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14.1 Introduction

One does not need to delve into complex modern physical phenomena to
realize that laws of physical nature are vastly employed and exploited by
nature. We can see in an object as ubiquitous as a flower, among other striking
properties related to its form, that the anther is isolated and the stigma is
grounded, readily providing an electrostatic mechanism for charged bees to
carry the pollen [1]. This phenomenon is so basic, yet shows what years of
evolution manage with one charged particle, its surplus and absence.

The quest to understand and somehow control biological systems, using
fundamentals and even by-products from physics and mathematics, has a long
history. Only to mention a very few examples and recent observations: an
original model of rhythmic waves coordinated by a central pattern generator
in multi-legged animal locomotion [2, 3], models dealing with the mechanism
of pattern formation (a perspective in [4]); a description of the formation
of sunflowers’ spirals and their relationship to Fibonacci series [5]; and new
phenomena and nonlinear mechanical models of hearing [6, 7]. Most of these
works require multidisciplinary thinking and address a larger community at
various levels of mathematical sophistication, see [8] for a recent selection of
biologically related material.

Among biological systems in general, the mammalian nervous system is ar-
guably the richest example of the interplay between biology, physics, chemistry
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and geometry. In the brain, vastly complex physical phenomena occur, but
not only because of the raw number of interacting units and their hierarchical
organization. The units themselves [9–12] as well as their effective connectiv-
ity [13–15] are still a major challenge to comprehension.

Various reports attempting to model aspects of neuronal activity with
tools from nonlinear dynamics have aroused a growing acceptance of the fact
that the diverse biological reactions of a cell to a stimulus can be explained by
bifurcation theory. While many types of receptors and channels (which need
to be taken into account in a description of the cell’s intrinsic properties)
might be present in a specific cell, they only determine the type of bifurcation
of the neural dynamical behavior [16].

Of more interest to us is the thriving activity in modeling networks of
neurons with diverse levels of biological realism, focused on explaining a few
features of the collective behavior. Using tools related to nonlinear dynamics,
such models come in various forms like traditional dynamical systems [17–19],
continuous media [20–22], mean field approximations [23], maps [24,25]; mod-
els incorporating morphology and structure [26–31]; models with competition
both at the network level [19] or at the synaptic level via plasticity [15] (see
Chap. 1 for a survey). As usual, a trade-off is necessary to balance the level
of detail and the scope of any attempt to come out with a useful model, i.e.
to predict behavior or a particular trait accurately and reproducibly.

In [16], a thorough exposition of the basic mechanisms by which neuronal
dynamical features can be understood is presented and the common idea of
the existence of a threshold is challenged. In [32], a review of the state of
affairs of neuronal network modeling surveying a wide range of techniques
and information of the present state of phenomenological advances is available.
The frontier between complex network structures and associated dynamics is
extensively detailed in [33]. A bold perspective appearing in [34] argues that
the level of knowledge of the biological intricacies of brain areas and layers
has reached such a mature level that time is ripe to attempt a larger scale
brain simulation of a microcolumn, calibrated to be indistinguishable from a
real one.

The real lack of detailed knowledge of connectivities in the mammalian
brain suggests that a wide range of possibilities should be tried when simu-
lating networks of many neurons. This poses a computational challenge. The
main goal of this chapter is to show the simulation work we produced during
the Summer School using and modifying the code presented in Chap. 11 using
the general scheme of Chap. 9 that tries to take on account neural structures
and connectivities. It is important to remember that other efforts to simulate
computationally large communities of neuronal cells have been done with dif-
ferent objectives in mind, for example [35,36] or the various references in [34].
Although interesting and efficient, those initiatives do not permit a straight-
forward extension to allow for structured areas with their natural connectivity
patterns.
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This chapter reports on a number of activities developed at the 5th summer
school where we implemented a working framework for the simulation of large
populations of neurons. Those neurons were treated as dynamical systems
near a bifurcation so that variations of critical parameters would convert an
otherwise quiescent state into a state of firing/bursting activity. Keeping track
of all the information describing the network state in files would of course
become prohibitive, so strategies for dealing with the data also were envisaged.

We chose the Morris-Lecar model as the unit in our simulations. This
choice is based on the fact that its dynamics is well understood for the
sake of the computational efficiency needed to produce data on a fine time
scale and long simulation range. Its efficiency could be one order of magni-
tude better than the full Hodgkin-Huxley prototype neuron. Morris-Lecar is
a conductance-based model like Hodgkin-Huxley but with only two persis-
tent channels, one fast (Ca2+) and one slow (K+). Another group of par-
ticipants dealing with the cat map (Chap. 13) implemented the Izhikevich
model, see [17]. Any other dynamical model can be easily implemented as an
additional module to the code (cf. Chap. 1).

