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Abstract. Dynamical structures have been recently applied in many areas including com-
plex systems. Dynamical structures include the mutual interaction between the structure
topology and the characteristics of its members. Dynamical graphs applied to epidemics
consider generally that the nodes are individuals and the links represent different classes of
relationships between individuals with the potential to transmit the disease. In this paper
we study the susceptible-infectious (SI) epidemiological model using dynamical graphs and
we study the evolution of the SI epidemiological model and the creation of subgraphs due to
the dynamic behavior of the individuals trying to avoid the contagious of the disease. The
proposed dynamical graph model uses a single parameter which reflects the probability of
rewire that represent actions to avoid the disease. This parameter includes also informa-
tion regarding the infectivity of the disease. The numerical simulations using Monte Carlo
method show that the dynamical behavior of individuals affects the evolution of the sub-
graphs. It is shown that the connectivity degree of the graphs can change the formation of
subgraphs and the asymptotic state of the infectious diseases.
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1. INTRODUCTION

The dynamical behavior of epidemic diseases have been studied for a long time, the
models SI,SIS,SIR and SIRS (S = susceptible, I = infected, R = recovered) are important
and fundamental epidemic models [1]. There are several approaches to study epidemics
on dynamical structures. One important branch are the models that include interactions
between the network topology and the states of the nodes [2]. A different approach is the
deterministic one, which use generally models that rely on systems of differential equations
that represent the number of individuals in various categories through continuous variables.
Systems of ordinary differential equations (ODE) are well-known tools that have been used



to model different type of diseases [1]. However, the classical continuous models have
some drawbacks such that it neglects local characteristics that may affect the evolutionary
process. Continuous models have a well developed theoretical foundation and its analy-
sis are easier than in the discrete individual models. Traditional classical mathematical
epidemic models assume that the population is fully mixed. In these models describing
different populations as continuous variables is a poor approximation in small populations.
An alternative model is a Markov process with a discrete population and time, in which
the probability of transition from (s, i) to (s -1, i +1) is given by βsi∆t, where s is repre-
senting the susceptible individuals and i the infectious ones. This process can be simulated
stochastically on computer by using Monte Carlo simulations.

It has been suggested recently that many social, biological, and communication systems
possess two universal characters, the small-world effect and the scale-free property [3].
In view of the wide occurrence of complex networks in nature, it is important to study
the effects of topological structures on the dynamics of epidemic spreading [3, 4]. An
important previous result is that infections with low spreading rates will prevail over the
entire population in scale-free networks, which radically changes many of the conclusions
drawn in classic epidemic modelling [3, 5].

Here we propose a graph dynamical model to study the evolution of diseases that follow
SI behavior. Simulating graphs have the disadvantage of being computationally intensive:
an epidemic in a population of just a few hundred thousand nodes can take hours of com-
putation to obtain averaged results over a range of model parameters. However, that is a
once-off cost of doing away with the assumption of a fully-mixed population, and the range
of possibilities it provides makes it a necessary trade-off. Mean-field approach may be used
when large populations are simulated. There are several important studies that deal with
epidemics using graphs [6, 7]. On the other hand some interesting research using adapta-
tive networks to model disease spread have been presented [8]. For instance in [9] Weng and
Zhang propose a interesting susceptible-infected-susceptible (SIS) epidemic model coupled
with opinion dynamics to investigate the effects of social impact on the epidemic spreading
in complex networks. The model consists of two types of nodes with different behavior
patterns, active nodes and passive nodes.

The main aim in this article is to study the evolution of the SI epidemiological model
and the formation of subgraphs due to the dynamic behavior of the individuals trying to
avoid the contagious of the disease. The proposed dynamical graph model uses a single
parameter which reflects the probability of rewire in order to avoid the disease. The nume-
rical simulations are performed using Monte Carlo method in order to study the dynamics
of the disease and the evolution of the subgraphs. This framework allows to analyze the si-
multaneous time evolution of the disease and the underlying graph topology. In this paper,
we study the time evolution of the disease and the underlying graph topology assuming that
the infectivity of the disease β is coupled to the probability pr to relink to a different node
(individual).

As usual, we describe the stochastic contact graph with members of the population
represented by vertices and with social contacts between individuals represented by edges.
An edge can be seen as a social contact with the potential to transmit the disease if one of
the nodes is infectious [10]. The number of edges of a graph at a vertex is called the degree
of the vertex. A well known definition is the degree distribution of a graph pk, where pk
is the fraction of vertices having degree k. The degree distribution is fundamental in the
description of the model using heterogeneous graphs.



2. THE PROPOSED SI DYNAMICAL GRAPH MODEL

The classical SI model considers a population with only two compartments, susceptible:
S(t) and infected, I(t). The compartmental deterministic SI mathematical model can be
represented analytically by:

Ṡ(t) =−βS(t)I(t),

İ(t) =βS(t)I(t), (1)

where β is the transmission rate due to the contact with infected individuals. The SI
model has many variants that include births, deaths, seasonal transmission rates or stochas-
tic components [1, 11].

