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ABSTRACT. In this paper we study composition operators on spaces of
entire functions. We determine which entire functions induce bounded
composition operators on the Paley-Wiener space, L2, and on the E? (y)
spaces. In addition, we characterize compact composition operators
on these spaces. We also study the cyclic properties of composition
operators acting on Li.

1. INTRODUCTION AND PRELIMINARIES

Let Hol (D) denote the space of all analytic functions in a domain D C C
endowed with the topology of uniform convergence on compact subsets of
D, and let H be a linear subspace of Hol (D). If ¢ is an analytic self-map
of D such that f o ¢ belongs to H for all f € H, then ¢ induces a linear
operator Cy, : H — H defined as Cy(f) := fop.

C, is called the composition operator with symbol .

A Hilbert subspace $) of Hol (D) is said to be a functional Hilbert space
if for all w € D, the evaluation functional:

0w : 9 — C; fo(w)v

is continuous. In this case, as a consequence of the Riesz representation
theorem, for each w € D, there exists a function k,, € $ such that

fw) =(f ko), fe€H9N

Eeach function k,, (w € D) is known as a reproducing kernel of §).

A straightforward application of the closed graph theorem shows that a
holomorphic function ¢ : D — D induces a continuous operator Cy, : § — §
if and only if fop € $ for each f € .

In this paper we will study bounded composition operators acting on
certain functional Hilbert spaces of entire functions. In a recent paper ([6]),
composition operators acting on the Fock space of entire functions were
studied.

We refer the reader to [3] or [13] for the background on entire functions
that we will use here. As usual, given an entire function f, we can estimate
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its radial growth by means of the function

My(r) := max|f(2)].
|z|=r
We recall that an entire function f is said to be of finite orderif the inequality
M(r) < exp(r*) holds for sufficiently large values of r, for some k > 0. The
order of an entire function f of finite order is the greatest lower bound of
those values of k for which this asymptotic inequality is satisfied.

An entire function f, of order p, is said to be of finite type if for some
A > 0 the inequality My(r) < e4™ holds for sufficiently large values of r.
The greatest lower bound of those values of A for which this asymptotic
inequality is satisfied is called the type of the function f. Following [3], we
will say that an entire function f, is of exponential type o if it is of order
p <1 and type o € (0,00).

Another interesting issue in this context, is the study of the cyclic prop-
erties of composition operators. See, for example [5] and [10]. A bounded
operator 1" acting on the Hilbert space § is called cyclic if there is a vector
z € $ whose orbit under T

Orb(T,z) :== {T"x : n € N}

have dense linear span. If the set of all scalar multiples of Orb (7, z) is dense
in $), then T is called supercyclic, and if the Orb(T, x) itself is dense in £,
then T is called hypercyclic. As usual, z is called a cyclic (resp. supercyclic,
hypercyclic) vector for T'.

In Section 2, we will study composition operators on the so called Paley-
Wiener space, L2. We will characterize bounded and compact composition
operators on L2. On the other hand, we will investigate some aspects of the
cyclic behavior of these operators. In Section 3, we will study composition
operators on the Hilbert spaces of entire functions E?(vy) studied in [7].

2. COMPOSITION OPERATORS ON THE PALEY-WIENER SPACE

2.1. The Paley-Wiener space. The Paley-Wiener space L2 is the space
of those entire functions of exponential type less or equal than m whose
restriction to the real line belongs to the space L?(—o0, 00) (cf. [3, 13]). L2
with the norm given by

Wﬁ%mmfi/lﬂ@QM,

— 00

is a closed subspace of L?(—o00,00) and thus, it is a Hilbert space. Further-
more, the inequality

_ 2
i) < 2 D
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shows that L2 is a functional Hilbert space. It can be shown (cf. [13]) that
its reproducing kernels are given by

. sinm(z — w) w
kw() TI'(Z—@) ) ( GC)

and that set {ky}, c is an orthonormal basis in LZ. Therefore by Parseval’s
identity,

