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PREFA CE 

The purposes, level, and style of this new edition conform to the tenets 
set forth in the original preface . We continue with our tack of developing 
simultaneously theory and applications, intertwined so that they refur­
bish and elucidate each other. 

We have made three main kinds of changes .  First ,  we have enlarged on 
the topics treated in the first edition. Second, we have added many 
exercises and problems at the end of each chapter . Third, and most 
important, we have supplied, in new chapters, broad introductory discus­
sions of several classes of stochastic processes not dealt with in the first 
edition , notably martingales, renewal and fluctuation phenomena associ­
ated with random sums, stationary stochastic processes, and diffusion 
theory. 

Martingale concepts and methodology have provided a far-reaching 
apparatus vital to the analysis of all kinds of functionals of stochastic 
processes .  In particular, martingale constructions serve decisively in the 
i.nvestigation of stochastic models of diffusion type. Renewal phenomena 
nrc almost equally important in the engineering and managerial sciences 
t�H p(�cially with reference to examples in reliability, queueing, and inven­
tory systems . We discuss renewal theory systematically in an extended 
(�haptcr. Another new chapter explores the theory of stationary processes 
und itt; applications to certain classes of engineering and econometric 
prohlctns. Still other new chapters develop the structure and use of 

xl 



xii PREFACE 

diffusion processes for describing certain biological and physical systems 
and fluctuation properties of sums of independent random variables 
useful in the analyses of queueing systems and other facets of operations 
research. 

The logical dependence of chapters is shown by the diagram below. 
Section 1 of Chapter 1 can be reviewed without worrying about details . 
Only Sections 5 and 7 of Chapter 7 depend on Chapter 6 .  Only Section 9 
of Chapter 9 depends on Chapter 5 .  

1 

2 

8 9 7 

An easy one-semester course adapted to the junior-senior level could 
consist of Chapter 1 .,  Sections 2 and 3 preceded by a cursory review of 
Section 1 .,  Chapter 2 in its entirety., Chapter 3 excluding Sections 5 and/or 
6., and Chapter 4 excluding Sections 3., 7., and 8. The content of the last 
part of the course is left to the discretion of the lecturer . An option of 
material from the early sections of any or all of Chapters 5-9 would be 
suitable .  

The problems at the end of each chapter are divided into two groups. 
The first., more or less elementary; the second., more difficult and subtle . 

The scope of the book is quite extensive., and on this account., it has 
been divided into two volumes .  We view the first volume as embracing 
the main categories of stochastic processes underlying the theory and 
most relevant for applications .  In A Second Course we introduce additional 
topics and applications and delve more deeply into some of the issues of 
A First Course . We have organized the edition to attract a wide spectrum 
of readers including theorists an� practitioners of stochastic analysis 
pertaining to the mathematical., engineering., physical., biological., social., 
and managerial sciences .  

The second volume of this work., A Second Course in Stochastic Processes., 
will include the following chapters : (10) Algebraic Methods in Markov 
Chains; ( 11 )  Ratio Theorems of Transition Probabilities and Applications ; 
(12) Sums of Independent Random Variables as a Markov Chain; ( 13) 
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Order Statistics� Poisson Processes� and Applications ;  ( 14) Continuous 
Time Markov Chains ; (1 5) Diffusion Processes; (16) Compounding 
Stochastic Processes ; (17) Fluctuation Theory of Partial Sums of Indepen­
dent Identically Distributed Random Variables ; (18) Queueing Processes . 

As noted in the first preface� we have drawn freely on the thriving 
literature of applied and theoretical stochastic processes. A few represen­
tative references are included at the end of each chapter; these may be 
profitably consulted for more advanced material. 

We express our gratitude to the W eizmann Institute of Science� 
Stanford University� and Cornell University for providing a rich intellec­
tual environment� and facilities indispensable for the -w�riting of this text . 
The first author is grateful for the continuing grant support provided by 
the Office of Naval_ Research that permitted an unencumbered concentra­
tion on a number of the concepts and drafts of this book. We are also 
happy to acknowledge our indebtedness to many colleagues who have 
offered a variety of constructive criticisms . Among others� these include 
Professors P. Brockwell of La Trobe� J .  Kingman of Oxford� D .  Iglehart 
and S.  Ghurye of Stanford� and K. Ito and S .  Stidham� Jr. of Cornell. We 
also thank our students M. Nedzela and C. Macken for their assistance in 
checking the problems and help in reading proofs. 

SAMUEL KARLIN 
HowARD M. TAYLOR 





PREFACE TO FIRST EDITION 

Stochastic processes concern sequences of events governed by proba­
bilistic laws . Many applications of stochastic processes occur in physics, 
engineering, biology, medicine, psychology, and other disciplines , as well 
as in other branches of mathematical analysis. The purpose of this book 
is to provide an introduction to the many specialized treatises on stochas­
tic processes . Specifically, I have endeavored to achieve three objectives : 
( 1 ) to present a systematic introductory account of several principal 
areas in stochastic processes , (2) to attract and interest students of pure 
mathematics in the rich diversity of applications of stochastic processes, 
and (3) to make the student who is more concerned with application 
aware of the relevance and importance of the mathematical subleties 
underlying stochastic processes .  

The examples in this book are drawn mainly from biology and engineer­
ing but there is an emphasis on stochastic structures that are of mathe­
rnatical interest or of importance in more than one discipline. A number 
of concepts and problems that are currently prominent in probability 
rP-Rearch are discussed and illustrated . 

Since it is not possible to discuss all aspects of this field in an elementary 
t t�x L, some important topics have been omitted, notably stationary 
s t . oeha stic processes and martingales .  Nor is the book intended in any 
Ht�nHe as an authoritative work in the areas it does cover . On the contrary, 
it.K pritnary aim is simply to bridge the gap between an elementary 

XV 



xvi PREFACE TO FIRST EDITION 

probability course and the many excellent advanced works on stochastic 
processes. 

Readers of this book are assumed to be familiar with the elementary 
theory of probability as presented in the first half of Feller's classic 
Introduction to Probability Theory and Its Applications. In Section 1 ,  
Chapter 1 of my book the necessary background material is presented 
and the terminology and notation of the book established. Discussions 
in small print can be skipped on first reading . Exercises are provided at 
the close of each chapter to help illuminate anq expand on the theory . 

This hook can serve for either a one-semester or a two-semester course ,  
depending on the extent of coverage desired . 

In writing this book, I have drawn on the vast literature on stochastic 
processes .  Each chapter ends with citations of books that may profitably 
be consulted for further information, including in many cases biblio­
graphical listings. 

I am grateful to Stanford University and to the U.S .  Office of Naval 
Research for providing facilities ,  intellectual stimulation, and financial 
support for the writing of this text. Among my academic colleagues I am 
grateful to Professor K.  L. Chung and Professor J .  McGregor of Stanford 
for their constant encouragement and helpful comments ; to Professor J .  
Lamperti of Dartmouth, Professor J .  Kiefer of Cornell, and Professor P. 
Ney of Wisconsin for offering a variety of constructive criticisms ; to Dr. 
A. Feinstein for his detailed checking of substantial sections of the manu­
script, and to my students P .  Milch, B .  Singer, M. Feldman, and B.  
Krishnamoorthi for their helpful suggestions and their assistance in 
organizing the exercises .  Finally, I am indebted to Gail Lemmond and 
Rosemarie Stampfel for their superb technical typing and all-around 
administrative care . 

SAMUEL KARLIN 
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Chapter 1 

ELEMENTS OF S TO CHASTI C 

PRO CES S ES 

The first part of this chapter summarizes the necessary background 
material and establishes the terminology and notation of the book. It is 
suggested that the reader not d,vell here assidously � but rather quickly. 
It can be reviewed further if the need should arise later. 

Section 2 introduces the celebrated Brownian motion and Poisson 
processes, and Section 3 surveys some of the broad types of stochastic 
processes that are the main concern of the remainder of the book. 

The last section� included for completeness, discusses some technical 
considerations in the general theory. The section should be skipped on a 
first reading. 

1 : Review of Basic Terminology and Properties of Random 

Variables and Distribution Functions 

The present section contains a brief review of the basic elementary 
notions and terminology of probability theory. The contents of this 
section will be used freely throughout the book without further reference . 
We urge the student to tackle the problems at the close of the chapter ; 
they provide practice and help to illuminate the concepts. For more 
detailed treatments of these topics� the student may consult any good 
standard text for a first course in probability theory (see references at 
close of this chapter) . 

The following concepts will be assumed familiar to the reader : 

(1) A real random variable X. 
(2) The distribution function F of X [defined by F(.A) == Pr{X <.A}] 

and its elementary properties. 
(3} An event pertaining to the random variable X� and the probability 

thereof. 
(4·) E{X}� the expectation of X� and the higher moments E{Xn}. 
(5) The law of total probabilities and Bayes rule for computing 

probabilities of events. 

The abbreviation r.v. will be used for "real random variables. '' A r.v. 
1 



2 1 .  ELEMEN TS OF STOCHASTIC PROCESSES 

X is called discrete if there is a finite or denumerable set of distinct values 
A-1 , A-2 ., • • • such that a i == Pr{X == A. i} ;:::> 0., i === 1 .,  2 ,  3 ,  . . .  ., and Li ai = 1 .  
If Pr{X == .A}== 0 for every value of A.., the r.v. X is called continuous . If 
there is a nonnegative function p(t) , defined for - oo· < t < oo such 
that the distribution function F of the r.v. X is given by 

A 
F(A) = f p(t) dt, 

_. 
-oo 

l 

then p is said to be the probability density of X. If X has a probability 
density., then it is necessarily continuous ; however, examples are known 
of continuous r.v. 's which do not possess probability densities . 

If X is a discrete r.v . ., then its mth moment is given by 

E[Xm] === L A-T Pr{x == A.i} i 
(where the A i are as earlier) ., if the series converges absolutely. 

If X is a continuous r.v. with probability density p( · ) , its mth moment 
i s  given by 

00 

E[X"'] = J x"'p(x) dx, 
-oo 

provided the integral converges absolutely . 
The first moment of X., commonly called the mean., is denoted by mx 

or Jlx· The mth central moment of X is defined as the mth moment of the 
r.v. X- mx if mx exists . The first central moment is evidently zero ; the 
second central moment is called the variance (ui) of X. The median 
of a r.v .  X is any value v with the property that Pr{X > v} > 1 and 
Pr{X < v} > l· 

If X is a random variable and g is a function., then Y === g(X) is also 
a random variable . If X is a discrete random variable with possible values 
x1 ., x2 ., • • •  ., then the expectation of g(X) is given by 

00 

E[g(X)] == L g(x i) Pr{X === xi} (1 .1 )  i = 1 
provided the sum converges absolutely. If X is continuous and has the 
probability density function Px then the expectation of g(X) is computed 
from 

E[g(X)] = J g(x)px(x) dx. ( 1 .2) 

The general formula., covering both the discrete and continuous cases is 

E[g(X)] = J g(x) dF x(x) (1.3) 
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where F x is the distribution function of the random variable X. Techni­
cally speaking, the integral in ( 1 .3) is called a Lehesgue-Stieltjes integral. 
We do not require knowledge of such integrals in this text but interpret 
(1 .3) to signify ( 1 . 1) when X is a discrete random variable and to represent 
(1 .2)  when X possesses a probability density function Px. 

Let F y(y) == Pr{Y <y} denote the distribution function for Y === g(X) . 
When X is a discrete random variable 

E[Y]  === L Yi Pr{Y === Yi} 
=== L g(x i) Pr{X ===xi} 

if y i == g(x i) and provided the second sum converges absolutely. In 
general 

E[Y ]  = I y dF y(y) 

= I g(x) dF x(x) . ( 1 .4) 

If X is a discrete random variable then so is Y === g(X) . It may he, however, 
that X is a continuous random variable while Y is discrete (the student 
should provide an example) . Even so, one may compute E[Y ]  from either 
form in (1 .4) with the same result . 

A. JOINT D I ST R I B UTI O N  FU N CTI O N S  

Given a pair (X, Y) of r.v. 's ,  their j oint distribution function is the 
function F XY of two real variables given by 

F(A.t , A2) == F xr(A. t , A- 2) === Pr{X < A t , Y < A-2}. 
(The subscripts X, Y will usually be omitted unless there is possible 
ambiguity.) 

The function F(A., +oo) == lim;.2 .... 00 F(A, A2) is a probability distribution 
function, called the marginal distribution function of X. Similarly, the 
functio-n F( + oo, A) is called the marginal distribution of Y. If it happens 
that F(A.t , +oo) · F( +oo, A-2) === F(A t , A2) for every choice of A t , A- 2 , then 
the r.v.'s X and Y are said to be independent . A joint distribution function 
F XY is said to possess a (j oint) probability density if there exists a function 
Pxr(s, t) of two real variables such that 

.J.2 At 
F XY(A,1 , A2) = J I PXY(s, t) ds dt 

- oo - oo 
for all A-1 ,  A-2 • If X and Y are independent, then Pxr(s, t) is necessarily of 
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the form Px(s)py(t) , where Px and py are the probability densities of the 
marginal distribution of X and Y, respectively. 

The joint distribution function of any finite collection Xt , . . .  , Xn of 
random variables is defined as the function 

The distribution function 

Fxi1, ... ,xik(Ait' . . .  , A ik) � l�� . F(At , . . .  , An) 
.Ar-�oo, n�lt, ... , lk 

is called the marginal distribution of the random variables Xi 1 , • • •  , X ik • 

If F(At , . . .  , An) == Fx1(At) · . . .  · Fxn(An) for all values of At , A2 , • • •  , 
An ' the random variables X t' . . .  , xn are said to be independent . 

I 

A joint distribution function F(.A. t , . . .  , An) is said to have a probability 
density if there exists a nonnegative function p(t t , • • •  , tn) of n variables 
such that 

.An .At 

F(A.1 , • • •  , A.) = f · · · f p(t 1 ,  • • •  , t.) dt 1 • • • dt. 

for all real At , . . .  , An . 
-oo -oo 

If X and Y are jointly distributed random variables having means mx 
and my , respectively, their covariance (uxr) is the product moment 

CJxy � E[(X - mx)(Y - my)] . 

If X1 and X2 are independent random variables having the distribution 
functions F1 and F2 , respectively, then the distribution function F of 
the sum X== Xt + X2 is the convolution of Ft and F2: 

F(x)= f F1(x - y) dF2 (y) 

= f F2(x - y) dFt(y) .  

Specializing to the situation where Xt and X2 have the probability 
densities Pt and p2 , the density function p of the sum X== Xt + X2 is 
the convolution of the densities Pt and p2 : 

p(x) = J Pt(x - y)p2(y) dy 

= f P2(x - Y)Pt (y) dy · 



1 .  R E V I E W O F  B A S I C  T E R M I N O L O G Y  5 

B. C O N D ITI O N A L  DISTR I B UTI O N S A N D C O N DITI O N A L  EX P ECTATI O N S  

The conditional probability Pr{A I B} of the event A given the event 1} 
is defined hy 

Pr{A I B} = 
Pr{�r{�� B}

, if Pr{B} > 0, 

and is left undefined� or assigned an arbitrary value� when Pr{B} == 0. 
Let X and Y he random variables which can attain only countahly many 
different values., say 1 .,  2., . . . . The conditional distribution function 
F XI y( · I y) of X given Y == y is defined hy 

Pr{X < x., Y == y} . F XI y(xi y) = Pr{Y = y} , If Pr{Y = y} > 0, 

and any arbitrary discrete distribution function whenever Pr{ Y === y} == 0. 
This last prescription is consistent with the subsequent calculations in­
voked on conditional distribution functions . 

Suppose X and Y are jointly distributed continuous random variables 
having the joint probability density function Pxy(x� y) . Then the condi­
tional distribution of X given Y == y is given by 

J Pxr(�, y) d� 
Fxlt(xi y) = �,;x ( ) py y 

wherever p y(y) > 0� and with an arbitrary specification where p y(y) ' == 0. 
Note that F x 1 y satisfies 

(C.P . l ) Fx1r( xl y) is a probability distribution function in x for each 

(C.P.2) 
(C .P.3) 

fixed y ; 
F XI y(xl y) is a function of y for each fixed x; and 
For any values x., y 

Pr{X < x, Y<y}= J Fx1y(xi1J) dFy(IJ) 
'ISY 

where F y( '1) == Pr{ Y < 1J} is the marginal distribution of Y. As noted 
earlier., in this book., the reader need only deal with the integral in 
(C .P.3) for the discrete and continuous versions . To wit ., when Y is a 
continuous random variable having the probability density function p y(y) 
the integral in (C .P.3) is computed as 

Pr{X < x, Y <y} = f Fx1y(xi'1)Pr(IJ) d1J. 
'ISY 
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And when Y is discrete the formula is 

Pr{X<x, Y<y}� L Fx1y(xi17)Pr{Y�1J}. 
'15:Y 

These three properties capture the essential features of conditional 
distributions. In fact, from (C.P .3) we obtain 

Pr{X < x, Y � y} � Pr{X < x, Y < y} -Pr{X < x, Y < y} 

� L Fx1y(xi1J)Pr{Y�17}- L Fx1y(xi17)Pr{Y=1J} 
'ISY 11<Y 

which then implies the definition F XI y(xl y) � Pr{X < x, Y �y }/Pr{Y�y}, 
at least where Pr{Y � y} > 0. 

In advanced work,* (C.P.l-3) is taken as the basis for the definition 
of conditional distributions . It can he established that such conditional 
distributions exist for arbitrary real random variables X and Y., and 
even for real random vectors X� (X1-> • • •  , Xn) and Y � ( Y1., • • •  , Yn)· 

The application of (C.P.3) in the case y �  00 produces the law of total 
probability 

Pr{X<x}�Pr{X<x., Y<oo} 
+oo J F XI y(xJ y) dF y( y), 

-oo 

which is one of the most fundamental formulas of probability analysis . 
When Y is discrete this relation becomes 

Pr{X <x} � L Pr{X <xlY � y} Pr{Y � y} 
y 

and where Y has the probability density function p y(y) we have 
+oo 

Pr{X < x} = J Pr{X < xJ Y = y}p y(y) dy . 
-oo 

When X and Y are jointly distributed continuous random variables, 

* For more explication, including rigorous and intuitive discussions on conditional expectations 

the reader can consult Section 7, Chapter 6. These concepts play a fundamental role in the 

modern development of martingale theory. 
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we may define the conditional density function Pxl y(xl y) of X given 
y === y by 

d PX I Y(x ! y) === 
dx 

Fx l y(xly) 

Pxy(x, y) 
p y(y) 

at values y for which p y(y) > 0, and as a fixed arbitrary probability 
density function when p y(y) == 0. 

