverse if ad — bc = 0.

[Hint: Use the equation A? — (a + d)A + (ad — be)Iy = 0.]
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1 a b

17. Prove that the real matrix A = | —a 1 ¢ | is non—singular by
—b —c 1

18.

19.

20.

21.

22.

proving that A is row—equivalent to [3.

If P~'AP = B, prove that P~1A"P = B" for n > 1.

Let A =
and deduce that

an_1[3 3] 1(5)\"[ 4 =3
ST 44 7\ 12 -4 3|

a b
LetA—[c d

| — |
[SSEEININ

% P= L3 Verify that P~1AP = 1%0
%,—_14.er1ya =101

} be a Markov matrix; that is a matrix whose elements

are non-negative and satisfy a+c =1 = b+d. Alsolet P = [ z _1 ] .
Prove that if A #£ I then

1 0
_ . o “1Ap _
(i) P is non-singular and P~ AP [ 0 atd—1 ]a

.\ an 1 b b . 0 1
(i) A _>b+c[c C]asnaoo,lfA#[l O]'
1 2 -1
fX=|3 4|andY =] 3|, find XX, XIX, YV, VY.
5 6 4
5 11 17 1 -3 —4
[Answers: | 11 25 39 |, { ii gg ] , 1 =3 9 12 |, 26]
17 39 61 -4 12 16

Prove that the system of linear equations

r+2y = 4
r+y = 5
3z+by = 12
is inconsistent and find a least squares solution of the system.

[Answer: z =6, y = —7/6.]
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23.

24.

25.

26.

CHAPTER 2. MATRICES

The points (0, 0), (1, 0), (2, —1), (3, 4), (4, 8) are required to lie on a
parabola y = a + bz + cz?. Find a least squares solution for a, b, c.
Also prove that no parabola passes through these points.

[Answer: a = §,b=—-2,c=1]

If A is a symmetric n X n real matrix and B is n x m, prove that B'AB
is a symmetric m X m matrix.

If Ais m xn and B is n x m, prove that AB is singular if m > n.

Let A and B be n x n. If A or B is singular, prove that AB is also
singular.



Chapter 3

SUBSPACES

3.1 Introduction

Throughout this chapter, we will be studying F", the set of all n—dimensional
column vectors with components from a field F. We continue our study of
matrices by considering an important class of subsets of F'™ called subspaces.
These arise naturally for example, when we solve a system of m linear ho-
mogeneous equations in n unknowns.

We also study the concept of linear dependence of a family of vectors.
This was introduced briefly in Chapter 2, Remark 2.5.4. Other topics dis-
cussed are the row space, column space and null space of a matrix over F,
the dimension of a subspace, particular examples of the latter being the rank
and nullity of a matrix.

3.2 Subspaces of "

DEFINITION 3.2.1 A subset S of F” is called a subspace of F™ if
1. The zero vector belongs to S; (that is, 0 € S);

2. Ifue Sand v € S, then u+v € S; (S is said to be closed under
vector addition);

3. Ifu e Sand t € F, then tu € S; (S is said to be closed under scalar
multiplication).

EXAMPLE 3.2.1 Let A € M, xn(F). Then the set of vectors X € F"™
satisfying AX = 0 is a subspace of F™ called the null space of A and is
denoted here by N(A). (It is sometimes called the solution space of A.)

55
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Proof. (1) A0 =0,s00 € N(A); (2) If X, Y € N(A), then AX = 0 and
AY =0,50 A(X+Y)=AX+AY =0+0=0andso X +Y € N(4); (3)
If X € N(A)and t € F, then A(tX) =t(AX) =t0=0, sotX € N(A).

1 0

For example, if A = [ 01

], then N(A) = {0}, the set consisting of

1 2

just the zero vector. If A = [ 9 4

], then N(A) is the set of all scalar
multiples of [—2, 1]°.

EXAMPLE 3.2.2 Let X1,...,X,, € F". Then the set consisting of all
linear combinations 1 X, + - -+ + 2, X;, where x1,...,z,,, € F, is a sub-
space of F". This subspace is called the subspace spanned or generated by
X1,..., X, and is denoted here by (Xy,..., X,,). We also call Xy,...,X,,
a spanning family for S = (X1,..., X,,).

Proof. (1) 0 = 0X; 4+ -+ 0X,,, 50 0 € (X3,....Xn); (2) If X, Y €
(X1,..., Xm),then X =1 X5+ + 2, X and Y =1 X5 + -+ - + Yy X,
SO

X4+Y = (@Xi+ - FxmXn)+ X+ +ymXm)
= (x1+y1)X1+"'+(xm+ym)Xm€<X17---aXm>'

B)If X € (X1,...,Xy) and t € F, then

X = o1 Xi+ -+, Xy
tX = t(lel +--+ CCme)

For example, if A € My, «n(F), the subspace generated by the columns of A
is an important subspace of F™ and is called the column space of A. The
column space of A is denoted here by C'(A). Also the subspace generated
by the rows of A is a subspace of F™ and is called the row space of A and is
denoted by R(A).

EXAMPLE 3.2.3 For example F" = (Ey,..., E,), where Ey,..., E, are
the n—dimensional unit vectors. For if X = [z1,...,2z,]' € F", then X =
viEv+ -+, Ey.

EXAMPLE 3.2.4 Find a spanning family for the subspace S of R? defined
by the equation 2x — 3y + 5z = 0.
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Solution. (S is in fact the null space of [2, —3, 5], so S is indeed a subspace
of R3.)
If [z, y, 2]' € S, then 2 = 3y — gz Then

3 5 3 5
x 2Y — 2% 2 2
Yy | = Y =y | 1 |+=z 0
z z 0 1
and conversely. Hence [%, 1, 0]* and [—%, 0, 1J* form a spanning family for

S.

The following result is easy to prove:

LEMMA 3.2.1 Suppose each of Xi,...,X, is a linear combination of
Yi1,...,Ys. Then any linear combination of Xi,..., X, is a linear combi-
nation of Y7,...,Y5.

As a corollary we have

THEOREM 3.2.1 Subspaces (Xi,...,X,) and (Y1,...,Ys) are equal if
each of X1, ..., X, is a linear combination of Y7,...,Ys; and each of Y7,..., Y}
is a linear combination of X7q,..., X,.

COROLLARY 3.2.1 Subspaces (X1,...,X,, Z1,...,Z) and (X1,..., X;)
are equal if each of Z1,..., 7, is a linear combination of Xi,..., X,.

EXAMPLE 3.2.5 If X and Y are vectors in R", then
(X, Y)=(X+Y, X-Y).

Solution. Each of X +Y and X — Y is a linear combination of X and Y.
Also

1 1 1
2 2 2
so each of X and Y is a linear combination of X +Y and X — Y.

X=SX4Y)+o(X-Y) and Y:%(XJrY) (X - ),

There is an important application of Theorem 3.2.1 to row equivalent
matrices (see Definition 1.2.4):

THEOREM 3.2.2 If A is row equivalent to B, then R(A) = R(B).

Proof. Suppose that B is obtained from A by a sequence of elementary row
operations. Then it is easy to see that each row of B is a linear combination
of the rows of A. But A can be obtained from B by a sequence of elementary
operations, so each row of A is a linear combination of the rows of B. Hence
by Theorem 3.2.1, R(A) = R(B).
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REMARK 3.2.1 If A is row equivalent to B, it is not always true that
C(A) =C(B).

11 11

11 0 0
reduced row—echelon form of A. However we see that

c<A>=<“H”>:<[”>

and similarly C(B) = < [ (1) } >
1

Consequently C(A) # C(B), as [ . } € C(A) but [ X ] ¢ C(B).

For example, if A = [ ] and B = [ ], then B is in fact the

3.3 Linear dependence

We now recall the definition of linear dependence and independence of a
family of vectors in F™ given in Chapter 2.

DEFINITION 3.3.1 Vectors Xi,...,X,, in F™ are said to be linearly
dependent if there exist scalars x1, ..., x;,, not all zero, such that

1 X1+ -+ X, =0.

In other words, X7, ..., X,, are linearly dependent if some X is expressible
as a linear combination of the remaining vectors.

X1,..., X, are called linearly independent if they are not linearly depen-
dent. Hence X, ..., X,, are linearly independent if and only if the equation

01 X1+ -+ Xym =0
has only the trivial solution x; =0,...,z, = 0.

EXAMPLE 3.3.1 The following three vectors in R?

1 - —1
Xi=|2|, Xo=| 1|, X3=1| 7
3 2 12

are linearly dependent, as 2X; + 3Xs + (—1)X3 = 0.
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REMARK 3.3.1 If Xy,...,X,, are linearly independent and
X1+t Xy, =i Xa o+ Ym X,
then z1 = y1,...,Tm = ym. For the equation can be rewritten as
(@1 —y) X1+ 4 (@ — Ym) Xm =0
and sox; —y1 =0,...,Zm — ym = 0.

THEOREM 3.3.1 A family of m vectors in F'™ will be linearly dependent
if m > n. Equivalently, any linearly independent family of m vectors in F™
must satisfy m < n.

Proof. The equation
X1+ -+, X, =0

is equivalent to n homogeneous equations in m unknowns. By Theorem 1.5.1,
such a system has a non-trivial solution if m > n.

The following theorem is an important generalization of the last result
and is left as an exercise for the interested student:

THEOREM 3.3.2 A family of s vectors in (Xi,...,X,) will be linearly
dependent if s > r. Equivalently, a linearly independent family of s vectors
in (X1,...,X,) must have s <.

Here is a useful criterion for linear independence which is sometimes
called the left—to—right test:

THEOREM 3.3.3 Vectors Xi,..., X, in F" are linearly independent if
(a) X1 #0;

(b) For each k£ with 1 < k < m, X} is not a linear combination of
X1, Xy

One application of this criterion is the following result:

THEOREM 3.3.4 Every subspace S of F* can be represented in the form
S =(Xy,...,Xm), where m < n.
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Proof. If S = {0}, there is nothing to prove — we take X; =0 and m = 1.

So we assume S contains a non-zero vector X1; then (X;) C S as Sis a
subspace. If S = (X;), we are finished. If not, S will contain a vector X,
not a linear combination of Xi; then (X;, X3) C S as S is a subspace. If
S = (Xj, X2), we are finished. If not, S will contain a vector X3 which is
not a linear combination of X; and X5. This process must eventually stop,
for at stage k£ we have constructed a family of k linearly independent vectors
Xi,..., Xk, all lying in F™ and hence k < n.

There is an important relationship between the columns of A and B, if
A is row—equivalent to B.

THEOREM 3.3.5 Suppose that A is row equivalent to B and let cq, ..., ¢,
be distinct integers satisfying 1 < ¢; < n. Then

(a) Columns A,c,,..., A, of A are linearly dependent if and only if the
corresponding columns of B are linearly dependent; indeed more is
true:

X1 Ase; + -+ TrAse, =05 1By, + - + 2, By, = 0.

(b) Columns A,c,, ..., As, of A are linearly independent if and only if the
corresponding columns of B are linearly independent.

(¢c) If 1 < ¢py1 < mand ¢p4q is distinet from ¢y, ..., ¢, then

A*cr+1 = ZIA*cl + -+ ZTA*Cr g B*cr+1 = ZlB*cl + -+ Z'I’B*CT-

Proof. First observe that if Y = [y1,...,y]' is an n—dimensional column
vector and A is m X n, then

Also AY =0 < BY =0, if B is row equivalent to A. Then (a) follows by
taking y; = x; if i = ¢; and y; = 0 otherwise.
(b) is logically equivalent to (a), while (c) follows from (a) as

A*cr+1 = ZIA*cl + -+ ZTA*CT g ZIA*cl +-+ ZTA*CT + (_1)A*cr+1 =0
< Z21Bie; + 0+ 2 Bie, + (_1>B*C'r+1 =0
= B*Cr+1 = ZIB*cl +---+ ZT‘B*CT'
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EXAMPLE 3.3.2 The matrix

1 151 4
A=12 -1 1 2 2
3 06 0 -3
has reduced row—echelon form equal to
10 2 0 -1
B=|013 0 2
0001 3

We notice that By1, Bixo and By, are linearly independent and hence so are
Ay, Ayo and Ayy. Also

B.3 = 2B + 3By
B*S - (—1)3*1 + 23*2 + 3B*4,

so consequently

Az = 244 + 3450
A*5 = (_1)14*1 + 214*2 + 3A*4

3.4 Basis of a subspace
We now come to the important concept of basis of a vector subspace.

DEFINITION 3.4.1 Vectors Xj,...,X,, belonging to a subspace S are
said to form a basis of §' if

(a) Every vector in S is a linear combination of X7, ..., X,;
(b) Xi,...,X,, are linearly independent.

Note that (a) is equivalent to the statement that S = (X1,...,X,,) as we
automatically have (X1,..., X;,) C S. Also, in view of Remark 3.3.1 above,
(a) and (b) are equivalent to the statement that every vector in S is uniquely
expressible as a linear combination of X1,..., X;,.

EXAMPLE 3.4.1 The unit vectors E1, ..., E, form a basis for F".
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REMARK 3.4.1 The subspace {0}, consisting of the zero vector alone,
does not have a basis. For every vector in a linearly independent family
must necessarily be non-zero. (For example, if X; = 0, then we have the
non—trivial linear relation

1X71+0X9+---4+0X,, =0
and Xi,...,X,, would be linearly dependent.)

However if we exclude this case, every other subspace of F™ has a basis:

THEOREM 3.4.1 A subspace of the form (X,...,X,,), where at least
one of Xi,...,X,, is non—zero, has a basis X.,,..., X, where 1 < ¢; <
< e <M.

Proof. (The left—to—right algorithm). Let c1 be the least index k for which
X}, is non—zero. If ¢4 = m or if all the vectors X with k > ¢y are linear
combinations of X, terminate the algorithm and let » = 1. Otherwise let
co be the least integer £ > ¢; such that Xj is not a linear combination of
Xey-

If ¢ = m or if all the vectors X}, with £ > ¢y are linear combinations
of X., and X,,, terminate the algorithm and let » = 2. Eventually the
algorithm will terminate at the r—th stage, either because ¢, = m, or because
all vectors Xy with k > ¢, are linear combinations of X ,..., X¢,.

Then it is clear by the construction of X, ,..., X,., using Corollary 3.2.1
that

(a) (Xepyoos Xe) = (X1, .0, Xon)s

(b) the vectors X,,,...,X,, are linearly independent by the left—to-right
test.

Consequently X, ,..., X, form a basis (called the left—to-right basis) for
the subspace (X71,..., X,,).

EXAMPLE 3.4.2 Let X and Y be linearly independent vectors in R™.
Then the subspace (0, 2X, X, =Y, X 4+Y) has left—to-right basis consisting
of 2X, Y.

A subspace S will in general have more than one basis. For example, any
permutation of the vectors in a basis will yield another basis. Given one
particular basis, one can determine all bases for S using a simple formula.
This is left as one of the problems at the end of this chapter.

We settle for the following important fact about bases:
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THEOREM 3.4.2 Any two bases for a subspace S must contain the same
number of elements.

Proof. For if Xy,..., X, and Y7,...,Y; are bases for S, then Y7,...,Y5
form a linearly independent family in S = (X7,..., X,) and hence s < r by
Theorem 3.3.2. Similarly » < s and hence r = s.

DEFINITION 3.4.2 This number is called the dimension of S and is
written dim S. Naturally we define dim {0} = 0.

It follows from Theorem 3.3.1 that for any subspace S of F'™, we must have
dim S < n.

EXAMPLE 3.4.3 If E4, ..., E, denote the n—dimensional unit vectors in
F", then dim (Ey, ..., E;) =ifor 1 <i<mn.

The following result gives a useful way of exhibiting a basis.

THEOREM 3.4.3 A linearly independent family of m vectors in a sub-
space S, with dim S = m, must be a basis for S.

Proof. Let Xi,...,X,, be a linearly independent family of vectors in a
subspace S, where dim .S = m. We have to show that every vector X € S is
expressible as a linear combination of X1, ..., X,,. We consider the following

family of vectors in S: X1,..., X;,, X. This family contains m + 1 elements
and is consequently linearly dependent by Theorem 3.3.2. Hence we have

11 X1+ -+ 2 Xm +2m X =0, (3.1)
where not all of x1,...,xm+1 are zero. Now if z,,11 = 0, we would have

1 X1+ -+ X, =0,

with not all of 1, . . ., z,, zero, contradictiong the assumption that Xy ..., X,
are linearly independent. Hence x,,,+1 # 0 and we can use equation 3.1 to
express X as a linear combination of X1,..., X,,:
—x —x
X=—2LX +4+—"X,.

Tm+1 Tm+1
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3.5 Rank and nullity of a matrix

We can now define three important integers associated with a matrix.
DEFINITION 3.5.1 Let A € My,xn(F). Then

(a) column rank A =dim C(A);

(b) row rank A =dim R(A);

(c) nullity A =dim N(A).

We will now see that the reduced row—echelon form B of a matrix A allows
us to exhibit bases for the row space, column space and null space of A.
Moreover, an examination of the number of elements in each of these bases
will immediately result in the following theorem:

THEOREM 3.5.1 Let A € Myxn(F). Then
(a) column rank A =row rank A;
(b) column rank A+ nullity A = n.

Finding a basis for R(A): The r non-zero rows of B form a basis for R(A)
and hence row rank A = r.
For we have seen earlier that R(A) = R(B). Also

R(B) = <B1*7'-'7Bm*>
= <B1*7...,B7‘*70"'70>
= <B1*7 ,BT*>’

The linear independence of the non—zero rows of B is proved as follows: Let
the leading entries of rows 1,...,r of B occur in columns ¢y, ..., c¢,.. Suppose
that

$1B1* + -+ xT‘BT* =0.

Then equating components ¢y, ..., ¢, of both sides of the last equation, gives
x1 =0,...,2, = 0, in view of the fact that B is in reduced row— echelon
form.

Finding a basis for C(A): The r columns A, ,..., A, form a basis for
C(A) and hence column rank A = r. For it is clear that columns cy,..., ¢,
of B form the left—to-right basis for C(B) and consequently from parts (b)
and (c) of Theorem 3.3.5, it follows that columns ¢y, ..., ¢, of A form the
left—to-right basis for C'(A).
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Finding a basis for N(A): For notational simplicity, let us suppose that ¢; =
1,...,¢, =r. Then B has the form

1 0 0 b1r+1 bln
0 1 -+ 0 boypgr - bay
B=1]00 1 byt -+ b
0 0 0 0 e 0
(00 -0 0 - 0 |

Then N(B) and hence N(A) are determined by the equations

Ty = (_b1r+1)xr+1 + -+ (—bln)xn
Ty = (_brr—i-l)xr—‘rl R (_brn)xnn
where z,41,...,T, are arbitrary elements of F'. Hence the general vector X

in N(A) is given by

T [ —b1r11 —bn
Ly . —brr41 o —brp
Tri = Tr+1 1 + + xp 0 (32)
| Tn | 0 1]

= m'r’—&-l)(l +- ot Xn_p.

Hence N(A) is spanned by Xy,..., X,,_, as Xy41, ..., T, are arbitrary. Also
X1,...,X,_, are linearly independent. For equating the right hand side of
equation 3.2 to 0 and then equating components r 4+ 1,...,n of both sides
of the resulting equation, gives z,41 =0,...,z, = 0.

Consequently X7,..., X,,_, form a basis for N(A).

Theorem 3.5.1 now follows. For we have

r

row rank A = dim R(A)
column rank A = dimC(A)

T.

Hence
row rank A = column rank A.
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Also
column rank A + nullity A =r +dimN(A) =r+ (n —7) = n.

DEFINITION 3.5.2 The common value of column rank A and row rank A
is called the rank of A and is denoted by rank A.

EXAMPLE 3.5.1 Given that the reduced row—echelon form of

1 1 5 1 4
A=12 -1 1 2 2
3 06 0 =3
equal to
10 2 0 -1
B=|0130 2],
0001 3
find bases for R(A), C(A) and N(A).

Solution. [1, 0, 2, 0, —1], [0, 1, 3, 0, 2] and [0, 0, 0, 1, 3] form a basis for
R(A). Also

1 1 1
A*l = 2 ) A*Z = -1 ) A*4 = 2
3 0 0

form a basis for C(A).
Finally N(A) is given by

1 —2x3 + x5 -2 1
i) —3(63 - 2:65 -3 -2
x3 | = T3 =13 1| +uas 0 | = 23Xy + x5X0,
T4 —3:65 0 -3
ZI5 xIs 0 1

where x3 and x5 are arbitrary. Hence X; and X, form a basis for N(A).
Here rank A = 3 and nullity A = 2.

1 2

EXAMPLE 3.5.2 Let A = [ 9 4

} Then B = [ (1) g } is the reduced

row—echelon form of A.
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Hence [1, 2] is a basis for R(A) and [ L } is a basis for C(A). Also N(A)

2
is given by the equation z1 = —2x9, where x2 is arbitrary. Then

=]

and hence { _? ] is a basis for N(A).