The choice of the Morris-Lecar model could seem odd to a biologist, for
this model was originally proposed to simulate features of a muscle cell, but
the trade-off of biological realism for the possibilities of investigating a longer
simulation and actually observing size dependent phenomena has paid off,
especially when considering that many other biological facts were already
left aside or oversimplified (e.g. synaptic dynamics, morphology, delay, etc.)
for this particular set of studies. This is in full accordance with the original
proposal of building a simple framework from scratch, avoiding black boxes, in
a bid to better understand the role played by connectivity in large networked
dynamical systems.

The idea of building a framework as general as we implemented is to start
probing the functioning of the cat’s brain. A vast amount of knowledge of its
structures and connectivities has been collected during the last few years [37].
An important feature of the cat’s brain is its subdivision into 53 functioning
areas. The connection strength of these areas is assumed to be proportional
to the thickness of nerves connecting them and is implemented in our code as
well. One question that comes to mind is to what extent stimulating one area
would spread activity to other areas. This main task is what we set about to
address after polishing the code. Our results, while still too preliminary, look
promising.

The chapter begins with a brief description, in Sect. 14.2, of the Morris-
Lecar prototype neuron dynamics and its coupling to other neurons and the
noisy environment. In Sect. 14.3, the idea of one neuronal area is developed
and the conjecture of small world connectivity is implemented. This section
also addresses the tuning of the network to a natural baseline behavior through
parameter search. In Sect. 14.4, the procedure of tuning parameters to baseline
behavior is re-introduced and preliminary results of our simulations, mainly
the stimulation/ablation of areas and the effect of the size of the network, are
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presented. Section 14.5 describes the relation of the known connectivity struc-
ture of cortex with the observed activity in the simulations. Last, Sect. 14.6
provides discussions on our results and poses important perspectives to be
considered in the future using the general framework presented in Chap. 9.

14.2 The Model

14.2.1 The Morris-Lecar Neuron Model

The neuron model used in our simulations is the Morris-Lecar model. It is a
simplified conductance model of the barnacle muscle fiber, with two variables
obeying the equations:

v̇ = −gCa(v)(v − VCa)− gKw(v − VK)− gL(v − VL) + Iext (14.1)

ẇ =
φ

τw(v)
(W∞(v)− w) (14.2)

This is the dimensionless form of the model as presented by Rinzel and
Ermentrout in their classic exposition [38]. Voltage v is normalized to the
reversal potential of the excitatory ion Ca2+, so voltage parameters are
VCa = 1.0, VK = −0.7 and VL = −0.5. Conductances have been normalized
by a reference conductance Gref = 4 mS/cm2 and time by the time constant
τ = C/Gref = 5 ms, where C = 20 μF/cm2. Thus we arrive at values gK = 2.0,
gCa = 1.0 and gL = 0.5. In order to better match the model to the simulation
of mammal cortex rhythms, one (dimensionless) time unit will henceforth be
equivalent to 1 ms. Finally, φ = 1.0

3.0 , and:

gCa(v) = 0.5
[
1 + tanh

(
v + 0.01

0.15

)]
(14.3)

τw(v) =
1

cosh
(

v−0.1
0.145

) (14.4)

W∞(v) = 0.5
[
1 + tanh

(
v − 0.1
0.29

)]
(14.5)

This leaves the external current Iext as the only free parameter. For low values
(Iext < ISN), all orbits of the system are attracted to the unique stable node
with most potassium channels closed and a low, polarized voltage (between
VL and VK). As the external current grows beyond ISN = 0.0833, the stable
node disappears via a saddle-node bifurcation in an invariant circle, giving
way to an attracting limit cycle. In this cycle, the voltage jumps towards VCa

and triggers the opening of potassium channels, which in turn pull the voltage
back to polarized values; potassium channels then close and the cycle begins
again. The result is rhythmic spiking beginning at infinitely low frequencies,
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Fig. 14.1. Bifurcation diagram of the Morris-Lecar model used in this chapter. SN ,
saddle-node on invariant circle. H , Hopf. SNLC, saddle-node of limit cycles

and therefore, for the values of parameters chosen, Morris-Lecar is a class I
model (for other choices of parameters, it may be a class II model ; see [38]).

Figure 14.1 completes the picture of bifurcations with external current.
When Iext = ISNLC = 0.242, the limit cycle disappears through collision with
an unstable limit cycle (born at a subcritical Hopf bifurcation of the hitherto
unstable focus of the system) and the neuron becomes silent again, this time
at a depolarized value of voltage. In this state, the external current is so
strong that it effectively offsets the injection of potassium ions into the cell,
preventing the firing of action potentials.