Let g he a function for which the expectation of g(X) is finite. The 
conditional expectation of g(X) given Y === y can he expressed in the form 

Efg(X) I Y =y] = f g(x) dFxly(xiy) . 
X 

When X and Y are jointly continuous random variables , E[g(X) I Y === y] 
may he computed from 

E[g(X)I Y = y] = f g(x)px1y(xi y) dx 

J g(x)pXY(x, y) dx 
py(y) 

, if p y(y) > 0, ( 1 .5) 

and if X and Y are j ointly distributed discrete random variables ,  taking 
the possible values x1 , x2 , • • • , then the detailed formula reduces to 

00 

E[g(X) I Y === y] === I g(xi) Pr[X ===xi} Y === y] i= 1 
00 

L g(xi) Pr{X ===xi, Y === y} i= 1 , if Pr{ Y === y} > 0. 
Pr{Y === y} 

In parallel with (C.P. l-3) we see that the conditional expectation of 
g(X) given Y === y satisfies 
(C. E. I) E[g(X) I Y === y] is a function of y for each function g for which 

E[jg(X)IJ < oo; and 
(C.��.2) For any bounded function h we have 

E[g(X)h( Y )] = f E[g(X) I  Y = y]h(y) dF y(y) 

where F'y is the marginal distribution function for Y. 
l.,(�t UR validate the latter formula in the continuous case . 
W c will stipulate that the set of values y for which p y( y) > 0 is an 

interval (a, b) where - oo <a < b < -1-00.  We first insert the appropriate 
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probability density functions� and then substitute (1 .5) . This gives 
b f E[g(X) I  Y = y]h(y) dF y(y) = f E[g(X) I Y = y]h(y)p y(y) dy 

a 

=I CS: g(x)px1y(xiy) dx)h(y)p y(y) dy 

= j (J' g(x) Pxy�x, y) dx)h(y)p y(y) dy 
a -oo 

p Y Y) 
b +oo 

= J J g(x)h(y)pxy(x, y) dx dy 
a -oo 

== E[g(X )h(Y )] . 

In the last step we have used that Pxy(x, y) > 0 only when a <y <b . 
The special case in (C.E .2) with h(y) 1 produces the formula expressing 

the law of total probability for expectations, 

E[g(X)] = f E[g(X)i Y = y] dF y(y), 

which, when Y is discrete .,  becomes 
00 

E[g(X)J === I E[g(X) I Y == ya Pr{Y == Yi} i= 1 

and., when Y has a probability density function p y , becomes 

E[g(X )] = f E[g(X) I Y == y]py(y) dy. 
Since the conditional expectation of g(X) given Y == y is the expecta­

tion with respect to the conditional distribution F XI y ., conditional expec­
tations behave in many ways like ordinary expectations . In particular, if 
a1 and a2 are fixed numbers and g1 and g2 are given functions for which 
E[/gi(X)lJ < oo, i == 1 .,  2 ,  then 

E[a1g1 (X) + a2g2(X) I  Y == y] 
== a1E[g1 (X)I Y == y] + a2 E[g2(X )I Y == y] . 

According to (C.E . 1) �  E[g(X) I Y == y] is a function of the real variable y. 
If we evaluate this function at the random variable Y., we obtain a 
random variable which we denote by E[g(X)I Y] . The basic property 
(C.E .2) then is stated for any hounded function h of y, 

E[g(X)h(Y)] == E{E[g(X)I Y]h(Y )}. 
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When h(y) = 1 for all y, we get the law of total probability in the form 

E[g(X)] === E{E[g(X) I Y] }. 

The following list summarizes these and other properties of conditional 
expectations . Here, with or without affixes .,  X and Y are random variables., 
cis a real number, g is a function for which E[ /g(X) IJ < oo.,fis a hounded 
function and h is a function of two variables for which E[ l h(X., Y) l ] < oo. 

and 

E[a1g(X1 ) + a2 g(X2) 1 Y]  == a1E[g(X1) 1 Y]  + a2 Efg(X2) 1 Y] ., 

g > o implies E[g(X) I Y]  > o., 

E[h(X., Y) / Y === y] === E[h(X., y) l Y === y] ., 

E[g(X) I Y]  == E[g(X)] 
if X and Y are independent., 

E[g(X)f( Y) l Y]  == f( Y)E[g(X) I Y] .,  

E[g(X)f( Y)] === E{E[g(X)l Y]f( Y)} . 

(1 .6) 

(1 .7) 

(lo8) 

( 1 .9) 

( 1 . 10) 

( 1 . 1 1) 

As consequences of ( 1 .6) ., ( 1 . 10) and ( 1 . 1 1) .,  with either g 1 or f-:= 1 .,  
we obtain., 

and 

E[c l Y]  === c., 

E[f( Y) I Y]  == f( Y) .,  

E[g(X)] == E{E[g(X) I Y] }. 

C .  I NFI N ITE FAM I LI ES OF RAN D O M  VA RIABLES 

( 1 . 12) 

( 1 . 13) 

( 1 . 14) 

In dealing with an infinite family of random variables., a direct general .. 
ization of the preceding definitions involves substantial difficulties. We 
need to adopt a slightly modified approach. 

Given a denumerably infinite family X1 ., X2 ., 0 0 0  of rov."s ., their statis .. 
tical properties are regarded as defined by prescribing., for each integer 
n > 1 and every set i 1 ., o o 0 ., in of n distinct positive integers., the joint 
distribution function F Xil'···' Xin of the random variables X it., 0 .  0 ., X in . 
Of course .,  some consistency requirements must be imposed upon the 
infinite family F x11, • • •  , Xi"., namely., that 

F x,l,···' Xij-1' Xij+ 1'""' X in (A..1 ' 0 0 0 ., A j- 1 ., A j+ 1 ., 0 0 0 ., .An) 
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and that the distribution function obtained from 

by interchanging two of the indices i" and ill and the corresponding vari­
ables A" and All should be invariant. This simply means that the manner 
of labeling the random variables X 1 ., X2 ., • • •  is not relevant . 

The joint distributions { F xil'···, xi"} are called the finite-dimensional 
distributions associated with {Xn}:_1 • In principle., all important probabil­
istic quantities of the variables {Xn}: 1 can be computed in terms of the 
finite-dimensional distributions . 

D .  C H ARACT E R ISTI C FU N CTIO N S  

An important function associated with the distribution function F of 
a r.v. X is its characteristic function cjJ(t) (abbreviated c .f. ) .,  where t is a 
real variable - oo < t < 00. We write it suggestively in the form 

co 

c/J(t) = I eitl dF(A) , i = V- 1 ( 1 . 15) 
-co 

== E[e i rx] . 
Again the reader should interpret ( 1 . 15) symbolically. If F has a proba­
bility density function p., the characteristic function becomes 

co 

c/J(t) = I ei1'-p(A) dA . . 

-co 

When F is a distribution of a discrete r.v. X with possible values 
{A.k}f- o and Pr{X == Ak} == ak (k== O., 1 .,  . . .  ) ., then ( 1 . 1) reduces to the 

• • series expression 
co 

cp(t) == L eitlkak . k= O 
Much of the importance of characteristic functions derives from the 

following three results : 
(a) The relation between distribution functions and characteristic 

functions is one-to-one . Thus., knowing the characteristic function is 
synonomous to knowing the distribution func.tion . The equation which 
expresses the distribution function in terms of its characteristic function 
is known as Levy's inversion formula ; as we do not need it ., we refer the 
reader to one of the references for a discussion of this matter. 

(b) If X 1., • • •  ., X,, are independent r .  v. 's., the characteristic function of 
their surn is the product of their charactcri�tic functionA. This sitnple 
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result makes characteristic functions extremely expeditious for dealing 
with problems involving sums of independent random variables . 

(c) When they are finite, the moments of a random variable may he 
determined hy differentiating the characteristic function. The explicit 
relation is 

where i === V - 1 and c/J(k)(t) === dkcp(t)jdtk is the kth derivative of the 
c.f. cp(t) .  

The one-to-one correspondence between distribution functions and 
their characteristic functions is also preserved hy various limiting pro­
cesses. In fact., if F, F1 , F 2., • . . are distribution functions such that 
limn-+ 00 Fn(A) === F(A) for every A at which F is continuous and c/Jn(t) is the 
c.f. of Fn ., then · 

00 00 

4>n(t) = f eitA dFn(A) ----')>- 4>( t) = f eia dF(A) 
- oo -oo 

uniformly in every finite interval. Conversely, if c/J1 , cp2 , • • • are the 
characteristic functions of distribution functions F 1 , F 2 , • • • and 
limn-+ 00 c/Jn(t) === cp(t) for every t., and c/J(t) is continuous at t === 0, then c/J(t) 
is the c .f. of a distribution function F and limn-+ 00 Fn(A) === F(A) for every 
A at which F is continuous . This result is known as Levy's convergence 
criterion. 

E. G E N E RATI N G  FU N CTIO N S  AN D LA P LAC E TRA N S FO R M S  

For random variables whose only possible values are the nonnegative 
integers., a function related to the characteristic function is the generating 
function., defined by 

where 

00 

g(s) === L Pk sk k = O  

Pk === Pr{X === k }. 
00 

by hypothesis Pk > 0 and L Pk === 1 ,  g(s) is defined at least for k = O 
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jsl < 1 (s is a complex variable) and is infinitely differentiable for j s j < 1 . 
The generating function of a nonnegative integer valued random variable 
X is related to the characteristic function cp of X formally through a 
change of variable s === eit : cp( t) === E[ ei tX] 

=== E[( e it) X] 
=== g( e i t) . 

Thus generating functions inherit the three basic properties of charac­
teristic functions ; 

(a) A generating function determines the distribution function uniquely ; 
(h) The generating function of a sum of independent nonnegative integer 

valued random variables is the product of their generating functions ; and 
(c) The moments may he obtained through successive differentiation. 

The factorial moments are given by 
E[X(X - 1) · . . .  · (X - k)] === g<k + 1 ) (1 ) , -

where g<k)(s) === dkg(s)jdsk is the kth derivative of g. Hence 
E[X] === g0)(1 ) 

and 
E[X2] === g(2 ) ( 1) + g0)(1) . 

We give an example of the use of generating functions in working with 
sums of independent random variables . Let N, X1 , X2 , • • •  he independent 
nonnegative integer valued random variables and suppose we wish to 
determine the generating function gR(s) of the sum R === xl + . . .  + XN' a 
sum of random variables with a random number of terms . 

Let gN(s) he the generating function of N and suppose the xi have the 
same distribution function with common generating function g(s) . Then, 
using ( 1 . 14) and ( 1 .9) , 

gR(s) == E[sR] 
== E[sX1 + ···+ XN] 
=== E{E[sx 1 + · · · + XNjN]} 

C() 
=== L E[sXt + · . . + Xn j N==n] Pr{N== n} n= O 

C() 

=== I E[sx 1 + . . . + X"] Pr{N == n} n= O 
( since N and Xi are independent) 

C() 

=== Ig(s)n Pr{N == n} n=O 
=== E[g(s)N] 
-- I(N[I((s)] . 
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To sum up : 
gR(s) == gN[g(s)] . 

Using the chain rule for differentiation "\\re calculate 

g�(s) = g�[g(s)] 
!J

s) 
and setting s == 1 we can infer 

E[R] == E[N] · E[X] . 
In a similar fashion we calculate the variance of R, a�, given by 

ai == E[X] 2 • a� + E[N] · ai, 

13 

where a� and ai are the variances of N and X., respectively. (See Ele­
mentary Problem 4.) 

The following slight extension is also available. Let X1 ., X2 ., . . . be 
arbitrary independent identically distributed random variables (i .e . ,  not 
necessarily integer valued) ., and let N he as above . Then 

where c/JR and gN are the characteristic function and generating function 
of R == X1 + · · ·  + XN and N, respectively, and cp is the common charac­
teristic function of the Xi . 

When considering nonnegative r.v."s it is more natural to replace the 
characteristic function by the Laplace transform of the distribution 
function. If the distribution F x has a density Px' the Laplace transform is 
defined as oo 

l/lx(s) = J e - sxPx(x) dx. 
0 

,-rhis integral exists for a complex variable s., where s == a + it., a and t real., 
a> 0.  When s is purely imaginary., s ==it., fjJ x(s) reduces to the characteris­
tie function c/Jx(-t) . For a discrete nonnegative r:v . the Laplace trans-
fc, rm is defined as oo 

f/ix(s) == I e- s;." Pr{X ===An}· 
n=O 

As in the case of characteristic functions., if X 1 ., X 2 , . . •  , X n are non­
negative independent r.v. "s then 

n 
t/Jxt+···+Xn(s) ==IT f/ixk(s). 

k=l 

In the case of general distribution functions we write 
00 

t/lx(s) == I e - s� dFx(�) 
.. 
0 

for the Laplace transform. 



14 1. E L E M E N T S  O F  S T O C H A S T I C P R O C E S S E S  

As in the case of c .f. ' s the Laplace transform uniquely determines the 
distribution function. 

F. EXA M P LES O F  D I STRI B UTI O N  FU N CTIO N S  

Some elementary properties of several distribution functions are given 
in Tables I and II. 

Two multivariate distributions of fundamental importance are : 
(a) Multivariate Normal 

Let u 1, u 2 , m1, m2 and p he real constants subject to u i > 0, i == 1, 2 
and 0 < p < 1. Let 

Q
(
x 1, x2) = 

1 
2 { (x 1- m1) 2 

_ 2p (X 1 - m 1) (x 2 - m2) + (x 2- m2) 2}
· 1 - p (j 1 (j 1 (j 2-· (j 2 

If X1 and X2 are r .v. ' s for which 
a b 1 { 1 } Pr{X1 <a, X2<b} = J J v' 2 exp -2 Q(x1, x2) dx1 dx2 

-(f) -oo 20"10"2 1- P 

then X1 and X2 are said to have a joint normal distribution. It can he 
verified that E[ X a === m i for i == 1, 2 and that the variance of Xi is uf. 
The covariance is given hy 

E[(X1- m1)(X2- m2)l === P0"10"2 

and p (a dimensionless variable) is called the correlation coefficient . The 
joint characteristic function is 

,�,. (t t ) === E[e i (t 1X 1 + t2X 2)] '+'X1'X2 1' 2 
== exp{i(t 1m 1 + t 2 m 2)- � (t i ui + 2pt1u1t2u2 + t� u�)}. 

If X1 and X2 have a j oint normal distribution then the conditional distri­
bution of x2 given x1 == x 1 is also normal with probability density 
function 

where 

and 



..a 
Cll Continuous 

distribution 
function 

Normal 

Exponential 

Gamma 

Uniform 

Beta with 
parameters p, q 

Some Frequently Encountered Continuous Probability Distributions 

Density, p(x) 

1 (x-m)2 

V 277� exp -
2a2 

for -oo < x< oo 

,\e-A.x for x > 0 

,\ 
(,\x)a-1e-A.x 

r(a) 
for x> 0 

1 
-- for a< x<b 
b-a 

r(p + q ) 
xP-1(1-x)q-1 

r(p)r(q ) 

Rang e of 
parameters 

mreal 

a>O 

A>O 

A>O 

a>O 

a<b 

p>O 

for 0 < x < 1 q > 0 

Characteristic Function cp (t) 

[ a2 t2 l 
exp ---2-+ imtj 

,\ 

,\-it 

,\a 

(,\- it)(% 

eiub _ eiua 

iu(b-a) 

1 
r(p + q ) f eitxXp-1(1-x)q-1 dx 
r(p)r(q ) o 

Mean 

m 

1 

,\ 

� 
ct 
-

,\ 

a+ b 
2 

p 

p+q 

Variance 

a2 

1 

,\2 

ct 
-

,\2 

(b-a)2 

12 

qp 

(p + q )2 (p + q + 1) 

Note: The gamma distribution with a= 1 is the exponential distribution where the parameter,\ occurs as a scale factor. The beta distribution 
of parameters p = q = 1 is the uniform distribution on (0, 1) sometimes abbreviated" uniform (0, 1)". 



..a 
at 

Discrete distribution 
function 

Poisson with 
parameter ,\ > 0 

Binomial 

Negative 
binomial (Pascal) 

Geometric 

TABLE II 

Some Frequently Encountered Discrete Probability Distributions 

Probability Mass Function 

e-J.,\n 
n! 

for n = 0, 1., 2., ... 

( �)p•qN-n for n = 0, 1, ... , N 

(a + : -1) p•q• for n = 0, 1, 2 • · · · 

p(l- p)n for n = 0, 1, 2, ... 

Possible values 
of parameters 

A>O 

N=l,2, ... 
0<p<1 
q=1-p 

<X>O 
O <p<l 

0<p<1 

Generating function 

e-J.+J.s 

(1-p+ ps)N 

c�qsr 
p 

1-qs 

Mean 

,\ 

Np 

<Xq 

p 

q 
p 

Variance 

,\ 

Npq 
aq 
p2 

q 
p2 
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Let l la ij II he an n X n symmetric positive definite matrix, let llb ij II he 
the inverse matrix of /la ij II and let B === det 1/b ij II he the determinant of 
llb ij II · Let mi , i === 1 ,  . . . , n he any real constants. The random variables 
xl' . . .  , xn are said to have a j oint normal distribution if they possess a 
probability density function of the form 

Q(x1 , • • •  , xn) === L (x i - mi)b ij(xi - m j) · i , j 
The j oint characteristic function is 

n 

¢ ( t1 , • • . , tn) === E[ exp { i L t i Xi}] i = 1 

From this one can compute 

and 
E[XJ === mi for i === 1 , . . .  , n 

E[(Xi - m;) (Xi - mi)] === aii , 

- oo < xi< oo 

which justifies the name covariance matrix for the matrix l la ij l l · 
From the nature of the characteristic function it is easily checked that 

XI, . . . , xn have a j oint normal distribution if and only if y == alxl + . . .  
j an Xn has a normal distribution for every choice of real numbers 

a 1 ' • • •  ' an . 
(b) The Multinomial Distribution 

'rhis is a discrete joint distribution of r variables in which only non­
ll4�gative integer values 0, . . .  , n are possible . It is defined hy 

n! k k 

kl ! • • • kr! p 11 • • • Prr 

0 otherwise, 
r 

\Vh(�re p; > 0, i === 1 , . . .  , r, and I Pi === 1 .  
i= 1 

rrhe j oint generating function is given hy 

g( s 1, • • •  , s,) == E[ s� 1 • • • s;'] 
=== (Pt 5J + . . . + Pr s,)n . 



G .  LI M IT TH EO R E M S  

A sequence {an} of real numbers is  said to converge to a real number a, 
written lim n-+oo an == a, if for every positive e there exists a number N(e) 
such that I an - a l < e for all n > N(e) . There are several ways to general­
ize this concept to random variables . Let Z, Z1 , Z2 , • • •  he jointly dis­
tributed random variables . 

(a) Convergence with probability one 
c) 

we say zn converges to z with probability one if 

Pr{lim Zn == Z} == 1 .  n-+ co 

In words, limn-+ 00 Zn == z for a set of outcomes z == z, zl == zl "J z2 == z2 "J • • •  

having total probability one . 

(b) Convergence in probability 
We say Zn converges to Z in probability if for every positive e 

lim Pr{ jZn - Zj > e} == 0, n-+ co 

or conversely, if for every positive e 
lim Pr{ !Zn - Zj < e} == 1 .  n-+ co 

In words, by taking n sufficiently large,  one can achieve arbitrarily 
high probability that zn is arbitrarily close to z. 

(c) Convergence in quadratic mean 
we say zn converges to z in quadratic mean if 

n-+ oo 

In words, by making n sufficiently large, one can ensure that Zn is 
arbitrarily close to Z in the sense of mean square difference . 