17122 Coomey = D LF ).
neL

As usual we will write

. sinmz
sinc z := .
Tz
As a consequence of the well-known Paley-Wiener theorem, the Unitary
Fourier transform (the usual Fourier transform normalized) f := F(f) of a
function f € L2 is supported in [—m, 7). Each function f € L2 admits the
representation
f)= o= [ foean jeri-mm)
o . 5 ) 5
where L?(—m,7) denote the closed subspace of L?(—o0,00) consisting of
those functions which vanish a.e. outside of (—m.7). Then,
L2 =3 YL?(—m, 7).

s

In fact, the Parseval’s identity

Hf”LQ(—oo,oo) = HfHLQ(—TrJr)?

shows that the Unitary Fourier transform § : L2 — L?(—m,7) is an iso-
metric isomorphism.

2.2. Bounded operators and compact operators on L2. As it was
pointed out in [1], composition operators on the Paley-Wiener space appear
also in the field of signal processing. A function f in L?(—o0,00) is con-
sidered as a signal (with “finite energy”) and belongs to the Paley-Wiener
space if its frequency domain (the domain of its Unitary Fourier transform)
is limited to the band [—,7].

In this setting the symbol ¢ is called a warping function and the operator
f — fopis a warping operator. In [1] (cf. also [2], a shorter version
published) the authors considered the case ¢ : R — R. We will study the
case in which ¢ is an entire function. In the first place, we will consider
the problem of characterizing the symbols ¢ such that C, acts as bounded
operator on L2.

In order to characterize the bounded composition operators on the Paley-
Wiener space we will use the following results proved in [15] (see also [1, 11]).
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Theorem 2.2.1. Let f and ¢ be entire functions with ¢(0) = 0. Let F' =
fow. Then there is a constant ¢ € (0,1) such that

Mp(r) = My(eM,(r/2)).
Theorem 2.2.2 (Pélya’s Theorem). Let f and ¢ be entire functions such
that F' = f o @ is of finite order. Then either
(1) ¢ is a polynomial and f is of finite order, or
(2) ¢ is not a polynomial (but a function of finite order) and f is of
order 0.

Pélya’s theorem implies that if a warping function ¢ : R — R maps every
bandlimited functions to bandlimited functions, then ¢ is affine (cf. [1, 2]).
In the proof of the following lema we use the ideas given in [1] and [2].

Lemma 2.2.3. Let ¢ : C — C be a holomorphic map (no null), if the
operator C, maps L2 into itself then o is an affine map.

Proof. Suppose that C,, maps L2 into itself, then the function sinco ¢ is in
L? and since sinc has order exactly one, Theorem 2.2.2 implies that ¢ is
a polynomial. Let n denotes the degree of ¢. We are going to show that
n=1.

Without loss of generality we may assume that ¢(0) = 0. Then there is
a positive constant a such that My(r) > ar™ for r large, and by Theorem
2.2.1 there exists a constant ¢, 0 < ¢ < 1 such that

Moy (1) > My(car™/2"),

for each function of order one in L2. Let 0 < b < 1. If the order of f
is one, then there are arbitrarily large values of R for which the inequality
M¢(R) > exp RY holds. Thus, there are arbitrarily large values of r such
that

Mg (car™/2) > exp(calr™ /2m).
If f o is of order p < 1, then there exist constants A, B such that

Myap(r) < Aexp(Br),

for all r. Thus, there are arbitrarily large values of r such that

exp(ca’r™ /2") < Aexp(Br).

It follows that nb < 1. Since b is any positive number less that one, we must
have n =1 (n > 0 because a constant function can not be a symbol). O

Theorem 2.2.4. Let ¢ be a nonconstant entire function. The operator C,
is bounded on L2 if and only if p(z) = az+b, (z € C) with0 < |a| < 1, and
a€R.

Proof. 1t is easy to see that the order and type of entire functions are pre-
served by translations. The Plancherel-Pélya theorem (cf. [13, Section 7.4])
shows that

[is@rstinfan= [ 1+ de < 1l oome™.
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Therefore, the space of entire functions of exponential type < 7 that
belong to L?(—o00,00) is invariant under translations.
Now,

/f(a$)|2dfv= (1/Ia!)/f(fv)|2d:v7 (a € R);

on the other hand, if the order of f(z) is p, then the order of f(az) is also
p while if the type of f(z) is o, then the type of f(az) is |a|fo.