Here rank A = 1 and nullity A = 1.

1 2

3 4

EXAMPLE 3.5.3 Let A = [ 0 1

] Then B = [ L0 } is the reduced

row—echelon form of A.

Hence [1, 0], [0, 1] form a basis for R(A) while [1, 3], [2, 4] form a basis
for C(A). Also N(A) = {0}.

Here rank A = 2 and nullity A = 0.

We conclude this introduction to vector spaces with a result of great
theoretical importance.

THEOREM 3.5.2 Every linearly independent family of vectors in a sub-
space S can be extended to a basis of S.

Proof. Suppose S has basis Xi,...,X,, and that Y7,...,Y, is a linearly
independent family of vectors in S. Then

S=(X1,...,Xm)=Y1,....,Y, X1,..., Xm),

as each of Y7,...,Y, is a linear combination of X1,..., X,,.
Then applying the left—to-right algorithm to the second spanning family
for S will yield a basis for S which includes Y7, ..., Y.

3.6 PROBLEMS

1. Which of the following subsets of R? are subspaces?

satisfying = = 2y;

satisfying x = 2y and 2z = y;
satisfying x = 2y + 1;
satisfying zy = 0;
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. Determine if X; =
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(e) [z, y] satisfying x > 0 and y > 0.

[Answer: (a) and (b).]

. If X, Y, Z are vectors in R", prove that

(XY, Z)=(X+Y, X+ 2, Y + 2).

, Xo and X3 = are linearly

N = O =
N = = O
W = =

independent in R*.

. For which real numbers A are the following vectors linearly independent

in R3?
A -1 —1
Xi=|-11], Xo= A, Xg3=| -1
—1 -1 A

. Find bases for the row, column and null spaces of the following matrix

over Q:

1
2
0

O ot N

1
3
3

co O N =
O = O O

1

—_
—_
Ne
—_

1

. Find bases for the row, column and null spaces of the following matrix

over Zs:

N

Il
O = O =
O = = O
_ = O =
e )
O O =~

. Find bases for the row, column and null spaces of the following matrix

over Zs:

W o N
O O = =
N O = N
~ = o O
W w w
N O N W
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10.

11.

12.

13.

14.
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. Find bases for the row, column and null spaces of the matrix A defined

in section 1.6, Problem 17. (Note: In this question, F'is a field of four
elements.)

. If X4, ..., X, form a basis for a subspace S, prove that

X17X1+X27"‘7X1+"'+Xm

also form a basis for S.

Let A = { (11 l1) i ] . Find conditions on a, b, ¢ such that (a) rank A =

1; (b) rank A = 2.
[Answer: (a) a =b=c¢; (b) at least two of a, b, ¢ are distinct.]

Let S be a subspace of F™ with dim S = m. If Xy,..., X,, are vectors
in S with the property that S = (Xy,..., X,,), prove that X; ..., X,
form a basis for S.

Find a basis for the subspace S of R? defined by the equation
T+2y+32=0.

Verify that Y7 = [-1, —1, 1]* € S and find a basis for S which includes
Y.

Let X1,...,X,, be vectors in F". If X; = X, where ¢ < j, prove that
X1,...X,, are linearly dependent.

Let X1,..., Xim+1 be vectors in F™. Prove that
dim (X1,..., Xppt1) = dim (X1, ..., X))
if X141 is a linear combination of X1i,..., X,,, but
dim (X1, ..., X;py1) =dim (Xq, ..., X)) + 1

if X411 is not a linear combination of X, ..., X;,.

Deduce that the system of linear equations AX = B is consistent, if
and only if
rank [A|B] = rank A.
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15

16.
17.

18.

19.
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. Let aq,...,a, be elements of F', not all zero. Prove that the set of
vectors [r1,...,z,])! where x1,...,z, satisfy

aix1+ - +apxr, =0
is a subspace of F™ with dimension equal to n — 1.
Prove Lemma 3.2.1, Theorem 3.2.1, Corollary 3.2.1 and Theorem 3.3.2.
Let R and S be subspaces of I, with R C S. Prove that
dim R < dim S

and that equality implies R = S. (This is a very useful way of proving
equality of subspaces.)

Let R and S be subspaces of F™. If RU S is a subspace of F", prove
that RC Sor S CR.

Let X1,..., X, be a basis for a subspace S. Prove that all bases for S
are given by the family Y7,...,Y,, where

T
Y, = E ai; X,
Jj=1

and where A = [a;j] € M,«,(F') is a non-singular matrix.



Chapter 4

DETERMINANTS

DEFINITION 4.0.1 If A = [ ZH 212 ], we define the determinant of
21 @22

A, (also denoted by det A,) to be the scalar
det A = a11a99 — a12a91.

aip a2
a21 a2

The notation is also used for the determinant of A.

If A is a real matrix, there is a geometrical interpretation of det A. If
P = (x1, y1) and @Q = (w2, y2) are points in the plane, forming a triangle
1 Y1

2 Y2
of the triangle OPQ. For, using polar coordinates, let x1 = r1 cosf; and

with the origin O = (0, 0), then apart from sign, % is the area

y1 = 71 8in 61, where ri = OP and 0, is the angle made by the ray WD with
the positive z—axis. Then triangle OPQ has area %OP - 0@ sin «, where
a = /ZP0OQ. If triangle OPQ has anti—clockwise orientation, then the ray

OQ makes angle 6 = 61 + o with the positive z—axis. (See Figure 4.1.)
Also x5 = rycosfy and yo = rosinfy. Hence

1

AreaOPQ = §OP -0Q sin«
1
= iOP . OQ sin (02 - 91)
= %OP - OQ(sin O3 cos 01 — cos By sin b)

1
= 5(0@ sin Ay - OP cos 61 — OQ) cos b2 - OP sin 61)

71
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01

@)

Figure 4.1: Area of triangle OPQ.

1
= §(y2m1—x2y1)
_ Liarom

2| 2 Y2

Similarly, if triangle OPQ has clockwise orientation, then its area equals
1T

2| w2 oy
For a general triangle P P,Ps, with P; = (z;, y;), 1 = 1, 2, 3, we can
take P as the origin. Then the above formula gives

T2 —T1 Y2 — Y1
T3 —x1 Ys— U1

T2 — X1 Y2 — Y1
r3 — %1 Y3 — Y1

or

1
2

1
2
according as vertices P, P, P3 are anti—clockwise or clockwise oriented.

We now give a recursive definition of the determinant of an n x n matrix
A= [aij], n > 3.

DEFINITION 4.0.2 (Minor) Let M;;(A) (or simply M;; if there is no
ambiguity) denote the determinant of the (n — 1) x (n — 1) submatrix of A
formed by deleting the i—th row and j—th column of A. (M;;(A) is called
the (i, j) minor of A.)

Assume that the determinant function has been defined for matrices of
size (n—1) x (n—1). Then det A is defined by the so—called first-row Laplace
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exTpPansion:

detA = allMll(A) — a12M12(A) +...+ (—1)1+nM1n(A)

n

= Z(_1)1+ja1jM1j(A)'

j=1
For example, if A = [a;;] is a 3 x 3 matrix, the Laplace expansion gives

det A = a11M11(A) — a1oMi2(A) + a13Mi3(A)

a1 423
azy ass

a1 a2
as; as2

a2 Q23
azz2 ass

all(a22a33 - a23a32) - a12(a21a33 - a23a31) + alS(a21a32 - a22a31)

= a11 — a12 + ais

= @11G22a33 — 011023032 — 12021033 + 12023031 + A13A21A32 — Q13022031 -

(The recursive definition also works for 2 x 2 determinants, if we define the
determinant of a 1 x 1 matrix [t] to be the scalar t:

det A = a11M;11(A) — a1o2Mi2(A) = ar1a22 — ai2a21.)

EXAMPLE 4.0.1 If P P,Ps is a triangle with P; = (x4, vi), i = 1, 2, 3,
then the area of triangle P, P> Ps is

1 oy 1 11T wn 1
5 T2 y2 1 or —5 T2 y2 11,
r3 ys 1 x3 ys 1

according as the orientation of P; P, Ps is anti—clockwise or clockwise.

For from the definition of 3 x 3 determinants, we have

1 oy 1
1 1 1 r9 1 T
5o w1 = g(a|® w2 e 2
x3 ys 1
_ Laxe—z ypa—m
2| z3—x1 Ys— 1

One property of determinants that follows immediately from the defini-
tion is the following:

THEOREM 4.0.1 If a row of a matrix is zero, then the value of the de-
terminant is zero.
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(The corresponding result for columns also holds, but here a simple proof
by induction is needed.)

One of the simplest determinants to evaluate is that of a lower triangular
matrix.

THEOREM 4.0.2 Let A = [a;;], where a;; = 0 if i < j. Then
det A = a110a929 .. .0Anpnp. (41)

An important special case is when A is a diagonal matrix.
If A =diag(ai,...,a,) then det A =ay ...ay. In particular, for a scalar
matrix t1,,, we have det (t,,) = t".

Proof. Use induction on the size n of the matrix.
The result is true for n = 2. Now let n > 2 and assume the result true
for matrices of size n — 1. If A is n X n, then expanding det A along row 1

gives
ar 0 ... O
detA = a1l afﬁ 33 0
anl An2 ... Qnn

= an(agg Ce ann)

by the induction hypothesis.

If A is upper triangular, equation 4.1 remains true and the proof is again
an exercise in induction, with the slight difference that the column version
of theorem 4.0.1 is needed.

REMARK 4.0.1 It can be shown that the expanded form of the determi-
nant of an n x n matrix A consists of n! signed products +ay;, a2, - . - ani,,
where (i1, i2,..., iy) is a permutation of (1, 2, ..., n), the sign being 1 or
—1, according as the number of inversions of (i1, io,..., i) is even or odd.
An inversion occurs when i, > is but r < s. (The proof is not easy and is
omitted.)

The definition of the determinant of an n X n matrix was given in terms
of the first-row expansion. The next theorem says that we can expand
the determinant along any row or column. (The proof is not easy and is
omitted.)
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THEOREM 4.0.3
det A = Z i M;j(A)
fori=1,...,n (the so—called i—th row expansion) and
det A = Z 1) a;;M;5(A)

for j =1, ...,n (the so—called j—th column expansion).

REMARK 4.0.2 The expression (—1)"*7 obeys the chess-board pattern
of signs:

The following theorems can be proved by straightforward inductions on
the size of the matrix:

THEOREM 4.0.4 A matrix and its transpose have equal determinants;
that is

det A = det A.

THEOREM 4.0.5 If two rows of a matrix are equal, the determinant is
zero. Similarly for columns.

THEOREM 4.0.6 If two rows of a matrix are interchanged, the determi-
nant changes sign.

EXAMPLE 4.0.2 If P, = (z1, y1) and P, = (x2, y2) are distinct points,
then the line through P, and P> has equation

z y 1
z; y1 1 |=0.
x2 Y2 1
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For, expanding the determinant along row 1, the equation becomes
ar +by+c=0,
where

1
z; 1 = T2 — 1.

= ol

‘Z?ﬂ-yzandb:—

This represents a line, as not both a and b can be zero. Also this line passes
through P;, i = 1, 2. For the determinant has its first and i—th rows equal
if £ = x; and y = y; and is consequently zero.

There is a corresponding formula in three—-dimensional geometry. If
Py, P, P3 are non—collinear points in three-dimensional space, with P; =
(i, i, 2i), 1 = 1, 2, 3, then the equation

r y =z 1
vy 1 0
T2 Y2 22 1
r3 Y3 23 1

represents the plane through P;, P>, P;. For, expanding the determinant
along row 1, the equation becomes ax 4 by + cz + d = 0, where

y1 21 |1 1 21 1 1 oy 1
a= |1y z2 1|, b=—|2x2 20 1|, c=|x0 3y 1
ys z3 1 x3 23 1 x3 ys 1

As we shall see in chapter 6, this represents a plane if at least one of a, b, ¢
is non—zero. However, apart from sign and a factor %, the determinant
expressions for a, b, ¢ give the values of the areas of projections of triangle
PP, Ps on the (y, 2), (z, z) and (z, y) planes, respectively. Geometrically,
it is then clear that at least one of a, b, ¢ is non—zero. It is also possible to
give an algebraic proof of this fact.

Finally, the plane passes through P;, i = 1, 2, 3 as the determinant has
its first and i—th rows equal if x = z;, y = y;, 2 = z; and is consequently
zero. We now work towards proving that a matrix is non—singular if its
determinant is non—zero.

DEFINITION 4.0.3 (Cofactor) The (i, j) cofactor of A, denoted by
Cij(A) (or Cyj if there is no ambiguity) is defined by

Cij(A) = (1) My;(A).
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REMARK 4.0.3 It is important to notice that C;;(A), like M;;(A), does
not depend on a;;. Use will be made of this observation presently.

In terms of the cofactor notation, Theorem 4.0.3 takes the form
THEOREM 4.0.7

det A = Z aijC’ij (A)
j=1

fori=1,...,n and
n
det A = Z aijC’ij (A)
i=1
forj=1,...,n.
Another result involving cofactors is

THEOREM 4.0.8 Let A be an n X n matrix. Then
(@) D ayCri(A)=0 ifi#k
j=1

Also .
(b) D aiCix(A) =0 if j#k
=1

Proof.

If Aisnxnand i # k, let B be the matrix obtained from A by replacing
row k by row ¢. Then det B = 0 as B has two identical rows.

Now expand det B along row k. We get

O=detB = Y bCi;i(B)
j=1

n

= ) aiCiji(A),

J=1

in view of Remark 4.0.3.
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DEFINITION 4.0.4 (Adjoint) If A = [a;;] is an n x n matrix, the ad-
joint of A, denoted by adj A, is the transpose of the matrix of cofactors.
Hence

Cii Can -+ Cn

] Ciz2 O -+ Cpo
adj A = ) .

Cln CQn e Cnn

Theorems 4.0.7 and 4.0.8 may be combined to give
THEOREM 4.0.9 Let A be an n X n matrix. Then

A(adj A) = (det A)I,, = (adj A) A.

Proof.

(A adj A)zk = Z aij (adJ A)jk
7=1

= Zaijckj(A)
j=1
= Ojpdet A
= ((det A)I,)i-
Hence A(adj A) = (det A)I,,. The other equation is proved similarly.
COROLLARY 4.0.1 (Formula for the inverse) If det A # 0, then A

is non—singular and

1
-1 .
= dj A.
det A
EXAMPLE 4.0.3 The matrix
1 2 3
A=14 5 6
| 8 8 9
is non—singular. For
5 6 4 6 4 5
wan = |3 8| a4 S Ls] 4 2]
= —3+24-24

= —3#£0.



Also

1 [ C11 Ca1 Cx
AT = —3 Ci2 Cy Cso
| C13 Caez Cs3
|5 6|

8 9

1| s

- 8 9
45

i 8 8
1 [ —3 6 —3
= —g 12 -15 6
| 8 8 -3
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The following theorem is useful for simplifying and numerically evaluating
a determinant. Proofs are obtained by expanding along the corresponding

row or column.

THEOREM 4.0.10 The determinant is a linear function of each row and

column.
For example

! ! !
aj; +ap; a2 +ajp a3+ ag
(a) a1 ag a3 =
asi aso ass
ta;1 tayz tais
(b) azy agy a3 | =t
az1 a32 as3

a1l
a21
a3

aij
azi
a3l

a12
a22
a32

aio
a22
a32

a13
a3
az3

a3
az3
ass

! ! !
ap; Qg ap3

+ a1
asi

a22
as2

a23
ass

COROLLARY 4.0.2 If a multiple of a row is added to another row, the
value of the determinant is unchanged. Similarly for columns.

Proof. We illustrate with a 3 x 3 example, but the proof is really quite

general.
a11 +taz1 aiz +taze a3+ tass
as a2 a3
asy a3z as3

a1
a21
a31

a12
a2
a32

ais
as3 | +
ass

tCLQl
a1
asi

tazo

a2
a32

taos
a23
ass
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ai
= asi
asi
ai
= asi
asi

ail
= a1

a3l

ai2
a2
a32

ai2
a2
a32

ai2
a2
a32

a3
az3
ass

a3
az3
ass
a3
az3
ass

CHAPTER 4. DETERMINANTS

a1 a2 a23
+1| a1 aze a3
azr asz2 as3

+tx0

To evaluate a determinant numerically, it is advisable to reduce the matrix
to row—echelon form, recording any sign changes caused by row interchanges,
together with any factors taken out of a row, as in the following examples.

EXAMPLE 4.0.4 Evaluate the determinant

1
4
8

co Ot N
NelNe)RNJV]

Solution. Using row operations Ry — Rs — 4R; and R3 — R3 — 8R; and
then expanding along the first column, gives

1
4
8

oo Ot N

O Oy W

EXAMPLE 4.0.5 Evaluate the determinant

Solution.

— =g W

e

1 2 3
:0—3—6:‘
0 —8 —15
12
- 2| |-
112 1
3145
76 1 2
113 4
2 1 1 1 2
45| |0 -2 =2
1 2] ~ |0 -1 —13
3 4 0 0 1

)
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1 2 1
1 1 -1
-1 -13 -5
0 1 3
1 2 1
1 1 -1
0 —-12 -6
0 1 3
2 1
1 -1
1 3
—-12 -6

S OO+ OO0 O

3 = 60.

30

OO O~ OO O+
SO == OO
[\

O ==

EXAMPLE 4.0.6 (Vandermonde determinant) Prove that

1 1 1
a b ¢ |=(0b-a)(c—a)(c—0).
a? b* 2

Solution. Subtracting column 1 from columns 2 and 3 , then expanding
along row 1, gives

1 1 1 1 0 0
a b ¢ = a b—a c—a
a2 v A2 a2 v —a? 2 —ad?

a2 2 2

- b—a c—a
a® ¢ —a

1 1

= (b=a)c—q) b+a c+a

=(b—a)(c—a)(c—0D).

REMARK 4.0.4 From theorems 4.0.6, 4.0.10 and corollary 4.0.2, we de-
duce

(a) det (E;;A) = —det A,

(b) det (E;(t)A) = tdet A, if t # 0,
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(c) det (E;;(t)A) =det A.

It follows that if A is row—equivalent to B, then det B = cdet A, where ¢ # 0.
Hence det B # 0 < det A # 0 and det B = 0 < det A = 0. Consequently

from theorem 2.5.8 and remark 2.5.7, we have the following important result:
THEOREM 4.0.11 Let A be an n X n matrix. Then

(i) A is non-singular if and only if det A # 0;

(ii) A is singular if and only if det A = 0;

(iii) the homogeneous system AX = 0 has a non-trivial solution if and
only if det A = 0.

EXAMPLE 4.0.7 Find the rational numbers a for which the following
homogeneous system has a non—trivial solution and solve the system for
these values of a:

r—2y+3z =
ar +3y+2z =
6 +y+az =

Solution. The coefficient determinant of the system is

1 -2 3 1 —2 3
A=|a 3 2| = |0 34+2a¢ 2-3a
6 1 a 0 13 a—18
_ 3+2a 2-—3a
B 13 a-—18
= (3+2a)(a—18) —13(2 — 3a)
= 20 +6a—80=2(a+8)(a—05).
So A =0« a=—-8or a=>5 and these values of a are the only values for
which the given homogeneous system has a non—trivial solution.
If a = —8, the coefficient matrix has reduced row—echelon form equal to
1 0 —1
01 -2

00 O
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and so the complete solution is x = z, y = 2z, with z arbitrary. If a = 5,
the coefficient matrix has reduced row—echelon form equal to

1 0 1
01 -1
00 O
and so the complete solution is x = —z, y = 2z, with z arbitrary.

EXAMPLE 4.0.8 Find the values of ¢ for which the following system is
consistent and solve the system in each case:

z+y =1
te+y = ¢
I+t)x+2y = 3.

Solution. Suppose that the given system has a solution (zg, yop). Then the
following homogeneous system

r+y+z = 0
tr+y+tz = 0
(I+t)r+2y+3z = 0
will have a non—trivial solution
T = X, Y = Yo, z=—1.

Hence the coefficient determinant A is zero. However

1 11 1 0 0 L o
A=| ¢t 1 t|=| t 1—t 0 _‘1—75 2_t':(1—t)(2—t).

1+t 2 3 1+t 1—-t 2—-¢

Hence t =1 or t = 2. If £ = 1, the given system becomes

z4+y =1
r+y =
20 +2y = 3

which is clearly inconsistent. If ¢t = 2, the given system becomes

rT+y =
2r +y
3z +2y =
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which has the unique solution z =1, y = 0.

To finish this section, we present an old (1750) method of solving a
system of n equations in n unknowns called Cramer’s rule . The method is
not used in practice. However it has a theoretical use as it reveals explicitly
how the solution depends on the coefficients of the augmented matrix.

THEOREM 4.0.12 (Cramer’s rule) The system of n linear equations

in n unknowns x1,...,x,
anxy +apry+ -+ amr, = b
211 + agexo + - - + aonT, = bo
Ap1%1 + ap2T2 + -+ appy, = by

has a unique solution if A = det [a;;] # 0, namely

Aq Ay A,
x1 :K) xQZXa”wxn:X)
where A; is the determinant of the matrix formed by replacing the i—th
column of the coefficient matrix A by the entries by, bo, ..., by,.