(d) Convergence in distribution ( == Convergence in law) 
Let F(t) == Pr{Z < t} and Fk(t) == Pr{Zk < t}, k == 1 , 2 , ... . We say Z" 

converges in distribution to Z (or Fn converges in distribution to F) if 

lim Fn(t) == F(t) n-+ oo 

for all t at which F is continuous . 
It can be proved that if Zn converges to Z with probability one, then 

Zn converges to Z in probability., and that this in turn. implieR that Z, 
convergeH to Z in diAtrilnrtion. ThuR conv(�rgence in distrihution iH tlH� 
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weakest form of convergence . In fact it can he shown that every family 
{F cc }  of distribution functions contains a sequence {F cc" } that converges 
to a function F at all t at which F is continuous (the Helly-Bray Lemma) 
but F may not be a proper distribution in that F( oo) may be less than one . 

Many of the basic results of probability theory are in the form of limit 
theorems and we will mention a few here . (We do not �ate these results 
under the weakest possible hypotheses .) -� 

Let X1 � X2 � . . .  he independent identically distributed random variables 
with finite mean m. Let Sn == X1 + · · ·  + Xn and let Xn == Snfn be the 
sample mean. 

Law of Large Numbers (Weak). 
is� for any positive e 

Xn converges in probability to m. That 

lim Pr{!Xn - mj > e} == 0. 

Law of Large Numbers (Strong). Xn converges to m with probability one . 
That is 

Pr {lim Xn == m} == 1 . 
n-+ oo 

Central Limit Theorem. Suppose each Xk has the finite variance c;2 • Let 

S - nm 
Zn =  

n 
y-

(J n 
1 - A;-

= - (Xn - m) ·v n � 
(J 

and let Z he a normally distributed random variable having mean 
zero and variance one . Then Zn converges in distribution to Z. That 
iH� for all real a, 

a 1 
lim Pr{Zn < a} = J y-e-u21 2 du. 
n-+ oo 2"" -oo "" 

Uorcl-Cantelli Lemma. Let A 1., A 2 ., . • • he an infinite sequence of inde­
p('ndcnt events . Then the event {A i ., i .o .} (where i .o . stands for infinitely 
often)� which is the occurrence of an infinite number of the A i � is given hy 

00 00 
A00 == {A i ., i .o . }=== n uA i . 

j= 1 i =j 
'l'l1•� IJorel-Cantelli lemma states that the probability of A 00 is zero or one., 

CX) 00 
tU�eurdi11g to whether L Pr{A;} < 00 or I Pr{A ;} == oo. 

/IDJ /=l 



H .  I N EQU ALITI E S  

There are a number of inequalities that play an important role in the 
analytic study of stochastic processes . We mention two here . 

Chebyshev's Inequality. Let Z be a nonnegative random variable. Then 
for any positive number c 

l 
Pr{Z > c} < - E[Z] . 

c 

Proof. Since Z is nonnegative, 
00 00 

E[Z] = J z dF(z) > J z dF(z) 
0 c 

00 

> c · J dF(z) = c Pr{Z > c}, 
c 

(1.16) 

which gives the inequality . If X is a random variable with mean J1 and 
variance c;2 and we apply (1.16) with Z === (X - J.1) 2 we obtain, 

(12 
Pr{Z > e2 } === Pr{IX - 11! > B} < 2 · B 

The Schwarz Inequality. Let X and Y be jointly distributed random 
variables having finite second moments .  Then 

Proof. For all real A 

0 < E[(X + A Y)2] === E[X2] + 2AE[XY] + A 2 E[Y 2] . 
Considered as a quadratic function of A, there is, then, at most one real 
root . Equivalently, the discriminant of the quadratic expression is non­
positive . That is 

which completes the proof. 

2: Two Simple Examples of Stochastic Processes 

The developments in this book are intended to serve as an introduction 
to various aspects of stochastic processes . The theory of stochastic pro· 
cesses is concerned with the investigation of the structure of families of 



random variables Xt ,  where t is a parameter running over a suitable 
index set T. Sometimes, when no ambiguity can arise we write X(t) 
instead of xt. 

A realization or sample function_ of a stochastic process {X( , t E T} is an 
assignment, to each t E T, of a possible value of Xr .  The in�x set t may 
correspond to discrete units of time T = {0, 1 , 2 ,  3 ,  . . .  } and {Xr} could 
then represent the outcomes at successive trials like the result of tossing 
a coin, the successive reactions of a subj ect to a learning experiment, or 
successive observations of some characteristic of a population, etc. 

The values of the Xr may be one-dimensional, two-dimensional, or 
n-dimensional, or even more general . In the case where Xn is the outcome 
of the nth toss of a die, its possible values are contained in the set 
{1 ,  2 ,  3 ,  4 ,  5 ,  6} and a typical realization of the process would be 5 ,  1 ,  3 ,  
2 ,  2 ,  4 ,  1 ,  6, 3 ,  6, . . . . This is shown schematically in Fig. 1 ,  where the 
ordinate for t == n is the value of X n • In this example, the random 

6 • • 

5 

4 

:� • 

2 

1 • 

7 8 9 1 0  

FIG. 1 

variables xn are mutually independent but generally the random 
variables X n are dependent. 

Stochastic processes for which T === [0, oo) are particularly important 
in applications . Here t can usually be interpreted as time. 

We will content ourselves, for the moment, with a very brief dis­
cussion of some of the concepts of stochastic processes and two examples 
thereof; a summary of various types of stochastic processes is presented 
at the end of the chapter, while the examples themselves will be treated 
i n  greater detail in succeeding chapters . 

Example I. A very important example is the celebrated Brownian 
tttotion process . This process has the following characteristics : 

(a) Suppose t0 < t 1  < · · ·  < tn ; then the increments Xr1 - X to , • • .  , 
.X," - X,,. _ 1 are mutually independent r.v. 's .  (A process with this 
property is said to be a process with independent increments, and 
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expresses the fact that the changes of X1  over nonoverlapping time 
periods are independent r.v. 's . ) 

(b) The probability distribution of X12 - X1 1 , t2 > t 1 ., depends only 
on t2 - t 1 (and not., for example, on t 1 ) .  

X 

(c) Pr[X t - Xs :::; x] == [2nB(t - s)] - 1 12 J exp[-u2 f2B(t - s)] du, 
- oo  

t > s (B is a positive constant) . 
Assume for each path that X0 === 0.  Note that EX1 == 0, u 2 (X1) === Bt, 

where B is a fixed positive constant . It can be proved that., if 0 < t 1 < 
t2 < . . .  < tn < t, then the conditional probability distribution of xt ., 
where the values of Xt1 , • • •  ., X1" are known, is given by ( see Chapter 7) 

Pr{Xr < x \Xr1 === x 1 ., • • •  ., X1" === xn} 
x - xn 

=== [2nB(� - tn)] - 1 1 2 J exp[-u 2 /2B(t - tn)] du. 
- oo  

The history of this process began with the observation by R. Brown in 
1827 that small particles immersed in a liquid exhibit ceaseless irregular 
motions . In 1905 Einstein explained this motion by postulating that the 
particles under observation are subj ect to perpetual collision with the 
molecules of the surrounding medium. The analytical results derived by 
Einstein were later experimentally verified and extended by various 
physicists and mathematicians . 

Let X 1  denote the displacement (from its starting point ., along some 
fixed axis) at time t of a Brownian particle . The displacement X1 - Xs 
over the time interval (s , t) can be regarded as the sum of a large number 
of small displacements. The central limit theorem is essentially applicable 
and it seems reasonable to assert that X1  - Xs is normally distributed. 
Similarly it seems reasonable to assume that the distribution of X 1 - Xs 
and that of xt + h - xs + h  are the same., for any h > 0., if we suppose the 
medium to be in equilibrium. Finally., it is intuitively clear that the 
displacement xt - xs should depend only on the length t - s and not on 
the time we begin observation. 

The Brownian motion process (also called the Wiener process) has 
proved to be fundarrtental in the study of numerous other types of 
stochastic processes . In Chapter 7 we will discuss more fully an example 
of the one-dimensional Brownian motion process . 

Example 2. Another basic example of a continuous time ( T == [0 ., oo)) 
stochastic process is the Poisson process . The sample function X 1 counts 
the number of times a specified event occurs during the time period 
fron1 0 to t . Thus., each possible X, is represen ted as a nondccrensing s tep 
function. 
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Figure 2 corresponds to a situation where the event occurred first at 
time t 1 ., then at time t2 ., at time t3 ., at time t4 ., etc. ; obviously the total 

� 

t:J 

F I G .  2 

number of occurrences of the event increases only in unit jumps., and 
X0 == 0. Concrete examples of such processes are the number of x-rays 
emitted by a substance undergoing radioactive decay ; the number of 
telephone calls originating in a given locality ; the occurrence of accidents 
at a certain intersection ; the occurrence of errors in a page of typing ; 
breakdowns of a machine ; and the arrival of customers for service . The 
justification for viewing these examples as Poisson processes is based on 
the concept of the law of rare events . We have a situation of many 
Bernoulli trials with small probability of success where the expected 
number of successes is constant. Under these conditions it is a familiar 
theorem that the actual number of events occurring follows a Poisson law. 
In the case of radioactive decay the Poisson approximation is excellent if 
the peroid of observation is very short with respect to the half-life of the 
radioactive substance . 

We postulate that the numbers of events happening in two disj oint 
intervals of time are independent [see (a) above] . Analogously to (b) ., we 
ulso assume that the random variable xto+ t - xto depends only on t and 
u o t  on to or on the value of xto .  we set down the following further 
pos tulates., which are consistent with the intuitive descriptions given 
ubove : 

I .  The probability of at least one event happening in a time period of 
duration h is 

p(h) = ah + o(h) ., h � o, 
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[g(t) === o(t) , t � 0 is the usual symbolic way of writing the relation 
limt-.o g(t)ft = 0]. 

II. The probability of two or more events happening in time h is o(h) .  

Postulate II is tantamount to  excluding the possibility of the simul­
taneous occurrence of two or more events. In the concrete illustrations 
cited above, this requirement is usually satisfied. 

Let P m(t) denote the probability that exactly m events occur in time 
• 

t, I .e . ,  
P m(t) === Pr{Xt = m}, m === 0, 1 , 2 ,  . . . . 

The requirement II can be stated in the form 

and clearly 

00 

L P m(h) = o(h) , m= 2 

p( h) === 
p 

1 (h) '+ p 
2 (h) + . . . . 

Because of the assumption of independence, 

and therefore 

P0(t + h) === P0(t)P0(h) === P0(t) (l - p(h)) , 

P 0(t + h) - P 0(t) 
=== _ p o(t) p(h) . 

h h 

But on the basis of Postulate I we know that p(h) fh � a. Therefore, the 
probability P 0(t) that the event has not happened during (0, t) satisfies 
the differential equation 

Pb(t) == -aP 0(t) , 

whose well-known solution is P0(t) ==. ce - at . The constant c is determined 
by the initial condition P0(0) == 1, which implies c === 1 .  Thus, P0(t) === e - at . 
We will now calculate P m(t) for every m. It is easy to see that 

m 
P m(t + h) == P m(t) P  o(h) + P m- l (t) P 1 (h) + L P m- i(t) Pi(h) . (2 .1) 

• i = 2 

By definition P0(h) == 1 - p(h) . The requirement II implies that 

P 1 (h) = p(h) + o(h) and 
m m 
L P m- ,(t) Pi(h) < L Pi(h) == o(h) , 

i = 2 l == 2 

(2.2) 
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since obviously Pk(t) < 1 .  Therefore., with the aid of (2 .2) we rearrange 
(2 .1)  into the form 

m 
Pm(t + h) - Pm(t) === Pm(t) [Po(h) - 1] + Pm_ 1 (t) Pt (h) + L Pm- i(t) Pi(h) i = 2 m 

=== - Pm(t)p(h) + Pm- 1 (t) P1 (h) + L Pm- i(t) Pi(h) 

=== -aP m(t)h + aP m- 1 (t)h + o(h) . 
Therefore 

P m(t + h) - P m(t) p ( )  p ( )  
h 

� -a m t + a m- 1 t 

and., formally., we get 

i = 2 

m === 1 ., 2.,  . . .  ., 

subject to the initial conditions 

P m(O) === 0., m === 1., 2., . . . . 

In order to solve (2 .3) .,  we introduce the functions 

m === 0., 1 .,  2., . . . . 

Substituting the above in (2 .3) ·gives 

Q:n(t) === aQm- 1 (t) , m === 1 .,  2 .,  . . .  ., 

(2 .3) 

(2 .4) 

where Q0(t) == 1 and the initial conditions are Qm(O) === 0.,  m === 1 ,  2 ,  . . . . 
Solving (2 .4) recursively we obtain 

Q1 (t) === a or 

' l'herefore 

Q 1 ( t) === at + c so Q 1 ( t) == at 

r n other words., for each t., X1 follows a Poisson distribution with param­
• �tcr at . In particular., the mean number of occurrences in time t is at . 
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Often the Poisson process arises in a form where the time parameter is 
replaced by a suitable spatial parameter. The following formal example 
illustrates this vein of ideas . Consider an array of points distributed in a 
space E (E is a Euclidean space of dimension d > 1) . Let N R denote the 
number of points (finite or infinite) contained in the region R of E. We 
postulate that N R is a random variable . The collection { N R} of random 
variables., where R varies over all possible subsets of E., is said to be a 
homogeneous Poisson process if the following assumptions are fulfilled : 

(i) The numbers of points in nonoverlapping regions are independent 
random variables. 

(ii) For any region R of finite volume., N R is Poisson distributed with 
mean A.V(R) ., where V(R) is the volume of R. The parameter A is fixed 
and measures in a sense the intensity component of the distribution., 
which is independent of the size or shape . Spatial Poisson processes arise 
in considering the distribution of stars or galaxies in space., the spatial 
distribution of plants and animals., of bacteria on a slide., etc. These ideas 
and concepts will be further studied in Chapter 16 . 

3 :  Classification of General Stochastic Processes 

The main elements distinguishing stochastic processes are in the nature 
of the state space., the index parameter T., and the dependence relations 
among the random variables xt . 

STATE S PA C E  S 

This is the space in which the possible values of each Xt lie .  In the case 
that S == (0., 1 .,  2., . . .  ) .,  we refer to the process at hand as integer valued., 
or alternately as a discrete state process . If S == the real line ( - oo., oo ) , 

then we call Xt a real-valued stochastic process . If S is Euclidean k 
space then xt is said to be a k-vector process. 

As in the case of a single random variable, the choice of state space is 
not uniquely specified by the physical situation being described., although 
usually one particular choice stands out as most appropriate . 

I N D EX PA RAM ET E R  T 

If T === (0., 1 ., . . . ) then we shall always say that X, is a discrete time 
stochastic process . Often when T is discrete we shall write Xn instead 
of X, . If T = [0., oo) , then X, is called a continuous time process . 
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We have already cited examples where the index set T is not one 
dimensional (spatial Poisson processes) . Another example is that of 
waves in oceans . We may regard the latitude and longitude coordin­
ates as the value of t, and X1 is then the height of the wave at the 
location t. 

C LAS SICAL TYP ES O F  STO C H ASTI C  P R O C ES S ES 

We now describe some of the classical types of stochastic processes 
characterized by different dependence relationships among Xt . In the 
examples, we take T == [0, oo) unless we state the contrary explicitly. 
For simplicity of exposition, we assume that the random variables Xt 
are real valued .  

(a) Process with Stationary Independent Increments 
If the random variables 

are independent for all choices of t1 , • • · , tn satisfying 

then we say that Xt is a process with independent increments. If the index 
set contains a smallest index t0 , it is also assumed that 

xt , xt - xt , xt - xt , . . .  , xt - xt 0 1 0 2 1 n n - 1 

are independent . If the index set is discrete, that is ,  T === (0, 1 ,  . . .  ) ,  then 
a process with independent increments reduces to a sequence of inde­
pendent random variables Z0 === X0 , Zi === Xi - X i - t (i == 1 , 2, 3, . . .  ) ,  
in the sense that knowing the individual distributions of Z0 , Z1 , . • .  

enables one to determine (as should be fairly clear to the reader) the joint 
distribution of any finite set of the Xi . In fact , 

i == 0, 1 , 2, . . . .  

If the distribution of the increments X(t1 + h) - X(t1 ) depends only 
on the length h of the interval and not on the time t1 the process is said 
to have stationary increments. For a process with stationary increments 
Lhe distribution of X(t1 + h) - X(t1 )  is the same as the distribution of 
)\(t 2  -j- h) - X(t2) , no matter what the values of t1 , t2 and h. 

If a process {X1 ,  t E T}, where T === [0 ,  oo) or T === (0, 1 , 2, . . .  ) has 
H tutionary independent increments and has a finite mean, then it is 
4 � 1e rnenlary to show that E[X,] === m0 + m1 t where m0 === E[X0] and 



m1 == E[X1] - m0 • A similar assertion holds for the variance : 

uit === u6 + uit 

where 

and 

We will indicate the proof in the case of the mean . Let f(t) === 
E[Xr] - E[X0] . Then for any t and s 

f(t + s) === E[Xt + s - X0] 

=== E[Xt + s - Xs + Xs - X0] 

=== E[Xr + s - Xs] + E[Xs - Xo] 

=== E[Xr - X0] + E[Xs - X0] 

(using the property of stationary increments) 

== 
f(t) + f(s) . 

The only solution., subject to mild regularity conditions ., to the functional 
equation f(t + s) ===f(t) +f(s) is f(t) =f(l) · t. We indicate the proof of 
the above statement assuming f(t) differentiable., although much less 
would suffice . Differentiation with respect to t and independently in s 
verifies that 

f'(t + s) == f'(t) === f'(s) . 

Therefore for s · 1 .,  we find f'(t) == constant == f' (l )  == c . Integration of 
this elementary differential equation yieldsf(t) == ct + d. But.,f(O) == 2f(O) 
implies f(O) === 0 and therefore d == 0 is necessary. The expression f(t) == 
f(l)t for the case at hand is 

E[Xr] - m0 == (E[X1] - m0) • t 

or 

as desired . 
Both the Brownian motion process and the Poisson process have 

stationary independent increments. 

(b) Martingales 
Let {Xr} be a real-valued stochastic process with discrete or continuous 

parameter set. We say that {Xt }  is a martinB·ale if., E[I X, I ] <: oo for all t., 



and if for any tl < t2 < . . .  < tn + l '  E(Xr I Xt = al , . . .  , xt == an) ==  an 
n + l  1 n 

for all values of a1 ,  • • · , an . Martingales may be considered as appropriate 
models for fair games, in the sense that Xr signifies the amount of money 
that a player has at time t. The martingale property states,  then, that 
the average amount a player will have at time tn + 1 ,  given that he has 
amount an at time tn , is equal to an regardless of what his past fortune 
has been. The reader can readily verify that the process Xn == Z1 + · · · 
+ zn ' n == 1 , 2,  . . .  ' is a discrete time martingale if the z i are independent 
and have means zero . Similarly, if X t , 0 < t < oo has independent incre­
ments whose means are zero, then {Xr} is a continuous time martingale 
(see Elementary Problem 6) . 

Martingales are the subj ect mat ter of Chapter 6 .  