This shows, in addition, that if C,(L2) C L2 then ¢(z) = az +b with
0 < |a| < 1. In order to see that a € R it suffices to show that if ¢(z) = iz,
then the function f(z) = sincz belongs to L2 but fo ¢ L2. Indeed,

T —Tx T 1

€ € &

|67TJ,’ _ e

—7I'£E|

sinciz| = > — - (r=1),
| | 2rx — 2mx 2rxr T 2mx 2@ (@=>1)
and if A > 0 is such that %—%lehenxzflwehave
o0 o0 [o¢]
/ | sinciz|® do > / | sinciz|® do > / ldz = oc.
—o0 A A
The proposition is proved. O

Corollary 2.2.5. No bounded composition operator on L2 is compact.

Proof. Clearly, the operator C,, is compact in L2 if and only if the operator
Cp—y(0) is compact.

Since f(n) i 0 for all f € L2, the sequence of orthonormal vectors
n—mrIoo

{kn}o2, converges weakly to zero. However, an easy computation shows

that
”Cap—w(O)(kn)H - 1/\/ |a’

for all n. Consequently, C,, can not be compact. O

2.3. The adjoint of a composition operator on L2. Recall that by the
Paley-Wiener Theorem, L2 and L?(—m, ) are isometrically isomorphic via
3. If f € L2 we have:

1 T
Z) = —— t)e'® dt,
16 == [ 70
with f € L2(—m, 7). Thus, if p(z) =az+b, b=A+in, acR, 0<a<1
(for the sake of simplicity we may assume that a > 0), then we have

Co(f)(2) = flaz+ X +1in) = \/127- _” f(t)eitazeute—nt dt

1 aTm

N a2 J_arn
Therefore, the composition operator C, corresponds, via §, to the oper-
ator Cy, : L?(—m,m) — L?(—m, ) defined as

f (§> M) e (%) e g,

a
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~ 1 X ix(Z) —n(=
(Co9)(@) = =9 (%) X(amam @)e (D e(5), (1)
Now let f,g € L?(—n,7), then
R B 1 arm T e _pE
(Cpg, f) = San ﬂmg(E)@ ae T f(z)dr
1

= 5 g(t)eMe M f(ta) dt

= (9.C5 1)
Consequently, the operator Cg, corresponds, via §, to the operator
(C: )(x) = e e f(ax), € L(—m,7). (2)

Since § is an isometry, we can compute Cg, acting on the Paley-Wiener

space as follows: Let f € L2 and f € L?(—m, ) its respective Unitary
Fourier transform, then since 0 < a < 1, we have CJf € L?(—m,m) and

S_l(C;f) € L2. Now,

1 —idx —nz [ izx
— e e fax)e** dx
V2T /7r

1

LA T t ot
= f(t)ePae Maeta dt
avam J—
]. ;r ~ it Z*>\+i7l
- Foye =) ar

Therefore,

z—A+1in
a

ne = ). rer ®)

As a consequence of the equation (3) we have the following

Proposition 2.3.1. A bounded composition operator C, on L2 is normal
if and only if ¢'(0)=1.

it is straightforward to check that

Proof. Let ¢(z) = az + b. Using (3)
b=0. U

C,Cy — CzC, =0 if and only if

2.4. Cyclic behavior of composition operators on L2. We shall now
use equation (1) in order to prove the following result.