Proof. Suppose the coefficient determinant A % 0. Then by corollary 4.0.1,
A~ exists and is given by A7 = % adj A and the system has the unique
solution

1 b1 Cni Cu -+ Cn b1

T2 | b2 1| Ciz2 Cop -+ Chpo by
= A = _—

: : A : : :

[ b1C11 +b9Co1 + ...+ b,C1
1 | 02C12+b2C2 + ...+ b,Ch2
A .

L bncln + b202n +...+ anTm

However the i—th component of the last vector is the expansion of A; along
column 7. Hence

x1 Ay Ay/A

T 1| A2 Ao /A
2 BN I

o A, An/A
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4.1 PROBLEMS

1. If the points P; = (x4, y;), i = 1, 2, 3, 4 form a quadrilateral with ver-
tices in anti—clockwise orientation, prove that the area of the quadri-
lateral equals

1

2
(This formula generalizes to a simple polygon and is known as the
Surveyor’s formula.)

r1 I9
Y1 Y2

T2 I3
Y2 Y3

xr3 T4
Ys Y4

T4 I
Ys %

2. Prove that the following identity holds by expressing the left—hand
side as the sum of 8 determinants:

a+zr b4+y c+z
z4+u y+v z4+w | =2
u+a v+b wHec

2 8 2
e e o
2w o

3. Prove that
n? (n+1)% (n+2)?
n+1)% n+2)? (n+3)? |=-8.
(n+2)* (n+3)* (n+4)

4. Evaluate the following determinants:

246 427 327 _; f _i §
(a) | 1014 543 443 N R B
—342 721 621 4 3 92 1

[Answers: (a) —29400000; (b) 900.]

5. Compute the inverse of the matrix

1 0 -2
A=1]3 1 4
5 2 =3

by first computing the adjoint matrix.

—11 —4 2
[Answer: A1 =33 29 7 —10 |]
1 -2 1
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. Prove that the following identities hold:

2a 2b b-c

(i) 2b 20 a+c| = —2a-b)%a+b),
a+b a+b b

b+c b c

(ii) ¢c c¢c+a a = 2a(b® + ).
b a a+b

. Let P, = (x4, yi), 1 = 1, 2, 3. If &1, 9, x3 are distinct, prove that there

is precisely one curve of the form y = ax? + bx + ¢ passing through
Pl, P2 and Pg.

. Let

11 -1
A=12 3 k
1 £k 3

Find the values of k for which det A = 0 and hence, or otherwise,
determine the value of k for which the following system has more than
one solution:

r+y—z = 1
20 4+3y+kz = 3
r+ky+3z = 2

Solve the system for this value of k£ and determine the solution for
which 22 4+ y? + 22 has least value.

[Answer: k =2; x =10/21, y = 13/21, z = 2/21.]

. By considering the coefficient determinant, find all rational numbers a

and b for which the following system has (i) no solutions, (ii) exactly
one solution, (iii) infinitely many solutions:

r—2y+bz =
ax + 2z = 2
5T + 2y =

Solve the system in case (iii).

[Answer: (i) ab = 12 and a # 3, no solution; ab # 12, unique solution;
a = 3, b = 4, infinitely many solutions; x = —%24— %, Yy = %z — T with
z arbitrary.]
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10.

11.

12.

13.

14.

15.
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Express the determinant of the matrix

11 2 1

1 2 3 4
B= 2 4 7 2646

2 2 6-t t

as as polynomial in ¢ and hence determine the rational values of ¢ for
which B~ exists.

[Answer: det B = (t —2)(2t —1); ¢t # 2 and t # 3.]

If Ais a 3 x 3 matrix over a field and det A # 0, prove that
(i) det(adjA) = (detA)?
(i) (adjA)™' = ——A=adj(A™}).

Suppose that A is a real 3 x 3 matrix such that A'A = Is.

(i) Prove that AY(A — I3) = —(A — I3)".
(ii) Prove that det A = £1.
(iii) Use (i) to prove that if det A = 1, then det (A — I3) = 0.
If A is a square matrix such that one column is a linear combination of

the remaining columns, prove that det A = 0. Prove that the converse
also holds.

Use Cramer’s rule to solve the system

—2z4+3y—z2z = 1
r+2y—2z = 4
—2r—-y+2z = =3

[Answer: z =2,y =3, z = 4.]
Use remark 4.0.4 to deduce that
det Bjj = —1, det Ei(t) =t, detE;;(t) =1
and use theorem 2.5.8 and induction, to prove that
det (BA) = det Bdet A,

if B is non-singular. Also prove that the formula holds when B is
singular.
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16.

17.

18.

19.

20.
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Prove that
a+b+c a+b a a
a+b a+b+c a a 9
=c“(2 4a+2 .
a a a+b+c a+b ¢*(2b+c)(da+2b+c)
a a a+b a+b+c
Prove that
14wy U1 Up U1
u9 1+UQ u9 U9
=14 u; + uo + ug + ug.
ug ug 14wz  ug
Uy Uy m 14 uy

Let A € Myxn(F). If At = —A, prove that det A = 0 if n is odd and
1+14£0in F.

Prove that

e B B
el B
e R
— = =

Express the determinant

as the product of one quadratic and four linear factors.

[Answer: (b—a)(c—a)(c—b)(a+b+c)(b?+ bc+ c? + ac + ab + a?).]



Chapter 5

COMPLEX NUMBERS

5.1 Constructing the complex numbers

One way of introducing the field C of complex numbers is via the arithmetic
of 2 x 2 matrices.

DEFINITION 5.1.1 A complex number is a matrix of the form

Jl—y-
y x|’

where = and y are real numbers.

Complex numbers of the form [ :8 2 are scalar matrices and are called
real complex numbers and are denoted by the symbol {z}.

The real complex numbers {z} and {y} are respectively called the real

part and imaginary part of the complex number Z _i } .

L0 ] is denoted by the symbol 1.

The complex number {

We have the identities
R e R R R [k
= {z}+i{y}
B

89
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Complex numbers of the form i{y}, where y is a non—zero real number, are
called imaginary numbers.
If two complex numbers are equal, we can equate their real and imaginary
parts:
{z1} +i{y} = {z2} + {2} = 21 = 22 and y1 = o,

if x1, @9, y1, Y2 are real numbers. Noting that {0} + {0} = {0}, gives the
useful special case is

{z}+i{y} ={0} = x=0and y =0,

if z and y are real numbers.
The sum and product of two real complex numbers are also real complex
numbers:

{z} +{y} ={z+y}, {zHy} = {2y}

Also, as real complex numbers are scalar matrices, their arithmetic is very
simple. They form a field under the operations of matrix addition and
multiplication. The additive identity is {0}, the additive inverse of {z} is
{—z}, the multiplicative identity is {1} and the multiplicative inverse of {x}
is {z~1}. Consequently

{z} —{y} ={a} + ({y}) = {z} + {-y} = {z -y},

{z} 1 T
2 ) = M) = o 1}—{y}.

It is customary to blur the distinction between the real complex number
{z} and the real number = and write {x} as . Thus we write the complex
number {z} + i{y} simply as = + iy.

More generally, the sum of two complex numbers is a complex number:

(@1 +iy1) + (z2 +iy2) = (x1 + 22) + (Y1 + y2); (5.1)

and (using the fact that scalar matrices commute with all matrices under
matrix multiplication and {—1}A = —A if A is a matrix), the product of
two complex numbers is a complex number:

(1 + iy1) (22 + iy2) = x1 (w2 + 1y2) + (iy1) (22 + iy2)

= 2132 + 21(iy2) + (Y1) + (iy1) (iy2)

= 122 + iT1Y2 + Y122 + CY1Y2

= (m122 + {—1}y1y2) +i(z192 + Y172)

= (122 — Y1y2) + i(T192 + Y172), (5.2)
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The set C of complex numbers forms a field under the operations of
matrix addition and multiplication. The additive identity is 0, the additive
inverse of = + iy is the complex number (—x) + i(—y), the multiplicative
identity is 1 and the multiplicative inverse of the non—zero complex number
x + 4y is the complex number u + v, where
_ -y
u=—-— —— .

332 + y2 1'2 + y2
(If z +4y # 0, then x # 0 or y # 0, so 2% + 32 # 0.)

From equations 5.1 and 5.2, we observe that addition and multiplication
of complex numbers is performed just as for real numbers, replacing 2 by
—1, whenever it occurs.

and v =

A useful identity satisfied by complex numbers is
2 4 8% = (r +is)(r — is).

This leads to a method of expressing the ratio of two complex numbers in
the form x + iy, where x and y are real complex numbers.

w14y (w1 4 dyn) (@2 — iy2)

zo +iya (w2 +iye)(z2 — iy9)
_ (mize +yiye) Hi(—m1y2 + yizo)
B 5+ 3 '

The process is known as rationalization of the denominator.

5.2 Calculating with complex numbers

We can now do all the standard linear algebra calculations over the field of
complex numbers — find the reduced row—echelon form of an matrix whose el-
ements are complex numbers, solve systems of linear equations, find inverses
and calculate determinants.

For example, solve the system

I+i)z+2—id)w = 247
T2+ (8—2i)w = 4—09i.
The coefficient determinant is

14+¢ 2—1

7 g_gi | = (1+B8-2)-7(2-10)

= (8—2i)+i(8—2i)—14+7Ti
—4413i £ 0.
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Hence by Cramer’s rule, there is a unique solution:

4—9i 8—2i
—4+13i
(24 7)) (8 — 2i) — (4 — 94)(2 — 4)
—4+ 134
2(8 — 2i) + (74)(8 — 24) — {(4(2 — i) — 9i(2 — i)}
—4+13i
16 — 4i + 560 — 14i? — {8 — 4i — 18i + 9i?}
—4+13i

‘2+n 234

31 + 74i

—4 +13¢

(31 + 747)(—4 — 13i)
(—4)% 4132

838 — 699¢

(—4)2 + 132

838 699 .

185 185

d similar] —698+229.
and similarly w = —— + ——i.
Y 185 ' 185
An important property enjoyed by complex numbers is that every com-
plex number has a square root:

THEOREM 5.2.1

If w is a non—zero complex number, then the equation z
lution z € C.

2 — w has a so-

Proof. Let w =a +1ib, a, b € R.

Case 1. Suppose b = 0. Then if a > 0, z = /a is a solution, while if
a < 0, iv/—a is a solution.

Case 2. Suppose b # 0. Let z = = + iy, z, y € R. Then the equation

22 = w becomes

(z +iy)? = 2% — y® + 2zyi = a + ib,
so equating real and imaginary parts gives

22—y’ =a and 2zy=>h.
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Hence z # 0 and y = b/(2z). Consequently

b
2 _ (Y% \2_

so 4z* — 4ax? — b = 0 and 4(2?)? — 4a(2?) — b*> = 0. Hence

o daxV16a%+1602  axVa?+b?

X

8 2
However 22 > 0, so we must take the + sign, as a — Va2 + b2 < 0. Hence
o a+Va®+b? L a+ va? + b2
r¥r=—\ r= _—
2 ’ 2

Then y is determined by y = b/(2x).
EXAMPLE 5.2.1 Solve the equation 22 =1 + i.
Solution. Put z = x + 4y. Then the equation becomes
(x+iy)? =22 — 9 + 20yi = 1 +1,
so equating real and imaginary parts gives
22 —y?=1and 22y = 1.
Hence x # 0 and y = 1/(2x). Consequently

1
2 2
2o =12=1
(2:0) ’

5o 4x* — 422 — 1 = 0. Hence

x2:4i\/16+16:1j:ﬂ.
8 2

Hence

1 2 1
22 = +2\f and x ==+ +2

IS

Then

1
y=—=f—.
2¢ 2142
Hence the solutions are
14++v2 N i
2 V2V1+V2

z ==+
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EXAMPLE 5.2.2 Solve the equation 22 + (v/3 414)z +1 = 0.

Solution. Because every complex number has a square root, the familiar

formula
L —b+ Vb? — dac
o 2a

for the solution of the general quadratic equation az? + bz + ¢ = 0 can be
used, where now a(# 0), b, ¢ € C. Hence

~(V3+i) £/ (V3+i)2—4

2
~(VBHi) /B +2vEi-1) -4
2

—(V341i) £V -2+2V3i
5 .

Now we have to solve w? = —2 + 2v/3i. Put w = x + 1y. Then w? =
z2 — y? + 2zyi = —2 + 2v/3i and equating real and imaginary parts gives
22 —y? = —2 and 2zy = 2V/3. Hence y = v/3/z and so 22 — 3/22 = —2. So
7+ 222 —3=0and (22 + 3)(2?2 — 1) = 0. Hence 22 —1 =0 and = = +1.
Then y = +v/3. Hence (1 + v/3i)? = —2 + 21/3i and the formula for z now
becomes

—V/3 —i+ (1 ++/30)
2

L-V3+(1+v3)i 1= V3— (14 V3)i
2 2 '

EXAMPLE 5.2.3 Find the cube roots of 1.

Solution. We have to solve the equation 2® = 1, or 22 =1 = 0. Now
B -1=(z-1)(=>4+2+1). 8022 ~1=0=2-1=0o0r22+2+1=0.

But
—1+V12-4  —1+£/3i
2 2

So there are 3 cube roots of 1, namely 1 and (—1 £ v/37)/2.

We state the next theorem without proof. It states that every non-—
constant polynomial with complex number coefficients has a root in the
field of complex numbers.

24z+1=0=>2=
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THEOREM 5.2.2 (Gauss) If f(2) = a,2" + ay_12"" 1 + -+ + a1z + ao,
where a, # 0 and n > 1, then f(z) = 0 for some z € C.

It follows that in view of the factor theorem, which states that if a € F is
a root of a polynomial f(z) with coefficients from a field F', then z — a is a
factor of f(z), that is f(z) = (2 — a)g(z), where the coefficients of g(z) also
belong to F. By repeated application of this result, we can factorize any
polynomial with complex coefficients into a product of linear factors with
complex coeflicients:

f(z)=an(z—21)(z — 22) - - (2 — 2zp).

There are available a number of computational algorithms for finding good
approximations to the roots of a polynomial with complex coefficients.

5.3 Geometric representation of C

Complex numbers can be represented as points in the plane, using the cor-
respondence x + 1y < (x, y). The representation is known as the Argand
diagram or complex plane. The real complex numbers lie on the z—axis,
which is then called the real azis, while the imaginary numbers lie on the
y—axis, which is known as the imaginary axis. The complex numbers with
positive imaginary part lie in the upper half plane, while those with negative
imaginary part lie in the lower half plane.
Because of the equation

(x1 4+ iy1) + (22 +iy2) = (x1 + 22) + i(y1 + v2),

complex numbers add vectorially, using the parallellogram law. Similarly,
the complex number z; — z3 can be represented by the vector from (x2, y2)
to (x1, y1), where z1 = x1 +iy1 and 29 = x5 + iy2. (See Figure 5.1.)

The geometrical representation of complex numbers can be very useful
when complex number methods are used to investigate properties of triangles
and circles. It is very important in the branch of calculus known as Complex
Function theory, where geometric methods play an important role.

We mention that the line through two distinct points P, = (x1, y1) and
Py, = (x2, y2) has the form z = (1 — t)z1 + tz9, t € R, where z = = + iy is
any point on the line and z; = x; +iy;, ¢ = 1, 2. For the line has parametric
equations

x=1—-t)x1 +tee, y=(1—1t)ys+tye

and these can be combined into a single equation z = (1 —t)z1 + t22.
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z1+ 22

21

21— 22

Y

Figure 5.1: Complex addition and subraction.

Circles have various equation representations in terms of complex num-
bers, as will be seen later.

5.4 Complex conjugate

DEFINITION 5.4.1 (Complex conjugate) If z = z + iy, the complex
conjugate of z is the complex number defined by Z = x — iy. Geometrically,
the complex conjugate of z is obtained by reflecting z in the real axis (see
Figure 5.2).

The following properties of the complex conjugate are easy to verify:

1. 21+ 20 =21 + 23;

2. —z=-7%.

6. (21/22) = 71/72;
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I

Y

Figure 5.2: The complex conjugate of z: Z.

7. z is real if and only if z = z;

8. With the standard convention that the real and imaginary parts are
denoted by Re z and Im z, we have

%

Rez = %, Imz =

9. If z = x + iy, then 2z = x2 + 3.

THEOREM 5.4.1 If f(z) is a polynomial with real coefficients, then its

non-real roots occur in complex—conjugate pairs, i.e. if f(z) = 0, then
) =o.
Proof. Suppose f(z) = apz™ + an 12" ' + -+ 4+ a1z + ag = 0, where
Qp, . ..,aqy are real. Then
0=0=f(2) = an2"+ap 12"+ - +@z+ao
= 0, 2"+ 12"+t Azt @
= 72"+ an 12" -+ aZ+ao
= [(2).

EXAMPLE 5.4.1 Discuss the position of the roots of the equation
=1

in the complex plane.

Solution. The equation z* = —1 has real coefficients and so its roots come

in complex conjugate pairs. Also if z is a root, so is —z. Also there are
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clearly no real roots and no imaginary roots. So there must be one root w
in the first quadrant, with all remaining roots being given by w, —w and
—w. In fact, as we shall soon see, the roots lie evenly spaced on the unit
circle.

The following theorem is useful in deciding if a polynomial f(z) has a
multiple root a; that is if (z —a)™ divides f(z) for some m > 2. (The proof
is left as an exercise.)

THEOREM 5.4.2 If f(z) = (z — a)™g(z), where m > 2 and g(z) is a
polynomial, then f’(a) = 0 and the polynomial and its derivative have a
common root.

From theorem 5.4.1 we obtain a result which is very useful in the explicit
integration of rational functions (i.e. ratios of polynomials) with real coeffi-
cients.

THEOREM 5.4.3 If f(z) is a non—constant polynomial with real coeffi-
cients, then f(z) can be factorized as a product of real linear factors and
real quadratic factors.

Proof. In general f(z) will have r real roots zi,..., 2, and 2s non-real
TOOYS Zpi1, Zril,---s2rtss Zrts, OCCUrring in complex—conjugate pairs by
theorem 5.4.1. Then if a, is the coefficient of highest degree in f(z), we
have the factorization

f(z2) = an(z—21)--- (2= 2) X

X(2 = 2r41)(2 = Zr41) - (2 = 2r45) (2 — Zrgs)-

We then use the following identity for j = r + 1,...,r + s which in turn
shows that paired terms give rise to real quadratic factors:

(2= 2)(z %) = 22— (2 +%j)z+ 27
= 2 —2Rez; + (25 +y3),
where z; = z; + iy;.

A well-known example of such a factorization is the following:

EXAMPLE 5.4.2 Find a factorization of z*+1 into real linear and quadratic
factors.
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Y

Figure 5.3: The modulus of z: |z|.

Solution. Clearly there are no real roots. Also we have the preliminary
factorization 2* + 1 = (22 — i)(22 + i). Now the roots of 22 — i are easily
verified to be £(1 + i)/v/2, so the roots of 2% 4 i must be (1 — i)/V/2.
In other words the roots are w = (1 +)/v/2 and W, —w, —w. Grouping
conjugate—complex terms gives the factorization

241 = -w)(z-®)(z+w)(z+)
= (2% — 22Rew + ww) (2% + 22Re w + w)
= (22 =V22+1)(22+V22+1).

5.5 Modulus of a complex number

DEFINITION 5.5.1 (Modulus) If z = = + iy, the modulus of z is the
non-negative real number |z| defined by |z| = /22 + y?. Geometrically, the
modulus of z is the distance from z to 0 (see Figure 5.3).

More generally, |21 — 23] is the distance between z; and z3 in the complex
plane. For

|21 — 20| = [(z1 +iy1) — (w2 +iy2)| = [(z1 — 22) +i(y1 — y2)|
= V(z1—22)2+ (Y1 — 12)2.

The following properties of the modulus are easy to verify, using the identity
2 _

|z|* = zz:
(1) [e122| = |21]22];

(i) |27 =127
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<1

<2

|21]

2o

(iii)

For example, to prove (i):
\2’122\2 = (n12)Ziz2 = (2122)71 22
= (212)(22%) = |21’ |22f* = (|21]22])*.
Hence |z122| = |21]]22]-
(1414)*

EXAMPLE 5.5.1 Find h = .
ind |z| when z 05602 —71)

Solution.
114 4*
|1+ 6d]|2 — 7|
(V1IZ+ 12
V12 4 62,/22 4 (=7)2
4
V37V53

THEOREM 5.5.1 (Ratio formulae) If z lies on the line through z; and
zZ9.

z=(1—t)z1 +tzg, tER,

we have the useful ratio formulae:

. z— 2z t .
— f
(1) 2 — 29 1 ¢ 12752;27
.. zZ— 2
= |t|.
() |o—| = I

Circle equations. The equation |z — 29| = r, where zp € C and r >
0, represents the circle centre zp and radius r. For example the equation
|z — (14 2i)| = 3 represents the circle (x —1)? + (y — 2)? = 9.