(c) Markov Processes 
Roughly speaking, a Markov process is a process with the property 

that, given the value of xt ' the values of xs ' s > t, do not depend on the 
values of Xu , u < t ;  that is , the probability of any particular future 
behavior of the process, when its present state is known exactly, is not 
altered by additional knowledge concerning its past behavior. We should 
make it clear, however, that if our knowledge of the present state of the 
process is imprecise, then the probability of some future behavior will in 
general be altered by additional information relating to the past behavior 
of the system. In formal terms a process is said to he Markov if 

Pr{a < Xt < b i Xr 1 == x1 ,  Xr2 = x2 , . . .  , Xt" == xn} 
== Pr{a < Xt < b iXr" == xn} (3 .1 )  

whenever t 1  < t2 < · · · < tn < t . 
Let A be an interval of the real line . The function 

P(x, s ;  t, A) == Pr{Xr E A I Xs == x}, t > s, (3 .2) 

i s  called the transition probability function and i� basic to the study of 
the  structure of Markov processes . We may express the condition (3 .1) 
u s  follows : 

Pr{a < Xt < b iXr 1 == x1 ,  X12 == x2 , . . .  , Xr" == xn} == P(xn ,  tn ; t, A) �  (3 .3) 

where A ==  { � I a < � < b }. It may be proved that the probability distri­
b ut ion of 

c a n  lu� computed in terms of (3 .2) and the initial distribution function of 
.X 1 1 • We will elaborate further on these concepts in our more detailed 
• •  xu  ruination of discrete time, discrete state Markov processes (Chapter 2) .  

A .Markov process having a finite or denumerable state space is called 
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a Markov chain . A Markov process for which all realizations or sample 
functions {Xt � t E [0 � oo) } are continuous functions is called a diffusion 
process . The Poisson process is a continuous time Markov chain and 
Brownian motion is a diffusion process . 

(d) Stationary Processes 
A stochastic process X t for t in T [here T could be one of the sets 

(- 00� 00 )� [0 �  oo ) � the set of all integers� or the set of all positive integers] 
is said to be strictly stationary if the joint distribution functions of the 
families of random variables 

and 

are the same for all h > 0 and arbitrary selections t1 � t2 � • • •  , tn from T. This 
condition asserts that in essence the process is in probabilis tic equilibrium 
and that the particular times at which we examine the process are of no 
relevance . In particular, the distribution of Xr is the same for each t . 

A stochastic process xt for t E T is said to be wide sense stationary or 
covariance stationary if it possesses finite second moments and if 
Cov(Xt , Xt + h) == E(Xr Xt + h) - E(Xt)E(Xt + h) depends only on h for all 
t E T. A stationary process that has finite second moments is covariance 
stationary. There are covariance stationary processes that are not 
stationary. 

Stationary processes are appropriate for describing many phenomena 
that occur in communication theory, astronomy� biology� and sometimes 
economics and are discussed in more detail in -Chapter 9 .  

A Markov process is said to have stationary transition probabilities 
if P(x� s ;  t� A) defined in (3 .2) is a function only of t - s. Remember that 
P(x, s ;  t� A) is a conditional probability, given the present state . There­
fore, there is no reason to expect that a Markov process with stationary 
transition probabilities is a stationary process �  and this is indeed the case . 

Neither the Poisson process nor the Brownian motion process is 
stationary. In fact , no nonconstant process with statiQnary independent 
increments is stationary. However, if {Xr , t E [0 �  oo) } is Brownian motion 
or a Poisson process� then Zr == Xt + h - Xr is a stationary process for 
any fixed h > 0. 

(e) Renewal Processes . 
A renewal process is a sequence Tk of independent and identically 

distributed positive random variables, representing the lifetimes of some 
'' units .� ' The first unit is placed in operation at time zero ; it fails at time 
T1 and is immediately replaced hy a new unit which then fails at time 
T1 + T 2 ,  and so on� thus motivating the name " renewal process . � �  The 
time of the nth renewal is S, == T 1 -t- · · · -1- T, .. . 
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A renewal counting process Nt counts the number of renewals in the 
interval [0� t] . Formally� 

Nt = n for Sn < t < Sn + 1 � n = 0� 1 �  2 �  . . .  

N, 

3 

2 

l 

So 

FIG. 3 

t �  

Often the distinction is not made between the renewal process and the 
associated renewal counting process� and no real confusion results. 

Renewal processes occur directly in many applied areas such as 
1nanagement science� economics� and biology. Of equal importance� often 
renewal processes may be discovered embedded in other stochastic 
processes that� at first glance� seem quite unrelated. Chapter 5 is devoted 
1 o renewal processes .  

The Poisson process with parameter A is a renewal counting process 
for which the unit lifetimes have exponential distributions with common 
parameter A. 
( f )  Point Processes 

Let S be a set in n-dimensional space and let d be a family of subsets of 
.� . A point process is a stochastic process indexed by the sets A E d  and 
ha ving the set {0� 1 �  . .  · � oo} of nonnegative integers as its state space . We 
t h i nk of " points � �  being scattered over S in some random manner� and of 
/V ( !I )  as counting the number of points in the set A . Since N(A) is a 
c ·ou nting function there are additional requirements on each realization. 
Fo r exa1nple� if A 1 and A 2  are mutually disj oint sets in d whose union 
. · 1 1 U A 2 is also in d� then we require 

N(A 1 u A 2) = N(A1 ) + N(A 2)� 

u r ul if  t lu�  em pty set 0 is  in d� then N(0) = 0. 
Su p poHe S iH a �et in the real line (plane, 3 dimensional space) and for 

c � vp r·y I"!U bAct 11 C S., let V(A ) be the length (respectively area� volume) 
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of A .  Then {N(A)� A C S} is a homogeneous Poisson point process of 
intensity A > 0 if: 

(i) For each A c S� N(A) has a Poisson distribution with parameter 
AV(A) �  and 

(ii) For every finite collection {A 1 � • .  · � An} of disj oint subsets of S, the 
random variables N(A 1) �  . .  · � N(An) are independent . 

Poisson point processes arise in considering the distribution of stars or 
galaxies in space� the planer distribution of plants and animals� of bacteria 
on a slide� etc. These ideas and concepts will he further studied in Chapter 
16, Volume II .  

Every Poisson process {Xt : t E [0 � oo) } defines a Poisson point process 
on S == [0� 00) . In fact for an interval subset A == (s � t] � s < t� we use 
N(A) = Xt - Xs .  

4 :  Defining a Stochastic Process 
The distinguishing features of a stochastic process X1 are the relation­

ships among the random variables� xt � t E T. 
These relationships are specified by giving the joint distribution func­

tion of every finite family X1 1 � • •  · � X1" of variables of the process . ' For 
the purposes of this book� a stochastic process may be considered as well 
defined once its state space� index parameter� and family of joint distri­
butions are prescribed.  However� in dealing with continuous parameter 
processes certain difficulties arise �  which we illustrate by the following 
example. 

Let U be a r .v. uniformly distributed on [0� 1] and define Xt and Yt 
as follows : 

Xt = { �  for U == t � 
otherwise �  

and 

yt- o� (t > 0) . 

A simple computation verifies that {X1} and { Y1} have the same finite 
dimensional distributions . However� obviously 

Pr{Xt < � for all 0 < t < 1 }  == 0 

and 

Pr{Yr < � for all 0 < t < 1} = 1 �  

which is  a rather disconcerting state of affairs . To pinpoint the source of 
the difficulty we consider the following problem. 

Suppose that {X1 � 0 < t < 00 }� is a continuous parameter process� and 
we wish to evaluate Pr {X1 > 0., 0 < t < 1 } .  
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Let us consider the decreasing sequence of events 

An == {Xri > 0, ti == ij2n� i == 0, 1� . . .  , 2n}, n == 1� 2 �  . . . . 

The probability of each An can he calculated in terms of the joint distri­
bution function of the corresponding xt i ' i == 0, . . .  ' 2n

' and it would 
seem reasonable that we should take for Pr{Xt > 0, 0 < t < 1}  the value 
limn-+ (f) Pr{An}· However, that which seems reasonable is not necessarily 
free from inconsistencies .  It is equally reasonable that we take 
A� == {Xti > 0, t i == ij3n, i == 0, i ,  . . . , 3n}, and for Pr{Xt > 0, 0 < t < 1 }  
the value limn-+ (f) Pr{A�}� hut it is hy no means clear that limn-+ (f) Pr{An} == 
limn-+ (f) Pr{A�}, and in fact , the two limits need not he equal if no 
" smoothness � �  assumptions are made concerning the sample functions 
of the process . There are various sufficient conditions for the equality 
of the two limits : one of them is that lim-r-+ t Pr{ !Xt - X-rl > e} == 0 for 
every e > 0 and every t. With this condition� the problem can he formu­
lated so that no inconsistency arises if we define Pr{Xr > 0� 0 < t < 1 } 
as the common value of the two limits� and in fact� if t1 � t2 , • • •  is any 
dense set of points in the interval [0� 1 J � then Pr{Xt > 0, 0 < t < 1 }  == 
limn-+ (f) Pr{Xt i > 0, i == 1 �  2 �  . . .  � n }. 

The nub of the matter is that while the axiom of total probability 
enables us to evaluate probabilities of events concerning a sequence of 
r.v. 's in terms of the probabilities of events involving finite and hence 
denumerable subsets of the sequence, the event {Xr > 0, 0 < t < 1 }  
involves a nondenumerahle number of random variables. The details of 
this point are quite involved, and are well beyond the scope of the present 
book; the interested reader is referred to Dooh�t Chapter 2 .  Some founda­
tional questions which throw more light on these problems are discussed 
in Chapter 14 . 

Elementary Problems 

I .  Let X he a nonnegative discrete random variable with possible values 
0, 1 ,  2,  . . . . . Show 

(f) 00 

E[X] == L Pr{X > n} == L Pr{X > k}. n= O k = l 
CfJ CfJ n 

/ lint : Begin with E[X] == I n Pr{X == n} == I L Pr{X = n} . n = l n= l k = l 

t .J . L.  Doob , " Stochastic Processes ," Wiley, New York, 1953. 
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2. Suppose a j ar has n chips numbered 1 .,  2 ,  . . . , n. A person draws a chip, 
returns it, draws another., returns it, and so on until he gets a chip which has 
been drawn before and then stops. I_Jet X he the number of drawings required 
to accomplish this objective . Find the probability distribution of X. 

Hint : It's easiest to first compute Pr{X > k} . 

Solution : ( n )k - 1  p(k) == (k - 1)! k - 1 nk for k == 2., 3., . . . , n + 1 . 

3. Show that the expectation of the random variable X of Problem 2 is 

E(X) = 2 + ( 1 - !) + ( 1 - !) ( 1 - !) + · · · + ( 1 - !) ( 1 - !) 

Hint : Use Elementary Problem 1 . 

( n - 1 ) . . . . . 1 - n . 

4. The number of accidents occurring in a factory in a week is a random 
variable with mean J.1 and variance a2 • The numbers of individuals injured in 
different accidents are independently distributed each with mean v and 
variance T2 • Determine the mean and variance of the number of individuals 
injured in a week. 

Solution :  E(injuries) == J.lV ; 

5. The following experiment is performed. An observation is made of a Poisson 
random variable X with parameter A.. Then a binomial event with probability 
p of success is repeated X times and a successes are observed. What is the 
distribution of a? 

Hint : Use the generating function for the random sum of random variables., 

Solution : Poisson, with parameter A.p. 

' 

6. Show that the sums Sn == X1 + · · ·  + Xn of independent random variables 
Xn with zero mean form a martingale . Assume E[ lXkl]  < oo for k == 1 ,  2, . . . . 

7. Prove that every stochastic process {X(t) ;  t == 0, 1 ,  . . .  } with independent 
increments is a Markov process. (Remark : This is not true of stochastic processes 
{X(t) ; - oo < t < oo }.) 

8. Consider a population of n couples where a hoy is horn to the ith couple 
with probability P i  and ci is the expected number of children born to ibis 
couple. Assume pi  is constant with time for all couples and that sexes of successive 
children born to a particular couple are independent r.v's . Further, assume 
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that no multiple births are allowed. The sex ratio is defined to be 

S _ expected number of boys horn in the population of n couples 
- expected number of children born in the population of n couples · 

Suppose ci = c, i == 1.,  2 ,  o o . , n. Find S. 
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9. If the parents of all couples decide to have children until a boy is horn and 
then have no further children, show that 

10. Suppose the p�rents of all couples decide that if their first child is a boy they 
will continue to have children until a girl is born and then have no further 
children. If their first child is a girl they will continue to have children until a 
hoy is born and then have no further children. Compute S corresponding to this 
birth control behavior 0 

Solution:  

where qi = 1 -pi . 

1 1 .  Suppose the parents of all children decide that if their first child is a boy 
they will continue to have children until a girl is born and then have no further 
ehildren. If their first child is a wrl they will have no further children. Compute 
S corresponding to this behavior. 

Solution: 
n 

• n :E 1/qi i = 1 

1 2. Show that, depending on the value of {p1 , • • •  , Pn}, S2 can satisfy either 
S], · : S0 or S2 > S0 ,  where S0 is the sex ratio of Elementary Problem 8 and S2 is 
t h e ·  HPX ratio of Elementary Problem 10. 

1 !1. Suppose that a child horn to the ith set of parents in a population of n 

"c ' I H  of parents has probability Pi of a birth disorder, i == 1 ,  2 ,  o 0 0 , n. Assume 
I h u I. the birth of one affected child deters parents from further reproduction. 
I 1P I s = the number of offspring in a single family when no affected children 
a n � hn.rn. Assume that with respect to any given birth, Pi does not depend on 
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preceding births . Show that 

R = expected number of affected children 
1 expected total number of children horn 

n L 1 - qf i =  1 
------ . n L (1 - qf ) /Pi i= 1 

(h) Assume that the birth of two affected children (hut not one) will deter 
parents from further reproduction. Show that under this kind of selective 
limitation 

n L {2(1 - q�) - spiqf - 1 } i = 1 R2 = -,.
---------- . 
L {[2(1 - qn/Pil - sqf- 1 } 
i - 1 

Problems 

The following integrals may he useful in some of the problems, and are recorded 
here for future reference. 

The gamma function is defined by 
. 

00 

r(x) = f ex - le- � de, x > O. 
0 

For large x, r(x) r-v V2n e-x�+ 1 12 (Stirling's formula) . When X ==  n, an integer, 
r(n) == (n - 1) !  == (n - 1)(n - 2) . . .  2 · 1 .  

The Beta integral i s  given by 

where p > 0, q > 0. 

1 r(p )r(q) 
== J p- 1 (1 - )q- 1 d 

r( ) 
X X X 

p + q 0 

I. Let a, b, c he independent random variables uniformly distributed on (0, 1) . 
What is the probability that ax2 + bx + c has real roots? 

Answer : (5 + 3 log 4)/36. 

2. For each fixed A > 0 let X have a Poisson distribution with parameter A. 
Suppose A itself is a random variable following a gamma distribution (i.e. , with 
density 

1 An - 1 - A  
/(A) = r(n) e ' 

0, A < 0 , 
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where n is a fixed positive constant) .  Show that now 

r(k + n) ( 1 ) k + n Pr{X = k} = 
r(n)r(k + 1) 2 ' k == 0, 1 ,  0 • •  0 

When n is an integer this is the negative binomial distribution with p == 1 .  
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3. For each given p let X have a binomial distribution with parameters p and 
N. Suppose N is itself binomially distributed with parameters q and M, M > N. 

(a) Show analytically that X has a binomial distribution with parameters 
pq and M. 

(b) Give a probabilistic argument for this result. 

4. For each given p, let X have a binomial distribution with parameters p and 
N. Suppose p is distributed according to a beta distribution with parameters 
r and s. Find the resulting distribution of X. When is this distribution uniform 
on x =- 'J, 1 ,  . . .  , N? 
Answer : 

Pr{X = k} = (N)r(r + s)r(k + r)r(N - k  + s)
; 

k r(r)r(s)r(N + r + s) 

Pr{X == k} = 1/(N + 1) when r == s = 1 . 

5. (a) Suppose X is distributed according to a Poisson distribution with 
parameter A. The parameter A is itself a random variable whose distribution 
law is exponential with mean == 1fc. Find the distribution of X. 

(b) What if A follows a gamma distribution of order a with scale parameter c, i.e . ,  the density of A is 

for A > 0 ;  0 for A < 0. 
Answer : 

(a) 
c 

Pr{X = k} = (c + 1 )k + l ; 
(b) Pr{X = k} =

r(k + rx + 1) ( 1 ) k �a + l ca + l . 
k!r(o: + 1) 1 + c 

6. Suppose we have N chips marked 1 ,  2, . . .  , N, respectively. We take a random 
t-uunple of size 2n + 1 without replacement. Let Y be the median of the random 
Ha rnplc . · Show that the probability function of Y is 

(k - 1 ) (N - k) 
Pr{ Y = k} = 

n n 

(2n: 1) 
V c· rify 

and 

for k = n + 1 , n + 2, . . . , N - n. 

V ( y) ==
(N - 2n - 1) (N + 1) 

ar 8n + 12 · 
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7. Suppose we have N chips, numbered 1,  2, . . .  , N. We take a random sample 
of size n without replacement. Let X he the largest number in the random 
sample . Show that the probability function of X is 

(k - 1 ) n - 1  
Pr{X = k} = (�) 

and that 
n EX = n + 1(N + 1) ,  

for k = n, n + 1 ,  . . .  , N 

n(N - n)(N + 1) Var(X) = (n + 1)2 (n + 
2) . 

8. Let X1 and X2 be independent random variables with uniform distribution 
over the interval [0 - ! ,. e + !] . Show that X1 - X2 has a distribution inde­
pendent of e and find its density function. 

Answer : 
· - 1 < y < O, 

0 < y < 1, 
IYI > 1 . 

9. Let X he a nonnegative random variable with cumulative distribution func­
tion F(x) == Pr{X < x}. Show 

00 

E[X] = f [1 - F(x)] dx. 
0 

Hint : Write E[X] = J x dF(x) = J ( I dy) dF(x) . 
0 0 0 

IO. Let X be a nonnegative random variable and let 

Xc == min{X, c} 
_ {X if X < c - c if X > c 

where c is a given constant. Express the expectation E[ Xc] in terms of the 
cumulative distribution function F(x) = Pr{X < x} .  

c 
Answer : E[Xc] = J [1 - F(x)] dx. 

0 

II. Let X and Y he jointly distributed discrete random variables having 
possible values 0, 1 ,  2, . . . .  For l s i  < 1, I t  I < 1 define the joint generating 
function 

00 

l/Jx, r(s, t) == L s lt1 Pr{X == i, Y = j} 
i, j = O  
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and the marginal generating functions 
00 

¢x(s) == I s i Pr{X == i} 
i
= O 

00 

l/Jy(t) == I ti Pr{ Y == j}. 
j = O 

(a) Prove that X and Y are independent if and only if 

l/Jx, y(s, t) == ¢x(s}l/Jy(t) for all s, t. 
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(h) Give an example of jointly distributed random variables X, Y which 
are not independent, hut for which 

l/Jx, y(t, t) == l/Jx(t}l/Jy(t) for all t. 
(This example is pertinent because l/Jx, y(t, t) is the generating function of the 
sum X + Y. Thus independence is sufficient hut not necessary for the generating 
function of a sum of random variables to be the product of the marginal 
generating functions .) 