Theorem 2.4.1. No bounded composition operator on L2 is supercyclic.
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Proof. Let ¢(z) = az + (A 4 in) and suppose that C, is supercyclic. For
the sake of simplicity we will assume a > 0 and n > 0 (in the general case,
the modifications needed are straightforward). Then there exists a function
g € L*(—m,7), a sequence {a}} in C, and a sequence {n;} in N such that

{akégk (g)} converges in L?(—m, m) to the function f = 1. By taking a
subsequence, if necessary, we may assume that akégk (9)(x) — 1, a.e. but
it is easy to see, using (1) that klim ak(f'g’“ (9)(z) =0 if a < 1.
— 00

If a = 1, then Cy(g)(z) = g(z)e?e™"*. That is, C, is the multipli-
cation operator My : g — hg on L*(—m,m) with h(z) = e, Now
we are going to use the angle criterion for supercyclic vectors [10]. Let
g € L?>(—m,7) \ {0}. Then Bessel’s inequality implies that for every k € ZT

X(=m0)  —kn()| 1\ (2 XOm) —kn() ()2 < [|e—kn() 4|2
(e mOlg 2 4 (K02 R0 g 2 < et
and therefore there exists a constant € > 0, depending on ¢, such that for
every k € ZT,

1
™ 3 7r
ﬁ(/ €_2knx|g(x)\2d:v> >/ e k% g ()| dx + e.
0

—Tr
Thus

T e~k g(x)| dx T ek g(x)| dx + €
B 1o Y 5]

C VR (e g@) )t N R ([T e g da)

Therefore,

=

(M5 g, X(0.))!
e IMEgllxom |
Consequently, g can not be a supercyclic vector for Mj,. ([

2.5. Composition operators on L%. Let us consider now the general
Paley-Wiener spaces LY, 1 < p < oo, i.e., LY is the space of those en-
tire functions of exponential type < m whose restrictions to the real line
belongs to the space LP(—o00, 00).

In a standard way (cf. [6]) the boundedness and compactness of C,, is
closely related to the properties of a certain Carleson-type measure associ-
ated with ¢. However, a careful revision of the proof of theorem 2.2.4 will
show to the reader that the result can be easily generalized to the setting of
L% spaces. The next two results involving Carleson measures have interest
by themselves.

In what follows, we will assume that 1 < p < ¢ < oco.

We shall say that a measure p on R is a (p, ¢)- Carleson measure (for the
Paley-Wiener space) if the space L% is boundedly contained in L?(u), that is:
if the inclusion map i : Lx — L9(u) is bounded. If the map i is compact, we
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will say that u is a (p, q)-vanishing Carleson measure (for the Paley-Wiener
space).

For a given entire function ¢, the weighted pullback measure 1, on R is
given by

1p(E) = 1(p7}(B)),

for every Borel subset E of R, where [ denotes the arc-length measure. Since
one can easily check that ||Cy(f)|lLa(—c0,00) = I fllLa(u,) for every f € LE,
we have that if the operator C, : Lt — L% is bounded, then pu, is a (p, )-
Carleson measure. Furthermore, if 1 < p then C, is compact if and only if
e is a (p, q)-vanishing Carleson measure.

In this section, we shall characterize both Carleson and vanishing Carleson
measures on Paley-Wiener spaces. In [14], a similar result is mentioned.

Now, we list some well-known facts about Paley-Wiener spaces Lh (1 <
p < 00) that we will require (cf. [13, 20.1]).

Remarks 2.5.1. (i) Asa consequence of Plancherel-Pélya theorem and
since |f|P is a subharmonic function, then for any z,y € R we obtain

. 2 .
F@+ i)l < S| f,

—00,00)"

In particular, there is a constant K (depending on p, but neither on
x nor on f) such that

F@P < K Fl8 ooy

(ii) Let {A\,} C C be a sequence and let H,d be positive numbers such
that

ImA\,| <H<oo, [A\—An|>0 forn#m.
Then, for each f € Lk,

DO < U o0

where the constant C' depends on §, and H but not on f.

(iii) If 1 < p < oo, then for any sequence {c;} in [P(Z) there exists
a unique solution in LY for the interpolation problem f(k) = cx,
k € Z. In addition, the norms of f and the corresponding {cy} are
comparable, i.e. there exists constants m, M such that

00 1/p 00 1/p
m( > \f(k)\p> < fllzr(—oo,00) < M( > If(k)|p> :

k=—o00 k=—00

for all functions f € L%. In particular, this last inequality implies
that if 1 < p < ¢ < oo, then LL C L1.