The parameter region of interest for our networks is the so-called excitable
regime found at values of Iext just below the threshold ISN of rhythmic spiking.
In this regime, if the voltage is pushed by the arrival of a synaptic impulse
or by random noise out of equilibrium and across the unstable manifold of
the saddle point, the system will make a long excursion in the phase plane,
producing a single spike. This is illustrated in Fig. 14.2.

14.2.2 Coupling Between Neurons and External Stimulation

In the previous section, external current Iext has been treated as a constant
parameter. In network simulations, Iext is a time-varying current coming from
three sources:

Iext(t) = Ibias + Isyn(t) + IPoiss(t)
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Fig. 14.2. Phase plane representation (left) and time evolution of variables v and
w (right) for a single spike in the excitable regime (Iext = 0.07) of the Morris-Lecar
model. In the phase plane diagram, the thin continuous line is the unstable manifold
of the saddle, dashed lines are the v and w nullclines, and the thick continuous line
is the system trajectory. Point A, both in the phase plane and in the v − t diagram,
is the maximum of the action potential, where the trajectory crosses the v-nullcline.
At point B, where the trajectory intersects the w-nullcline, there is maximal opening
of potassium channels. Point C is the after-hyperpolarization peak due to remaining
open potassium channels when the voltage first returns to the equilibrium level

• Ibias is a constant external bias current which will set the neurons in the
excitable regime, as described in the previous section. It is common for all
neurons.

• Isyn is the sum of synaptic currents arising from connections with other
neurons in the network.

• IPoiss also comes in the form of a synaptic current, but its origin lies
outside the network; the presynaptic spikes that generate this current do
not come from neurons in the network, but are instead randomly generated
according to a Poisson process. These currents allow us to inject external
stimulation.

We now describe the synaptic current Isyn(t). It is a sum of currents due
to both excitatory and inhibitory chemical synapses. Indeed, neurons in the
network are classified as excitatory or inhibitory. If an excitatory presynaptic
neuron fires at time tsp (i.e. its voltage crosses zero with positive derivative),
it adds to the term Isyn(t) of the postsynaptic neurons an ohmic current
Isyn,exc(t) with reversal potential Vexc = 0.05 and time-varying, alpha function
shaped conductance, thus:

Isyn,exc(t) = −gexcαexc(t− tsp− tdel) ·Θ(t− tsp− tdel) · (vpost(t)−Vexc) (14.6)
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Here, gexc is the strength of connection between pre- and postsynaptic neu-
rons, tdel is the time delay of this connection, Θ(t) is the Heaviside step
function, vpost(t) is the postsynaptic neuron voltage and αexc(t) is the alpha
function:

αexc(t) =
1

τ1,exc − τ2,exc
(e−

t
τ1,exc − e−

t
τ2,exc )

The smaller of the two time constants τ1,exc and τ2,exc is the rise time and
the larger one is the decay time of the function. If, instead, the presynaptic
neuron is inhibitory, the reversal potential is Vinh = −0.50 (i.e. equal to VL)
and the synaptic current added to Isyn(t) is similarly:

Isyn,inh(t) = −ginhαinh(t− tsp − tdel) ·Θ(t− tsp − tdel) · (vpost(t)− Vinh),

where αinh(t) is now timed according to (possibly different) constants τ1,inh

and τ2,inh.
Finally, the IPoiss(t) term is very similar to Isyn(t). The only difference

is that it is made up exclusively of excitatory currents of the form of 14.6,
and the times tsp do not correspond to spikes of presynaptic neurons but are
instead generated by a Poisson process. By varying the rate λ of this process,
the amount of external stimulation injected into the different areas of our
network may be chosen. Baseline values for non-stimulated areas are around
λ = 3 Hz (mean period TPoiss = 333 ms).

14.3 Setting Proper Parameters

The two-level network described in Chap. 9 gives rise to a moderately large
number of parameters (connection numbers and strengths) that have to be
tuned if we want our model to mimic cortex behavior. In this section, we
describe the tuning procedure in two steps: first for intra-area parameters, and
then for the whole 53 area network. Table 14.1 summarizes all the relevant
parameters of the model and gives default values for them.