12. Let A0 , A1 , • • •  , A r be r + 1 events which can occur as outcomes of an experi­
ment. Let Pi be the probability of the occurrence of A i (i == 0, 1 ,  2, . . .  , r) . 
Suppose we perform independent trials until the event A0 occurs k times. Let 
Xi be the number of occurrences of the event A i . Show that 

Pr{X1 = x1 , . . . , X, = x, ; A0 occurs for the kth time at the ( k + 
i
tl x;) th trial} 

r(k + .± x;) r 
l - 1 k f1 x ·  ___;:..-

__ r _ 

__.:.... P 0 Pi l • 
r(k) 11 xi! 

i
= 1 

i = 1 (I)  

1 3. Show that the probability generating function ·of the negative multinomial 
distribution (I) with parameters (k; p0, p 1 , . . •  , Pr) is 

( r ) - k 
({J(t 1 , • • •  , tr) = p'Q 1 - .L t iP i  . 

1. =  1 

I tt.. Consider vector random variable { X0 , X 1 , • • •  , X r } following a multinomial 
c l i H t rih u tion with parameters (n; Po ,  p 1 , • • •  , Pr) , and assume that n is itself a 
ru u c l o rn variable distributed as a negative binomial with parameters (k ; p ) . 
( :u I n  p I I  tc� the i oint distribution of Xo ' 0 0 0 ' xr 0 

1 5. Suppose that a lot consists of m, n 1 , • • •  , nr items belonging to the Oth, 
I H I ., • • •  , rth clas s e s respectively. The items are drawn one-by-one without replace­
r n c · u t unti l /c it(�rr1s  of the Oth class are observed. Show that the j oint ci.istribution 
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of the observed frequencies X 1 , • • .  , X r of the 1st ,  . . .  , rth classes is 

Pr {X1 = xp . . .  , X, = x,} = {(k 
m 

1)T) (:: ) I (k �;-_: 1)} 
m - (k - 1 ) 

· --------�--�---
m + n - (k + y - 1) 

where 
r 

.Y === L xi and 
i = 1 

16. Continuation of Problem 15  If m ----* 00 and n -+  00 in such a way that 
mf(m + n) -+ p0 and nd(m + n) -+ Pi , i === 1 ,  2, . . .  , r, show that the distribution 
of Problem 15 approaches the negative multinomial. 

17. The random variable Xn takes the values kfn , k === 1 ,  2, . . . , n, each with 
probability lfn. Find its characteristic function and the limit as n-+ oo .  
Identify the random variable of the limit characteristic function. 

Answer : 
(a) (/Jn(t) = (1  - eit) ! . 

exp(  -i� - it) - 1 ' 

(b) uniform (0, 1) .  

18. Using the central limit theorem for suitable Poisson random variables ,  
prove that 

n k 
r -

n � n 1 
Im e L k' === 2 11 --+-oo k = O  • 

*19. The random variables X and Y have the following properties :  X is positive, 
i .e . ,  P{X > 0} === 1, with continuous density function f(x) , and Y IX has a uni­
form distribution on {0, X} . Prove : If Y and X - Y are independently dis­
tributed, then 

x > 0, a >  0. 
*20. Let U be gamma distributed with order p and let V have the beta distribu­
tion with parameters q and p - q (0 < q < p). Assume that U and V are in­
dependent . Show that UV is then gamma distributed with order q. 

Hint : 

Take Laplace transforms of both sides, interchange orders of integration, and 
then evaluate by expanding in suitable series of the form 



*21. Let X and Y be independent, identically distributed, positive random 
variables with continuous density function f(x) . Assume, further, that U == 
X - Y and V = min(X, Y) are independent random variables . Prove that 

{A_e - ;.x f(x) == 0 
for some A >  0. Assume f(O) > 0 .  

for x > 0, 
elsewhere, 

Hint : Show first that the j oint density function of U and V is 

fu.v(u, v) == f(v)f(v + I ul ) . 
Next, equate this with the product of the marginal densities for U, V. 

22. Let X and Y be two independent, nonnegative integer-valued, random 
variables whose distribution has the property 

Pr{X = x iX + Y = x + y} = (:) (;) 
(

m + n) 
x +y 

for all nonnegative integers x and y where m and n are given positive integers. 
Assume that Pr{X == 0} and Pr{ Y == 0 }  are strictly positive. Show that both 
X and Y have binomial distributions with the same parameter p, the other 
parameters being m and n, respectively. 

23. (a) Let X and Y be independent random variables such that 

where 

and 

Suppose 

Prove that 

Pr{X == i} = f(i) ,  Pr{ Y = i} == g(i) , 
f ( i) > 0' g( i) > 0' i == 0., 1 ' 2' . . .  

00 00 

If(i) == I g(i ) == 1 .  i = O  i = O  

0, k > l. 

f( . ) _ - 8a ( Oet) i 
' - e . , ., L .  

( .) _ o e i 
g L  == e  -:"f '  

L .  
ex = 0, 1 ,  2,  .. . .  , 

w here (X =  p/( 1 -p) and e > 0 is arbitrary. 

(h)  Show that p is determined by the condition 

c( 1 � P) = Jto) · 
I lint : Le t F(s) = "Lf(i)si, G(s) = L g(i)s t. Establish first the relation 

F(u) F(v) = F(vp + (1 - p)u)G(vp + (1 -p)u) . 
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24. Let X be a nonnegative integer-valued random variable with probability 
generating function f ( s) = L� 0 an s

n. After observing X, then conduct X 
binomial trials with probability p of success. Let Y denote the resulting number 
of successes. 

(a) Determine the probability generating function of Y. 
(b) Determine the probability generating function of X given that Y = X. 

Solution: (a) f(l - p + ps) ; (h) f(ps)/f(p) . 
25. (Continuation of Problem 24 ) Suppose that for every p (0 < p < 1) the 
probability generating functions of (a) and (b) coincide. Prove that the distri­
bution of X is Poisson, i.e . ,  f(s) = el<s - l ) for some A. > 0. 

26. There are at least four schools of thought on the statistical distribution of 
stock price differences, or more generally, stochastic models for sequences of 
stock prices . In terms of number of followers, by far the most popular approach 
is that of the so-called " technical analysist ", phrased in tern1s of short term 
trends, support and resistance levels, technic_al rebounds, and so on. Rejecting 
this technical viewpoint, two other schools agree that sequences of prices 
describe a random walk, when price changes are statistically independent of 
previous price history, but these schools disagree in their choice of the ap­
propriate probability distributions . Some authors find price changes to have a 
normal distribution while the other group finds a distribution with '' fatter 
tail probabilities ", and perhaps even an infinite variance .  Finally, a fourth 
group (overlapping with the preceding two) admits the random walk as a 
first-order approximation but notes recognizable second-order effects . 

This exercise is to show a compatibility between the middle two groups . It 
has been noted that those that find price changes to he normal typically 
measure the changes over a fixed number of transactions, while those that find 
the larger tail probabilities typically measure price changes over a fixed time 
period that may contain a random number of transactions . Let Z he a price 
change. Use as the measure of " fatness " (and there could be dispute about this) 
the coefficient of excess 

where mk is the kth moment of Z about its mean. 
Suppose on each transaction that the price advances by one unit, or lowers by 
one unit , each with equal probability. Let N be the number of transactions and 
write z == xl + . .

. + XN where the Xn's are independent and identically 
distributed random variables ,  each equally likely to be + 1 or - 1. Compute y2 
for Z:  (a) �'hen N is a fixed number a, and (h) .  When N has a Poisson distribut ion 
""�ith mean a .  

27. Consider an infinite number of urns into which we toss balls independently, 
in such a way that a ball falls into the kth urn with probability 1j2k, k =-= 1 ,  2, 3,  
. . . .  For each positive integer N, let ZN be the number of urns which  contain at 
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least one ball after a total of N balls have been tossed. Show that 

00 

E(ZN) = I [1 - (1 - 1 /2k)NJ � k = 1  
and that there exist constants cl > 0 and c2 > 0 such that 

for all N. 
Hint : Verify and use the facts :  

and 

( 1 )N 1 00 1 
1 - 1 - 2k < N 2k and N L: 2k < C2 , 

log2 N 
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28. Let L and R be randomly chosen interval endpoints having an arbitrary 
,j oint distribution, hut, of course, L < R. Let p(x) == Pr{L < x < R} he the 
probability the interval covers the point x, and let X = R - L be the length of 
t ht�  interval. Establish the formula E[ X] = f � 00 p( x) dx. 

29. Let N balls be thrown independently into n urns� each ball having proba­
l t i lity 1 /n of falling into any particular urn. Let ZN,n  he the number of empty 
u rns after culminating these tosses, and let PN,n(k) = Pr(ZN, n  = k). 

n 
1 > . -fine <fJN,n(t) === L PN ,n(k)eikt . k = O  

(a) Show that 

(b )  Show that 

for k = 0� 1 , . .  · �  n. 

( 1) N N (N) 1 ( 1) N -
i 

I�N ,n(k) ==  1 - n PN,n - l (k - l) +
i
� i ni 1 - n PN- i ,n - 1 (k) . 

oo N ( � ' ) Ddine G,. ( t, z) = L: IPN,,(t) �! zN. Using part (b ) ,  show that G,.(t, z) = N= O 
( ;, l (t� z) (  ei t -1- ez - 1 ) � and conclude that 

G,(t, z) = (ei t  + ez - 1) "
.
, 
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N OTES 

A colorful and rich introduction to probability theory and its appli­
cations is found in Feller [1 ] .  Feller's book is limited in that it deals only 
with discrete probabilities. 

The text by Gnedenko [2] also serves as an excellent introduction. 
Another useful elementary text is that by Parzen [3] . 
The classic treatise on the subject of stochastic processes is that by 

Doob [4] .  Doob's book serves indispensably for all researches concerned 
with stochastic processes. 

Another outstanding book concerned with the structure of stochastic 
processes is the recent translation of Dynkin [5] . 
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Chapter 2 

MA R KOV CHAINS 

This chapter introduces Markov chains and should be included in every 
first course in stochastic processes . The precise definition of a Markov 
process (Example c., Section 3 of Chapter 1 )  might be reviewed at the 
start. 

The reader should try to construct examples illustrating the properties 
accessible, corrz,municate, aperiodic, recurrent., transient and irreducible 
discussed in Section 4. 

Section 7 is only a page hut could he omitted on first reading. 

1 : Definitions 

A discrete time Markov chain {Xn} is a Markov stochastic process whose 
A tate space is a countable or finite set., and for which T = (0., 1 ., 2., . . .  ) .  
we may refer to  the value of xn as the outcome of the nth trial . 

It is frequently convenient to label the state space of the process by 
the nonnegative integers (0., 1 .,  2., . . .  ) .,  which we will do unless the contrary 
i H  explicitly Stated., and it is CUStomary tO speak of Xn being in State i 
. f" X . 
I n == L. 

�rhe probability of xn + 1 being in state j., given that xn is in state i 
(( �ailed a one-step transition pronability ) ., is denoted by P�j n + 1 ., i .e . ., 

( 1 . 1) 

' l ' he  notation emphasizes that in general the transition probabilities are 
functions not only of the initial and final state., but also of the time of 
t ru nsi tion as well . When one-step transition probabilities are independent 
o f  the time variable (i .e . ., of the value of n) ., we say that the Markov 
proc�cAA has stationary transition probabilities (see the close of Section 3 .,  
Chapter 1 ) .  Since the vast majority of Markov chains that we shall 
f� l l <�uun tcr have stationary transition probabilities., we limit our dis­
• ' I I HHion primarily to such cases . 
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In this case, P�j 
n +  1 

= P ii is independent of n and Pii is the probability 
that the state value undergoes a transition from i to j in one trial . It is 
customary to arrange these numbers Pii as a matrix, that is, an infinite 
square array 

Po o  Po t  Po2 Po 3 • • •  

P 1 o p1 1  p1 2 p 1 3 • • •  

P � p2 0 p2 1 p22  p23 
• 

• • •  

• 

P io pit pi2 pi3 • • •  

and refer to P === I IPij I I  as the Markov matrix or transition probability 
matrix of the process . 

The ( i + 1)st row of P is the probability distribution of the values of 
Xn + 1 under the condition Xn === i. If the number of states is finite then 
P is a finite square matrix whose order (the number of rows) is equal to 
the number of states. Clearly, the quantities Pii satisfy the conditions 

p ij > 0., i, j === 0., 1 .,  2., . . .  ., 
00 

L Pij === 1 , i === o, 1 .,  2., . . . .  
j=O 

( 1 .2) 

( 1 .3) 

The condition ( 1 .3) merely expresses the fact that some transition occurs 
at each trial. (For convenience., one says that a transition has occurred 
even if the state remains unchanged.) 

The process is completely determined once ( 1 . 1) and the value (or 
more generally the probability distribution) of X 0 are specified. We shall 
now prove this fact . 

Let Pr{X0 === i} === P i . It is enough to show how to compute the quan-
• • t1t1es 

( 1 .4) 

as any probability involving xj ., . . .  ., xik " j l <j2 < . . .  <jk ., may be 
obtained., according to the axiom �f total probability., by summing terms 
of the form ( 1 .4) . 

I 

By the definition of conditional probabilities we obtain 
Pr{X 0 === i0 ., X 1 � i 1 ., X 2 === i 2 ., . . .  ., X n === in} 

== Pr{ X n � in I X 0 � i0 , X 1 === i 1 ., . . .  ., X n _ 1 � in _ 1 } 
· Pr{ X 0 � i o ., X 1 === i 1 ., : . .  ., X n _ 1 === i n _ 1 } . ( 1 .  5) 

Now by the definition of a Markov process., 
Pr{Xn � in IXo === io ., x l  � i l ., . . .  ., xn - 1  = in - 1 } ( 1 .6) 

� Pr{Xn === in IXn - 1  === in - 1 } == pin - 1 , In • 
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Substituting (1 .6) into (1 .5) gives 

( 1 .7) 

If we proceed by induction (1 .4) becomes 

2: Examples of Markov Chains 

The importance of Markov chains lies in the large number of natural 
physical., biological., and economic phenomena that can be described by 
them. We now forn1ulate several such examples. 

A. S PATIALLY H O M O G E N EO U S M A R KO V  C H AI N S  

Let � denote a discrete-valued random variable whose possible values 
are the nonnegative integers., Pr{� === i} == ai ., a i > 0., and I� 1 ai � 1 .  
Let � 1 ., � 2 ., • • •  ., � n ., • • • represent independent observations of �. 

We shall now describe two different Markov chains connected with the 
sequence of � / s .  

In each case the state space of the process coincides with the set of 
nonnegative integers . 

(i) Consider the process Xn ., n � 0., 1 .,  2, . . . ., defined by Xn == �n .,  
(X0 � �0 prescribed) . Its Markov matrix has the form 

• • •  

. . . 
P === 

• • •  

Each row being identical plainly expresses the fact that the random 
variable xn + 1 is independent of xn . 

f 

(ii) Another important class of Markov chains arises from considera-
tion of the successive partial sums YJ n of the � i ., i .e . ., 

n === 1 .,  2., . . .  

and, by definition, fl o == 0.  The process Xn = YJn is readily seen to be a 
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Markov chain. We can easily compute its transition probability matrix 
as follows : 

Pr{Xn + 1 == j \Xn == i} 
== Pr{ � 1 + · · · + � n + 1 == j I � 1 + · · · + � 11 == i} == Pr{ � n + 1 == j - i} 

== {a i _ i for j > i, 

0 for j < i, 

where we have used the assumed independence of the � i · 
Schematically, we have 

• • •  

. . . 
P ==  

• • •  
(2 . 1) 

If the possible values of the random variable � are permitted to be 
the positive and negative integers., then the possible values of YJ n for each 
n will be contained among the totality of all integers . Instead of labeling 
the states conventionally by means of the nonnegative integers ., it is more 
convenient to identify the state space with the totality of integers., since 
the probability transition matrix will then appear in a more symmetric 
form. The state space consists then of the values . . .  -2., -1, 0 ., 1 ,  2.,  . � . . 
The transition probability matrix becomes 

. . .  a _ 1 ao a 1 a2 a3 
P ==  a _ 2 a_ 1 ao a 1 a2 ., 

. . . a_ 3 a _ 2 a _ 1  ao a1 . . .  

where Pr{� === k} == ak , k == 0, ± 1 ., ± 2, . . . ., and ak > 0, Lr= _ oo ak === 1 .  

B. O N E- D I M E N SIO NAL RAN D O M WALKS 

In discussing random walks it is an aid to intuition to speak about the 
state of the system as the positio� of a moving ''particle . " "  

A one-dimensional random walk is a Markov chain whose state space 
is a finite or infinite subset a, a + 1 ., . . . ., b of the integers., in which the 
particle., if it is in state i., can in a single transition either stay in i or 
move to one of the adjacent states i - 1 ., i + 1 . If the state space is taken 
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as the nonnegative • the transition matrix of a random walk Integers., 
has the form 

'o Po 0 0 • • •  

q l ' t P t 0 • • •  

P � 0 q2 r2 P2 . . . (2 .2) 

0 qi T · l P i 0 

• 

where P i > O, q i > O., r i > O., and q i + r i +P i � 1., i � 1 ., 2., . . .  (i > 1) ., 
Po > 0., To > 0., To + Po � 1 .  Specifically., if xn � i then., for i > 1 ., 

Pr{Xn +  1 � i + 1 IXn � i} �P i : 

Pr{Xn + 1 � i IXn � i} � r- i , 

with the obvious modifications holding for i == 0. 
The designation '' random walk" seems apt since a realization of the 

process describes the path of a person (suitably intoxicated) moving 
randomly one step forward or backward. 

The fortune of a player engaged in a series of contests is often depicted 
by a random walk process. Specifically., suppose an individual (player A) 
with fortune k plays a game against an infinitely rich adversary and has 
probability Pk of winning one unit and probability qk == 1 - pk (k > 1) of 
losing one unit in each contest (the choice of the contest at each stage 
rnay depend on his fortune) ., and r 0 == 1 .  The process {Xn}., where Xn 
represents his fortune after n contests., is clearly a random walk. Note 
t hat once the state 0 is reached (i .e . ., player A is wiped out) ., the process 
rernains in that state. This process is also commonly known as the 
" ' gambler's ruin." 

The random walk corresponding to p k � p., q k == 1 -p == q for all 
/,· � 1 and r0 == 1 with p > q describes the situation of identical contests 
w i th a definite advantage to player A in each individual trial. We shall 
p rove in Chapter 3 that with probability (qjp)xo., where x0 represents his 
fo rtune at time 0., player A is ultimately ruined (his entire fortune is lost) ., 
w hile with probability 1 - (q/p) xo., his fortune increases, in the long run., 
w i l  hout limit . If p < q then the advantage is decidedly in favor of the 
l a ou �e., and with certainty (probability 1 ) player A is ultimately ruined if 
I a . - persists in playing as long as he is able to . The same (i .e . ,  certainty of 
u h i rnale ruin ) is true even if the individual games are fair., that is., 
' ' "  ��- q k == ! .  

If  the adversary., player B., also starts with a limited fortune y and 
pluy •�r A haA an initial fortune x (let x + .Y == a) ., then we may again 
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consider the Markov chain process Xn representing player A's fortune . 
However., the states of the process are now restricted to the values 
0., 1 ., 2.,  . . .  ., a. At any trial ., a -Xn is interpreted as player B"s fortune. 
If we allow the possibility of neither player winning in a contest., the 
transition probability matrix takes the form 

0 0 0 . . .  
't Pt 0 . . . 
q2 T2 P2 . . . 