Another useful circle equation is the circle of Apollonius :

zZ—a

z—>b

:A,

where a and b are distinct complex numbers and A is a positive real number,
A # 1. (If A =1, the above equation represents the perpendicular bisector
of the segment joining a and b.)
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~
=

D
N>

Y

Figure 5.4: Apollonius circles: T T 1528 13105

An algebraic proof that the above equation represents a circle, runs as
follows. We use the following identities:

(i) z—al* = |2]* - 2Re(za) + |a|?
(i) Re(z1+22) = Rezi+Rez
(ii) Re(tz) = tRezifteR.
We have
z—a

=\&|z—al® = |z - b

z—0>
& [2* — 2Re {Za} + |a|* = A*(|2[* — 2Re {zb} + |b]*)
& (1=2?)|z)2 = 2Re {z(a — A%b)} = A2|b]? — |a|?

(a— )N A2|b|2 — |al?
© ‘2'2‘2Re{2<1_v)}zw

— A2 —A%|2 N[bf2 — |a)?
& \z|2—2Re{z<a1_>\2>}+a = b — lal

1— )2 1— )2
Now it is easily verified that

a— A2

1— A2

la — A2b]2 + (1 = A (N6 — |af?) = A%|a — b)°.
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So we obtain
2 2a -

a— b
z — - _—
1— A2 [1—A22
o a—\%b Aa — b
z— = .
1— )2 |1 — A2
The last equation represents a circle centre zg, radius r, where

Z_a—)\Qb and T_)\|a—b|
0T TN T =

zZ—a

=\
z—b <

There are two special points on the circle of Apollonius, the points z; and

zo defined by

21— a zZ9 —Qa

=\ d =—)
Zl—b an ZQ—b ’
o b b
a— a
z] = T and 29 = T x (5.3)

It is easy to verify that z; and zo are distinct points on the line through a

and b and that zg = % Hence the circle of Apollonius is the circle based

on the segment 21, 25 as diameter.
EXAMPLE 5.5.2 Find the centre and radius of the circle

|z —1—i| =2z — 5 — 2i].
Solution. Method 1. Proceed algebraically and simplify the equation

|z +iy — 1 —i| = 2|z + iy — 5 — 24|
or
lt —1+i(y— 1) =2]z—5+i(y — 2)|.

Squaring both sides gives

(= 1%+ (y - 1)*=4((x -5 + (y — 2)%),
which reduces to the circle equation

14
x2+y2—§$—§y+38:0.

Completing the square gives

e Rrr-Tr= () 4 (D) =
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Y

Figure 5.5: The argument of z: argz = 6.

68

%, %) and the radius is /5.
Method 2. Calculate the diametrical points z; and 2z defined above by

equations 5.3:

so the centre is (

n—1—i = 2(z1—5—2)
zg—1—i = —2(z0—5—2i).

We find z; = 9 + 3i and 22 = (11 + 5¢)/3. Hence the centre z is given by

19 7
zozzl+22:—+fi

2 3 3

and the radius r is given by

19 7. .
T—|Z1—Zo|—'<3+3z>—(9+32)

5.6 Argument of a complex number

Let z = x + iy be a non—zero complex number, r = |z| = y/z2 + y2. Then
we have x = rcosf, y = rsinf, where 6 is the angle made by z with the
positive z—axis. So 6 is unique up to addition of a multiple of 27 radians.

DEFINITION 5.6.1 (Argument) Any number 6 satisfying the above
pair of equations is called an argument of z and is denoted by argz. The
particular argument of z lying in the range —m < 6 < 7 is called the principal
argument of z and is denoted by Argz (see Figure 5.5).

We have z = rcosf + irsinf = r(cosf + isinf) and this representation
of z is called the polar representation or modulus—argument form of z.
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EXAMPLE 5.6.1 Argl =0, Arg(—1) =7, Argi = §, Arg(—i) = —

oy

We note that y/z = tan if 2 # 0, so 6 is determined by this equation up
to a multiple of . In fact

Argz = tan~! J + km,
x

where k=0ifz >0; k=1ifz <0,y >0; k=—-1ifx <0,y <0.

To determine Arg z graphically, it is simplest to draw the triangle formed
by the points 0, x, z on the complex plane, mark in the positive acute angle
« between the rays 0, z and 0, z and determine Argz geometrically, using
the fact that a = tan='(|y|/|x|), as in the following examples:

EXAMPLE 5.6.2 Determine the principal argument of z for the followig
complex numbers:

z=443i, -4+ 3i, —4 — 3¢, 4 — 3i.
Solution. Referring to Figure 5.6, we see that Arg z has the values
o, T—Q, —T+Q, —Q,
where o = tan™! %.

An important property of the argument of a complex number states that
the sum of the arguments of two non—zero complex numbers is an argument
of their product:

THEOREM 5.6.1 If ¢; and 0, are arguments of z; and zo, then 6 + 05
is an argument of z7zo.

Proof. Let z; and 2o have polar representations z; = ri(cosf; + isinf)
and zo = 19(cos 0y + isinfs). Then

z1z2 = ri(cosf) + isinby)ra(cosby + isinby)
= r1ra(cos by cosfy — sin b1 sin Os + i(cos ) sin Oy + sin 61 cos H2))
= rira(cos (61 + 02) +isin (61 + 62)),
which is the polar representation of z1za, as r173 = |21]|22| = |2122|. Hence
01 + 65 is an argument of z7z9.

An easy induction gives the following generalization to a product of n
complex numbers:
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A A
4+ 3i —4+ 3
< o > T - > T
Y Y
Y Y
P\ A
- > L -« > T
Q o
Ya4_3; 4—3i
Y Y

Figure 5.6: Argument examples.

COROLLARY 5.6.1 If6y,...,0, are arguments for z1, ..., z, respectively,
then 0y + - - - + 0, is an argument for z; - - - z,.

Taking #; = --- = 0, = 0 in the previous corollary gives

COROLLARY 5.6.2 If 0 is an argument of z, then nf is an argument for

zZ".

THEOREM 5.6.2 If 0 is an argument of the non—zero complex number
2z, then —@ is an argument of 2z~ 1.

Proof. Let 6 be an argument of z. Then z = r(cosf+isinf), where r = |z|.
Hence

z = 7 Ycosh+isinh)!
r~Y(cosf — isin6)

= 7 Ycos(—h) + isin(—0)).

-,

Now r~t = |z|7t =z so —0 is an argument of z7L.

COROLLARY 5.6.3 If 6 and 65 are arguments of z; and z5, then 6, — 65
is an argument of z1/z9.
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In terms of principal arguments, we have the following equations:

(i) Arg(z122) = Argzi+Argzs + 2k,

(ii) Arg(z7Y) = —Argz+ 2kom,

(iii) Arg(z1/2z2) = Argz—Argzs + 2ksm,

(iv) Arg(z1---2zn) = Argzi+---+Argz, + 2kqym,
(v) Arg (2") = nArgz+ 2ksm,

where k1, ko, k3, k4, k5 are integers.

In numerical examples, we can write (i), for example, as
Arg (2122) = Argz; + Arg2o.
EXAMPLE 5.6.3 Find the modulus and principal argument of

17
(VB
o\ 1+

and hence express z in modulus—argument form.

VBT 2l _ 9l7/2
|1+ |17 (V2)17 ’

Argz = 17Arg (\{g—:%)

Solution. |z|

= 17(Arg (V3 +41i) — Arg (1 +1))

- vG-D-

Hence Argz = (71127”) + 2km, where k is an integer. We see that k = 1 and

hence Argz = %T Consequently z = 217/2 (cos %r + ¢sin %)
DEFINITION 5.6.2 If 6 is a real number, then we define e’ by

e’ = cosf +isiné.

More generally, if z = x + ¢y, then we define e* by
eF = %,

For example,
i

=—1,e 2 = —1.

Sy

e2 =i, ¢e"
The following properties of the complex exponential function are left as

exercises:
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THEOREM 5.6.3 (i) efler = et
(ii) e*1 L — ez1+~~+zn’
(iii) e # 0,
(iv) ()™t = e,
(v) eflje2 = e
(vi) ez = ¢~

THEOREM 5.6.4 The equation
e =1
has the complete solution z = 2kwi, k € Z.

Proof. First we observe that
k™ — cos (2km) 4 isin (2km) = 1.

Conversely, suppose e = 1, z = x + iy. Then e*(cosy + isiny) = 1. Hence
e*cosy = 1 and e®siny = 0. Hence siny = 0 and so y = nmw, n € Z. Then
e®cos (nm) =1, so €*(—1)" = 1, from which follows (—1)" =1 as e¢* > 0.
Hence n = 2k, k € Z and e* = 1. Hence x = 0 and z = 2ki.

5.7 De Moivre’s theorem

The next theorem has many uses and is a special case of theorem 5.6.3(ii).
Alternatively it can be proved directly by induction on n.

THEOREM 5.7.1 (De Moivre) If n is a positive integer, then
(cos@ + isinf)" = cos nf + isin nb.
As a first application, we consider the equation 2™ = 1.

THEOREM 5.7.2 The equation 2™ = 1 has n distinct solutions, namely
the complex numbers ( = emzzm, k=20,1,...,n — 1. These lie equally
spaced on the unit circle |z| = 1 and are obtained by starting at 1, moving
round the circle anti—clockwise, incrementing the argument in steps of 27”

(See Figure 5.7)

We notice that the roots are the powers of the special root ¢ = e
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A

&L
G
21 /n
21 /n
27t /n T
Cn—l

Figure 5.7: The nth roots of unity.

Proof. With (; defined as above,

Cl’? = (e%)n = e@n = ]_7
by De Moivre’s theorem. However |(;| = 1 and arg( = %va so the com-
plex numbers (i, k =0, 1, ...,n — 1, lie equally spaced on the unit circle.

Consequently these numbers must be precisely all the roots of z™ — 1. For
the polynomial z™ — 1, being of degree n over a field, can have at most n
distinct roots in that field.

The more general equation 2" = a, where a €,C, a # 0, can be reduced
to the previous case: _
1/n k123

Let a be argument of z, so that a = |a|e’®. Then if w = |a|'/"en , we

have
w" = <|a|1/ne%>n
ia\ T
= (/)" (o)
= |ale’™ =a.

So w is a particular solution. Substituting for @ in the original equation,
we get 2" = w™, or (z/w)™ = 1. Hence the complete solution is z/w =
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A
21
|2 = (Ja])'/"
20
21 /n
Q@
Zn—1
Figure 5.8: The roots of 2" = a.
eﬁ, k=0,1,...,n—1, or
ia i i(a+2km)
2, = |a|1/”6762kn = |a|'/me (5.4)
k=0,1,...,n—1. So the roots are equally spaced on the circle
2 = Jaf!/"

and are generated from the special solution having argument equal to (arga)/n,
by incrementing the argument in steps of 27/n. (See Figure 5.8.)

EXAMPLE 5.7.1 Factorize the polynomial z°> — 1 as a product of real
linear and quadratic factors.

27 —27i 4mi —4mi

Solution. The rootsare 1,e 5 ,e 5 ,e 5 ,e 5 ,using the fact that non—
real roots come in conjugate—complex pairs. Hence

5 2mi —2mi ami —d4mi
22=1=(z-1)(z—€e5 )(z—e 5 )(z—e5 )(z—€e 5 ).

Now

2mi —27i 2 2mi —27i

(z—e5)(z—e 5 ) = z—z(es +e 5 )41

= 22— 92zcos 2%+1.
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Similarly

4rmi —4mi

(z—e5 )(z—e75 ):z2—2zcos%”+l.

This gives the desired factorization.

EXAMPLE 5.7.2 Solve 2% = .

Solution. |i| =1 and Argi = § = a. So by equation 5.4, the solutions are
o= i3 k=0, 1, 2.

First, k = 0 gives

T T \/g )

zoze% = COS €+i8in6:7+%‘
Next, k = 1 gives
zlze% :cosE)éT+isin5éT:_;/§+;.
Finally, k = 2 gives
21 :e% = cos 9—7T+z'sin — = —i.

6 6

We finish this chapter with two more examples of De Moivre’s theorem.
EXAMPLE 5.7.3 If

C = 1+4cos+---+cos(n—1)0,
S = sinf+---+sin (n—1)6,

prove that
i, nb i, nl
sin &7 _ sin &7 _
C=— Z cos & 21)0 and S = — 3 (n 21)0,
sin 5 sin 5

if 0 # 2km, k €Z.
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Solution.

111

C+iS = 1+ (cosf+isinf)+---+ (cos (n—1)0+isin (n—1)0)
_ 1—|—€i9+"-+6i(n_1)9
= 1424+ 2""" where z = ¢

1—-2" )
= 3 , if z#£ 1, i.e. 0 # 2km,
—z
. in6 —inf in6
1—e™ ez (e2 —e2)
T 1 _e0 T @, -t @

s nb

. 9 S1IN —-
el(n_l)i 2
sin 3

2
sin 2
= (cos (n — 1)g—|—iSiH (n— 1)%) X 3 .
S1n 5

The result follows by equating real and imaginary parts.

EXAMPLE 5.7.4 Express cos nf and sin nf in terms of cosf and sin @,
using the equation cos nf + sin nf = (cosd + isinh)".

Solution. The binomial theorem gives

(cos® + isin )™ = cos™ 0 + () cos" 1 O(isin ) + () cos" 2 O(isinf)? + - --

2

+ (isin@)".

Equating real and imaginary parts gives

n

cos nf = cos™ 6 — (2) cos" 20sin%6 + - -

sin nf = (

n
1

) cos" 1 f0sinfh — (g) cos" 3 @sin®0+--- .

5.8 PROBLEMS

1. Express the following complex numbers in the form x + iy, x,y real:

(i) (=3 +1)(14 — 2i); (ii)

2+ 30

(1+ 24)?
1—4i’ '

1—1

(iii)

[Answers: (i) —40 + 20¢; (ii) —% + L (i) _% + %]

7% (

2. Solve the following equations:
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(i) iz+(2-10i)z = 32+ 2i,
(i) (A+i)z+Q2-dw = -—3i
(L4202 + (G+ijw = 2420
[Answers:(i) z = —4% — ﬁ; (ii) z = —1 + bi, w = % _ %]

. Express 14+ (1 +i) + (1 +4)2 + ...+ (1 +14)% in the form = + iy, x,y

real. [Answer: (1 + 250)i]

. Solve the equations: (i) 22 = —8 — 64; (ii) 22 — (3+ 1)z +4+3i =0.

[Answers: (i) z = +(1 —3d); (i) z2=2—1, 1 + 2i.]

Find the modulus and principal argument of each of the following
complex numbers:

(i) 4+4; (i) —

[\C][9V]

— Ly (i) 1424 (iv) 3(=1+14V3).

[Answers: (i) V17, tan™'%; (ii) @, —71 + tan~! 35 (iii) V5, m —

tan~12]

Express the following complex numbers in modulus-argument form:
(i) z=(1+9)(1+iV3) (V3 —1).

(14i)5(1 —iv/3)®
(V3+a)t

(ii)) z =

[Answers:
(i) 2 = 4v2(cos 3% +isin 32); (i) z = 27/%(cos L +isin LT ]
(i) If 2 = 2(cos 7 +isin T) and w = 3(cos §+isin ), find the polar

form of
5

(a) zw; (b) F;(c) £ (d) &2

w PR w2

(ii) Express the following complex numbers in the form = + iy:
—6
12, 1—i
(a) (1+0)% (b) (L)
[Answers: (i): (a) 6(cos 22 +isin 52); (b) %(cos 15 +isin {5);
32 iz 117

(c) %(cos —15 +isin —1”—2); (d) j(cos o+ isin ﬁ);

(ii): (a) —64; (b) —i.]
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8. Solve the equations:
(i) 22 =1+10V3; (ii) 2* = i; (iii) 2% = =8i; (iv) 22 =2 — 2.

Answers: (i) 2 = £ 9520 (i) i#(cos T +isin ),k = 0,1,2,3; (i)

z=2i, —/3—i, V3—1i; (iv) z = i*2% (cos &= —isin &), k= 0,1,2,3.]

9. Find the reduced row—echelon form of the complex matrix

241 —1+2¢ 2
1+7 -1+ 1
1+20 —2+¢ 1414

[Answer:

o O =
SO =

0
1)
0

10. (i) Prove that the line equation lx + my = n is equivalent to
Pz + pz = 2n,

where p = [ + im.

(ii) Use (ii) to deduce that reflection in the straight line
pz+pz=mn
is described by the equation
pw + pz =n.
[Hint: The complex number [ 4 ¢m is perpendicular to the given

line.]

(iii) Prove that the line |z —a| = |z —b| may be written as pz+pz = n,
where p = b — a and n = [b|?> — |a|?. Deduce that if z lies on the

lz—a| _
lz==b] —

|z — a| = |z — b], lies on the Apollonius circle

Apollonius circle A, then w, the reflection of z in the line

|z—al
lz—b]

1
X.
11. Let a and b be distinct complex numbers and 0 < o < 7.

(i) Prove that each of the following sets in the complex plane rep-
resents a circular arc and sketch the circular arcs on the same
diagram:
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Z —
Arg =, —q, T —Q, a—T.
z—0
5 —
Also show that Arg ;=T represents the line segment joining
” —
z

a
a and b, while Arg = ( represents the remaining portion of

Z —_—
the line through a and b.
(ii) Use (i) to prove that four distinct points z1, 22, 23, 24 are con-

cyclic or collinear, if and only if the cross—ratio

24 — 21 23 — 21

Z4 —R9 23 — 22

is real.

(iii) Use (ii) to derive Ptolemy’s Theorem: Four distinct points A, B, C, D
are concyclic or collinear, if and only if one of the following holds:

AB-CD+ BC-AD = AC-BD

BD-AC+ AD-BC = AB-CD
BD-AC+ AB-CD = AD - BC.



Chapter 6

EIGENVALUES AND
EIGENVECTORS

6.1 Motivation

We motivate the chapter on eigenvalues by discussing the equation
2 2 _
ax® + 2hxy + by” = ¢,

where not all of a, h, b are zero. The expression az? + 2hzy + by? is called
a quadratic form in x and y and we have the identity

az® + 2hzy +by* = [ = y][z Z} [g]:XtAX,

a h

x
WhereX—[y}andA—[h b

] . A is called the matrix of the quadratic

form.

We now rotate the x, y axes anticlockwise through 6 radians to new
x1, y1 axes. The equations describing the rotation of axes are derived as
follows:

Let P have coordinates (z, y) relative to the z, y axes and coordinates
(21, y1) relative to the x1, y1 axes. Then referring to Figure 6.1:

115
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Y P

1 x1

Figure 6.1: Rotating the axes.

x = 0Q=O0OPcos (0+ )
= OP(cosfcosa —sinfsina)
= (OPcosa)cosf — (OPsina)siné
= ORcos — PRsin0

= x1co86 — y;sind.

Similarly y = x1 sin 6 + y; cos 6.
We can combine these transformation equations into the single matrix

equation:
x | | cosf —sinf T
y | | sinf  cosf Rk

or X = PY, where X = z VY = L1 and P — C.OSQ —sinf .
Yy (i sing  cosf

We note that the columns of P give the directions of the positive x1 and y;
axes. Also P is an orthogonal matrix — we have PP! = I, and so P~! = P?.
The matrix P has the special property that det P = 1.

cosf —siné
sinf  cosf
We shall show soon that any 2 x 2 real orthogonal matrix with determinant

A matrix of the type P = } is called a rotation matrix.
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equal to 1 is a rotation matrix.
We can also solve for the new coordinates in terms of the old ones:

1| _y _pty C.OSQ sin 6 x 7
Y1 —sinf cosf Y

so x1 = xcosf 4+ ysinfh and y; = —xsinf + ycosh. Then
X'AX = (PY)'A(PY) = YY(P'AP)Y.

Now suppose, as we later show, that it is possible to choose an angle 6 so
that P'AP is a diagonal matrix, say diag(\1, A2). Then

XAX =[ &1 ] [ )E)l A02 ] [ " ] — et Ay? (6)
and relative to the new axes, the equation axz? 4+ 2hay + by?> = ¢ becomes
A2? + A\oy? = ¢, which is quite easy to sketch. This curve is symmetrical
about the xy and y; axes, with P; and P, the respective columns of P,
giving the directions of the axes of symmetry.

Also it can be verified that P, and P» satisfy the equations

AP1 = )\1P1 and APQ = )\QPQ.

U1

These equations force a restriction on A\; and Ao. For if P, = [ ], the

U1
first equation becomes

P Y S R RN [ e

Hence we are dealing with a homogeneous system of two linear equations in
two unknowns, having a non-trivial solution (u1, v1). Hence
a — )\1 h

h b—X\
Similarly, Ao satisfies the same equation. In expanded form, A; and As
satisfy

=0.