Actually, we only are going to need the result for a simpler prob-
lem: given zp € R we want to find a function f € L% such that
f(zo) = 1. This is obtained by considering the sequence ¢ = 0 if
k # 0 and ¢y = 1 and translating the function with f(k) = ¢ by zo.
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(iv) Bernstein Inequality: (cf. [3, 11.1.2]) If f is an entire function of
exponential type 7 and |f(x)| < M for all x € R, then |f'(x)] < MT.

D(z,r) will denote the usual open ball in R with center x and radius r.
Theorem 2.5.2. Let 1 < p < q < co. The following statements are equiv-
alent:

(a) The measure p is a (p, q)-Carleson measure.

(b) For each r > 0 there exists a constant C such that p(D(x,r)) < C
for all x € R.

(¢) There exist r > 0 and a constant C such that p(D(z,r)) < C for all
r € R.

Proof. Assertions (b) and (c) are clearly equivalent.

(c)=(a): Let C > 0 be such that u(D(z,1)) < C for each z € R and let
Ty, € [n,n+1] be such that | f(x,)| = maxp, ,41) | f(2)]. Then, we decompose
the sequence {x,,} in two subsequences: {\,} and {\,,}, with [\, —A,,| > 1/2
and |\, — AL,| > 1/2 if n # m. Now,

</\f|qdﬂ>; (i /:Hf\%m>é

n=—oo

( > |f<:ck>|m<[n,n+1]>>
e ( S f(mk>|q)q

Q=

IN

<Ci ( 3 f(a:k>|p>

B =

—Ci ( STUFP+ Y |f(&;)|”>

n=—oo n=—oo

1 1
< C1E) 7 [ fllp(-o0,00)

where the constant K is as in 2.5.1(ii).

(a)=(c): Let K and M be constants such that |f(z)| < K| f| rr(—cc,00) <
KM (322 |f(B)P)P, for all z € R, f € LB (cf. 2.5.1(i,iii)). Let r > 0
be such that 7K Mr < 1. If (c) is false, then for each n € N there exist z,,
in R such that u(D(x,,r) > n. But, by (ii) above, for each n € N, there
exists fn, € Ly such that fn(z,) = 1 and || full£r(—00,00) < M, (cf. 2.5.1(iii)).
Bernstein’s Inequality (2.5.1 (iv)) implies then that |f] (z)| < 7K M for all
xz € R,n € N, and an application of the Mean Value Theorem gives:

L= |fn(@)] <11 = fa(@)] = [folan) = fu(@)] = [fo(O)] |2 — zn| < 7K M,
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for all z € D(xy,,r) and some real number & in this ball.
Finally, we have

/Ifn!qdu > / |fulfdp > (1 — nKMr)in,
D(zn,r)

which contradicts the fact that p is a Carleson measure and hence there must
exists a constant C' > 0 such that || fullzaw) < Cllfallzr(—0c,00) < CM O

For vanishing Carleson measures, we have the following.

Theorem 2.5.3. Let 1 < p < q < co. The following statements are equiv-
alent:

(a) The measure p is a (p, q)-vanishing Carleson measure.
(b) For each v >0 p(D(xz,r)) =0 as z — oo.
(¢) There exist v >0 such that p(D(x,r)) — 0 as z — oo.

Proof. Again, assertions (b) and (c) are clearly equivalent.

(c)=(a): Let {f.} be a sequence in L% weakly convergent to zero; this is,
the sequence {H Il Lp(_oo’oo)} is bounded (without loss of generality we may
assume that it is bounded by 1), and f, converges uniformly on compact
sets to zero. We shall see that [ |f,|?7du — 0.