14.3.1 Optimal Inhibitory and Excitatory Coupling Strength
for one area

In the absence of specific external stimulation, we would like neurons in our
network to receive balanced excitatory and inhibitory input, so as to maintain
a baseline activity corresponding to the non-specific Poissonian stimulation
of 3 Hz. If this balance is achieved, scaling of connection strength with the
square root of the degree (see Chap. 9) will ensure that input amplitude is
independent of the number of neurons in the network (which is bounded by
computational constraints). Balance of excitation and inhibition in one area
depends on coupling parameters g1,inh and g1,exc. In order to find appropriate
values for these parameters, we did the following:
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Table 14.1. Parameters of the network model and their default values grouped as:
neuronal model parameters, network topology, connectivity strength and delays

Parameter Description Default value

Ibias Constant bias current 0.08
Vexc Reversal potential for excitatory synapses 0.05
Vinh Reversal potential for inhibitory synapses −0.5

n neurons per area 512
pinh Ratio of inhibitory neurons 0.2
pring Ratio of connections inside one area 0.1
prew Probability of rewiring 0.3
p3 Ratio of neurons receiving synapses from

a connected area
0.05

p4 Ratio of neurons with synapses towards a
connected area

0.05

g1,exc Non-normalized strength of intra-area
excitatory synapses

0.075

g1,inh Non-normalized strength of intra-area
inhibitory synapses

2.5

g2,exc Non-normalized strength of inter-area
excitatory synapses

0.075

g2,inh Non-normalized strength of inter-area
inhibitory synapses

0

gext Strength of connection for Poissonian
currents

0.1

τ1,exc, τ2,exc Rise and delay times of excitatory synaptic
current

1 ms, 3 ms

τ1,inh, τ2,inh Rise and delay times of inhibitory synaptic
current

1 ms, 3 ms

tdel,1,exc Delay of intra-area excitatory synapses 1 ms
tdel,1,inh Delay of intra-area inhibitory synapses 3 ms
tdel,2,exc Delay of inter-area excitatory synapses 3 ms
tdel,2,inh Delay of inter-area inhibitory synapses 9 ms
TPoisson Mean period of Poisson excitation 333 ms

• In the absence of inhibition (g1,inh = 0), we measured the mean firing rate
(MFR) of the network (total number of spikes per second per neuron) as
a function of the strength of excitatory synapses g1,exc. Poissonian stimu-
lation at a rate of 3 Hz is added to elicit baseline network activity. As is
shown in Fig. 14.3(left), for g1,exc < 0.05, the MFR is close to the exter-
nally imposed Poisson rate. At around g1,exc ≈ 0.05, activity blows up to
a state of higher MFR where spiking is self-sustained and independent of
the external input.

• Selecting a value for g1,exc barely above the threshold of sustained MFR
(g1,exc = 0.075), we increased the strength of inhibitory connections
until the activity turned back to the background level as shown in
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Fig. 14.3. (Left) Mean firing rate in one area of n = 512 neurons as a function
of the strength of excitatory synapses for g1,inh = 0. Each point is an average of 25
simulations; (Right) Mean firing rate in one area of n = 512 neurons as a function
of the strength of inhibitory synapses for g1,exc = 0.075. Each point is an average of
25 simulations

Fig. 14.3(right). At this point, excitatory and inhibitory forces within one
area are balanced.

In order to check if both forces are balanced, we have measured the MFR as
a function of the number of neurons n in one area for two sets of parameters.
The first one corresponds to the pair (g1,exc = 0.075, g1,inh = 0.25), which
produces a 3 Hz firing rate (see Fig. 14.3) and the second one, (g1,exc = 0.075,
g1,inh = 0.1), is chosen such that there is more excitation than inhibition. This
imbalance is going to be dependent on area size as shown in Fig. 14.4, while
for the right selection of the excitatory and inhibitory strengths, the MFR
remains constant at background level.
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Fig. 14.4. Comparison of the MFR as a function of the number of neurons n per
area between two sets of coupling strengths. When inhibition is not well balanced,
the MFR increases as n becomes larger
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14.3.2 Tuning Inter-area Parameters

When the 53 areas are coupled with the choice of parameters of the previous
section, making g2,exc = g1,exc and g2,inh = 0, a firing pattern that we will call
“generic” was observed, see Fig. 14.5. All areas show a similar homogeneous
pattern of activity, only the firing rate differs. Overexcitation can be deter-
mined to be responsible for this result. Therefore, a more extensive search for
parameters that yielded spontaneous bursting (the desired physiologic phe-
nomenon) was performed to elucidate suitable ranges and ratios of parameters
in the model. In addition, trends were noted on how such parameters affect
general behavior, including bursting, spike rates, and propagation through the
systems of the simulated cortical structures.

Even though the parameter values chosen for a single area produced ac-
tivity patterns and firing rates analogous to “natural” activity, the extension
to 53 areas, through incorporation of the connectivity matrix, affected the
behavior of each area. The primary effect was the introduction of additional
activity in each area from all the areas that it is connected to with afferent
connections. This extra activity increased the mean firing rate of each area
to frequencies higher than desired, higher than the 10–40 Hz range. Since the
parameters for excitatory and inhibitory connections within each area have
the greatest influence on the mean firing rate, we performed simulations of
the whole model with different combinations of these values. Figure 14.6 sum-
marizes the results of all these simulations. From these plots, we chose the
parameters g1,inh = 0.4 and g2,exc = 0.075 as the ones providing the most
appropriate firing rates.