M —(a+b)A+ab—h?=0.
This equation has real roots
N a+bt/(a+b)?—4(ab—h?) a+bt/(a—0b)?+4h? 6.2)
B 2 B 2 '
(The roots are distinct if a # b or h # 0. The case a = b and h = 0 needs
no investigation, as it gives an equation of a circle.)

The equation A2 — (a+b)A+ab—h? = 0 is called the eigenvalue equation
of the matrix A.
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6.2 Definitions and examples

DEFINITION 6.2.1 (Eigenvalue, eigenvector)
Let A be a complex square matrix. Then if A is a complex number and
X a mon—zero complex column vector satisfying AX = AX, we call X an
eigenvector of A, while X is called an eigenvalue of A. We also say that X
is an eigenvector corresponding to the eigenvalue A.

So in the above example P; and P, are eigenvectors corresponding to Ap
and Mg, respectively. We shall give an algorithm which starts from the

eigenvalues of A = [ ] and constructs a rotation matrix P such that

a
h b
PtAP is diagonal.

As noted above, if \ is an eigenvalue of an n X n matrix A, with
corresponding eigenvector X, then (A — AI,)X = 0, with X # 0, so
det (A — A\I,) = 0 and there are at most n distinct eigenvalues of A.

Conversely if det (A — AI,,) =0, then (A — AI;,) X = 0 has a non-trivial
solution X and so ) is an eigenvalue of A with X a corresponding eigenvector.

DEFINITION 6.2.2 (Characteristic equation, polynomial)
The equation det (A — AI,,) = 0 is called the characteristic equation of A,
while the polynomial det (A — AI,) is called the characteristic polynomial of
A. The characteristic polynomial of A is often denoted by ch ().

Hence the eigenvalues of A are the roots of the characteristic polynomial
of A.

a

For a 2 x 2 matrix A = [ . b } , it is easily verified that the character-

d
istic polynomial is A? — (trace A)\ +det A, where trace A = a +d is the sum
of the diagonal elements of A.

2 1

EXAMPLE 6.2.1 Find the eigenvalues of A = [ 1 9

] and find all eigen-

vectors.

Solution. The characteristic equation of A is A> — 4\ +3 =0, or
A=1)(A=3)=0.

Hence A =1 or 3. The eigenvector equation (A — AI,,) X = 0 reduces to

i
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or

2-XNz+y = 0

r+(2-XNy = 0.
Taking A = 1 gives
Tty
z+y = 0,
which has solution x = —y, y arbitrary. Consequently the eigenvectors

corresponding to A = 1 are the vectors [ _Z } , with y #£ 0.
Taking A = 3 gives
rz—y = 0,
which has solution x = y, y arbitrary. Consequently the eigenvectors corre-
sponding to A = 3 are the vectors { Z; } , with y # 0.
Our next result has wide applicability:

THEOREM 6.2.1 Let A be a 2 x 2 matrix having distinct eigenvalues A\
and Ay and corresponding eigenvectors X; and X,. Let P be the matrix
whose columns are X; and Xs, respectively. Then P is non—singular and

A O]

1 o
P AP_[ 0

Proof. Suppose AX; = A\ X7 and AX5 = Ay X5. We show that the system
of homogeneous equations

X1 +yXo=0

has only the trivial solution. Then by theorem 2.5.10 the matrix P =
[X1]|X?2] is non-singular. So assume

X1 +yXo = 0. (6.3)
Then A(zX; + yX2) = A0 =0, so z(AX1) + y(AX2) = 0. Hence

A X1 + yAaXo = 0. (6.4)
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Multiplying equation 6.3 by A; and subtracting from equation 6.4 gives
(/\2 — )\1>ng = 0.

Hence y = 0, as (A2— A1) # 0 and X5 # 0. Then from equation 6.3, zX; = 0
and hence z = 0.
Then the equations AX; = A\ X1 and AXs = Ao X5 give

AP = A[X1|Xs] = [AX1|AXy] = [MX1|A2X)
B N0 ] AN O
- [X1|X2][ 0 AQ]_P[ 0 AJ’
SO
s [ M0
P AP_[ 0 x|

EXAMPLE 6.2.2 Let A = { 1 9

2 1 ] be the matrix of example 6.2.1. Then

X = [ _1 ] and Xy = [ } ] are eigenvectors corresponding to eigenvalues
. : -1 1
1 and 3, respectively. Hence if P = [ 11 } , we have
10
P'AP = :
o 5]

There are two immediate applications of theorem 6.2.1. The first is to the
calculation of A™: If P~1AP =diag (\1, \2), then A = Pdiag (A1, A\o) P!
and

- M 0] oo\ ST A 0 o ST A 0]
A(P[OAQ]P>P[O)\2]PP[0/\§P.

The second application is to solving a system of linear differential equations

dzx

i ax + by
d
dii{ = cr+ dy,
where A = { CCL d ] is a matrix of real or complex numbers and x and y

are functions of ¢. The system can be written in matrix form as X = AX,

where _ p
X:[‘T]and)'(:[a.c}:[%}
Yy ) a
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We make the substitution X = PY, where Y = { 51 ] Then x; and y;
1
are also functions of ¢ and

X = PY = AX = A(PY), sol'f—<PlAP>Y—[Ao1 )E) ]Y'
2

Hence 21 = A\1x1 and 1 = A9y1.
These differential equations are well-known to have the solutions x1 =
21(0)eMt and y; = y1(0)e*?!, where 1(0) is the value of 21 when ¢ = 0.

[If Ca% = kx, where k is a constant, then

d( ke )\ _ —kt g dT —kt —kty.,. _
dt(e :r)— ke "z +e i ke™"x 4+ e "kx = 0.
Hence e ¥z is constant, so e ¥z = e *02(0) = 2(0). Hence x = z(0)e" ]
However [ zlggi } =p! [ zgg; ], so this determines z1(0) and y;(0) in
1

terms of (0) and y(0). Hence ultimately = and y are determined as explicit
functions of ¢, using the equation X = PY.

EXAMPLE 6.2.3 Let A = [ i :g } Use the eigenvalue method to
derive an explicit formula for A™ and also solve the system of differential
equations

dx
= = 20-3
dt T
dy
= 4z-5
dt m y7

given x = 7 and y = 13 when ¢t = 0.

Solution. The characteristic polynomial of A is A2+3A+2 which has distinct

1
roots Ay = —1 and Ao = —2. We find corresponding eigenvectors X1 = [ 1 ]
1 3

andXQ:[3 14

4]. HenceifP:[

} , we have P~1AP = diag (-1, —2).

Hence

A" = (Pdiag (-1, —2)P")" = Pdiag ((—-1)", (-2)")P*

- LS Gl T
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.1 3 1 0 4 -3
= =D 1 4“0 2”H—1 1]
A1 3x2n 4 -3
= D7 4><2"H—1 1]
—— 4—-3x2" —-343x2"
B | 4—4x2" —3+4x2"

To solve the differential equation system, make the substitution X =
PY. Then z = x1 4+ 3y1, y = 1 + 4y1. The system then becomes

l"l = —X
o= —2u,

—t

sox1 =x1(0)e™", y1 = yl(O)e_Qt. Now

210 _paf2©@ ] _[ 4 3][7])_[-1

y1(0) | yO) ] -1 1] 1B] 61
so 1 = —1let and y; = 6e 2. Hence v = —11let + 3(6e72) = —1let +
18e72, y = —1le! + 4(6e %) = —1le~" + 242

For a more complicated example we solve a system of inhomogeneous
recurrence relations.

EXAMPLE 6.2.4 Solve the system of recurrence relations

Tpntl = 2Tp —Yn—1
Yntl = —Tp+ 2y, +2,

given that zo = 0 and yy = —1.
Solution. The system can be written in matrix form as

Xn—l—l = AXn + B:

as] 2 M wane[1]

It is then an easy induction to prove that

where

X, =A"Xo+ (A" +... 4+ A+ 1L,)B. (6.5)
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Also it is easy to verify by the eigenvalue method that

1[14—3” 1-3" 3"

1
n __ — — _
=5l 1+3"} VY

11 1 -1
WhelreU—[1 1]andV—[1 1].Hence

n=1_4 .. 1
Al A+ L = ZU+(3 - 2+3+ )y
o (31 —1)
=gVt

Then equation 6.5 gives

- (o ) 2] () 4]

which simplifies to

][ty

Hence x, = (2n — 1+ 3")/4 and y, = (2n — 5 + 3") /4.

REMARK 6.2.1 If (A — I)™! existed (that is, if det (A — Iy) # 0, or
equivalently, if 1 is not an eigenvalue of A), then we could have used the
formula

A 4 A+ L= (A" - L) (A- L) (6.6)

However the eigenvalues of A are 1 and 3 in the above problem, so formula 6.6
cannot be used there.

Our discussion of eigenvalues and eigenvectors has been limited to 2 x 2
matrices. The discussion is more complicated for matrices of size greater
than two and is best left to a second course in linear algebra. Nevertheless
the following result is a useful generalization of theorem 6.2.1. The reader
is referred to [28, page 350] for a proof.

THEOREM 6.2.2 Let A be an n X n matrix having distinct eigenvalues

A1, ..., A\p and corresponding eigenvectors Xy, ..., X,,. Let P be the matrix
whose columns are respectively X7, ..., X,. Then P is non—singular and
M O - 0
0 A -+ 0
plAp=| .

0 0 - M\
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Another useful result which covers the case where there are multiple eigen-
values is the following (The reader is referred to [28, pages 351-352] for a
proof):

THEOREM 6.2.3 Suppose the characteristic polynomial of A has the fac-

torization

det (A, —A)=A—c1)"™ - (A =)™,
where ¢y, ...,c¢ are the distinct eigenvalues of A. Suppose that for i =
1,...,t, we have nullity (¢;I,—A) = n;. For each i, choose a basis Xj1, ..., Xin,

for the eigenspace N(c;I, — A). Then the matrix
P=[Xul- X | [ Xal - | Xin,]

is non-singular and P~'AP is the following diagonal matrix

cly, 0 o 0
poiap_ | 0 @lw e 0
0 0 - ey,

(The notation means that on the diagonal there are n; elements ¢y, followed
by ngy elements ca,. .., n; elements ¢;.)

6.3 PROBLEMS

1. Let A= [ le _g ] . Find a non-singular matrix P such that P~1 AP =

diag (1, 3) and hence prove that
3" -1 3-3"

A" = A L.
2 Ttk

0.6 0.8

2. 4= { 0.4 0.2

} , prove that A" tends to a limiting matrix

(7 ]

as 1n — OQ.
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3. Solve the system of differential equations

dx

e _9
7 3z Y
dy

— = bzx—4
dt "r y?

given z = 13 and y = 22 when t = 0.
[Answer: x = Te! + 6e~ 2!, y = Tel + 1572t
4. Solve the system of recurrence relations
Tpt1 = 3Tp — Yn
Ynt1 = —Tp+ 3Yn,
given that 9 = 1 and yo = 2.
[Answer: x, = 2" 1(3 —2"), y, = 2""1(3 +2") ]

5. Let A= [ OCL Z ] be a real or complex matrix with distinct eigenvalues

A1, A2 and corresponding eigenvectors Xi, Xs. Also let P = [X;]X5].

(a) Prove that the system of recurrence relations

Tpy1 = aZp+ by,
Ynt1l = CTyp+dy,

has the solution
Tn

Yn

where a and (8 are determined by the equation

MR

(b) Prove that the system of differential equations

:| = Oé)\?Xl + ﬁ)\ng,

& ar
o = aztby
d

d—?z = cx+dy

has the solution

z :| = OéeAltXl + BeAQth,
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where « and 3 are determined by the equation
o' 1| z(0) ]
=P :
[ B } [ y(0)

ayl a . .
6. Let A= [ all a12 } be a real matrix with non-real eigenvalues A =
21 022

a+ib and A = a — ib, with corresponding eigenvectors X = U + iV
and X = U — iV, where U and V are real vectors. Also let P be the
real matrix defined by P = [U|V]. Finally let a + ib = re®, where
r > 0 and 0 is real.

(a) Prove that

AU = aU —-bV
AV = bU +aV.

(b) Deduce that
plap=| * 7
b a |’

(¢) Prove that the system of recurrence relations

Tp+l = QA11%p + Q12Yn

Yn+l = G21Tp + A22Yn

has the solution

[ in ] =r"{(aU + BV) cosnb + (BU — aV) sinn},

where « and 3 are determined by the equation

MR

(d) Prove that the system of differential equations

&~ ar
o = awtby
d

LA cr +dy

dt
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has the solution

[ uyc } = e {(aU + BV) cosbt + (BU — aV) sin bt },

where a and (8 are determined by the equation
« 1] x(0) ]
=P .
[ B } [ y(0)
. X T .
[Hint: Let [ y ] =P [ y ] Also let z = x1 + iy1. Prove that
1
2= (a—1ib)z
and deduce that
x1 + iy1 = e™(a + iB)(cos bt + isin bt).
Then equate real and imaginary parts to solve for xq, y1 and
hence z, y.]
. a b
7. (The case of repeated eigenvalues.) Let A = e d and suppose

that the characteristic polynomial of A, A2 — (a + d)\ + (ad — be), has
a repeated root a. Also assume that A # als. Let B = A — als.

(i) Prove that (a — d)? + 4bc = 0.

(ii) Prove that B = 0.
(iii) Prove that BXy # 0 for some vector Xo; indeed, show that Xo

can be taken to be [é]or [(1]]

(iv) Let X; = BXs. Prove that P = [X;|Xy] is non-singular,
AX] =aX; and AXy = aXy + Xy
and deduce that
—1 a 1
P AP = .
0 «

8. Use the previous result to solve system of the differential equations

dx

ST gy —
dt vy
d

- 4x + 8y,

dt
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given that x =1 =y when ¢ = 0.
[To solve the differential equation
dr kx = f(t), k a constant,
dt
multiply throughout by e™**, thereby converting the left-hand side to
da (ki
o (e Fx).]
[Answer: x = (1 — 3t)eb, y = (1 + 6t)e% ]
9. Let
12 1/2 0
A=|1/4 1/4 1/2
1/4 1/4 1/2
(a) Verify that det (AI3 — A), the characteristic polynomial of A, is
given by
1
A=DAN= ).
4
(b) Find a non-singular matrix P such that P~'AP = diag (1, 0, ).
(c¢) Prove that
1 1 11 1 2 2 —4
A== 11 1 + -1 -1 2
Sl 3|1 a1 2
if n > 1.
10. Let
5 2 =2
A= 2 5 —2
-2 -2 5

(a) Verify that det (A3 — A), the characteristic polynomial of A, is
given by
(A—3)2(A—9).

(b) Find a non-singular matrix P such that P~'AP = diag (3, 3, 9).



Chapter 7

Identifying second degree
equations

7.1 The eigenvalue method

In this section we apply eigenvalue methods to determine the geometrical
nature of the second degree equation

az® 4 2hxy + by? + 29z + 2fy + ¢ =0, (7.1)

where not all of a, h, b are zero.

a h
LetA:{h b

We saw in section 6.1, equation 6.2 that A has real eigenvalues A\; and Ao,

} be the matrix of the quadratic form ax? 4+ 2hzy + by?.

given by

\ a+b—+/(a—0b)?+4h? \ a+b++/(a—0b)2+4h?
1= = -
2

2 P

We show that it is always possible to rotate the x, y axes to x1, x2 axes whose
positive directions are determined by eigenvectors X; and X5 corresponding
to Ajand A2 in such a way that relative to the x1, y; axes, equation 7.1 takes
the form

dz? + vy  + 20 +2f 'y +c=0. (7.2)

Then by completing the square and suitably translating the x;, y; axes,
to new x9, Yo axes, equation 7.2 can be reduced to one of several standard
forms, each of which is easy to sketch. We need some preliminary definitions.

129
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DEFINITION 7.1.1 (Orthogonal matrix) An n X n real matrix P is
called orthogonal if
P'P =1,.

It follows that if P is orthogonal, then det P = £1. For
det (P'P) = det P'det P = (det P)?,

so (det P)2 =det I,, = 1. Hence det P = 1.
If P is an orthogonal matrix with det P = 1, then P is called a proper
orthogonal matrix.

THEOREM 7.1.1 If P is a 2 x 2 orthogonal matrix with det P = 1, then

| cosf —sinf
~ | sinf  cosf

for some 6.

REMARK 7.1.1 Hence, by the discusssion at the beginning of Chapter
6, if P is a proper orthogonal matrix, the coordinate transformation

e

represents a rotation of the axes, with new x; and y; axes given by the
repective columns of P.

Proof. Suppose that P'P = I, where A =det P = 1. Let
a b
o { - ] .
pl=pt= lade
A

bl

Hence a = d, b = —c and so

Then the equation

gives

where a? 4+ ¢ = 1. But then the point (a, ¢) lies on the unit circle, so
a = cos® and ¢ = sinf, where 0 is uniquely determined up to multiples of
2.
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C

DEFINITION 7.1.2 (Dot product). If X = d

X .Y, the dot product of X and Y, is defined by

z and Y = { ],then
XY =ac+ bd.
The dot product has the following properties:
i) X-Y+2)=X-Y+X- Z;
i) X Y=Y X;

(iil) (tX) Y =X -Y);

(iv) X-X:a2+b21fX:{Z];

(v) X Y =X'Y.

The length of X is defined by

1X]] = Va2 + 02 = (X - X)'/2.

We see that || X || is the distance between the origin O = (0, 0) and the point
(a, b).

THEOREM 7.1.2 (Geometrical interpretation of the dot product)
Let A = (x1, y1) and B = (z2, y2) be points, each distinct from the origin

O = (0, 0). ThenifX:[jc1 ] ande[xQ},wehave
n Y2

X Y =0A-0Bcos?,
where 6 is the angle between the rays OA and OB.
Proof. By the cosine law applied to triangle OAB, we have
AB? = OA? + OB? — 204 - OB cos . (7.3)

Now AB? = (z9 — 21)? + (y2 — y1)?, OA? = 22 + 4%, OB? = 23 + 3.

Substituting in equation 7.3 then gives

(w2 —21)® + (2 — y1)* = (2§ + 4}) + (23 + y3) — 20A - OB cos ),
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which simplifies to give
OA -OBcost = x1x0 + 112 = X - Y.

It follows from theorem 7.1.2 that if A = (z1, y1) and B = (x2, y2) are
points distinct from O = (0, 0) and X = [ ?jl ] and Y = [ 52 ], then
1 2

X Y = 0 means that the rays OA and OB are perpendicular. This is the
reason for the following definition:

DEFINITION 7.1.3 (Orthogonal vectors) Vectors X and Y are called
orthogonal if
X-Y =0

There is also a connection with orthogonal matrices:

THEOREM 7.1.3 Let P be a 2 x 2 real matrix. Then P is an orthogonal
matrix if and only if the columns of P are orthogonal and have unit length.

Proof. P is orthogonal if and only if P!tP = I,. Now if P = [X;1|X5], the
matrix P'P is an important matrix called the Gram matrix of the column
vectors X7 and Xo. It is easy to prove that

PtP:[Xi-Xj]:[XI'XI X1-X2]'

Xo- X7 Xo-Xo
Hence the equation P'P = I is equivalent to

X-X, X1-X2] [10
Xo- X1 Xo-Xo | |0 1]

or, equating corresponding elements of both sides:
X1-X1=1,X1-Xo0=0, Xo-Xo=1,

which says that the columns of P are orthogonal and of unit length.

The next theorem describes a fundamental property of real symmetric
matrices and the proof generalizes to symmetric matrices of any size.

THEOREM 7.1.4 If X; and X5 are eigenvectors corresponding to distinct
eigenvalues A\; and Ay of a real symmetric matrix A, then X; and X5 are
orthogonal vectors.
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Proof. Suppose
AXy =M X1, AXy = Ao Xo, (7.4)

where X7 and X5 are non-zero column vectors, A® = A and \; # \o.
We have to prove that X} Xy = 0. From equation 7.4,

XiAX, = M XEX, (7.5)

and
XIAXy = M XX, (7.6)

From equation 7.5, taking transposes,
(X5AX1)" = (MX3X1)'

SO
XEA Xy = M X1 Xo.

Hence
XIAXy = M XEXo. (7.7)

Finally, subtracting equation 7.6 from equation 7.7, we have
(AL —X)XiXs=0

and hence, since A\ # Ao,
Xixy =o.

THEOREM 7.1.5 Let A be a real 2 x 2 symmetric matrix with distinct
eigenvalues A\; and A9. Then a proper orthogonal 2 x 2 matrix P exists such
that

P'AP = diag (M1, A2).

e

“diagonalizes” the quadratic form corresponding to A:

Also the rotation of axes

XPAX = M\z? + Aoyl
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Proof. Let X; and X5 be eigenvectors corresponding to A; and Ao. Then
by theorem 7.1.4, X; and X» are orthogonal. By dividing X; and X5 by
their lengths (i.e. normalizing X7 and X3) if necessary, we can assume that
X7 and X5 have unit length. Then by theorem 7.1.1, P = [X1|X3] is an
orthogonal matrix. By replacing X; by —Xj, if necessary, we can assume
that det P = 1. Then by theorem 6.2.1, we have

PIAP = P1AP = [ A0 ]

0 X
Also under the rotation X = PY,

X'AX = (PY)'APY)=YYP'AP)Y = Y'diag (\1, \2)Y
= )\13:% + Agy%.