As in the proof of Theorem 2.5.2, for each n we choose the sequence
{znr}, as follows: x, ) will be a number in [k, k& + 1] where |f,| reaches
its greatest value. Then, we decompose this sequence in two subsequences

(M} and {)\;’k} 50 that [Anp—Angl = 1/2and [N, ;—X, ;| > 1/2 when k #
Jj. By remark 2.5.1(ii), there exists a constant C' such that >, | f,(Apx) P <

C'anH’zp(_mm) (and ), |fn()\;’k)|p < C||fn\|1£p(_w7w)) for all n. Then for
all n € N:

3 =

(Zun(xn,mq)q < (Dfn(xn,mp)p < (20) 7| full ooy < (2C)7.

keZ keZ

Given € > 0, we take N € N such that u(D(z,1)) < ( Eq)g if || > N, and
4C)r
if n is large enough such that |f,(z)|? < m for all z in the compact

set [—N, N], then

N
/ |fnl? dp <

N

| ™
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Hence

(/ !fnlqdﬂ> <
|z|>N

(Z (@) [0k k4 10) + > |, —k—0) 10k = 1, —H))

k=N k=N

<802|f33nk|+ Z|fxn kl ) <5/27

thus, [ |fn|?7dp < e for such n.

(a)=-(c): As in the proof of (a)=(c) in Theorem 2.5.2 (with the notation
of that proof) we take » > 0 such that TKMr < 1. If (c) is not true,
then there exists ¢ > 0 and a sequence {z,} C R such that x,, — oo and
w(D(zp,r) > €. Of course, we can assume that these discs are disjoint. We
take now f, € Lk with f,(z,) =1 and || f,||¥ < M.

H LP(—oo,oo) —
Since the inclusion operator i : L — L%(u) is compact, we can assume
(by taking a subsequence if necessary) that f, — f € LI(u).
Again, as in the proof of theorem 2.5.2, by using Bernstein Inequality
and the mean value theorem, we see that |f,(z)| > 1 — 7K Mr in the disc
D(xy,r) for each n, and then

/Ifn!qduz/D( )!fn|‘1duz (1— 7K Mr)le

Q=

Now, by observing that

1/q
an*fHLq(p,) > (/ |fnf‘qd:u)
D(zn,r)
1/q 1/q
> (/ \fnlqdu> - (/ If!qdu>
D(zn,r) D(xn,r)

1/q
z(l—wKMwe”p—(/ If!qdu> ,
D(zn,r)

1/
we obtain (fD(a:n " ]f\qdu) T (1—7KMr)e'? — || fr. = fll£a()> and since
|fn — fllza(uy — O, then there exists n > N such that

1— nKMr)e/r\?
/ |fl9dp > (1 = mKMr)e
D(zn,r) 2

D> / i

n>N
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which is a contradiction because f € L1(u). O

An important consequence of these characterizations is that the Carleson
(vanishing Carleson) condition is actually independent of p and ¢, 1 < p <
q < oo. From this last result and from section 2.2 we may conclude the
following

Theorem 2.5.4. Let 1 < p < g < oo and suppose that Cy, acts from L% to
LL. Then
(1) Cy, is bounded if and only if ¢(2) = az + b, with 0 < |a| < 1,a € R.
(2) Cy is not compact.

3. COMPOSITION OPERATORS ON THE SPACES FE?(y)

3.1. Spaces E?(v). According to Chan and Shapiro [7], an entire function
v(2) = > 2™ is called a comparison function if ~, > 0 for all n and if the
sequence of ratios v,41/v, decreases to zero as n — oo. In case that the
sequence (n + 1)7y,4+1/7n decreases monotonically to 7 > 0, then + is said to
be an admissible comparison function.

For each comparison function v, we define E2(v) as the Hilbert space of
entire functions

f(z) = Z anz",
n=0
such that

oo
I£15, =Y ¥ *lan]? < oo.
n=0

In this case, the inner product of E?(v) is given by

o 0 o
(Z anz", Z bp2"y = Z V;Qana,
n=0 n=0 n=0

and the functions e, (z) := v,2", n=0,1,2..., form an orthonormal basis
for E2(vy). Moreover, if f(z) = Y an,2" € E?(y), then the following in-
equality [7, Prop. 1.4] shows that the spaces E?(v) are functional Hilbert
spaces.