Fig. 14.5. Raster plot of the behavior of the whole cortex characterized as “generic”.
g1,inh = 0.4, g2,inh = 0, g1,exc = g2,exc = 0.075, pring = 0.05, prew = 0.2
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and g2,exc. pring = 0.05, prew = 0.2. Chosen parameters for further simulations:
g1,inh = 0.4 and g2,exc = 0.075

Despite the fact that our model was now able to produce activity within the
desired firing rate range, the overall behavior of areas continued to be rather
homogeneous. We interpreted this result as not being “natural” behavior and
called it “generic”.
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Fig. 14.8. Raster plot of the behavior of the whole cortex characterized as “natural”.
g1,inh = 0.4, g1,exc = 0.075, pring = prew = 0.2

Therefore, a set of further parameter search simulations were carried
out where different combinations of the connectivity within each area were
investigated, see Fig. 14.7. In this set of simulations, as before, our primary
determining factor for “natural” behavior was to conserve the mean firing rate
within the desired ranges. The additional condition was to obtain raster plots
that presented different patterns of activity. Considering that the highest num-
ber of connections between areas is within each system, we desired that the
areas of each system behave in a similar manner, and the behavioral pattern
of each system be different from each other, hence representing each system’s
different function. This second condition was satisfied by setting parameters
pring and prew to 0.2 (each area is modeled by a “small-world” subnetwork
composed of 512 neurons. The number of connections is controlled by param-
eter pring and the deviation from the initial ring by prew (see Chaps. 3 and
9 for detailed descriptions)). Figure 14.8 presents the behavior obtained with
these parameters.

14.4 Simulation of the Cat Cerebral Cortex

Once we managed to configure our model to behave in the manner of Fig. 14.8,
we were more confident that the effects of the connectivity matrix were sig-
nificant and that the behavior of the model could be described as “natural”.
We remind the reader that, as discussed in Chap. 3, the given corticocortical
network has been found to be divided into four major clusters, corresponding
to sensorial systems. Areas indexed 1–16 correspond to visual cortex , 17–23
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represents the auditory cortex , indices 24–39 somatosensory-motor cortex and
40−53 frontolimbic cortical areas. Next, we aimed to simulate different con-
ditions of the neural network:

• The already achieved natural behavior, under the conditions of background
noise (simulated by low frequency Poisson noise). Area coupling propels
connected areas into correlated patterns of bursting, behavior remaining
similar within each of the 4 cortical systems. Due to the small number of
connections between systems, each system is to follow its own independent
behavior.

• Stimulation of a single area, and of a whole system. From the sparseness of
connection weights in the matrix beyond each system, and the existence of
areas operating as “communication hubs”, a preferential pathway of inter-
system communication is implied. Stimulation of an area, or system, with
a simulated external signal was expected to propagate to other systems of
the network along this preferential pathway.

• The effects of ablating an area. The existence of only a small number of
areas preferential for inter system communication implies a greater signif-
icance for these areas for network operation. Removal of these areas from
the model should contribute to a great change of the overall activity of the
network. To further confirm that our model was adequately representative
of cat cerebral cortex and to observe the effects of the removal of such
areas, we carried out simulations where such areas were ablated.

We thus proceeded to simulate stimulation of a part of the cortex to ob-
serve the propagation of the stimulation and the effects on the non-stimulated
parts. Considering that the visual system is one of the most important, if
not the primary, stimulus receiving part of the cortex, we simulated our
model with stimulation of pulses at 25 Hz on the whole visual system. It is
clear from Fig. 14.9, as expected, that the independent behavior of the other
systems and areas of the cortex was dominated by the stimulation. Specifi-
cally, we can observe that the visual system transfers the introduced activity
into the other systems and functions as the driving system for the whole
cortex.

Our final simulations considered the effects of damaged tissue. To observe
these effects, we simulated our model with stimulation and in addition, we
inactivated areas that operated as midpoints in the pathway from the stim-
ulation area to other areas. In these simulations, to represent area “death”
or “ablation”, we lowered the excitability parameter, Ibias, of the neurons
within the target area slightly below their excitable regime. In addition, since
the effects of stimulation of the whole visual cortex were so dominating that
subtle changes of the network (“ablation” of an area) were not affecting the
overall behavior, we limited ourselves to stimulating only “area 17” (primary
visual cortex, index: 1) with pulses at 25Hz. Areas “Ia”, “35”, and “36”
(indexes: 43, 48 and 49; frontolimbic areas) were active (Fig. 14.10) or in-
active (Fig. 14.11). Inactivation of these frontolimbic areas can be seen to
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Fig. 14.9. Raster plot of the behavior of the whole cortex characterized under
stimulation of the whole visual cortex

affect the auditory system (indices: 17–23) lowering its activity and synchro-
nization as expected, since part of the functions of the limbic system is to
connect the visual system with the auditory system.