(2 .3) • 
• 

P ==  
• / 

qa - 1 r a - 1 P a - l 
0 . . . 0 0 1 

Again P i(qi) .,  i == 1 .,  2 .,  . . .  ., a - 1 ., denotes the probability of player A's 
fortune increasing (decreasing) by 1 at the subsequent trial when his 
present fortune is i., and r i may be interpreted as the probability of a draw. 
Note that., in accordance with the Markov chain given in (2 .3) ., when 
player A's fortune (the state of the process) reaches 0 or a it remains in 
this same state forever. We say player A is ruined when the state of the 
process reaches 0 and player B is ruined when the state of the process 
reaches a. 

Random walks are not only useful in simulating situations of gam­
bling but frequently serve as reasonable discrete approximations to physi­
cal processes describing the motion of diffusing particles .  If a particle 
is subj ected to collisions and random impulses., then its position fluctuates 
randomly., although the particle describes a continuous path. If the future 
position (i .e . ., its probability distribution) of the particle depends only 
on the present position., then the process {Xr}., where Xt is the position 
at time t., is Markovian. A discrete approximation to such a continuous 
motion corresponds to a random walk. A classical discrete version of 
Brownian motion (see Section 2 of Chapter 1) is provided by the 
symmetric random walk. By a symmetric random walk on the integers 
(say all the integers) we mean a Markov chain with state space the totality 
of all integers and whose transition probability matrix has the elements 

p 

p . .  == "' ' lj ; v  
0 

if j == i + 1 ., 
if j == i - 1 ., 
if j == i., 
otherwise .,  

i .,  j ==0., ± 1 ., ±2., . . .  ., 

where p > 0., r > 0., and 2p + r == 1 . Conventionally., '' symmetric random 
walk " refers only to the case r == 0., p = 1-· 

Motivated by consideration of certain physical models we are led to 
the study of random walks on the set of the nonnegative integers . We 
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classify the different processes by the nature of the zero state . Let us 
fix attention on the random walk described by (2 .2) .  If p0 == 1 ., and there­
fore r0 == 0., we have a situation where the zero state acts like a reflecting 
barrier . Whenever the particle reaches the zero state., the next transition 
automatically returns it to state one. This corresponds to the physical 
process where an elastic wall exists at zero., and the particle bounces off 
with no after-effects. 

If p0 == 0 and r0 == 1 then 0 acts as an absorbing barrier . Once the 
particle reaches zero it remains there forever. If p0 > 0 and r0 > 0., then 
0 is a partially reflecting barrier. 

When the random walk is restricted to a finite number of states S., 
say 0., 1, 2 ., . . .  ., a., then both the states 0 and a independently and in any 
combination may be reflecting., absorbing., or partially reflecting barriers . 
We have already encountered a model (gambler's ruin., involving two 
adversaries with finite resources) of a random walk confined to the states 
S where 0 and a are absorbing [see (2 . 3)] . 

A classical mathematical model of diffusion through a membrane is 
the famous Ehrenfest model., namely., a random walk on a finite set of 
states whereby the boundary states are reflecting. The random walk is 
restricted to the states i == -a., -a + 1 ., . . .  ., -1., 0., 1 ., . . . ., a with tran­
Hition probability matrix . a - z, 

2a " 
Pii == a + i 

2a " 

if j == i + 1 . 

if j == i - 1 . 

0., otherwise . 

' l 'he physical interpretation of this model is as follows . Imagine two con­
I ainers containing a total of 2a balls . Suppose the first container., labeled 
A .,  holds k balls and the second container B holds 2a - k balls . A ball is 
Ht�lccted at random (all selections are equally likely) from among the 
to tality of the 2a balls and moved to the other container. Each selection 
generates a transition of the process . Clearly the balls fluctuate between 
1 he two containers with a drift from the one with the larger concentration 
u f  balls to the one with the smaller concentration of balls . A physical 
HYH tem which in the main is governed by a set of restoring forces essen­
' i ully proportional to the distance from an equilibrium position may 
Hornetimes be approximated by this Ehrenfest model. 

' l 'he classical symmetric random walk in n dimensions admits the fol­
l owing formulation. The state space is identified with the set of all integral 
lntti e� points in E" (Euclidean n space) : that is , a state is an n-tuple 
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k == (k 1 , k2 , • • •  , kn) of integers . The transition probability matrix is 
defined by 

1 

Pkl == 2n 
n 

if L 1 1  i - k i 1 == 1 . 
i = 1 

0 otherwise. 
Analogous to the one-dimensional case, the symmetric random walk 
in En represents a discrete version of n-dimensional Brownian motion. 

C. A DIS C R ETE QU E U EI N G  M A R KOV CHAI N  

Customers arrive for service and take their place in a waiting line . 
During each period of time a single customer is served, provided that at 
least one customer is present . If no customer awaits service then during 
this period no service is performed. (We can imagine, for example, a 
taxi stand at which a cab arrives at fixed time intervals to give service . 
If no one is present the cab immediately departs. ) During a service 
period new customers may arrive . We suppose the actual number of 
arrivals in the nth period is a random variable �n  whose distribution 
function is independent of the period and is given by 

Pr{k customers arrive in a service period} == Pr{�n == k} == ak , 
<X) 

k == 0, 1 , . . .  , a k > 0 and L a k == 1 . ( 2 .4) 
k = O  

We also assume the r.v.'s � n  are independent . The state of the system at 
the start of each period is defined to be the number of customers waiting 
in line for service . If the present state is i then after a lapse of one period 
the state is 

if i > 1 , 
if i == 0 , (2 .5) 

where � is the number of new customers having arrived in this period 
while a single customer was served. In terms of the random variables 
of the process we can express (2 .5) formally as 

Xn + 1 === (Xn - 1) + + �n , (2 .6) 
where y+ == max( Y, 0) . In view of (2 .4) and (2 .5) the transition prob­
ability matrix may be trivially calculated and we obtain 

ao a t a2 a3 a4 . . .  
ao a t' a2 a3 a4 . . .  

I IPij I I == 0 ao a 1 a2 a3 . . .  (2 .7) 0 0 ao a 1 a2 . . . 
0 0 0 ao a 1 . . .  
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It is intuitively clear that if the expected number of new customers, 
Lr 0 kak , that arrive during a service period exceeds 1 then certainly 
with the passage of time the length of the waiting line increases without 
limit . 

On the other hand, if Lr- 0 kak < 1 then we shall see that the length 
of the waiting line approaches an equilibrium (stationary state) .  If 
Ikak == 1 ., a situation of gross instability develops. These statements will 
be formally elaborated after we have set forth the relevant theory of 
recurrence (see Section 5 ,  Chapter 3) . 

D. I NVENTO RY M O DEL 

Consider a situation in which a commodity is stocked in order to satisfy 
a continuing demand. We assume that the replenishing of stock takes 
place at successive times t 1 , t2 , • • •  , and we assume that the cumulative 
demand for the commodity over the interval (tn _ 1 , tn) is a random 
variable � n whose distribution function is independent of the time period, 

Pr{�n == k} == ak , k == 0, 1 , 2 ,  . . .  ' (2 .8) 

where ak > 0 and Lk= O ak == 1 . The stock level is examined at the start 
of each period. An inventory policy is prer;cribed by specifying two 
nonnegative critical values s and S > s .  The implementation of the 
inventory policy is as follows :  If the available stock quantity is not 
greater than s then immediate procurement is done so as to bring the 
quantity of stock on hand to the level S. If, however, the availa-ble stock 
is in excess of s then no replenishment of stock is undertaken. Let Xn 
denote the stock on hand just prior to restocking at tn . The states of the 
process {X n} consist of the possible values of the stock size 

S, S - 1, . . .  , + 1, 0, - 1, -2, . . .  ., 
where a negative value is interpreted as an unfulfilled demand for stock., 
which will be satisfied immediately upon restocking. According to the 
rules of the inventory policy, the stock levels at two consecutive periods 
n re connected by the relation 

X - {
Xn - �n + 1 n + 1 - S ): -� n + 1 

if s < Xn < S, 
if Xn < s, (2 .9) 

where � n is the quantity of demand that arises in the nth period, based 
o n  the probability law (2 .8) .  If we assume the �n to be mutually independ­
e nt,  then the stock values X0 ,  X1 , X2 , • • •  plainly constitute a Markov 
(� hnin whose transition probability matrix can be calculated in accord­
IUl CC with the relation (2 .9) . 
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E. S U C C ESS R U N S 

Consider a Markov chain on the nonnegative integers with transition 
probability matrix of the form 

Po qo 0 0 . . . 
Pt 0 q 1 0 

I IPij l l = P2 0 0 q2 . . .  (2 .10) 
P3 0 0 0 . 

• 

where q i > 0, P i > 0 and q i + Pi == 1 .,  i == 0., 1 .,  2 ,  . . . .  The zero state plays 
a distinguished role here in that it can be reached in one transition from 
any other state., while state i + 1 can be reached only from state i. 

This example is very easy to compute with and we will therefore 
frequently illustrate concepts and results in terms of it . 

A special case of this transition matrix arises when one is dealing with 
success runs resulting from repeated trials each of which admits two pos­
sible outcomes., success ( S) or failure (F) .  More explicitly., consider a 
sequence of trials with two possible outcomes (S) or ( F) .  Moreover., 
suppose that in each trial., the probability of (S) is a and the probability 
of (F) is {3 == 1 - a .  We say a success run of length r happened at trial n 
if the outcomes in the preceding r + 1 trials., including the present trial 
as the last, were respectively, F., S., S., . . .  , S. Let us now label the present 
state of the process by the length of the success run currently under way . 
In particular., if the last trial resulted in a failure then the state is zero . 
Similarly., when the preceding r + 1 trials in order had the outcomes 
F., S., S., . . .  ., S., the state variable would carry the label r. The process is 
clearly Markovian (since the individual trials were independent of each 
other) and its transition matrix has the form (2 . 10) where 

n == 0., 1 .,  2 ,  . . . . 

F. B RAN C H I N G  P RO C ES S ES 

Suppose an organism at the end of its lifetime produces a randorn 
number � of offspring with probabi�ity distribution 

Pr{� == k} == ak ., k = 0., 1 .,  2 .,  . . .  , (2 . 1 1) 

where., as usual., ak > 0 and Ir= o ak == 1 .  We assume that all offspring 
act independently of each other and at the end of their lifetime (for 
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simplicity, the lifespans of all organisms are assumed to be the same) 
individually have progeny in accordance with the probability distribu­
tion (2 . 1 1) ., thus propagating their species. The process {Xn}., where 
X n is the population size at the nth generation., is a Markov chain. 

In fact, the only relevant knowledge regarding the distribution of 
xnt ' xn2 '  . . . ., xnr '  xn ' n 1 < n2 < . . .  < nr < n, is the last known popula­
tion count, since the number of the offspring is a function merely of the 
present population size . The transition matrix is obviously given by 

Pij == Pr{Xn + 1 == j IXn == i} === Pr{� 1 + · · ·  + � i === j}., (2 . 12) 

where the �'s are independent observations of a random variable with 
probability law (2 . 1 1) ._ The formula (2 . 12) may be reasoned simply as 
follows . In the nth generation the i individuals independently give rise 
to numbers of offspring {�k}l = 1 and hence the cumulative number pro-
duced is � 1 + � 2 + · · · + � i • 

If we use generating functions., then clearly the generating function 
of� 1 + �2 + · · · + � i is [g(s)] i., where g is the generating function associated 
with � . (We are using the property of composition of generating func­
tions in the case of sums of independent r.v. " s : see Section 1 of Chapter 1 .,  
page 12 .) Hence., Pii is simply the jth coefficient in the power series 
c �xpansion of [g( s)] i . 

G .  M A R KOV C HAI N S  I N  G EN ETICS 

The following idealized genetics model was introduced by S .  Wright to 
i n vestigate the fluctuation of gene frequency under the influence of 
l t t utation and selection. We begin by describing a so-called simple haploid 
uaodel of random reproduction., disregarding mutation pressures and 
Helcctive forces. We assume that we are dealing with a fixed population 
H izc of 2N genes composed of type-a and type-A individuals . The make­
u p  of the next generation is determined by 2N independent binomial 
1 ri als as follows : If the parent population consists of j a-genes and 
'2 N - j A-genes then each trial results in a or A with probabilities 

rc•Hpectively. Repeated selections are done with replacement . By this 
procedure we generate a Markov chain {Xn } where Xn is the number 
of u-genes in the nth generation among a constant population size of 2N 
•' IP ruentH . The state space contains the 2N + 1 values {0., 1 .,  2., . . .  ., 2N} . 
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The transition probability matrix is computed according to the binomial 
distribution as 

(j, k � 0, 1, . . .  , 2 N) . 
(2 .13) 

For some discussion of the biological justification of these postulates 
we refer the reader to Fishert . 

Notice that states 0 and 2N are completely absorbing in the sense that 
once Xn � 0 or (2N) then Xn + k  === 0 or (2N) respectively for all k > 0 . 
One of the questions of interest is to determine the probability under the 
condition X0 � i that the population will attain fixati�n, i .e . ,  a pure 
population composed only of a-genes or A-genes . It is also pertinent to 
determine the rate of approach to fixation. We will examine such ques­
tions in our general analysis of absorption probabilities. 

A more realistic model takes account of mutation pressures . We assume 
that prior to the formation of the new generation each gene has the 
possibility to mutate, that is , to change into a gene of the other kind. 
Specifically, we assume that for each gene the mutation a --+ A  occurs 
with probability a 1 ,  and A� a occurs with probability a 2 •  Again we as­
sume that the composition of the next generation is determined by 2N 
independent binomial trials . The relevant value of pi and qi when the 
parent population consists of j a-genes are now taken to be 

pj = 
2� (1 - rt l ) + (1 - 2�)rt2 , 

qi = !N ct1 + (1 - !N) (l - a2) . 
(2 . 14) 

The rationale is as follows : We assume that the mutation pressures 
operate first , after which a new gene is determined by selecting at random 
from the population. Now the probability of selecting an a-gene after the 
mutation forces have acted is just 1/2N times the number of a-genes 
present : hence the average probability (averaged with respect to the 
possible mutations) is simply 1/2N times the average number of a-genes 
after mutation . But this average number is clearly j( 1 - a1 ) + (2N - j)a2 , 
which leads at once to (2 . 14) . 

The transition probabilities of the associated Markov chain are cal­
culated by (2 . 13) using the values of pi and qi given in (2 . 14) . 

t R. A. Fisher, " The Genetical Theory of Natural Selection," Oxford (Clarendon) Press, 

London and New York, 1962.  
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If a 1 a2 > 0 then fixation will not occur in any state . Instead., as n � oo.,  
the distribution function of xn will approach a steady state distribution 
of a random variable � where Pr{� === k} === nk (k === 0., 1 .,  2., . . .  ., 2N) 
(Lk=O nk === 1 .,  nk > 0) .  The distribution function of � is called the steady 
state gene frequency distributio�. 

We return to the simple random mating model and discuss the concept 
of a selection force operating in favor of., say., a-genes. Suppose we wish 
to impose a selective advantage for a-genes over A-genes so that the 
relative number of offspring have expectations proportional to 1 + s 
and 1 .,  respectively., where s is small and positive . We replace pi === j f2N 
and qi === 1 -jf2N by 

( 1  + s)j pj = 2N + sj ' qj = l - pi ., 

and build the next generation by binomial sampling as before . If the 
parent population consisted of j a-genes., then in the next generation the 
expected population sizes of a-genes and A-genes., respectively., are 

2N ( 1  + s) j 
2N + sj " 2N (2N -j) 

2N + sj · 

The ratio of expected population size of a-genes to A-genes at the ( n + 1 )th 
generation is 

1 + s  j 
· ---

1 2N -j  
(1 + s) (number of a-genes in the nth generation ) 

1 number of A-genes in the nth generation 

which explains the meaning of selectivity. 

H .  G E N ETIC M O D E L  II  

1"'he gene appears to be composed of a number of subunits., say for 
c l c � f initeness N. When a cell containing the gene prepares to split., each 
1"4tabunit doubles and each of the two cells receives a gene composed of 
1 he  same number of subunits as before. One or more of the subunits may 
he� in a mutant form. When doubling occurs it is assumed that mutant 
u n i ts produce mutant units and nonmutant units produce nonmutant 
u n i tH .  Moreover., the subunits are assumed to be divided between the two 
u c � w  genes randomly as if by drawing from an urn. We shall trace a single 
l i ne� of  descent rather than all the population as it multiplies . To describe 
t h•� history of the line we consider a Markov chain whose state space is 
i d t�trtificd with the values 0., 1 .,  2., . . .  ., N. Then the gene is said to be in 
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state i if its composition consists of i mutant subunits and N - i normal 
subunits .  The transition probabilities are computed by the formula 

P . == lj (2 . 15) 

The derivation of Pii is as follows .  Suppose the parent gene is in state i :  
then after doubling we obtain a totality of 2 i  mutant .units and 2N - 2i 
normal units . The nature of the daughter gene is formed by selecting an 
arbitrary N units from this collection. In accordance with the hyper­
geometric probability law., the probability that the da"\lghter gene is 
in state j is given by (2 . 15) . 

The states j == 1 .,  2 ., . . .  , N - 1 are called mixed., and states 0 and N 
will be called pure . State N is of interest in that a gene all of whose 
subunits are mutant may cause the death of its possessor., while state 0 
implies that a gene of this type will produce no more of the mutant form. 
We will later determine the explicit probabilities that., starting from state 
i ., the gene ultimately fixes in state 0 or state N. 

3 :  Transition Probability Matrices of a Markov Chain 

A Markov chain is completely defined by its one-step transition prob­
ability matrix and the specification of a probability distribution on the 
state of the process at time 0 .  The analysis of a Markov chain concerns 
mainly the calculation of the probabilities of the possible realizations of 
the process . Central in these calculations are the n-step transition prob­
ability matrices, p\n) = I \P71 I I · Here P0 denotes the probability that the 
process goes from state i to state j in n transitions . Formally., 

P� == Pr{Xn +m  == j \Xm == i} . (3 .1 )  

Observe that we are dealing only with temporally homogeneous processes 
having stationary transition probabilities ., since otherwise the left-hand 
side of (3 . 1) would also depend on m. ... 

The Markovian assumption allows us to express (3 . 1) immediately in 
terms1 of \ \P ii I I  as stated in the following theorem. 

Theorem 3.1. If the one-step transition probability matrix of a Markov 
chain is P == \ \Pij \ \ .,  then 

00 p� = L PikP�j (3 .2) 
k = O  
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for any fixed pair of nonnegative integers r and s satisfying r + s = n, where 
we define 

P�. === {1 ,  lj 0 ' 

. . 
., === ],  
i # j. 

From the theory of matrices (see the appendix) , we recognize relation 
(3 .2) as just the formula for matrix multiplication, so that p<n) == pn ; in 
other words, the numbers Pii may be regarded as the entries in the matrix 
P\ the nth power of P. 

Proof. We carry out the argument in the case n === 2. The event of 
going from state i to state j in two transitions can be realized in the 
mutually exclusive ways of going to some intermediate state k (k === 0, 1 , 
2 ,  . . .  ) in the first transition and then going from state k to state j in the 
second transition . 

Because of the Markovian assumption the probability of the second 
transition is P kj , and that of the first transition is clearly P i k  • If we use 
the law of total probabilities Eq .  (3 .2) follows . The argument in the 
general case is identical . 