F <D anllzl =) 2l
n=0 n=0 Tn

0o 1/2
< |1 fll2y <Z %21\2\2">
n=0

< [Ifll2(2)-
In fact, the reproducing kernels of E2?(vy) are given by

Ku(z) = 4(w2),
where 4(z) := > 22"
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From [7, Prop. 1.3], it follows that the order and type of comparison
functions v affects the behavior of the functions in the corresponding Hilbert
space E%(7y). Actually, every element of E?(v) has order and type no more
than that of ~.

On the other hand, in [7, Prop. 1.3], it is proved that if (n+1)yu41/7m | 7,
7 > 0, then ~ is of order one and type 7. The case in which 7 = 0 is more

delicate. For example, if we take vi(z) == 1+ > (ﬁ)% 2", then v

is clearly an admissible comparison function with 7 = 0 , order 1/2 and
type 1. However, the function 72(z) :== > "7, e~ 2" is also an admissible
comparison function with 7 = 0 but of order zero, see [13, Chapter 1]. This
shows that the order and type of an admissible comparison function = is not
determined by 7 in this case.

n

3.2. Bounded Composition Operators on E?(y). In [7], Chan and
Shapiro showed that if the sequence {(n + 1)y,+1/7»} is bounded, then each
translation operator is bounded on E?(7). In this section, we will consider
the problem of characterizing the symbols that induce bounded composition
operators and compact composition operators on E? (v) when 7 > 0.

First, we need to observe that for each o < 7, the function f,(z) := €?*
belongs to E?(v). This follows from the fact that, for each n, the inequality
(n + 1)yp41/vn > 7 implies that ~, > 7"7/n! and thus

0 2n

Z%nl 2Zn'n ZI ZZ()

n=0

I £-113

Theorem 3.2.1. Let ¢ be an entire function. The operator C, is bounded
on E2(v) if and only if p(2) = az + b with |a] < 1.

Proof. Suppose that f € E?(v) is of non zero finite order. If f o ¢ belongs
to E%(), then it is of finite order, and by Pélya’s Theorem (2.2.1), ¢ must
be a polynomial. Let ¢(z) = apz™ + -+ ag, ap # 0, n > 1. If 0 < 7, then
fro@(2) = exp(o(a,z™ + - +ap)) belongs to E?(v), which is a function of
order n and type ola,|. Thus n =1 and ola,| < 7. Since o is arbitrary, it
has to be |a,| < 1.

In order to see that the condition is sufficient, it suffices to show that
the symbol ¢(z) = az, |a|] < 1 induces a bounded composition operator
on E?(v), since every translation operator is bounded in E?(v) (cf. [7]).
Indeed, if f(2) = >_ ¢ 2" belongs to E2(7y) then,

o0 oo
IC £ =D v lal leanl* < D v leal® = 1115,

O

3.3. Compact Composition Operators on E?(v). In order to charac-
terize the symbols that induce compact composition operators on E?(7),
we shall show first that this space is closely related to the space Hol (C) N
L*(C,e 1 dA) where dA denotes the area measure on C. The ideas and
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computations below follow those in [16, 6.8] where it was considered the
space E(e?).

In general, $H is defined as the Hilbert space of entire functions such
that

115y = /(C [F(2)PW (|2]) dA(2) < oo,
where W is a certain weight function.

Lemma 3.3.1. Let v(z) = > 7,2" be an admissible comparison func-
tion such that 0 < 7 = limp—oo(n 4+ 1)Ynt1/vn- The space Hw., where
Wr(|z]) := e=271#l is contained in E*(v), and there exists a constant K such

that |[flloy < K[| fllw, for all f € Hw..
On the other hand, the space E*(7y) is contained in the space 9yy,, where

Wi(|z|) := e 2, ¢ > 7. In this case there exists a constant C such that
1Fllw. < Clifllay for all f € E2(7).