Aside from configuring and simulating our model to observe the above
behaviors, we also attempted a simulation with a large number of neurons
(> 106). This was done mostly as a computational task and the parameters for
this simulation were not in accordance to the other simulations. Regardless,
the behavior exhibited by our model with this large number of neurons is

Fig. 14.10. Raster plot of stimulation of area “17” (primary visual cortex, index: 0)
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Fig. 14.11. Stimulation of area “17”, while areas “LA”, “35”, and “36” (indices:
43, 48 and 49; frontolimbic cortex) are inactive

presented in Fig. 14.12. Considering that the parameters were different from
our other simulations, the result is obviously misleading. We believe the strong
oscillatory pattern observed to be related to the dynamics of the Morris-Lecar
neuronal model. Looking at its bifurcation diagram, shown in Fig. 14.1, we
argue that for the given parameters, all neurons must have collectively followed
similar changes in their dynamical states. When so many neurons are present

Fig. 14.12. Raster plot of the behavior of a cortex of 1, 085, 440 neurons, which
corresponds to 20, 480 neurons per area. g1,inh = 0.4, g1,exc = 0.075, g2,exc = 0.15,
pring = 0.05, prew = 0.1
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within each cortical area, each neuron receives an extremely large amount of
input, which, after a brief period of intense firing, raises their Ibias triggering
all neurons beyond the SNLC point into the “silent regime”. Once all neurons
are silent, only noise is present in the system, allowing neurons to recover their
“excitatory state” and start firing again after a brief pause. Unfortunately,
we could not perform further simulations of this size due to computer time
limitations.

14.5 Dependence of MFR on Anatomical Connectivity

In this section, we present a brief attempt to explore the relationship between
the observed behavior of the simulated system and the structural properties of
the network. We will look for correlations between the characteristic firing rate
of each cortical area obtained in the simulations with its degree and intensity.
We will also try to find a simple analytical solution to explain the observed
dynamics.

In Sect. 14.4, firing rates of individual cortical areas were estimated
from the simulations. Frequency is observed to be modulated within about
10–20 ms (look at the fine structure of Fig. 14.8). On the other hand, under
stationary conditions it varies significantly from area to area (Fig. 14.13). The
variation of g2,exc (inter-areal excitatory coupling strength) and g1,inh (intra-
areal inhibitory coupling strength) contributes to the absolute value of the
mean firing rate. In the chosen parameter range, g2,exc ∈ [0.075, 0.15] and

Fig. 14.13. Dependence of the firing rate on the internal and external coupling
strength. g2,exc = 0.15 in all cases. Dashed line: g1,inh = 0.15, solid: g1,inh = 0.25,
dotted: g1,inh = 0.4
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g1,inh ∈ [0.15, 0.4], the mean firing rate of the areas was found to lie between
25 to 100 Hz. The main curve profile remains unchanged for different val-
ues of g1,inh and g2,exc. Modification of the g1,inh coupling shifts the curve
in the vertical direction, i.e. higher frequencies are achieved with lower in-
hibition. This fact indicates the importance of inhibitory connections in the
modulation of brain dynamics. Indeed, inhibitory coupling has been shown to
suppress oscillations induced by the excitatory coupling as is known to happen
in pathology such as epileptic seizures caused by excessive synchronization of
neuronal activity [39].

14.5.1 Correlation to kin and Sin

The input degree of a node kin refers to the number of connections a node
receives. Its natural extension for weighted networks, the input intensity of a
node Sin, is the sum of the strength of its input connections. Although there
are many existing network measures (see Chap. 3 for descriptions of network
characterization and properties of the cat cortex), here, we will only explore
the relationship between the mean firing rate and kin and Sin.

The average response of a cortical area depends directly on the amount of
input signal received, thus we will correlate the MFR to kin and Sin of the
cortical areas. Linear correlation of both measures with the MFR obtained
from simulations is depicted on Fig. 14.14. As expected, it is a monotonously
increasing function of kin and Sin. The more input a cortical area receives, the
more often its neurons will fire. The linear fit is better in the case of intensity,
since the relation between the MFR and kin slightly saturates at high degrees
(kin ≥ 20). This saturation is more pronounced in other parameter sets (not
shown). Figure 14.17 shows that correlation between the MFR and Sin is
higher for most of the parameter sets.