If the probability of the process initially being in state j is pi , i . e . ,  the 
distribution law of X0 is Pr{X0 === j} == Pi , then the probability of the 
process being in state k at time n is 

00 

pln) === L p jpJk === Pr{Xn == k}. 
j = O  

(3 .3) 

Besides determining the joint probability distributions of the process 
fo r all time, usually a formidable task, it is frequently of interest to find 
the  asymptotic behavior of P0 as n � 00. One might expect that the 
i nfluence of the initial state recedes in time and that consequently, as 
n -� oo, Pfi approaches a limit which is independent of i . In order to 
uualyze precisely the asymptotic behavior of the process we need to 
i 1 1  troduce some principles of classifying states of a Markov chain. 

4 :  Classification of States of a Markov Chain 

State j is said to be accessible from state i if for some integer n > 0, 
IJi�1 > 0 :  i.e . , state j is accessible from state i if there is positive prob­
ubility that in a finite number of transitions state j can be reached starting 
fron1 state i. Two states i and j, each accessible to the other, are said to 
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communicate and we write i� j. If two states i and j do not communi­
cate., then either 

P'!. === 0 lJ or 
p� .  === 0 J l  

for all n > 0 

for all n > 0 

or both relations are true . The concept of communication is an equivalence 
relation . 

(i) i � i (reflexivity) ., a consequence of the definition of 

Po 5: 
{ 1., i === j } 

ij - u ij - 0 . 
-1- • ., ., ;-1 . 

(ii) If i � j., thenj � i (symmetry) ., from the definition of communica­
tion . 

(iii) If i <(--)' j and j o(--)o k., then i o(--)o k (transitivity) . 

The proof of transitivity proceeds as follows : i o(--)o j and j � k imply that 
there exist integers n and m such that P?i > 0 and Pjk > 0 .  Consequently 
by (3 .2) and the nonnegativity of each P;s ., we conclude that 

00 

P?k+m === L P?rP;� > P?jPJk > 0 . 
r = O 

A similar argument shows the existence of an integer v such that P�i > 0 .,  
as de�ired . 

We can now partition the totality of states into equivalence classes . 
The states in an equivalence class are those which communicate with 
each other . It may be possible., starting in one class ., to enter some other 
class with positive probability ; if so., however., it is clearly not possible 
to return to the initial class ., or else the two classes would together form 
a single class . We say that the Markov chain is irreducible if the 
equivalence relation induces only one class . In other words., a process 
is irreducible if all states communicate with each other . 

To illustrate this concept., consider the transition probability niatrix 

1. 1. 0 0 0 2 2 
1 3 0 0 0 4 4 . 

pl 0 • • • • • • • • • • • • • • • • 

P === 0 0 0 1 0 0 p2 
0 0 ! 0 1 2 
0 0 0 1 0 

where P 1 is an abbreviation for the matrix formed from the initial two 
rows and columns of P., and similarly for P 2 • This Markov chain clearly 
divides into the two classes composed of states {1 .,  2} and states {3 ., 4, 5} . 
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If the state of X 0 lies in the first class ,  then the state of the system there­
after remains in this class and for all purposes the relevant transition 
matrix is P 1 • Similarly., if the initial state belongs to the second class., 
then the relevant transition matrix is P 2 • This is a situation where we 
have two completely unrelated processes labeled together. 

In the random walk model with transition matrix 
states 

1 0 0 0 . . . . . . 0 0 0 0 
q 0 p 0 . . . . . .  0 0 0 1 

P === 0 q 0 p . . . . . .  0 0 0 2 

0 . . . . . . . . . q 0 p a - 1  
0 . . . . . . . . . . . 0 0 1 a 

we have the three classes {0}, {1 , 2., . . .  , a - 1 }, and {a} . This is an example 
where it is possible to reach the first class or third class from the second 
class., but it is not possible to return to the second class from either the 
first or the third class .  

Direct inspection shows that the queueing Markov chain example C 
of Section 2 is irreducible when ak > 0 for all k. Under the same condition 
we may easily verify that the inventory model (Example D) is irreducible : 
the success run Markov chain model (Example E) under the condition 
q i > 0., p i > 0, (i === 0, 1 , . . . ) is also irreducible . 

P E RIO DIC ITY O F  A MAR KOV C H AI N 

We define the period of state i., written d(i) , to be the greatest common 
divisor (g .c .d.) of all integers n > 1 for which Pi� > 0 . [If Pi� === 0 for all 
n > 1 define d(i) === 0 .] If in the random walk [see (2 .2)] all r i = 0, then 
• �very state has period two . If for a single state, i0 , r io > 0., then every 
H late now has period one, since regardless of the initial state j the system 
• �an reach state i0 and remain in this state any length of time before 
re turning to state j. 

In a finite Markov chain of n states with transition matrix 

P === 

c �ueh s tate has period n. 

0 1 
0 0 

0 
1 

n 

0 
0 

........ . . . . . . 0 
. . . . . . 0 

0 0 . . . . . . . . . . . . 1 
1 0 0 . . . . . . . . . 0 
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We state., without proof., three basic properties of the period of a state . 
(In this connection., consult Problems 2-4 of this chapter .) 

Theorem 4.1. If i � j then d(i) == d(j) .  

This assertion shows that the period is a constant in each class of 
communicating states . 

Theorem 4.2. If state i has period d( i) then there exists an integer N depend­
ing on i such that for all integers n > N 

P�f< i) > 0 . 

This asserts that a return to state i can occur at all sufficiently large 
multiples of the period d( i) .  

Corollary 4.1. If' Pfi > 0.,  then Pfi+nd( i) > 0 for all n (a positive integer) 
sufficiently large. 

A Markov chain in which each state has period one is called aperiodic. 
The vast majority of Markov chain processes we deal with are aperiodic . 
Random walks usually typify the periodic cases arising in practice . 
Results will be developed for the aperiodic case and the modified con­
clusions for the general case will be stated usually without proof. The 
industrious reader can easily supply the required formal proof. 

5 :  Recurrence 

Consider an arbitrary., but fixed., state i . We define for each integer 
n > 1., 

Jn == Pr{Xn == i., Xv -=1- i., v == 1 ., 2 .,  . . .  ., n - 1 IXo == i}. 
In other words., /;7 is the probability that ., starting from state i., the first 
return to state i occurs at the nth transition. Clearly �fli == P i i and fi7 
may be calculated recursively according to 

n 
P!l. === " l'�p�.- k ' l l  � � ll l l  

k = O  
n > 1 ,  (5 .1 )  

where we define f� === 0 for all i .  Equation ( 5 . 1) is  derived by decomposing 
the event from which Pi� is computed according to the time of the first 
return to state i . Indeed, consider all the possible realizations of the 
process for which X 0 === i, X n === i and the first return to state i occurs 
at the kth transition . Call this event Ek . The events Ek (k === 1 ,  2.,  . . .  , n) 
are clearly mutually exclusive. The probability of the event that the first 
return is at the kth transition is by definition f1� . In the remaining n - k 
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transitions, we are dealing only with those realizations for which xn � i. 
Using the Markov property, we have 

Pr{Ek} === Pr{first return is at kth transit ion IXo == i} Pr{Xn =i iXk === i} 
== l'�p�.- k .. 

J ll u ' 1 < k < n, 

(recall that Pg == 1) . Hence 
n n n 

Pr{Xn == i iXo == i} === L Pr{Ek} == L fi�p�i- k == L fi�Pfi- k, k = l k = l k = O 
since by definition J3 == 0. 

We next introduce the related generating functions . 

Definition. The generating functionPij(s) of the sequence { Pfi} is 
00 

P . . (s) === " P�.sn lj � lj n = O 
for ls l < 1 .  (5 .2) 

In a similar manner we define the generating function of the sequence 
{f//} (for the definition of {f/j} when i =I= j, see immediately below Eq. 
(5 .9)) 

00 

Fu(s) === I f/j sn for l s i < 1 .  (5 .3) 
n = O  

Recall the property (see page 12 of Chapter 1)t that, if 

then 

where 

00 00 

A(s) === L aksk and B(s) == I b 1s1 , k = O  
00 

A(s) B(s) === C(s) == I crsr, r = O 

l = 0 

for ls i < 1 , 

(5 .4) 

(5 .5)  

(5 .6) 

If we identify the ak's with the f�'s and the b 1 's with the Pf/s, then 
comparing (5 . 1) with (5 .6) we obtain 

or 
Fi i(s) Pi i(s) === Pi i(s) - 1 for js j < 1 (5 .7) 

1 
P;;(s) = 

F ( ) 1 - . . s l l  

t A( s)B( s) = ( � ak sk) ( � bl sl ) k = O  l = O 

for js l  < 1 .  

= a0 b0 + (a1 b0 + b1 a0 )s + (a2 b0 + a1 b1 + a0 b2 )s 2 + · · · 

(5 .8) 
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Subtracting the constant 1 in (5 .7) is necessary since (5 .1 )  is not valid for 
n == 0 .  

By an argument analogous to that which led to (5 .1) ., we obtain 
n 

P� . == � f� .P� -:- k., lj f._,; lj }} k = O 
· --�- .  > O  ., -r- ]., n - ., (5 .9) 

where Jt is the probability that first passage from state i to state j occurs 
at the kth transition . Again we define fi� == 0 for all i and j. It follows 
from (5 .9) , if we refer to (5 .5) , that 

for ls i < 1 .  (5 .10) 

We say a state i is recurrent if and only if L:= 1 fi� === 1 .  This says 
that a state i is recurrent if and only if, starting from state i, the prob­
ability of returning to state i after some finite length of time is one . 
A nonrecurrent state is said to be transient. We will prove a theorem 
that relates the recurrence or nonrecurrence of a state to the behavior 
of the n-step transition probabilities Pi�· Before proving the theorem., 
we need the following :  

Lemma 5.1. (Abel) . 

(a) If Lf= o ak converges, then 

(lims� 1 _  means that s approaches 1 from values less than 1) . 

(b) If ak > 0 and lims� l - Ir= o  aksk == a <  oo.,  then 

Proof. (a) We will show that 
00 

lim L ak(sk - 1) = 0 . 
s - 1 - k = O  

(5 . 11 )  

(5 . 12) 

Since Lf= o ak converges, for any e > 0 we can find an N( a) such that 
I Lf�N ak ! < a /4 for all N' > N. Choose such an N. Then write 

(5 .13) 

ak(sk - 1) . 
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Now., for 0 < s < 1 
N 
L ak(sk - 1) < MNjsN - 1 1 ., k = O 

65 

(5 . 14) 

where M == max0 �k � N l ak ! < oo., so that for s sufficiently close to 1 we 
have 

N 
I ak(sk - 1) < af2 . k = O  

To estimate Ik=N + 1 ak(sk - 1) we sum by parts. This gives 
00 

L (A k -Ak + 1 ) (sk - 1) k =N + l 

00 

AN + t (sN + l - 1) + L Ak(sk - sk - 1 ) ' k =N + 2 
where 

Obviously, (5 . 15) is bounded by 

Putting these estimates together., we have 
00 

I ak(sk - 1) < a, 
k = O 

provided s is sufficiently close to 1 . • 

(5 . 15) 

(b) Since L� o aksk :< Lf= o  ak for 0 < s < 1., the case a = oo is 
obvious . If a < oo, then by our hypothesis 

l-I enee, 

for 0 < s < 1 . 

for all n .  

Since L� =  0 ak is a bounded monotone increasing function of n it has a 
fin i te limit, call it a' . But by part (a) of this lemma we may conclude 
that, a :::;";;;:- a' . • 



With this lemma we easily prove 

Theorem 5.1. A state i is recurrent if and only if 
00 

I Pi� === oo .  
n = 1 

Proof. Assume i is recurrent, that is, L�= 1 fi� === 1 .  Then by Lemma 
5 . 1 (a) 

Thus from (5 .8) 

00 

lim L fns" === lim Fi i(s) == 1 .  s-+ 1 - n = O s-+ 1 -

00 

lim P .  -(s) === lim " P�s" === oo .  l l  1 � H s-+ 1 - s-+ - n = O 
Appealing to Lemma 5 . 1 (b) , we have 

00 

L Pi� === oo, 
n = O  

the desired result . To prove sufficiency, assume that state i is transient, 
that is, L�= 1 fn < 1 .  Using Lemma 5 . l (a) and consulting (5 .8) , we infer 
that 

lim Pu(s) < 00 .  s-+ 1 -

Now appealing to Lemma 5 . 1(b) , we have the result that L�= 1 Pi� < oo, 
contradicting our hypothesis and proving sufficiency. • 

As an immediate consequence of Theorem 5 . 1  we obtain 

Corollary 5.1. If i '(--)- j and if i is recurrent then j is recurrent. 

Proof. Since i '(--)- j there exists m ,  n > 1 such that 

P.". > 0 l] a'nd 

Let v > 0 . We obtain, by the usual argument (see page 60) ,  
Pm + n + v > pmpv pn d · . . . .  . .  . . an .. on summing .. JJ - J l  l l  lj � � 

00 00 00 

" P�.+ n + v > " P�PY.P'!. === P�P'!. " PY. � J J - i...J J l  u lj J l  lj i...J u . 
v = O  v = O  v = O  

Hence if L�= o P�i diverges, -then L�= o Pji also diverges .  • 
This corollary proves that recurrence, like periodicity, is a class prop­

erty : that is, all states in an equivalence class are either recurrent or 
nonrecurrent . 

Remark. The t�xpcetc�u nurn hc � r  o f  retu rnH to Rta te i,  given X 0 -== i"J iH  
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00 

L Pi� . Thus, Theorem 5 . 1  states that a state i is recurrent if and only 
n = l 
if the expected number of returns is infinite . 

6 :  Examples of Recurrent Markov Chains 

Example I. Consider first the one-dimensional random walk on the posi­
tive and negative integers, where at each transition the particle moves 
with probability p one unit to the right and with probability q one unit 
to the left (p + q === 1 ) .  Hence 

P2n + 1 _ 0 00 - ' n === 0, 1 ,  2 ,  . . . , and P 2n 00 -

We appeal now to Stirling's formula, 

n! "" n" -t i e - n V2� . 

Applying (6 .2) to (6 . 1 )  we obtain 

2n (pq) "2 2n ( 4pq)" 
p 00 "" - • 

Vnn Vnn 

(2n) 
p"q" 

= 
(2n) ! 

p"q" . n n!n!  

(6 . 1) 

(6 .2) 

It is readily verified that p(1 - p) == pq < l with equality holding if and 
only if p === q == 1 · Hence I:= o P�0 == 00 if and only if p == ! - Therefore, 
from Theorem 5 . 1 ,  the one-dimensional random walk is recurrent if and 
only if p === q === 1 · Remember that recurrence is a class property. Intui­
tively, if p #- q there is positive probability that a particle initially at 
the origin will drift to + oo if p > q (to - oo if p < q) without ever 
returning to the origin . 
Example 2. We look now at the two-dimensional random walk in the full 
infinite plane. Let the probabilities of a transition one unit to the right, 
left, up, or down all be equal to l · We proceed to investigate recurrence 
of the state represented by the origin . Consider all paths whereby we 
rnove i units to the right , i units to the left., j units down, and j units up, 
where 2i + 2j === 2n . We compute that 

P2n + l _ 0 00  - ' 

p2 n 00 L (2n) ! (1 ) 2 " 
. , . , . , . ,  4 ., ] .,.  ].,. ] . 1 . i ,j , i + j = n  

n == 0, 1 ,  2 ,  . . .  , 

n == 1 ,  2 ,  3 ,  . . . . (6 .3) 

l ' l,he terms of (6 .3) result from applying the multinomial distribution .] 
M ul tiplying numerator and denominator of (6 .3) by (n! ) 2 we obtain 
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But 

Hence., 
·ln _ 

(1) 2n (2n) 2 
Poo - · 4j n 

Using Stirling's formula (6 .2) again we obtain 

2 1 
Po� "' - . nn 

Hence, L:- 0 Pg0 == 00 and the state represented by the origin is again a 
recurrent state . 

Example 3. We consider the symmetric random walk in three dimensions . 
By reasoning similar to the above we obtain 

P2n + 1  _ 0 00 - ' n == 0., 1,  2, . . .  , 

pg� - (2n) !  ( 1) 2n L i !i !j !j !(n - i - j) ! (n - i - j) ! 6 · 
i,j ,0 < i + j < n 

(6 .4) 

Multiplying numerator and denominator by (n!) 2 and factoring out a 
term (-!)2n gives 

where 

1 (2 ) [ n' ] 2 (1) 2n 
P�Q = 

22n : . .  � . i ! " ! (n -
· 
i - ") ! 3 ' 

l ,J , 0 ::; l + 1 5: n 1 1 

Pln 1 (2n) 1 < e - -00 - n 2 2n n 3n ' 

[ n! ] 
=== max en i,j,O < i + j 5:n i !j ! (n - i - j) ! · 

Observe that we have used the fact that 

n! (1) n 
=== 1 L i !j ! (n - i - j) ! 3 · 

i,j,0 5: i + j < n  

(6 .5) 

(6.6) 

(6 .7) 

(6 .8) 

For large n the value of en is attained for i == j "'  nf3 . We show this 
result as follows . Let i0 and·j0 be the values of i and j which maximize 
the terms 

n! 
where 0 < i + j < n. 

i!j !(n - i -j) ! 
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We may immediately write the four inequalities 

n! n! ----------------------- < ---------------
io ! (io - 1) ! (n - j0 - i0 + 1) !  - j0!i0 !(n - j0 - i0) ! ' 

n! n! 
----------------------- <---------------

io ! (io + 1) ! (n - io - io - 1) ! - io !io ! (n - io - io) ! ' 

n! n! 
----------------------- <----------------( . 1) ' . ' ( . . + 1) ' - . ' . '( . . ) ' ' ] o - .Lo · n - Jo - Lo · Jo · � o · n - Jo - �o · 

n! n! 
-------------------·---- < . (jo + 1) !io ! (n - io - io - 1) ! - io !io ! (n - io - io) ! 

These inequalities reduce to 

n - i0 - 1 < 2j0 < n - i0 + 1 , 

n -j0 - 1 < 2i0 < n -j0 + 1 .  

69 

Hence for large n, i0 "" nf3 and j0 "" nf3 . Inserting i == j == nf3 in (6 .7) , 
we obtain for (6 .6) 

P�O < (nj3) ! (n/3)�!nj3) !(2) 2"3" e:) . (6 .9) 

If we use Stirling's formula the right-hand side of the inequality (6 .9) is 
asymptotic to 

But if we sum these terms, we obtain 

l-Ienee L:= 1 P�0 < oo and by Theorem 5 . 1 the state represented by 0 is 
a transient state. Now, since recurrence is a class property and all states 
communicate we see that for the one- and two-dimensional symmetric 
random walks the particle will return with certainty to any state that it 
once occupied. However, in the three-dimensional symmetric random 
walk there is positive probability that once the particle leaves a state it 
nnver returns. 
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Example 4. Consider now the Markov chain which represents the success 
runs of binomial trials . The transition probability matrix is 

Po 1 -po 0 0 . . . . . . . . . . . . . 
P 1 0 1 -p l 0 . . . . . . . . . . . . . 
P2 0 0 1 -p2 . . . . . . . . . . 