Proof. As pointed out before, lim,, oo (17 4+ 1)¥p4+1/7» = 7 > 0, implies that
Tn > T"y0/n! n=0,1,2,.... (4)

Moreover, if t > 7 then we can find a constant C' (depending only on ¢) such
that

t’fl
Mm<Co  n=012.. . (5)

Now, if Wi(|z]) = e 22 t > 7, and f(z) = 3 an2", then

o0
1£11%, = 27 Y palanl?

n=0

where p,, 1= / P HW (r) dr = (20 + 1)!(2t) 72+ and thus
0

Pn (2n)' —2(n+1) _

i (2n +1) [(n!)2 (2t) L n=0,1,2...

The bracketed term is (by Stirling’s formula) asymptotically a constant times

4" /\/n, and therefore p, is asymptotically a constant times \/n(n!)%t=2".
If t = 7 by using (4) we see that there is a constant C' such that

(n!)?

0
171, = €S- vt lanl?
n=0

(o)
1
> Vi
0 Tn

> 1
20y Slaal* = CIlf

2
27
n=0
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On the other hand if ¢t > 7, we take 7 < s < ¢, and (5) gives:

Ifllw, =C Y Vn
n=0

(n02 2
2n |an|

- Cg) o i (2) o

t

<oy v (5) ap

= 3

1
<CY Slanl? = ClIfI5,-
" Tn

0

The following lemma holds in any analytic functional Hilbert space. For
the sake of completeness, we include here the proof for the case of Ea(7).

Lemma 3.3.2. Let {f,} be a sequence in E*(v). {fn} converges weakly
to zero if and only if {fn} converges to zero uniformly on compact subsets

of C.

Proof. The if part is inmediate. On the other hand, if {f,} converges
weakly to zero, then it converges pointwise to zero (cf. [9]) and there exists
M > 0 such that || fp|l2,y < M for all n. Let K C C compact, then for each
w € K we have,

[fn(w)] = [(fo, Kw)| < (| fall2y ][ Kuwl]
1 fallzA(wl?) < M Sggﬁ(!wlz)-

Thus, {f,} is locally bounded and is therefore a normal family. If { f,,} does
not converge to zero uniformly on compacts subsets of C, then there exists
€ > 0 and a subsequence { f,,, } such that sup,cx |fn,(w)| > €. But {f,} is
a normal family and then it has a subsequence converging to zero uniformly
on compact subsets of C. This is a contradiction. O

Theorem 3.3.3. Let ¢ be an entire function and v = > v,2" an admissible
comparison function such that im(n + 1)yp41/vm = 7 > 0. Then, C, is
compact in E*(v) if and only if ¢(z) = az + b where |a| < 1.

Proof. Recall that the sequence {e,}, e,(z) = 7v(n)z" is an orthonormal
basis of E2(v), in particular, {e,} is weakly convergent to zero. If ¢(z) = az
with |a| = 1, then
ICsenll3, = lla"enll3, =1,

and C,, can not be compact. It follows then that if p(z) = az +b (|a| = 1),
then C, can not be compact either.

Now, we shall prove that if ¢(z) = az, |a|] < 1, then C, has to be
compact. Let {f,} be asequence in E?(y) weakly convergent to zero. Then
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by lemma 3.3.2, {f,} is bounded by M > 0 and converges to zero uniformly
on compact subsets of C. We must prove that || f, 0|2, converges to zero.
By lemma 3.3.1, there exists a constant ¢ > 0 such that

13, < e / F()Pe T dA().

Thus, is suffices to show that [ |f,(az)|?e 27?l dA(2) converges to zero, or
by changing variables that

[1zatw)e e dagw) — o,

Given € > 0, we take 7 <t < 7/|a|]. Again be lemma 3.3.1, there exists a
constant C' > 0 such that

[1swPe aatw) < il

Now we may take a compact set K C C such that e=27Iv//laletlvl < ¢ /20 M
for each w out of K; therefore,

L e aac) = [ e/l aagw)

€ 2=2tful/lo

< n A

< 5087 o e )
€ 2

<
I3 3

< = —.

- 2C’MCM 2

Finally, we may take n large enough such that, for each w € K,

fu) < /2 [e¥Haa)
Then
/ | f(w)Pe= 21Vl gA(w) < e/2,
K
and this completes the proof. ([
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