14.5.2 Analytical Estimation

In the following, our modest effort to model the observed MFRs for each corti-
cal area is presented. A commonly used approach in artificial neural networks
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Fig. 14.14. Correlation of average simulated Mean Firing Rates per area (MFR)
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is to define an activation function describing the average response of neurons
to input received from its neighbors. In a general form, the equations are
written as:

ri(t+ 1) = F (hi)

hi = a
N∑

j=1

Wijrj(t) + ξ, i = 1, ..., N,

ri being the activity of the neuron, Wij the weighted adjacency matrix of the
network and ξ some external input, i.e. noise. F (hi) is usually some sigmoidal
saturation function and is normalized either to [0, 1] or [−1, 1]. Parameter a
controls the slope of the saturation function tuning the scale of the response.
Such a function sums up all inputs the neuron receives and returns a normal-
ized output representing its average activity response.

Similar approaches have already been used for cortical models of the
cat [40, 41]. Here, we simulate cortical areas instead of individual neurons.
This approach is reasonable since the mean activation level of a cortical area
strongly depends on the amount of input received from its neighbors in a
cumulative and smooth manner, which could be highly arguable in the case
of individual neurons [42, 43]. As said above, the number of firing neurons
scales with the input an area receives. Here, mean activity level will be con-
sidered to be equivalent to MFR. The simplest choice is to assume a linear
approximation

F (hi) = αhi + β, where β = 0

(the saturation function crosses the origin). Our study is then limited to esti-
mating the slope parameter a and noise level ξ to provide an optimal approx-
imation to the results obtained from the simulations.

In the steady state ri(t + 1) = ri(t) and after taking F (hi) to be linear,
equations reduce to:

ri = α

(
a

N∑
j

Wijrj + ξ

)
.

After rescaling, we arrive at the following equation in matrix form:

r′ = (I − a′W )−1
ξ′, (14.7)

where r′ is the MFR vector of the 53 areas, I is the identity matrix, W is the
adjacency matrix of the cortical network, a′ = αa, and ξ′ is a column vector
where all elements are αξ.

Our main purpose is to find the coupling strengths g1,inh and g1,exc that
produce estimated MFRs as closely correlated to the MFRs from our simu-
lations as possible. We face the problem of setting both slope a′ and noise
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ξ′ parameters satisfactorily. There is a limited range of a′s we can examine
because the maximum eigenvalue of our dynamical system (given by the adja-
cency matrix W ) is λmax = 29.08, and thus a′ ≈ 1/λmax = 0.034385. At this
value, the system has a singularity and solutions with larger a′ are unstable.
Correlation is “blind” to this singularity, and thus, in order to look for proper
a′ and ξ′, we will calculate the Euclidean distance between the estimated r′

vectors and the vectors of MFRs for different g1,inh and g2,exc obtained from
our simulations. Figure 14.15a shows how estimated MFRs differ from simu-
lated MFRs for different values of a′. In this representation, the singularity is
clearly observed as the distance between r′ and MFR vectors grows to infinity
(Fig. 14.15b).

Importantly, Fig. 14.15(b) also shows the presence of a minimal distance,
so in the following, our optimization problem is to find the closest r′ solutions
to the MFR from simulations. Among the stable solutions (a′ < 0.034385),
the shortest distance depends both on a′ and ξ′ for each coupling strength
combination. After solving (14.7) for different parameters a′ and ξ′, optimal
values were found for each combination of g1,inh and g2,exc as summarized in
Table 14.2.

We are now ready to look for the optimal coupling strengths. For each pair
of g1,inh and g2,exc, the simulated MFRs and the vector r′ estimated for corre-
sponding optimal a′ and ξ′ (see Table 14.2) are correlated. Results are shown
in Fig. 14.16. Note that the best correlation is for the values of the coupling
parameters that produce lower MFRs. Interestingly, the properly balanced in-
hibitory coupling allows us to achieve both “natural behavior” and maximal
correlation to the linear approximation. Too low as well as too high inhibition
gives rise to a marked decrease of this correlation for all excitatory values.

Fig. 14.15. a) Simulated MFR of the 53 cortical areas (solid) and estimated MFRs
with ξ = 24.5 and different a′ values (dotted lines). Distance between simulated and
estimated MFRs varies significantly for different parameters; b) Setting ξ′ = 1.0,
the singularity of the dynamical system appears as distance going to infinity at
a′ = 0.034385. Larger values of a′ represent unstable solutions
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Table 14.2. Optimal values of slope a′ and noise ξ′ for different coupling strengths

g2,exc g1,inh opt a′ opt ξ′ g2,exc g1,inh opt a′ opt ξ′

0.075 0.15 0.0145 47.0 0.125 0.15 0.0135 50.0
0.18 0.0175 33.5 0.18 0.0175 37.5
0.2 0.0185 28.0 0.2 0.0190 32.0
0.25 0.0200 19.0 0.25 0.0205 24.5
0.3 0.0200 14.5 0.3 0.0210 20.0
0.4 0.0195 9.0 0.4 0.0195 16.0

0.1 0.15 0.0140 50.0 0.15 0.15 0.0130 50.0
0.18 0.0175 36.0 0.18 0.0165 39.5
0.2 0.0190 30.0 0.2 0.0190 32.5
0.25 0.0205 22.0 0.25 0.0220 23.5
0.3 0.0200 18.5 0.3 0.0215 21.5
0.4 0.0210 11.5 0.4 0.0205 17.5

Increasing the excitatory coupling g2,exc produces, in general, a monotonous
increase of correlation.