EXAMPLE 7.1.1 Let A be the symmetric matrix

12 —6
e

Find a proper orthogonal matrix P such that P!AP is diagonal.
Solution. The characteristic equation of A is A — 19\ 4 48 = 0, or
(A=16)(A—3)=0.

Hence A has distinct eigenvalues A\ = 16 and Ao = 3. We find corresponding

eigenvectors
-3 2
X1:|: Q]anngz[B].

Now || X1|| = || X2|| = V13. So we take

[ 2] e 2]

Then if P = [X]|X3], the proof of theorem 7.1.5 shows that

s [16 0
PAP_[O?).

However det P = —1, so replacing X; by —X; will give det P = 1.
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Figure 7.1: 1222 — 122y + Ty? + 602 — 38y + 31 = 0.

REMARK 7.1.2 (A shortcut) Once we have determined one eigenvec-

tor X7 = [Z

always orthogonal. Also P = [X1|X3] will have det P = a? + b? > 0.

—b
], the other can be taken to be [ a ], as these vectors are

We now apply the above ideas to determine the geometric nature of
second degree equations in x and y.

EXAMPLE 7.1.2 Sketch the curve determined by the equation
1222 — 12xy + Ty* + 60z — 38y + 31 = 0.

Solution. With P taken to be the proper orthogonal matrix defined in the
previous example by

P 3/V13 2/V/13
[ |

then as theorem 7.1.1 predicts, P is a rotation matrix and the transformation

(3]l
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or more explicitly

. 3x1 + 2y1 Y= —2x1 + 3y1 (7.8)
V13 Vi3 '

will rotate the z, y axes to positions given by the respective columns of P.
(More generally, we can always arrange for the z; axis to point either into
the first or fourth quadrant.)

12 -6
NOWA|:_6 7

} is the matrix of the quadratic form
1222 — 122y + 7y2,
so we have, by Theorem 7.1.5
1222 — 122y + Ty? = 1622 + 3y3.

Then under the rotation X = PY, our original quadratic equation becomes

60 38
1623 + 3y7 + ——= (371 + 2y1) — ——=(—271 + 3y1) + 31 = 0,

V13 V13
o 256 6
1622 + 32 + =z + —y; + 31 = 0.
1 Y1 \/ﬁ 1 \/ﬁyl

Now complete the square in z1 and y:

16 2

16(x1+¢%>2+3<y1+¢%)2 _ 16(%)23(;?3)2_31
= 48. (7.9)

Then if we perform a translation of axes to the new origin (z1, y1) =
8 1 .
=7m —um) . 1
Ta =21+ 7=, Y2 =Y+ =,
2 1 /13 Y2=1u /13

equation 7.9 reduces to
1623 + 3y3 = 48,

or 9 9
@ Yy
3 16
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TN
N

Figure 7.2: — + -5 =1, 0 <b < a: an ellipse.
a b

This equation is now in one of the standard forms listed below as Figure 7.2
and is that of a whose centre is at (z2, y2) = (0, 0) and whose axes of
symmetry lie along the x2, y2 axes. In terms of the original x, y coordinates,
we find that the centre is (z, y) = (=2, 1). Also Y = P!X, so equations 7.8
can be solved to give

311 — 211 = 221 + 3y1
viz 7 Vi3

T
Hence the yo—axis is given by

O=29 = 21+ —
3x—2y+ 8
VI3 V13

or 3z — 2y + 8 = 0. Similarly the z9 axis is given by 2z 4+ 3y + 1 = 0.
This ellipse is sketched in Figure 7.1.

Figures 7.2, 7.3, 7.4 and 7.5 are a collection of standard second degree
equations: Figure 7.2 is an ellipse; Figures 7.3 are hyperbolas (in both these

examples, the asymptotes are the lines y = +—x); Figures 7.4 and 7.5
a

represent parabolas.

EXAMPLE 7.1.3 Sketch y? — 4z — 10y — 7 = 0.
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2 2
=1 (ii)%—%:—l, 0<b,0<a.

Figure 7.4: (i) y? = 4ax, a > 0; (i) y*> = daz, a < 0.
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Figure 7.5: (iii) 22 = 4ay, a > 0; (iv) 2% = 4ay, a < 0.

Solution. Complete the square:
P —10y+25—42—-32 = 0
(y—5)%=4x+32 = 4(z+38),
or y3 = 4w, under the translation of axes 1 = x + 8, y; = y — 5. Hence we
get a parabola with vertex at the new origin (z1, y1) = (0, 0), i.e. (z,y) =
(=8, 5).
The parabola is sketched in Figure 7.6.
EXAMPLE 7.1.4 Sketch the curve 22 — 42y + 4y> + 5y — 9 = 0.

Solution. We have z? — 4xy + 4y*> = X' AX, where

1 =2
PR
The characteristic equation of A is A2 =5\ = 0, so A has distinct eigenvalues
A1 =5 and Ao = 0. We find corresponding unit length eigenvectors

1 1 1 2
=g o m-1]
Then P = [X;|X>] is a proper orthogonal matrix and under the rotation of

axes X = PY, or
x1 + 2y

V5

—2x1 + 11

y:T7
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Figure 7.6: y? —4x — 10y — 7 =0.

we have
2 — day + 4y? = \a? + \yd = 5.

The original quadratic equation becomes

5
Sx% + £(—21‘1 +y1)—9 = 0

V5
2
1
5a1— —=)?=10-Voy = V5(y —2V5),
V5
or 51’% = —%yg, where the x1, y; axes have been translated to xs, y2 axes

using the transformation

To = T1 — Y2 = y1 — 2V5.

1
N
Hence the vertex of the parabola is at (z2, y2) = (0, 0), i.e. (z1,y1) =
(%, 21/5), or (z, y) = (%, %) The axis of symmetry of the parabola is the
line 2o = 0, i.e. 21 = 1/+/5. Using the rotation equations in the form

x— 2y

V5

rT =
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y AY
.
.
AY
4l |
.
AY
' Y,
.
72
2 Ny

Figure 7.7: 2% — 4xy + 4y? + 5y — 9 = 0.

20 +y

B = \/57

we have
x—2y 1

Y

The parabola is sketched in Figure 7.7.

or x—2y=1.

7.2 A classification algorithm

There are several possible degenerate cases that can arise from the general
second degree equation. For example 22412 = 0 represents the point (0, 0);
22 4+ y?> = —1 defines the empty set, as does 22 = —1 or > = —1; 22 = 0
defines the line 2 = 0; (z + y)? = 0 defines the line z +y = 0; 22 —y? = 0
defines the lines z —y = 0, x + y = 0; 22 = 1 defines the parallel lines
r = +1; (x + y)? = 1 likewise defines two parallel lines x + y = 1.

We state without proof a complete classification ! of the various cases

!This classification forms the basis of a computer program which was used to produce
the diagrams in this chapter. I am grateful to Peter Adams for his programming assistance.
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that can possibly arise for the general second degree equation
az® + 2hxy + by? + 292 + 2fy + ¢ = 0. (7.10)

It turns out to be more convenient to first perform a suitable translation of
axes, before rotating the axes. Let

a h g
A=|h b f|, C=ab—h% A=bc— f?, B=ca— g
g [ c
If C #0, let
_’g h la g
fb h f
_ - 71 11
CASE 1. A =0.

(1.1) C # 0. Translate axes to the new origin («, (), where o and 3 are
given by equations 7.11:

r=x1+a, y=y+p0.

Then equation 7.10 reduces to
2 2
azry + 2hz1y1 + byy = 0.

(a) C > 0: Single point (z, y) = (a, ).
(b) C < 0: Two non—parallel lines intersecting in (z, y) = (a, ).

The lines are

y— B —h++—C

= if b#£0,
Tr—a« b
y—p a .
= d = —— fb=0.
r=a« an a 57, i 0
(1.2) C =0.
(a) h=0.
(i) a=g=0.

(A) A > 0: Empty set.
(B) A=0: Single line y = —f/b.
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(C) A <0: Two parallel lines

—fEVv-A
y = b
(i) b=f =0.
(A) B > 0: Empty set.
(B) B = 0: Single line z = —g/a.
(C) B < 0: Two parallel lines

—-g+v—-B
r=———

a
(b) h#0.
(i) B > 0: Empty set.
(i) B = 0: Single line az + hy = —g.
(iii) B < 0: Two parallel lines

ar + hy =—g++v—B.
CASE 2. A #0.

(2.1) C # 0. Translate axes to the new origin («, (), where o and 3 are
given by equations 7.11:

r=zn1+a, y=y+p0.

Equation 7.10 becomes

A
ax% + 2hx1y1 + by% =—c (7.12)

CASE 2.1(i) h = 0. Equation 7.12 becomes ax? + by} = %.
(a) C <0: Hyperbola.
(b) C >0 and aA > 0: Empty set.

(¢) C >0 and aA < 0.

' ‘ . . 2+ 2_
(i) a = b: Circle, centre (a, [3), radius \/@-

(ii) a # b: Ellipse.
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CASE 2.1(ii) h # 0.

Rotate the (z1, y1) axes with the new positive zo—axis in the direction
of
[(b—a+ R)/2, —h],

where R = /(a — b)? + 4h?.

Then equation 7.12 becomes

A
M2+ Doy = ——=. (7.13)
C
where
A = (a+b—R)/2, Ay = (a+b—|—R)/2,
Here Mo =C.

(a) C < 0: Hyperbola.
Here Ay > 0 > A and equation 7.13 becomes

where

Y TN N
CA\’ —C)Xy’

(b) C >0 and aA > 0: Empty set.

(¢) C >0 and aA < 0: Ellipse.
Here A1, A9, a, b have the same sign and A\; # Ao and equa-
tion 7.13 becomes

g8,
w2 w27
where
B A B A
TV Zen ' TV o
(2.1) C =0.
(a) h=0.

(i) a=0: Then b # 0 and g # 0. Parabola with vertex

—A f
<2gb’ _b>'
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Translate axes to (x1, y1) axes:

(ii) b=0: Then a # 0 and f # 0. Parabola with vertex

g —B
<_a’ 2fa>

Translate axes to (x1, y1) axes:

(b) h # 0: Parabola. Let

k_ga+bf
 a+b

The vertex of the parabola is

((Qakf — hk? — hac) a(k* + ac — 2kg)>
d ’ d .

Now translate to the vertex as the new origin, then rotate to
(22, y2) axes with the positive zo—axis along [sa, —sh], where
s = sign (a).

(The positive zo—axis points into the first or fourth quadrant.)
Then the parabola has equation

—2st
/7012 T h2 Y2,

=
where t = (af — gh)/(a+b).

REMARK 7.2.1 If A =0, it is not necessary to rotate the axes. Instead
it is always possible to translate the axes suitably so that the coefficients of
the terms of the first degree vanish.

EXAMPLE 7.2.1 Identify the curve

222 + 2y —y? + 6y — 8 = 0. (7.14)
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Solution. Here

2 3 0
A=|4% -1 3|=0.
0 3 -8

Let x = z1 4+ o, y = y1 + [ and substitute in equation 7.14 to get
21 +a)? + (w1 + )y +6) — (n +B8)* +4(y +68) —8=0. (7.15)
Then equating the coeflicients of x1 and y; to 0 gives

doa+p = 0
a+284+4 = 0,
which has the unique solution oo = —%, 8= %. Then equation 7.15 simplifies
to
227 + w1y — v = 0= (221 — y1) (@1 + 1),
so relative to the x1, y1 coordinates, equation 7.14 describes two lines: 2z1 —
y1 =0 or z1 + y1 = 0. In terms of the original x, y coordinates, these lines
become 2(z+2) — (y—3)=0and (z+32)+(y—5)=0,ie 22—y+4=0
and x + y — 2 = 0, which intersect in the point

2 8
(.ﬁU, y) - (Oé, ﬁ) - (_ga g)
EXAMPLE 7.2.2 Identify the curve
2?4 20y + oy + 22+ 2y +1=0. (7.16)

Solution. Here

11 1

A=|1 1 1|=0.
1 1 1

Let x = 21 + «, y = y1 + 8 and substitute in equation 7.16 to get
(1+0)* +2(z14+0) (y1+8) + (1 +6)* +2(x1+ ) +2(y1 +6)+1 = 0. (7.17)
Then equating the coefficients of z1 and y; to 0 gives the same equation
20+ 208+ 2=0.
Take aa = 0, 8 = —1. Then equation 7.17 simplifies to
2+ 2y + 47 = 0= (21 + 1),
and in terms of x, y coordinates, equation 7.16 becomes

(x+y+1)2=0,orz+y+1=0.
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PROBLEMS

. Sketch the curves

(i) 22 — 8z + 8y +8 = 0;

(i) y? — 12z + 2y + 25 = 0.

. Sketch the hyperbola

dxy — 3y2 =38
and find the equations of the asymptotes.

[Answer: y =0 and y = 3]

. Sketch the ellipse

822 — 4xy + 5y° = 36

and find the equations of the axes of symmetry.

[Answer: y = 2z and x = —2y.]

. Sketch the conics defined by the following equations. Find the centre

when the conic is an ellipse or hyperbola, asymptotes if an hyperbola,
the vertex and axis of symmetry if a parabola:

(i) 422 — 9y? — 24z — 36y — 36 = 0;

(ii) 52 — dxy + 8y? +4\f33—16\fy+4—0
(i)

(iv) 7722 + T8zy — 2Ty2 + 70z — 30y + 29 = 0.

4a% + y? — dzy — 10y — 19 = 0;

[Answers: (i) hyperbola, centre (3, —2), asymptotes 2z — 3y — 12 =
0, 22 4+ 3y = 0;

(i) ellipse, centre (0, v/5);
(iii) parabola, vertex (—%, —2), axis of symmetry 2z — y 4+ 1 = 0;

(iv) hyperbola, centre (—15, 15), asymptotes 7z + 9y + 7 = 0 and
11z —3y—1=0]

. Identify the lines determined by the equations:

(i) 222+ y? + 32y — 52 — 4y + 3 = 0;
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(ii) 922 4+ 9% — 6xy + 62 — 2y + 1 =0;
(iii) 2% +4ay +4y?> —2 -2y —2=0.

[Answers: (i) 2z +y—3=0and x+y—1=0; (ii) 3z —y+ 1 = 0;
(i) r+2y+1=0and x +2y —2=0]



Chapter 8

THREE-DIMENSIONAL
GEOMETRY

8.1 Introduction

In this chapter we present a vector—algebra approach to three-dimensional
geometry. The aim is to present standard properties of lines and planes,
with minimum use of complicated three—dimensional diagrams such as those
involving similar triangles. We summarize the chapter:

Points are defined as ordered triples of real numbers and the distance
between points Py = (x1, y1, 21) and P» = (x2, Y2, 22) is defined by the
formula

PPy = /(22— 1)+ (y2 — y1)% + (22 — 21)2.

Directed line segments AB are introduced as three-dimensional column
vectors: If A = (z1, y1, 21) and B = (x2, y2, 22), then

T2 — X1
AB= | y2—wn
zZ9 — 21

If P is a point, we let P =OP and call P the position vector of P.

With suitable definitions of lines, parallel lines, there are important ge-
ometrical interpretations of equality, addition and scalar multiplication of
vectors.

(i) Equality of vectors: Suppose A, B, C, D are distinct points such that
no three are collinear. Then AB=CD if and only if AB I CD and
AC I BD (See Figure 8.1.)

149
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z
A
B
A D
o -y
C
AB=CD, AC=BD

Figure 8.1: Equality and addition of vectors.

(ii) Addition of vectors obeys the parallelogram law: Let A, B, C be non—
collinear. Then

AB + AC=AD,

where D is the point such that AB I CD and AC I BD. (See Fig-
ure 8.1.)

(iii) Scalar multiplication of vectors: Let AP=t XB, where A and B are
distinct points. Then P is on the line AB,

A£_|t|
AB
and

a) P=Aift=0,P=Bift=1;

(a)

(b) P is between A and B if 0 < t < 1;
(c) Bis between A and P if 1 < ¢;

(d) A is between P and B if t < 0.

(See Figure 8.2.)
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z
A
A
P
B
O -y
AP=tAB, 0<t<1

X

Figure 8.2: Scalar multiplication of vectors.

al a9
The dot product XY of vectors X = | by | andY = | bs
C1 C9

by
XY =ajas + bi1bs + cres.

The length || X|| of a vector X is defined by
1X]] = (X - X)"?
and the Cauchy—Schwarz inequality holds:

[ XY < [[X][ - [[Y]]

151

, is defined

The triangle inequality for vector length now follows as a simple deduction:

X+ Y| < [[X]| +[IY]].

Using the equation
AB=|| 4B,

we deduce the corresponding familiar triangle inequality for distance:

AB < AC + CB.
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The angle 6 between two non—zero vectors X and Y is then defined by

0 XY 0<6<
cosf = ————, <0<
[ X]- Y]

This definition makes sense. For by the Cauchy—Schwarz inequality,

XY
1< — <1
XL 1Y
Vectors X and Y are said to be perpendicular or orthogonal if X -Y = 0.
Vectors of unit length are called unit vectors. The vectors

1 0 0
i={0], j=|[1], k=10
0 0 1

are unit vectors and every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
C

Non—zero vectors X and Y are parallel or proportional if the angle be-
tween X and Y equals 0 or m; equivalently if X = tY for some real number
t. Vectors X and Y are then said to have the same or opposite direction,
according as t > 0 or t < 0.

We are then led to study straight lines. If A and B are distinct points,
it is easy to show that AP + PB = AB holds if and only if

Xf’:th, where 0 <t < 1.
A line is defined as a set consisting of all points P satisfying
P=Py+tX, te R orequivalently ]ﬁ?: tX,

for some fixed point P, and fixed non—zero vector X called a direction vector
for the line.
Equivalently, in terms of coordinates,

T =x0+ ta, y = yo + tb, z = 2y + tc,

where Py = (x0, 30, 20) and not all of a, b, ¢ are zero.
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There is then one and only one line passing passing through two distinct
points A and B. It consists of the points P satisfying

AP=t AB,

where ¢ is a real number.
The cross—product X XY provides us with a vector which is perpendicular
to both X and Y. It is defined in terms of the components of X and Y:
Let X = a1i+ b1j+ cik and Y = aoi + baj + cok. Then

X XY =ai+ bj+ ck,
where

ar by
az by

by
bg C2

ar
az C2

a = b:— 5 CcC =

The cross—product enables us to derive elegant formulae for the distance
from a point to a line, the area of a triangle and the distance between two
skew lines.

Finally we turn to the geometrical concept of a plane in three—dimensional
space.
A plane is a set of points P satisfying an equation of the form

P=Py+sX+1tY, s,t€ R, (8.1)

where X and Y are non—zero, non—parallel vectors.
In terms of coordinates, equation 8.1 takes the form

r = x0+ saj + tas
= Yo + Sbl + tbg
z = 2o+ scy+teg,

where Py = (zo, Yo, 20)-
There is then one and only one plane passing passing through three
non—collinear points A, B, C. It consists of the points P satisfying

Iﬁzsﬁ—i—t@,

where s and ¢ are real numbers.
The cross—product enables us to derive a concise equation for the plane
through three non—collinear points A, B, C, namely

AP -(AB x AC) =0.
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When expanded, this equation has the form

ar + by + cz =d,

where ai 4+ bj + ck is a non—zero vector which is perpendicular to ]31732 for
all points P;, P» lying in the plane. Any vector with this property is said to
be a normal to the plane.

It is then easy to prove that two planes with non—parallel normal vectors
must intersect in a line.

We conclude the chapter by deriving a formula for the distance from a
point to a plane.

8.2 Three—dimensional space

DEFINITION 8.2.1 Three-dimensional space is the set E® of ordered
triples (x, y, z), where x, y, z are real numbers. The triple (z, y, z) is called
a point P in E? and we write P = (z, y, z). The numbers x, y, z are called,
respectively, the x, y, z coordinates of P.

The coordinate axes are the sets of points:

{(2,0,0)} (z—axis), {(0,y, 0)} (y—axis), {(0,0, 2)} (z—axis).
The only point common to all three axes is the origin O = (0, 0, 0).

The coordinate planes are the sets of points:

{(ZD, Y, O)} (ny*plaDE), {(07 Y, Z)} (yzfplane), {(wv O? Z)} (;szplane).

The positive octant consists of the points (z, y, z), where x > 0, y >
0, z>0.

We think of the points (z, y, z) with z > 0 as lying above the xy—plane,
and those with z < 0 as lying beneath the xy-plane. A point P = (z, y, 2)
will be represented as in Figure 8.3. The point illustrated lies in the positive
octant.

DEFINITION 8.2.2 The distance Py P, between points P, = (z1, y1, 21)
and Py = (2, y2, 22) is defined by the formula

PPy = \/(x2 — x1)2+ (y2 — y1)% + (22 — 21)2.