There are different approaches to simulate the evolution of a disease in a dynamical
graph which depend on the assumptions to approximate the model to the real world. Here,
we assume that the relink process is coupled to the intrinsic infectivity of the disease. It
is important to remark that we do not included birth and death process since this is a first
approach. Therefore, we assume a constant network size in all the Monte Carlo simulations.
However, birth and death process may be included easily [11].

An important issue that need to be considered in the simulation of the networks, is that
in the contagion process the value of the probability of contagion per unit time β needs to be
modified for each ∆t in order to have an equivalent model to the continuous one [12]. Here
we are interested in studying the effect of an equivalent value of β and we use a parameter
β̂ which it is not equal to the parameter β of the continuous model (1).

The main idea in this model is that the relink process is coupled with the disease trans-
mission. In our proposed paradigm we assume that if the disease transmission is high an
individual disregard the possibility of changing his/her relationships with infected indivi-
duals since she/he think that any way he/she will get infected. We study in this case the
effect that has the relink process on the dynamics of the diseases. Additionally, we study
the effect that has the connectivity degree < k > on the evolution of the epidemics in the
coupled model. The number of nodes (individuals) and the total connections or links in the
initial social network remain invariant in the simulation. However, the connections between
nodes changes over the simulation. It is clear that several different algorithms may be used
for the process evolution.

The steps of the algorithm that simulates the evolution of the epidemics in our coupled
dynamical graphs are the following: i) Create an initial graph with N nodes where only
one node is infected, ii) Advance one time step ∆t and choose one node randomly, iii) If
the selected node is susceptible then we select from his neighborhood nodes one randomly,
iv) If this node is infected then with probability β̂ the susceptible node is infected and
with probability (1− β̂) the susceptible node break the contact and links with another node
randomly, v) If the selected node is infected then we select from his neighborhood nodes
one randomly. If this node is susceptible then with probability β̂ the susceptible node is
infected and with probability (1− β̂) the susceptible node break the contact and links with
another node randomly. If the selected node is infected the graph stays invariant and vi)
Based on the previous steps the graph topology may change in each time step ∆t. Then go
to step 2 and this process finish when there are not susceptible nodes in the graph or there
are not active links, i.e. all the infected nodes are only linked to infected nodes or insulated.



3. MONTE CARLO SIMULATION OF THE SI GRAPH BASED MODEL

This section is devoted to present the simulation results for the coupled SI graph model
proposed. Simulations are made using the Monte Carlo method, assuming constant po-
pulation and connections. Comparisons between different networks varying connectivity
degree, disease transmission rate and relink probability are performed in order to inves-
tigate the effect that have these parameters on the stationary states. However, only some
representative cases are shown.

In order to investigate the dynamics of the SI graph it is necessary to reproduce the initial
conditions of the population. Therefore, initially it is allocated only one infected individual
in one of the communities in order to mimic the arrival of one infected individual to a
region. Additionally, the mean and standard deviations are computed.

The simulations are performed varying the probability of disease transmission β̂. On the
left hand side of Figure 1 it can be seen that the proportion of susceptible individuals in the
stationary state approaches to zero when the probability of disease transmission β̂ increases
(relink probability decreases). Additionally, there are less susceptible individuals at the
stationary state for a connectivity degree < k >= 8 since the disease reach more individuals.
Analogously, on the right hand side of Figure 1 it can be seen more infected individuals at
the stationary state for a connectivity degree < k >= 8. Notice that for approximately
β̂ < 0.04 the disease does not propagate since the infected nodes are isolated.

In regard to the extinction time of the epidemics it can be observed on the left hand side
of Figure 2 a very interesting behavior. At β̂ ≈ 0.06 it is obtained a maximum extinction
time for the network with connectivity degree < k >= 8 and at β̂ ≈ 0.11 for a connecti-
vity degree < k >= 4. This means that the disease spread easier on networks with higher
connectivity. In addition, the maximum point may be interpreted as a point where some
difficulties are presented for the disease to reach susceptible individuals in a fast way. For
instance the infected nodes are almost isolated and cannot propagate the disease easily, but
the dynamical graph is still active. Thus, for larger values of β̂ the disease reaches more
individuals in a faster way and for lower values of β̂ the infected nodes are isolated faster.
Thus, the main result obtained here is that when the probability of disease transmission β̂
increases over a critical value β̂c the extinction time decreases.

One interesting result that helps to understand the dynamics of the epidemiological
SI graph is presented on the right hand side of Figure 2. It can be seen that the second
biggest subgraph in the network with connectivity degree < k >= 8 has the biggest size at
β̂ = 0.05. On the other hand, the second biggest subgraph in the network with connectivity
degree < k >= 4 has the biggest size at β̂ = 0.109. In the network with connectivity degree
< k >= 8 it has obtained a bigger second biggest subgraph. It is important to remark, that
the points of maximum disjoint can be related to the points of maximum extinction time.
This fact seems to have a logical explanation since a network with highest disjoint has more
difficulties to propagate the epidemics in a easy way. Finally, it is important to mention that
the region where is obtained the second biggest subgraph is close related to the highest
extinction time. As we mentioned before this happens when the infected nodes are almost
isolated and can not propagate the disease easily, but the dynamical graph remains active.
From a practical point of view, this fact is important for health institutions since they are
interested in data regarding the time period of the epidemic.