Finally, we compare the results from this analytical linear estimation to
the effects of degree and intensity distribution. Vectors of input degrees kin

and input intensities Sin of cortical areas are correlated to the MFRs from
the simulation as shown in Fig. 14.17. As expected from the weighted nature
of the adjacency matrix, intensities do correlate better than degrees. After all
the optimization effort, high correlation values suggest that our model behaves
as a linear system for a certain range of coupling strengths (see Fig. 14.17).
This is also supported by the high correlation between simulated MFRs and
intensities Sin. Indeed, the analytical estimations show only slightly better
correlation than the Sin.
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Fig. 14.17. Comparison of the correlation between computed MFR and estimated
MFR at parameter a′ (solid line), degree (dashed), intensity (dotted)

14.6 Conclusions and Outlook

During this set of computational exercises, we learned principles of large-
scale neuronal simulations using the parallel code initially given to us. We
defined a method to look for parameters that would provide a realistic
behavior. We observed that finding suitable parameters and obtaining ro-
bust behavior is difficult. First, for the internal sub-network representing
each cortical area, a set of excitatory/inhibitory strengths was found that
would provide stable response with increasing size of the sub-network (see
Fig. 14.4). The requirement was to keep average firing rate of individ-
ual neurons around 3 Hz. Then, after connecting the 53 subnetworks and
assuming equal g1,exc and g2,exc, the network showed too high a MFR,
which was re-balanced by increasing the strength of inhibitory connections
(Fig. 14.7). But this change happened to break the balance again as seen
in the simulation with a million neurons, where the effect of scaling is
evident.

However, raster plots displayed rather homogeneous and similar behavior
of all cortical areas (Fig. 14.5), a behavior we called “generic”. Looking for
different, more realistic behaviors, we performed a parameter search on pring
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and prew in order to change the network structure and hopefully also the be-
havior. A regime in which cortical areas exhibit bursting and silent epochs was
found providing more interesting dynamics that we called “natural behavior”
(see Fig. 14.8).

Finally, as discussed in Sect. 14.5, our analytical estimations show that
the model behaves on average as a linear network model where, apart from
the bursting dynamics, the MFR of each cortical area is highly proportional
to the total input received (see Fig. 14.14).

Several open questions remain and a large set of possible implementations
can be tried out:

First, we are aware of the arbitrary manner in which “natural behavior”
was characterized: based exclusively on keeping the MFR at biologically reli-
able levels observed experimentally and on visual inspection of raster plots to
avoid homogeneous dynamical responses. Thus, more convenient methodology
founded on different measures would be desirable in order to characterize and
classify the observed dynamics. Such measures could depend on, e.g., temporal
correlations, frequency content, information transfer, etc.

Second, in our simulations, the small-world network topology following
the Watts-Strogatz model was used for the internal neural connections within
one cortical area. This topology has already been shown to enhance signal
propagation and network synchronization which are so important for exchange
of information.

It would be desirable, however, to introduce more realistic internal connec-
tivities modeling finer cortical structures like layers, columns and if possible,
the morphology of cortical neurons. Current sparse knowledge of detailed con-
nectivity at the neuronal level makes such an implementation improbable in
the nearest future. An intermediate solution might rely on taking just a small
set of cat’s cortical neurons, extracting their approximate local topology and
randomly replicating it in order to mimic the internal structure of a corti-
cal area. On the other hand, representing cortical layers and all the available
experimental data about their interconnectivity offers an interesting oppor-
tunity to improve the internal architecture of the model. A first initial step
should be the modeling of hierarchical organization of the cortex introducing
hierarchical subnetworks for each cortical area rather than the small-worlds
used here.

And finally, the linear behavior described by the model is not expected
in real brains. As a complex system per excellence, the brain does not
perform only such trivial behavior. Further modifications might include
the introduction of delays and improved simulation strategies to limit the
continuous spread of activity typical of pathological situations. For future
work, we should remark that the dependence of the mean firing rates on
the intra-areal connectivity among neurons is yet to be tested. Observ-
ing and characterizing brain activity under external stimuli is also of high
interest.
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