For example, if P = (z, y, 2),

OP = \/x2 +y2 + 22.
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(0,0,2) 1

155

P = (mayv Z)

(0,9,0) Ly

(2,0,0)

/

T

(z,9,0)

Figure 8.3: Representation of three-dimensional space.

(07 Oa Z2)

(07 07 Zl)

(0’ Y1, O)

(Oa 3/270) Y

(1,‘1, 0, 0)
(332,0,0)

Figure 8.4: The vector AB.
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DEFINITION 8.2.3 If A = (21, y1, 21) and B = (z2, Y2, z2) we define

the symbol AB to be the column vector

Ty — X1
AB= | y2—11
z9 — 21

We let P =OP and call P the position vector of P.

The components of AB are the coordinates of B when the axes are
translated to A as origin of coordinates.

We think of AB as being represented by the directed line segment from
A to B and think of it as an arrow whose tail is at A and whose head is at
B. (See Figure 8.4.)

Some mathematicians think of AB as representing the translation of
space which takes A into B.

The following simple properties of ADB are easily verified and correspond
to how we intuitively think of directed line segments:

(i) AB=0< A= B;

(i) BA= — AB;
(iii) AB + BC=AC (the triangle law);
(iv) BC=AC — AB=C - B;

(v) if X is a vector and A a point, there is exactly one point B such that
AB= X, namely that defined by B = A + X.

To derive properties of the distance function and the vector function

]%732, we need to introduce the dot product of two vectors in R3.

8.3 Dot product

aq as
DEFINITION 8.3.1 If X = | b and Y = | by |, then X - Y, the
C1 C2

dot product of X and Y, is defined by
XY =ajag + bi1by + cie9.
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v :ZE —U :m

Figure 8.5: The negative of a vector.

B D B
/ / % )
A C A
(a)  AB=CD (b)  AC=AB + BC
BCO=AC — AB

Figure 8.6: (a) Equality of vectors; (b) Addition and subtraction of vectors.

The dot product has the following properties:
i) X-Y+2)=X-Y+X-Z;
i) X Y=Y X;

(iii) (tX) Y =t(X-Y);

a
(iv) X X =a’>+0+2ifX=| b |;

(v) X Y = X'Y;
(vi) X - X =0if and only if X = 0.
The length of X is defined by
1X]| = Va2 + 02+ & =(X-X)Y2

We see that ||P|| = OP and more generally || PP, || = PLPy, the
distance between P; and Ps.
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y4
ck
P =ai+bj+ ck
k
oL bj y
i
“'i/ ai + b
T

Figure 8.7: Position vector as a linear combination of i, j and k.

Vectors having unit length are called unit vectors.
The vectors

1 0 0
i=|01|, j=(1], k=1{0
0 0 1

are unit vectors. Every vector is a linear combination of i, j and k:

a
b | =ai+bj+ ck.
| ¢
(See Figure 8.7.)
It is easy to prove that
[EX[| = 1e] - [1X]],

if t is a real number. Hence if X is a non—zero vector, the vectors
1
+—X
|1 X1]
are unit vectors.

A useful property of the length of a vector is

IX+Y|2=|X|?+2X-Y +]|]Y|% (8.2)
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The following important property of the dot product is widely used in
mathematics:

THEOREM 8.3.1 (The Cauchy—Schwarz inequality)
If X and Y are vectors in R?, then

XY < [[X]] - [[Y]]. (8.3)
Moreover if X # 0 and Y # 0, then

XY =|X||-|[Y]| & Y=tX,t>0,
XY =—[X||-]Y]] & Y=tX,t<0.

Proof. If X = 0, then inequality 8.3 is trivially true. So assume X # 0.
Now if ¢ is any real number, by equation 8.2,

0<[|tX =Y[* = [[tX]* —2(tX) - Y + ||V
= IIXIP-2X - V)t +||Y]]?
= at? =2t +e,

where a = || X||? > 0,b= XY, c= ||Y]%
Hence

2
o= 2218 >0
a a

b\  ca—b?
t——) + 5 >0
a a

Substituting ¢ = b/a in the last inequality then gives

ac — b?
a2 Z 07
SO
b] < Vac = Vaye

and hence inequality 8.3 follows.

To discuss equality in the Cauchy—Schwarz inequality, assume X # 0
and Y # 0.

Then if X - Y = ||X|| - ||Y]|, we have for all ¢

X —Y|? = £|IX|P-2tX-Y +[|Y][?
= 2IX|]° =2t X - |||+ |[Y]]?
= |tX -Y|%
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Taking t = || X|]/||Y]| then gives |[[tX — Y||?> = 0 and hence tX — Y = 0.
Hence Y = tX, where ¢t > 0. The case X - Y = —||X|| - ||Y]| is proved
similarly.

COROLLARY 8.3.1 (The triangle inequality for vectors)
If X and Y are vectors, then

X+ Y[ < [[X]| + [IY]]- (8.4)

Moreover if X # 0 and Y # 0, then equality occurs in inequality 8.4 if and
only if Y = tX, where t > 0.

Proof.
IX+Y|P = [IXIP+2X-Y +[]Y]]?
< X2+ 21X - Y]+ (Y]
= (IX||+1Y])?

and inequality 8.4 follows.
If ||X + Y| = ||X]|| +|]Y]], then the above proof shows that

XY = [ X][-[[Y]].

Hence if X # 0 and Y # 0, the first case of equality in the Cauchy—Schwarz
inequality shows that Y = tX with ¢ > 0.

The triangle inequality for vectors gives rise to a corresponding inequality
for the distance function:

THEOREM 8.3.2 (The triangle inequality for distance)
If A, B, C are points, then

AC < AB + BC. (8.5)

Moreover if B # A and B # C, then equality occurs in inequality 8.5 if and
only if AB=r Z&, where 0 < r < 1.

Proof.
AC=||AC|| = ||AB+ BC||
< [|AB ||+ BC ||

AB + BC.
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Moreover if equality occurs in inequality 8.5 and B # A and B # C, then

X :XB;& 0 and Y :Eé'sé 0 and the equation AC = AB + BC becomes
| X + Y]] = ||X]|| + ||[Y||- Hence the case of equality in the vector triangle
inequality gives

Y =BC=tX =t AB, where t > 0.

Then
BC = AC — AB=tAB
AC = (1+4t)AB

AB = rAC,

where r = 1/(t + 1) satisfies 0 < r < 1.

8.4 Lines

DEFINITION 8.4.1 A line in E? is the set £(P, X) consisting of all
points P satisfying

P=Py+tX, te R orequivalently PyP=tX, (8.6)

for some fixed point Py and fixed non-zero vector X. (See Figure 8.8.)
Equivalently, in terms of coordinates, equation 8.6 becomes

T =x0+ ta, y = yo + tb, z = 2y + tc,
where not all of a, b, ¢ are zero.

The following familiar property of straight lines is easily verified.

THEOREM 8.4.1 If A and B are distinct points, there is one and only
one line containing A and B, namely £(A4, ZB) or more explicitly the line

defined by AP=1t TB, or equivalently, in terms of position vectors:

P=(1-t)A+tB or P=A+tAB. (8.7)

Equations 8.7 may be expressed in terms of coordinates: if A = (1, y1, 21)
and B = (z2, y2, 22), then

r=1—-t)x) +tre, y=(1—t)y1 +tyz, 2= (1 —t)z1 + t2o.
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N
C
Py
P D
0) \; Y
PoP=tCD

x
Figure 8.8: Representation of a line.

P=A+tAB, 0<t<1
x
Figure 8.9: The line segment AB.
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There is an important geometric significance in the number ¢ of the above
equation of the line through A and B. The proof is left as an exercise:

THEOREM 8.4.2 (Joachimsthal’s ratio formulae)
If t is the parameter occurring in theorem 8.4.1, then

AP t)__AP

(i) |t|:E; (ii) 1T-:1~ PB it P+# B.

Also
(iii) P is between A and B if 0 <t < 1;
(iv) B is between A and P if 1 < t;

(v) A is between P and B if t < 0.

(See Figure 8.9.)
For example, t = % gives the mid—point P of the segment AB:

P:;A+m.

EXAMPLE 8.4.1 L is the line AB, where A = (—4, 3, 1), B = (1, 1, 0);
M is the line CD, where C = (2, 0, 2), D = (-1, 3, —2); N is the line EF,
where F = (1, 4, 7), F = (—4, —3, —13). Find which pairs of lines intersect
and also the points of intersection.

Solution. In fact only £ and N intersect, in the point (—%, %, %) For

example, to determine if £ and N meet, we start with vector equations for

L and N:
P=A+tAB, Q=E+sEF,

equate P and Q and solve for s and ¢:
(—4i+3j+ k) +t(bi—2j—k) = (i+4j+ 7k) + s(—5bi — 7j — 20k),

which on simplifying, gives

5t4+5s = b
—2t+7s =
—t+20s = 6

This system has the unique solution ¢t = %, s = % and this determines a
25 1

corresponding point P where the lines meet, namely P = (—5, 3, 5)-
The same method yields inconsistent systems when applied to the other

pairs of lines.
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EXAMPLE 8.4.2 If A= (5,0,7) and B = (2, —3, 6), find the points P
on the line AB which satisfy AP/PB = 3.

Solution. Use the formulae

— t AP
P=A+tAB and )H‘:PB:
Then ;
11 dor —3,
sot=2ort=3. The corresponding points are (1!, 3, 2) and (3, 5, 1}).

DEFINITION 8.4.2 Let X and Y be non—zero vectors. Then X is parallel
or proportionalto Y if X = tY for some t € R. We write X ||Y if X is parallel
to Y. If X =tY, we say that X and Y have the same or opposite direction,
according as t > 0 or ¢t < 0.

DEFINITION 8.4.3 if A and B are distinct points on a line £, the non—

zero vector AB is called a direction vector for L.

It is easy to prove that any two direction vectors for a line are parallel.

DEFINITION 8.4.4 Let £ and M be lines having direction vectors X
and Y, respectively. Then L is parallel to M if X is parallel to Y. Clearly
any line is parallel to itself.

It is easy to prove that the line through a given point A and parallel to a
given line C'D has an equation P = A +¢ CD.

THEOREM 8.4.3 Let X = a1i+ b1j + cik and Y = asi + b2j + cok be
non-zero vectors. Then X is parallel to Y if and only if

ar b
az bo

a
az €2

by o = 0. (8.8)

_'51 c1

Proof. The case of equality in the Cauchy—Schwarz inequality (theorem 8.3.1)
shows that X and Y are parallel if and only if

[ X Y[ = || X[ |[Y]].
Squaring gives the equivalent equality

(araz + biby + cre2)? = (af + b + cf) (a3 + 03 + ).
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which simplifies to
(a1bs — agb1)® + (bicz — bacr)® + (arc — ager)? =0,
which is equivalent to
a1by — asby =0, bico — bacy =0, aj1co — asey = 0,

which is equation 8.8.

Equality of geometrical vectors has a fundamental geometrical interpre-
tation:

THEOREM 8.4.4 Suppose A, B, C, D are distinct points such that no

three are collinear. Then AB=CD if and only if AB I CD and AC I BD
(See Figure 8.1.)

Proof. If AB=CD then
B-A = D-C,
C-A = D-B
and so AC=BD. Hence AB I CD and AC | BD.

Conversely, suppose that AB I CD and AC [ BD. Then

or

B-A=s5(D-C) and C—A=tD-B.

We have to prove s = 1 or equivalently, ¢ = 1.
Now subtracting the second equation above from the first, gives

B-C=sD-C)-¢tD - B),

SO
(1-t) B=(1-s5)C+ (s—1t)D.
If t # 1, then
1—s s—t
B= C
1—t +1—tD

and B would lie on the line CD. Hence ¢t = 1.
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8.5 The angle between two vectors

DEFINITION 8.5.1 Let X and Y be non—zero vectors. Then the angle
between X and Y is the unique value of 6 defined by

XY
cosf=——, 0<0<m.
X - 1Y

REMARK 8.5.1 By Cauchy’s inequality, we have

1< XY <1
— XYy T

so the above equation does define an angle 6.
In terms of components, if X = [ay, b1, c1]' and Y = [ag, be, cs]?, then

aras + b1bsy + cico

cosf = .
Vai + b3+ c3/a2 + b3 + 2

(8.9)

The next result is the well-known cosine rule for a triangle.

THEOREM 8.5.1 (Cosine rule) If A, B, C are points with A # B and
A # C, then the angle 6 between vectors AB and AC satifies

AB? + AC? — BC?
cosf = 5AL . AC , (8.10)

or equivalently
BC? = AB? + AC? — 2AB - AC cos .
(See Figure 8.10.)

Proof. Let A= (x1, y1, 21), B = (72, y2, 22), C = (3, y3, 23). Then

AB = ali+bij+ak
AC = agi+byj+ ok

BC = (ag—a)i+ (by—b1)j+ (ca — 1)k,

where
a; = Tix1 — 21, bi = Yir1 — Y1, G = zig1 — 21,0 =1, 2.
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z
A
B
AL 0
O - Y
C
_ AB24AC2-—BC?
cosf = 2AB-AC

x
Figure 8.10: The cosine rule for a triangle.

Now by equation 8.9,

aiaz + biba + cico
AB - AC

cosf =

Also

AB? + AC? - BC* = (al+bi+ci)+ (a3 +b3+c3)
— ((ag — a1)2 + (bQ — b1)2 + (CQ — 01)2)
= 2ajia9 + 2b1by + c1c9.

Equation 8.10 now follows, since
XB . Ié: aias + bibsy + cico.

EXAMPLE 8.5.1 Let A =(2,1,0), B=(3,2,0),C = (5,0,1). Find
the angle 6 between vectors AB and AC.

Solution.
cost = @
AB - AC’
Now

AB=i+j and AC=3i-j+k
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C
AB? + AC? = B(C?
T
Figure 8.11: Pythagoras’ theorem for a right—angled triangle.

Hence
p Ix3+1x(=1)+0x1 2 V2
cost = = = .
VIZH12402,/324+ (-1)2+ 12 V2V11 V11
Hence 6 = cos™* %

DEFINITION 8.5.2 If X and Y are vectors satisfying X - Y = 0, we say
X is orthogonal or perpendicular to Y.

REMARK 8.5.2 If A, B, C are points forming a triangle and AB is or-
thogonal to Z@, then the angle 6 between AB and AC satisfies cos = 0

and hence ¢ = 5 and the triangle is right-angled at A.

Then we have Pythagoras’ theorem:
BC? = AB* + AC?. (8.11)

We also note that BC' > AB and BC > AC follow from equation 8.11. (See
Figure 8.11.)

EXAMPLE 8.5.2 Let A= (2,9, 8), B= (6, 4, —2), C = (7, 15, 7). Show

that AB and AC are perpendicular and find the point D such that ABDC
forms a rectangle.
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x
Figure 8.12: Distance from a point to a line.

Solution.
AB - AC= (4i — 5j — 10k) - (5i + 6j — k) = 20 — 30 + 10 = 0.

Hence AB and AC' are perpendicular. Also, the required fourth point D
clearly has to satisfy the equation

ED:Z@, or equivalently D — B =AC .
Hence
D = B+ AC= (6i 4 4j — 2k) + (5i + 6j — k) = 11i 4 10j — 3k,
so D = (11, 10, —3).

THEOREM 8.5.2 (Distance from a point to a line) If C' is a point
and L is the line through A and B, then there is exactly one point P on L

such that CP is perpendicular to XB, namely

. AC - AB
P=A+tAB, t=""22 12
+1AB, =" (8.12)

Moreover if @) is any point on £, then C'QQ > CP and hence P is the point
on L closest to C.
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The shortest distance C'P is given by

\/AC2AB2 — (AC - AB)?

P=
¢ AB

(8.13)

(See Figure 8.12.)

Proof. Let P = A +t AB and assume that CP is perpendicular to AB.
Then

(P—-C)- AB =

(A+tAB -C)- AB =
(CA +t AB)- AB =

CA - AB +t(AB - AB
—AC - AB +t(AB - AB) =

~—
|
o o o o o o

so equation 8.12 follows.
The inequality CQ > C'P, where @ is any point on £, is a consequence
of Pythagoras’ theorem.

Finally, as CP and PA are perpendicular, Pythagoras’ theorem gives
CP? = AC?- PA?
= AC?— ||t AB |)?

= AC? - ?AB?
2
AC - AB
_ 2 2
= AC T | AB

AC?AB? — (AC - AB)?
AB? ’

as required.

EXAMPLE 8.5.3 The closest point on the line through A = (1, 2, 1) and
B = (2, —1, 3) to the origin is P = (%, %, %) and the corresponding
shortest distance equals %\/ 42.

Another application of theorem 8.5.2 is to the projection of a line segment
on another line:
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z Cy

Co

x
Figure 8.13: Projecting the segment C1Cs onto the line AB.

THEOREM 8.5.3 (The projection of a line segment onto a line)
Let Ci, Cy be points and P;, P, be the feet of the perpendiculars from
C1 and Cy to the line AB. Then

PP = | C1Ch -,

where 1
Also
CiCy > P . (8.14)

(See Figure 8.13.)
Proof. Using equations 8.12, we have

P1=A+t1XB, P2:A+t2XB,

where
, _AC,AB A0, AD
AB? 7 AB?

Hence

PPy = (A+ty AB)— (A +t, AB)
= (ty—t)) AB,
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SO

PP, = ||[PPy|| =ty —t:|AB

ACy - AB AC, - AB
= — AB
AB? AB?

\cTcz -XB‘
= — ' AB
AB?

where 7 is the unit vector

Inequality 8.14 then follows from the Cauchy—Schwarz inequality 8.3.

DEFINITION 8.5.3 Two non—intersecting lines are called skew if they
have non—parallel direction vectors.

Theorem 8.5.3 has an application to the problem of showing that two skew
lines have a shortest distance between them. (The reader is referred to
problem 16 at the end of the chapter.)

Before we turn to the study of planes, it is convenient to introduce the
cross—product of two vectors.
8.6 The cross—product of two vectors

DEFINITION 8.6.1 Let X = a1i+ b1j + cik and Y = aqgi + baj + c2k.
Then X x Y, the cross—product of X and Y, is defined by

X xY =ai+ bj+ ck,
where

ar by
az by

bi ¢
by ¢

ap ¢
az C2

b=— , €=

-

The vector cross—product has the following properties which follow from
properties of 2 X 2 and 3 x 3 determinants:

() ixj=k, jxk=i kxi=j
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(i) X x X = 0;

(iii) Y x X = =X x Y

(iv) Xx Y +2)=XxY + X x Z;
(v) tX)xY =t(X xY);

(vi) (Scalar triple product formula) if Z = asi + bsj + csk, then

al b1 C1
X(YXZ): a9 bg (&) :(XXY)Z,
az by c3

(vii) X - (X xY)=0=Y - (X x Y);

(viii) [|X x Y| = IIX[PIY]P? - (X - V)%

(ix) if X and Y are non—zero vectors and 6 is the angle between X and Y,
then
|X < Y[ = [[X]] - |[Y]| sin 6.
(See Figure 8.14.)

From theorem 8.4.3 and the definition of cross—product, it follows that
non—zero vectors X and Y are parallel if and only if X x Y = 0; hence by
(vii), the cross—product of two non—parallel, non—zero vectors X and Y, is
a non—zero vector perpendicular to both X and Y.

LEMMA 8.6.1 Let X and Y be non—zero, non—parallel vectors.

(i) Z is a linear combination of X and Y, if and only if Z is perpendicular
to X xY;

(ii) Z is perpendicular to X and Y, if and only if Z is parallel to X x Y.
Proof. Let X and Y be non-zero, non—parallel vectors. Then
X xY #0.
Then if X x Y = ai+ bj + ck, we have

a b ¢
det [X xY|X|YP=] a1 b ¢ |=(XxY) (X xY)>0.
ag bg C2
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X xY

x
Figure 8.14: The vector cross—product.

Hence the matrix [X x Y|X|Y] is non-singular. Consequently the linear

System
(X xXY)+sX+tY =27 (8.15)

has a unique solution 7, s, t.
(i) Suppose Z = sX 4+ tY. Then

Z (XxY)=sX - (X xY)+tY - (X xY)=s0+t0=0.
Conversely, suppose that
Z-(XxY)=0. (8.16)
Now from equation 8.15, 7, s, t exist satisfying
Z=r(XxY)+sX +tY.
Then equation 8.16 gives

0 = (X xY)+sX+tY) (X xY)
= 7 X XY|P+sX - (X xY)+tY - (Y x X)
= 7| X x Y|

Hence r =0 and Z = sX +tY, as required.
(ii) Suppose Z = A(X x Y). Then clearly Z is perpendicular to X and Y.
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Conversely suppose that Z is perpendicular to X and Y.
Now from equation 8.15, r, s, t exist satisfying

Z=r(XxY)+sX+tY.
Then
sX - X+tX'Y = X-Z=0
sY - X+tY Y = Y- -Z=0,
from which it follows that
(sX +tY) - (sX +tY)=0.