Figure 1: Simulation of the epidemics varying β̂ (transmission and relink). Susceptible
individuals in the stationary state (Left). Infected individuals in the stationary state (Right).

Figure 2: Simulation of the epidemics varying β̂ (transmission and relink). Time to reach
stationary state (Left). Size of the two biggest subgraphs when < k >= 4,8. (Right).

4. CONCLUSIONS

In this paper we studied the susceptible-infectious (SI) epidemiological model using
dynamical graphs. Dynamical structures have been recently applied in many areas including
complex systems. Dynamical graphs applied to epidemics consider generally that the nodes
are individuals and the links represent different classes of relationships between individuals
with the potential to transmit the disease.

We studied the evolution of the SI epidemiological model and the creation of subgraphs
due to the dynamic behavior of the individuals trying to avoid the contagious of the disease.
In the proposed dynamical graph model we use a single parameter which reflects the pro-
bability of rewire that represent actions to avoid the disease. In this way we assumed that
the infectivity of the disease β is coupled to the probability pr to relink to a different node
(individual). We studied the proposed graph model using different connectivity degrees and
disease transmission rates.

The numerical simulations using Monte Carlo method show that the dynamical beha-
vior of individuals affects the evolution of the subgraphs in the coupled SI graph model.
Numerical results show that the proportion of susceptible individuals in the stationary state
approaches to zero when the probability of disease transmission β̂ increases (relink proba-



bility decreases) as was expected. However, the main result is that when the probability of
disease transmission β̂ increases over a critical value β̂c the extinction time decreases. In
addition, we obtained that the region of maximum disjoint of the graph can be related to
region of maximum extinction time. This fact seems to have a logical explanation since a
network with highest disjoint has more difficulties to propagate the epidemics in a easy way,
since, the infected nodes are more isolated and cannot propagate the disease easy, but the
dynamical graph still active. From a practical point of view, this fact is important for health
institutions since they are interested in data regarding the time period of the epidemic.

We can conclude that the rewire probability changing the structure of the network has an
important influence on the evolution of the epidemics. As expected the rewire probability
protects more individuals from the society against the disease, but not necessarily a higher
rewire probability means that the epidemic extinct faster. Moreover, the results show that
the transmission disease and network topology, play an important role in determining the
evolution and outcome of a particular epidemic scenario on an adaptive network.

REFERENCES

[1] Hethcote H.W. The Mathematics of Infectious Diseases. SIAM Rev., 42(4):599–653,
2000.

[2] Marceau V., Noël P.A., Hébert-Dufresne L., Allard A., and Dubé L.J. Adaptive net-
works: Coevolution of disease and topology. Phys. Rev. E, 82(3):036116, 2010.

[3] Xu X.J., Wu Z.X, and Chen G. Epidemic spreading in lattice-embedded scale-free
networks. Phys. A: Stat. Mech. Appl., 377(1):125–130, 2007.

[4] Gross T., D’Lima C.J.D., and Blasius B.. Epidemic dynamics on an adaptive network.
Phys.Rev.Lett., 96(20):208701, 2006.

[5] Pastor-Satorras R. and Vespignani A. Epidemic spreading in scale-free networks.
Phys. Rev. Lett., 86(14):3200–3203, 2001.

[6] Nyabadza F., Mukwembi S., and Rodrigues B.G.. A graph theoretical perspective of a
drug abuse epidemic model. Phys. A: Stat. Mech. Appl., 390(10):1723 – 1732, 2011.

[7] Hadidjojo J. and Cheong S.A. Equal graph partitioning on estimated infection network
as an effective epidemic mitigation measure. PLoS ONE, 6(7):e22124, 2011.

[8] Funk S., Salathé M., and Jansen V.A.A. Modelling the influence of human behaviour
on the spread of infectious diseases: a review. J. R. Soc. Interface, 7:1247–1256, 2010.

[9] Ni S., Weng W., and Zhang H. Modeling the effects of social impact on epidemic
spreading in complex networks. Phys. A: Stat. Mech. Appl., 390:4528–4534, 2011.

[10] Witten G. and Poulter G. Simulations of infectious diseases on networks. Comp. Biol.
Med., 37(2):195–205, 2007.

[11] González-Parra G., Acedo L., Villanueva-Micó R.-J., and Arenas A.-J.. Modeling
the social obesity epidemic with stochastic networks. Phys. A: Stat. Mech. Appl.,
389(17):3692–3701, 2010.

[12] Wang Y., Chakrabarti D., Faloutsos C., Wang C, and Wang C. Epidemic Spreading in
Real Networks: An Eigenvalue Viewpoint. In SRDS, pages 25–34, 2003.