Hence sX +tY =0 and so s =0,¢ = 0. Consequently Z = r(X xY), as
required.
The cross—product gives a compact formula for the distance from a point

to a line, as well as the area of a triangle.

THEOREM 8.6.1 (Area of a triangle)
If A, B, C are distinct non—collinear points, then

(i) the distance d from C to the line AB is given by

|| AB x AC ||
| Ratind | 1
d AB ’ (8:.17)
(ii) the area of the triangle ABC' equals
AB x A AxB+B A
I >2< C’H:|| x B+ >2<C+C>< || (8.18)

Proof. The area A of triangle ABC is given by

_AB-CP

= 5 ,

where P is the foot of the perpendicular from C to the line AB. Now by
formula 8.13, we have

A

\/Ac2-AB2—(Xé-IB)2
AB
| AB x AC ||
AB

CP =
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which, by property (viii) of the cross—product, gives formula 8.17. The
second formula of equation 8.18 follows from the equations

ABx AC = (B-A)x(C—-A)
— {(B—A)xC}-{(C—A)xA}
= {BxC—-AxC)}—-{(BxA-AxA)}
= BxXxC-AxC-BxA
= BxC+CxA+ A xB,

as required.

8.7 Planes

DEFINITION 8.7.1 A plane is a set of points P satisfying an equation
of the form
P=Py+sX+tY, s,tc R, (8.19)

where X and Y are non-zero, non—parallel vectors.

For example, the zy—plane consists of the points P = (z, y, 0) and corre-
sponds to the plane equation

P=zi+yj=0+zi+yj.

In terms of coordinates, equation 8.19 takes the form

r = x0+ sa; +tas
= 1y + sby + thy
z = z9+sc +teo,

where Py = (o, yo, 20) and (aq, b1, ¢1) and (a9, be, c2) are non—zero and
non—proportional.

THEOREM 8.7.1 Let A, B, C be three non—collinear points. Then there
is one and only one plane through these points, namely the plane given by
the equation

P=A+sAB+t AC, (8.20)
or equivalently
AP=sAB +t AC . (8.21)

(See Figure 8.15.)
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0) B’ . Y
AB'= s AB, AC'=t AC
—> — —

Figure 8.15: Vector equation for the plane ABC.

Proof. First note that equation 8.20 is indeed the equation of a plane
through A, B and C, as AB and AC' are non-zero and non—parallel and
(s, t) = (0,0), (1, 0) and (0, 1) give P = A, B and C, respectively. Call
this plane P.

Conversely, suppose P = Py + sX + tY is the equation of a plane Q
passing through A, B, C. Then A = Py + 50X + t3Y, so the equation for
O may be written

P=A+(s—s50)X+(t—t)Y =A+5X+1Y;

so in effect we can take Py = A in the equation of Q. Then the fact that B
and C lie on Q gives equations

B:A+81X+t1Y, C:A+82X+t2Y,
or
AB= 51X +1t1Y, AC= 52X +t5Y. (822)
Then equations 8.22 and equation 8.20 show that

P CQ.

Conversely, it is straightforward to show that because AB and AC' are not
parallel, we have

s1 t
sg 12

£ 0.
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y4
Py ¢ p
A
B
19 .y
AD=AB x AC
AD - AP=0

x
Figure 8.16: Normal equation of the plane ABC.

Hence equations 8.22 can be solved for X and Y as linear combinations of
AB and fTC’7 allowing us to deduce that

QCP.
Hence
Q=".
THEOREM 8.7.2 (Normal equation for a plane) Let
A= (.22'1, Y1, Zl)a B = (ZE% Y2, Zg), C= (.%'3, Y3, Z3)
be three non—collinear points. Then the plane through A, B, C is given by
AP -(AB x AC) =0, (8.23)
or equivalently,
=21 Y-y z2—z
To—T1 Yo—y1 22—z | =0, (8.24)

I3 —T1 Ys—Yr 23— 2

where P = (z, y, z). (See Figure 8.16.)
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ar+by+cz=d
0 - Y

x
Figure 8.17: The plane ax + by + cz = d.

REMARK 8.7.1 Equation 8.24 can be written in more symmetrical form

as
z y =z 1
1 oy 2 1
=0. 8.25
T2 Y2 22 1 ( )
x3 y3 =23 1

Proof. Let P be the plane through A, B, C. Then by equation 8.21, we
have P € P if and only if AP is a linear combination of AB and AC' and so
by lemma 8.6.1(i), using the fact that AB x I@;«é 0 here, if and only if AP

is perpendicular to AB x AC. This gives equation 8.23.
Equation 8.24 is the scalar triple product version of equation 8.23, taking
into account the equations

—_—

AP = (z—m)i+ (y—w)j+ (z— 2k,
AB = (w2 —x1)i+ (12— v1)i+ (22 — 20k,

AC = (g —x1)i+ (y3 —y1)j + (23 — z21)k.

REMARK 8.7.2 Equation 8.24 gives rise to a linear equation in x, y and
z:
ar + by + cz = d,
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where ai + bj + ck # 0. For

r—rn Y-y z—z2
T2 —T1 Y2 —Y1 22—21 | =
r3 —T1 Y3 — Y1 23— 2
T Yy < r1 Y1 21
T2 —T1 Y2 — Y1 22— 21 — | X2 —T1 Y2— Y1 k2 — 21 (826)
3 —T1 Ys—Yr 23— 2 I3 —T1 Y3 —Yr 23— %1

and expanding the first determinant on the right—hand side of equation 8.26
along row 1 gives an expression

ax + by + cz
where
P Y2 — Y1 22— 21 h— _ T2 —X1 22— 21 | T2 —T1 Y2— U1
Ys—y1 23—z | r3—T1 23— 21 r3—T1 Y3 — Y1

But a, b, ¢ are the components of AB x Zé’, which in turn is non—zero, as
A, B, C are non—collinear here.
Conversely if ai + bj + ck # 0, the equation

ar +by+cz=d

does indeed represent a plane. For if say a # 0, the equation can be solved
for x in terms of y and z:

T _d _b _c

a a a
Y = 0 +y 1 +z 0 )
z 0 0 1

which gives the plane
P=Py+yX +2Y,

where Py = (—g, 0,0) and X = —gi +jand Y = —%i+ k are evidently
non—parallel vectors.

REMARK 8.7.3 The plane equation ax + by + cz = d is called the normal
form, as it is easy to prove that if P and P, are two points in the plane,

then ai + bj + ck is perpendicular to ]31732. Any non—zero vector with this
property is called a normal to the plane. (See Figure 8.17.)



8.7. PLANES 181

By lemma 8.6.1(ii), it follows that every vector X normal to a plane
through three non—collinear points A, B, C is parallel to AB x TC’, since
X is perpendicular to AB and AC.

EXAMPLE 8.7.1 Show that the planes
r4+y—2z=1 and x+3y—2z=4

intersect in a line and find the distance from the point C' = (1, 0, 1) to this
line.

Solution. Solving the two equations simultaneously gives

1 5 3 1

=——+4 = =—-—= 2
r=—5tgr Y=g 5% (8.27)
where z is arbitrary. Hence
1, 3 5 1
. CLok = iy s i liik
zityj+ 2 Sl pi+z(Gi-5i+k),

which is the equation of a line £ through A = (—%, —%, 0) and having

direction vector %i — %j +k.
We can now proceed in one of three ways to find the closest point on £

to A.
One way is to use equation 8.17 with B defined by

. 5.1
AB=2i— Sj+ k.
gt

Another method minimizes the distance C' P, where P ranges over L.
A third way is to find an equation for the plane through C, having
5

g1 — % j -+ k as a normal. Such a plane has equation

S5t —y+2z=d,
where d is found by substituting the coordinates of C in the last equation.
d=5x1-0+2x1=T.

We now find the point P where the plane intersects the line £. Then cP
will be perpendicular to £ and C'P will be the required shortest distance
from C to L. We find using equations 8.27 that

1 5 3 1

5(—54-52) - (5 - 5z)+2z: 7,
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Clli + blj + Clk . X
agi + baj + cok

a1z +by+cz=d axx+ by + coz=do
0) - Y

Figure 8.18: Line of intersection of two planes.

4 17 11

— 11 — (2 Lr 1l
so z = 3z. Hence P = (3, 1%, 1)

It is clear that through a given line and a point not on that line, there
passes exactly one plane. If the line is given as the intersection of two planes,
each in normal form, there is a simple way of finding an equation for this
plane. More explicitly we have the following result:

THEOREM 8.7.3 Suppose the planes
ax+by+ciz = dy (8.28)
asx + boy + coz = do (8.29)

have non—parallel normals. Then the planes intersect in a line L.
Moreover the equation

/\(ala: 4+ b1y +c1z — dl) + u(agm + boy + c2z — dg) =0, (8.30)
where A and p are not both zero, gives all planes through L.

(See Figure 8.18.)
Proof. Assume that the normals a1i + b1j + c1k and aoi + boj + cok are
non—parallel. Then by theorem 8.4.3, not all of

by
by c2

ar b

Al - a9 b2

(8.31)

) A2:'
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are zero. If say A1 # 0, we can solve equations 8.28 and 8.29 for z and y in
terms of z, as we did in the previous example, to show that the intersection
forms a line L.

We next have to check that if A\ and p are not both zero, then equa-
tion 8.30 represents a plane. (Whatever set of points equation 8.30 repre-
sents, this set certainly contains L.)

(Aa1 + pag)x + (Aby + puba)y + (Aer + peg)z — (Ady + pda) = 0.
Then we clearly cannot have all the coefficients
Aar + pag,  Aby + pbe,  Acy + pca

zero, as otherwise the vectors aji+ b1j + c1k and aoi + b2j + cok would be
parallel.

Finally, if P is a plane containing £, let Py = (¢, yo, 20) be a point not
on L. Then if we define A and u by

A = —(agwg + bayo + c220 — d2), = a1xo + biyo + c120 — du,

then at least one of A and p is non—zero. Then the coordinates of Py satisfy
equation 8.30, which therefore represents a plane passing through £ and Fy
and hence identical with P.

EXAMPLE 8.7.2 Find an equation for the plane through Py = (1, 0, 1)
and passing through the line of intersection of the planes

r+y—2z=1 and x+3y—2z=4.
Solution. The required plane has the form
Mr+y—2z—1)+pz+3y—2—4)=0,

where not both of A and p are zero. Substituting the coordinates of Py into
this equation gives

=2 +pu(—=4) =0, A= —-2u.
So the required equation is
—2pu(r +y—2z—1)+p(x+3y—2—4) =0,

or
—z+y+32z2—-2=0.

Our final result is a formula for the distance from a point to a plane.
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ar+by+cz=d
0 - Y

x
Figure 8.19: Distance from a point Py to the plane ax + by + cz = d.

THEOREM 8.7.4 (Distance from a point to a plane)
Let Py = (xo, Yo, 20) and P be the plane

ar + by +cz = d. (8.32)

Then there is a unique point P on P such that ]7073 is normal to P. Morever

lazo + byo + czo — d|

PP =
va? +b% +c?

(See Figure 8.19.)
Proof. The line through Py normal to P is given by

P = Py + t(ai + bj + ck),
or in terms of coordinates
r=xz9+at, y=yo+bt, z=z+ct.
Substituting these formulae in equation 8.32 gives

a(zo + at) + b(yo + bt) + c(z0 +ct) = d
t@® +0*+c*) = —(azo+ byo + czo — d),

SO

. axo + byo +czo — d
- a2 + b2 + c2
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Then

PP = RP| = ||t(ai+bj+ck)]
= [t]Va?+ 2 + 2

|ax0+byo+czo—d\\/ﬁ
- a? + b2 + 2 @t bt
lazo + byo + czo — d

Va2 + b2 +c?

Other interesting geometrical facts about lines and planes are left to the
problems at the end of this chapter.

8.8

PROBLEMS

. Find the point where the line through A = (3, —=2,7) and B =

(13, 3, —8) meets the zz—plane.
[Ans: (7,0, 1)]

Let A, B, C' be non—collinear points. If E is the mid—point of the

. . c e AF
segment BC and F' is the point on the segment EA satisfying 77 = 2,
prove that

1
F=S(A+B+0).

(F is called the centroid of triangle ABC'.)

. Prove that the points (2, 1, 4), (1, —1, 2), (3, 3, 6) are collinear.

If A= (2,3, —1) and B = (3, 7, 4), find the points P on the line AB
satisfying PA/PB = 2/5.

A (18,2, 3) and (3,4, ~))

Let M be the line through A = (1, 2, 3) parallel to the line joining
B =(-2,2,0) and C = (4, —1, 7). Also N is the line joining £ =
(1, -1, 8) and F = (10, —1, 11). Prove that M and N intersect and
find the point of intersection.

[Ans: (7, —1, 10).]
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10.

11.

12.

13.
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. Prove that the triangle formed by the points (-3, 5, 6), (=2, 7, 9) and

(2, 1, 7) is a 30°, 60°, 90° triangle.

. Find the point on the line AB closest to the origin, where A =

(=2, 1, 3) and B = (1, 2, 4). Also find this shortest distance.

. 16 13 35 150
[AnS. (_ﬁ’ e ﬁ) and ﬁ]

. A line V is determined by the two planes

r+y—2z=1, and x+3y—2z=4.
Find the point P on N closest to the point C' = (1, 0, 1) and find the
distance PC.

[Ans: (%, %, %) and —Vfg’o.]

. Find a linear equation describing the plane perpendicular to the line

of intersection of the planes x +y — 2z =4 and 3z — 2y + z = 1 and
which passes through (6, 0, 2).

[Ans: 3z + Ty + 5z = 28]

Find the length of the projection of the segment AB on the line L,
where A = (1,2, 3), B = (5, =2, 6) and L is the line C'D, where
C=(7,1,9)and D = (-1, 5, 8).

[Ans: 7]

Find a linear equation for the plane through A = (3, —1, 2), perpen-
dicular to the line £ joining B = (2, 1, 4) and C = (-3, —1, 7). Also
find the point of intersection of £ and the plane and hence determine

the distance from A to £. [Ans: bz+2y—3z =7, (%, %, %) , \/%.]

If P is a point inside the triangle ABC', prove that
P=7rA+sB+tC,

where r+s+t=1andr>0,s>0,¢t>0.

If B is the point where the perpendicular from A = (6, —1, 11) meets
the plane 3z + 4y + 5z = 10, find B and the distance AB.

. _ (123 —286 255 _ 59
[AHS. B = (W’ 50 ﬁ) and AB = \/ﬁ]
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14.

15.

16.

17.

18.

19.
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Prove that the triangle with vertices (-3, 0, 2), (6, 1, 4), (=5, 1, 0)
has area % 333.

Find an equation for the plane through (2, 1, 4), (1, —1, 2), (4, —1, 1).
[Ans: 2z — Ty + 6z = 21.]

Lines £ and M are non—parallel in 3—dimensional space and are given
by equations
P=A+s5X, Q=B+tY.

(i) Prove that there is precisely one pair of points P and @ such that
?C) is perpendicular to X and Y.

(ii) Explain why PQ is the shortest distance between lines £ and M.
Also prove that

| (X xY)- AB|
X x Y|

PQ =

If £ is the line through A = (1, 2,1) and C = (3, —1, 2), while M
is the line through B = (1,0, 2) and D = (2, 1, 3), prove that the
shortest distance between £ and M equals \}%.

Prove that the volume of the tetrahedron formed by four non—coplanar
points A; = (x4, yi, zi), 1 <1i <4, is equal to

1 —_— —_— ——

6 ‘ (AlAQ X A1A3)- A1A4’,
which in turn equals the absolute value of the determinant

1 21 1 =

LIl z2 y2 2
6|1 23 y3 =23
1 24 ya 2z

The points A = (1,1,5), B = (2,2,1), C = (1, =2,2) and D =
(=2, 1, 2) are the vertices of a tetrahedron. Find the equation of the
line through A perpendicular to the face BC'D and the distance of A
from this face. Also find the shortest distance between the skew lines

AD and BC.
[Ans: P = (1 +1t)(i+j+ 5k); 2v/3; 3]
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Chapter 9

FURTHER READING

Matrix theory has many applications to science, mathematics, economics
and engineering. Some of these applications can be found in the books
(2, 3, 4, 5, 11, 13, 16, 20, 26, 28|.

For the numerical side of matrix theory, [6] is recommended. Its bibliography
is also useful as a source of further references.

For applications to:

1.

2.

10.

Graph theory, see [7, 13];

Coding theory, see [8, 15];

. Game theory, see [13];

. Statistics, see [9];

. Economics, see [10];

. Biological systems, see [12];

. Markov non-negative matrices, see [11, 13, 14, 17];

The general equation of the second degree in three variables, see [18];

. Affine and projective geometry, see [19, 21, 22];

Computer graphics, see [23, 24].
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Index

2 x 2 determinant, 71

algorithm, Gauss-Jordan, 8
angle between vectors, 166
asymptotes, 137

basis, left-to-right algorithm, 62

Cauchy-Schwarz inequality, 159

centroid, 185

column space, 56

complex number, 89

complex number, imaginary number,
90

complex number, imaginary part, 89

complex number, rationalization, 91

complex number, real, 89

complex number, real part, 89

complex numbers, Apollonius’ circle,
100

complex numbers, Argand diagram,
95

complex numbers, argument, 103

complex numbers, complex conjugate,
96

complex numbers, complex exponen-
tial, 107

complex numbers, complex plane, 95

complex numbers, cross-ratio, 114

complex numbers, De Moivre, 107

complex numbers, lower half plane,
95

complex numbers, modulus, 99

complex numbers, modulus-argument
form, 103

complex numbers, polar representa-
tion, 103

complex numbers, ratio formulae, 100

complex numbers, square root, 92

complex numbers, upper half plane,
95

coordinate axes, 154

coordinate planes, 154

cosine rule, 166

determinant, 38

determinant, cofactor, 76
determinant, diagonal matrix, 74
determinant, Laplace expansion, 73
determinant, lower triangular, 74
determinant, minor, 72
determinant, recursive definition, 72
determinant, scalar matrix, 74
determinant, Surveyor’s formula, 85
determinant, upper triangular, 74
differential equations, 120

direction of a vector, 164

distance, 154

distance to a plane, 184

dot product, 131, 156

eigenvalue, 118

eigenvalues, characteristic equation,
118

eigenvector, 118
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ellipse, 137

equation, linear, 1

equations, consistent system of, 1, 11

equations, Cramer’s rule, 39

equations, dependent unknowns, 11

equations, homogeneous system of, 16

equations, homogeneous, non—trivial
solution, 16

equations, homogeneous, trivial solu-
tion, 16

equations, inconsistent system of, 1

equations, independent unknowns, 11

equations, system of linear, 1

factor theorem, 95

field, 3

field, additive inverse, 4
field, multiplicative inverse, 4

Gauss’ theorem, 95
hyperbola, 137

imaginary axis, 95
independence, left-to-right test, 59
inversion, 74

Joachimsthal, 163

least squares, 47

least squares, normal equations, 47
least squares, residuals, 47

length of a vector, 131, 157

linear combination, 17

linear dependence, 58

linear equations, Cramer’s rule, 84
linear transformation, 27

linearly independent, 41

mathematical induction, 31
matrices, row—equivalence of, 7
matrix, 23

addition, 23

additive inverse, 24

adjoint, 78

augmented, 2

coefficient, 26

coefficient , 2

matrix, diagonal, 49

matrix, elementary row, 41

matrix, elementary row operations, 7

matrix,
matrix,
matrix,
matrix,
matrix,
matrix,

matrix, equality, 23

matrix, Gram, 132

matrix, identity, 31

matrix, inverse, 36

matrix, invertible, 36

matrix, Markov, 53

matrix, non-singular, 36
matrix, non-singular diagonal, 49
matrix, orthogonal , 130
matrix, power, 31

matrix, product, 25

matrix, proper orthogonal, 130
matrix, reduced row—echelon form, 6
matrix, row-echelon form, 6
matrix, scalar multiple, 24
matrix, singular, 36

matrix, skew—symmetric, 46
matrix, subtraction, 24
matrix, symmetric, 46

matrix, transpose, 45

matrix, unit vectors, 28
matrix, zero, 24

modular addition, 4
modular multiplication, 4

normal form, 180

orthogonal matrix, 116
orthogonal vectors, 168

parabola, 137
parallel lines, 164
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parallelogram law, 150
perpendicular vectors, 168
plane, 176

plane through 3 points, 176, 178
position vector, 156

positive octant, 154

projection on a line, 171

rank, 66

real axis, 95

recurrence relations, 32
reflection equations, 29
rotation equations, 28
row space, 56

scalar multiplication of vectors, 150
scalar triple product, 173

skew lines, 172

subspace, 55

subspace, basis, 61

subspace, dimension, 63

subspace, generated, 56

subspace, null space, 55

Three—dimensional space, 154
triangle inequality, 160

unit vectors, 158

vector cross-product, 172
vector equality, 149, 165
vector, column, 27

vector, of constants, 26
vector, of unknowns, 26
vectors, parallel vectors, 164
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