(0 <p i < 1) . 
P 0 . . . . . . . . . .  . r 1 -pr 0 . . .  

The states of this Markov chains all belong to the same equivalence class 
(any state can be reached from any other state) . Since recurrence is a 
class property (see Corollary 5 .1 ) , we will investigate recurrence for the 
zeroth state . We compute that 

f6o == Po == 1 - (1 - Po) ,  

fOo 
= OX (1 - p ;))Pn - 1 

Rewriting (6. 10) we obtain 
n - 2 

for n > 1 . 

f�o = TI ( 1 - pi) [1 - (1 - Pn - 1 )] , n > 1 ,  i = O 

(6 . 10) 

f�o == (1 -po)(1 -p l ) · · · (1 -Pn - 2) - (1 -po) (1 -p l ) · · · (1 -Pn - 1 ) , n > 1 .  
Let 

u == {(1 -po) (1 -p1 ) · · · ( 1 -pn) , n 1 
..L '  

Then if we sum the fg0's we have 
rn + 1 m+ 1 

n > O, 
n == -1 . 

L f�o == I (un - 2 - un - 1 ) == (1 - uo) + (uo - u t ) + · · · + (urn - 1 - urn) n = l n = 1 
or rn + 1 

I f�o == 1 - urn. n = 1 
To complete our argument we need the following :  

(6 . 1 1) 

Lemnta 6.1. If 0 <p i < 1 , i == 0, 1 ,  2 ,  . . .  , then urn == Il�= O  (1 -p i) � o  

as m � oo if and only if L� o P i =  oo . 

Proof. Assume L� 0 p i = 00 .  Since the series expansion for exp( -pi) 
is an alternating series with terms decreasing in absolute value , we can 
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write 
pf pt 1 - pi < 1 - p i + 2 ! - 3 !  + . . . === exp( -p i) .,  i === 0., 1 .,  2 ., . . . . 

(6 .12) 
Since (6 .12 ) holds for all i., we obtain Ili= o (1 - p i) < exp( - Ii= o P i) · 
But., by assumption., 

m 
lim I P i == oo ; 

m � oo i = O  
m 

hence lim Il (1 - p i) === 0. 
m � oo i = O 

To prove necessity observe that from a straightforward induction 
m 

Il { 1 -p i) > (1 - pj - pj + 1 - . . .  - pm) i = j 
for any j and all m == j + 1 ., j + 2., . . . .  Assume now that I� 1 P i <  oo ; 
then 0 < I�i P i < 1 for some j > 1 .  Thus 

m m 
lim Il ( 1 - P i) > lim ( 1 - I Pi) > 0., 

m � oo · - ·  m � oo · - · l - J l - j 

which contradicts urn � 0 . • 

Returning to (6. 1 1 ) and applying Lemma 6 .1 ., we deduce that 
I:- 1 f00 == 1 if and only if I�o P i == oo.,  or state 0 is recurrent if and 
only if the sum of the p/s diverges . 

We insert parenthetically the remark that., given any set {a 1 ., a2 ., • • •  }., 
such that a i > 0 and I� 1 ai < 1., we can exhibit a set of p/s for which 
{00 == an in the Markov chain discussed above. We let 

f6o == Po ==  a1 ., 

and then determine that 

Se t 
f�o == (1 -Po) (1 -P t )Pz == a3 , 

n n d this implies that 
a3 Pz == • 1 - a 1 - a2 

Proeeeding in this manner we can derive an explicit set of p/s satisfying 
() � - p i  <-.: 1 .  
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7:  More on Recurrence 

The next theorem shows that if recurrence is certain for a specified state, 
then the state will be occupied infinitely often with probability 1 .  We 
define 

Q . . 

=== Pr
{a particle starting in state i re:} 

u turns infinitely often to state -, 

Theorem 7.1. State i is recurrent or transient according to whether Q i i === 1 
or 0, respectively. 

Proof. Let Q� be defined as 

We can write 

Ql.V. === Pr
{a particle star�ing in state 

.
i re-} 

u turns to state -, at least N times 

00 00 

Q� === " .f.�Q�- 1 == Q� - 1 j:I: u � J n u n H '  where j:I: == " f� . u f....J n k = 1 k = 1 
The validity of this formula rests on decomposing the event of Q� 

according to the first return time. Proceeding recursively, we obtain 

QJ'!. === j:t:Q�- 1 === (f�.) 2Q� - 2 == 
. . .  === [j�]N - lQ�  . . l l  l l  l l  l l  l l  l l  l l  

But Q{i == f� by definition. Hence 

Q� === [f�] N 
• 

Since limN_ 00 Q� == Q i i ., we have Q i i  === 1 or 0 according to whether f� == 1 
or < 1 .,  respectively, or equivalently., according to whether state i is 
recurrent or transient . 

Theorem 7 .2. If i +----) j and the class is recurrent, then 

We omit the simple proof. 

00 

f� === " �� . :::;:=: 1 .  l} � 1) n = l 

We define the symbol Q ij to be 

Pr{particle starting in state i visits state j infinitely often}. 

An immediate consequence of Theorem 7 .2 is 

Corollary 7.1. If i �  j and the class is recurrent, then Qij == 1 .  

Proof. It is easy to see that 



E L E M E N T A R Y  P R O B L E M S  73 

Since j is a recurrent state., by Theorem 7 . 1 ,  Qii === 1 .  By Theorem 7 .2., 
f� === 1 .. hence Q . .  === 1 .  • lj ' lj 

Elernentary Problems 

I.  Determine the transition matrix I I  Pjk l l  for the following Markov chains : 
(a) Consider a sequence of tosses of a coin with the probability of " heads "' 

p. At time n (after n tosses of the coin) the state of the process is the number of 
heads in the n tosses minus the number of tails. 

(b) N black balls and N white balls are placed in two urns so that each urn 
contains N balls . At each step one ball is selected at random from each urn and 
the two balls interchange. The state of the system is the number of white balls 
in the first urn. 

(c) A white rat is put into the maze shown. The rat moves through the 
compartments at random, i .e . ., if there are k ways to leave a compartment he 

I ! 
1 2 3 

+ l 

6 5 4 

- _L _L -

I 
7 8 9 

I l I 

ehooses each of these with probability 1 jk. He makes one change of coinpart­
rnent at each instant of time . The state of the system is the number of the 
compartment the rat is in. 

Solutions : 

{number of heads minus number of tails} 
(a) Pjk = Pr == k after n + 1 tosses ! number of heads 

minus number of tails = j after n tosses 

{r -p 
i n dependen t of n .  

if k == j + 1 .,  
if k == j - 1 .,  
otherwise, 
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(b) P 
_ p {k white balls in first urn after n + 1 interchanges lj} 

jk - r 
white balls in first urn after n interchanges 

(�f 
2 (�) (N ;j) 
(� - �r 
0 

if k == j - 1, 

if k = j, 

if k = j + 1 .,  

otherwise, 

j == 1 .,  2, . . . , N, 

j = 0, 1 ,  . . .  ., N, 

j == 0, 1 ,  . . .  , N - 1 ,  

independent of n. 

2. (a) Consider two urns A and B containing a total of N balls . An experiment 
is performed in which a ball is selected at random (all selections equally likely) 
at time t (t == 1 ,  2, . . .  ) from among the totality of N balls. Then an urn is 
selected at random (A is chosen with probability p and B is chosen with proba­
bility q) and the ball previously drawn is placed in this urn. The state of the 
system at each trial is represented by the number of balls in A. Determine the 
transition matrix for this Markov chain. 

(b) Assume that at time t there are exactly k balls in A. At time t + 1 an 
urn is selected at random in proportion to its contents (i. e . ,  A is chosen with 
probability kjN and B is chosen with probability (N - k)jN) .  Then a ball is 
selected from A with probability p or from B with probability q and placed in 
the previously chosen urn. Determine the transition matrix for this Markov 
chain. 

(c) Now assume that at time t + 1 a ball and an urn are chosen with proba­
bility depending on the contents of the urn (i.e. ,  a ball is chosen from A with 
probability kjN or from B with probability (N - k)fN. Urn A is chosen with 
probability kjN or urn B is chosen with probability (N - k) /N) .  Determine the 
transition matrix of the Markov chain with states represented by the contents 
of A. 

(d) Determine the equivalence classes in (a) ,  (b) ,  and (c) .  

Solution : 

(a) Pik = 

N - i 
N P 

i N - i 
N P + N q 

. 
L 
- q N 
0 

if k == i + 1 ,  

if k == i, 

if k == i - 1., 

otherwise, 

One equivalence class : {0, 1 , 2, . . .  , N} . 

i = 0, 1 ,  2, . . .  , N. 
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(b) pik = 

p . .  = 1 " N - 1} .  

(c) Pik == 

• 
., 
- q N 

i N - i 
N P + N q 

N - i 
N p 

0 

if k = i +- 1 ,  

if k = i, 
if k == i - 1, 

otherwise, 

i == 1 , 2, . . .  , N - 1.  

if i = 0 and i == N. Equivalence classes are {0} , {N} ,  { 1 ,  2 ,  . . .  , 

i2 (N - i) 2 
N2 + 

N2 . 

i(N - i) 
N2 

0 

if k == i, 
if k = i + 1 or k = i - 1,  

otherwise . 

Equivalence classes are {0} , { 1 , 2, . . .  , N - 1 } ,  { N} . 

3. (a) A psychological subject can make one of two responses A1  and A2 • 

Associated with these responses are a set of N stimuli {Sl ' s2 ' . . .  , SN }. Each 
stimulus is conditioned to one of the responses. A single stimulus is sampled at 
random (all possibilities equally likely) and the subject responds according to 
the stimulus sampled. Reinforcement occurs at each trial with probability n 
(0 < n < 1 ) independent of the previous history of the process. When reinforce­
•nent occurs, the stimulus sampled does not alter its conditioning state . In the 
contrary event the stimulus becomes conditioned to the other response. Con­
Hider the Markov chain whose state variable is the number of stimuli conditioned 
to response A 1 • Determine the transition probability matrix of this M.C. 

(b) A subject S can make one of three responses A0 , A 1 ,  and A2 • The A0 
response corresponds to a guessing state. If S makes response A 1 , the experiment 
rc �inforces the subject with probability n 1 and at the next trial S will make the 
Harne response. If no reinforcement occurs (probability 1 - 1t 1 ) , then at the next 
trial S passes to the guessing state. Similarly n2 is the probability of reinforce­
• n ent for response A2 • Again the subject remains in this state if reinforced and 
otherwise passes to the guessing state. When S is in the guessing state, he stays 
l. here for the next trial with probability 1 - c and with probabilities c/2 and c/2 
ruakcs responses A1 and A2 respectively. Consider the Markov chain of the state 
of  the subject and determine its transition probability matrix. 

Solutions : (a) Pii = n ; Pi , i + 1  == ((N - i)fN) (1 - n) , Pi , i - 1 = (ifN) (1 - n), 
I )IJ -== 0 o therwise (i, j = 1 ,  2, . . .  , N) . 

(h) Poo = 1 - c, Po , t  = Po , 2 == cf2 ; Plo = 1 - n1 , p1 1 == n1 ;P2o = 1 - n2, 
1 )2 2  __::::__:: n2 . 
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4. Determine the classes and the periodicity of the various states for a Markov 
chain with transition probability matrix 

0 0 l 0 
.l .l (a) 
2 2 
1 .1. 
3 3 

1 0 
0 0 
0 0 ' 

.l 0 3 

(b) 

0 
0 
0 
.l 
3 

1 
0 
1 
0 

0 
0 
0 

� 

0 
1 
0 

. 

0 

5. Consider repeated independent trials of two outcomes S ( success) or F 
(failure) with probabilities p and q, respectively. Determine the distribution of 
the number of trials required for the first occurrence of the event SF (i.e . , 
success followed by failure) .  Do the same for the event SSF and SFS. 

6. The following sequential approach to estimating the size of a finite popula­
tion, perhaps a wildlife population such as fish, is proposed. A member of the 
population is  sampled at random, tagged and returned. Another is sampled, 
tagged and returned and so on, until a member is drawn that has been drawn 
before . When this occurs, say at trial T, we stop, (and possibly begin anew with 
a new kind of tag.) Based on the observed value of T we want to estimate the 
population size N. 

Let Xn be the number of most recent successive untagged members observed 
without seeing a tagged one. Then Xn == n for n == 0, . . .  , T - 1 but Xy == 0, so 
that T is the first passage time T == min{ n > l :  Xn == 0}. 

(a) For any fixed N, we claim that (Xn) is a success runs Markov chain. 
Specify the probabilities Pn and qn . 

(b) Compute Pr [ T == t \X0 == 0] for t ==  2, . . .  , N. (See Elementary Problem 2 
of Chapter 1 . )  

7 .  A component of a computer has an active life , measured in  discrete units, 
that is a random variable T where Pr [ T  == k] == ak for k == 1 ,  2, . . . . Suppose one 
starts with a fresh component and each component is replaced by a new com­
ponent upon failure . Let Xn be the age of the component in service at time n. 
Then (Xn) is a success runs Markov chain. 

(a) Compute the probabilities P i  and qi . 
A " planned replacement " policy specifies replacing the component upon 

failure, or at time N, whichever occurs first . Then the time to replacement is 
T* == min{ T, N} where T == min{ n > l :  Xn = 0}. 

(b) Compute E[T*] (See Elementary Problems 1, 2, and 3 of Chapter 1 . )  
8. Unknown to public health officials, a person with a highly contagious 
disease enters the population. During each period he either infects a new person 
which occurs with probability p, or his symptoms appear and he is discovered 
by public health officials, which occurs with probability 1 - p. Compute the 
probability distribution of the number of infected hut undiscovered people 
in the population at the time of first discovery of a carrier. Assume each 
infective behaves like the first . 
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Problems 

1. Every stochastic n X n matrix correspon_ds to a Markov chain for which it 
is the one-step transition matrix. (By "Stochastic matrix" we mean P == " Pij l l  
with 0 < Pij < 1 and Lj Pi i == 1 . )  However, not every stochastic n X n matrix 
is the two-step transit;_on matrix of a Markov chain. In particular, show that 
a 2 X 2 stochastic matrix is the two-step transition matrix of a Markov chain 
if and only if the sum of its principal diagonal terms is greater than or equal to 1 . 
2. Let n1 , n2 , • • • , nk be positive integers with greatest common divisor d. 
Show that there exists a positive integer M such that m > M implies there 
exist nonnegative integers { c i }; = 1 such that 

k 
md == L c .n . . . 1 J J j = 

(This result is needed for Problem 4 below.) 

Hint : Let A == {n ln  == c 1 n 1 + · · ·  + cknk , {ci} nonnegative integers} 

L B _ {b 1 n 1 + · · ·  + bini ! n 1 , n2 ,  • • •  , ni e A, and b 1 , • . .  , bi} et - . . . . . are positive or negative Integers 

Let d' be the smallest positive integer in B and prove that d' is a common 
divisor of all integers in A.  Then show that d' is the greatest common divisor 
of all integers in A.  Hence d' == d. Rearrange the terms in the representation 
d = a1 n1 + · · · + a1n1 so that the terms with positive coefficients are written 
first. Thus d == N1 - N2 with N1 E A and N2 E A. Let M be the positive inte­
ger, M ==N'ifd. Every integer m > M can be written as m == M + k == N'j,fd + k, 
(k == 0, 1 , 2, . . .  ) , and k == bN2fd + b where 0 < b < N2fd and b == j when 
j(N2fd) < k < (j + 1)N2fd, j == 0, 1 ,  2, . . .  , so md == N� +(bN2fd + b)d == 
N2 (N2 + b - b) + bN1 • 
3. Prove Theorem 4. 1 . 
Hint : Let Pfi > 0, Pji+ s+m  > PjiPfiP'(j > 0 for some m > 0 and n > 0. Since 
also p�s > 0, we have PjJ 2s +m  > 0. Thus d(j) divides (n + 2s + m) ­

(n + s + m) == s. 

4. Prove Theorem 4.2 and Corollary 4. 1. 
flint : By Problem 2 there exists N such that if n > N 

p��(i) == pf�1n1  + · · · cknk ) . l l ll 
5. Given a finite aperiodic irreducible Markov chain, prove that for some n all 
1 t� rms of p

n 
are positive . 

6. If j is a transient state prove that for all i 

/lint : Usc relation (5. 10). 

00 

" P� . < oo. L.J l] n -= 1 
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7. Let a Markov chain contain r states. Prove the following : 
(a) If a state k can be reached fromj, then it can be reached in r - 1  steps or 

less. 
(b) If j is a recurrent state, there exists a (0 < a < 1) such that for n > r 

the probability that first return to state j occurs after n transitions is < an . 
8. Consider a sequence of Bernoulli trials X1, X2 , X3 , . . .  ., where Xn == 1 or 0. 
Assume 

n == 1., 2, . . . . 
Prove that 

(a) Pr{Xn == 1 for some n} == 1,  
(b)  Pr{Xn == 1 infinitely often} == 1 .  

9.  Let 

Prove 

1 - a a P ==  
b 1 - b ' 0 < a, b < 1 .  

pn = 1 b a 
a + b b a 

( 1  - a - b)n a -a + a + b  -b b 

10. Consider a random walk on the integers such that Pi , i + 1 == p, Pi , i - 1 == q 

for all integer i (0 < p  < 1 ,  p + q == 1) .  Determine P00 . 

Answer : p2m _ (2m) m,.,m oo - m P '1 ' P2m+ 1  - 0 0 0  - • 

11. (Continuation) Find the generating function of un == P 0
n
0 , i.e. ,  determine 

P(x) = 'L:- o un xn . 

Hint : Use the identity(:;;) = ( - 1)"( �� )22n where we define 

(a) == a( a - 1) · · · (a - n + 1) n n !  
for any real a. 

Answer : 
12. (Continuation) Determine the generating function of the recurrence time 
from state 0 to state 0. 
Anstver : F(x) = 1 - J ( 1  - 4pqx2) .  

13. (Continuation) What is the probability of eventual return to the origin ? 

14. Suppose 2 distinguishable fair coins are tossed simultaneously and repeatedly. 
An account of the tallies of heads and tails are recorded. Consider the event En 
that at the nth toss the cumulative number of heads on both tallies are equal. 
Relate the event En to the recurrence time of a given state for a symmetric 
random walk on the integers. 
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15. Suppose X1 , X2 , • • •  are independent "\\'�ith Pr{Xk == + 1} == p, 
Pr{ Xk == - 1} == q == l - p where p > q. With S0 == 0, set S" == X1 + · · · + X" , 
M" == max{Sk : 0 < k < n} and Y" == M" - S" .  If T(a) == min{n : S" == a}, show 

Pr{ max Yk <y} = 

O � k � T(a) 

1 
if p = q == -

2 

if p =F q. 

Hint : The bivariate process (Mn , Yn) is a random walk on the positive lattice. 
What is the probability that this random walk leaves the rectangle 

j Mn a 

(0, 0) 

y Yn� 

a t  the top? 

1 6. (Continuation) . Adding to the notation of Problem 15,  let r be the first 
I i Ul C the partial sums sn deviate y units from their maximum to date . That is ") 
l t · t  T == min{ n :  Yn = y}. Show that Mr = Sr + y has a geometric distribution Pr{ ML > a} =  ea for a == 0, 1, . . .  and determine o. 
/ l int : Mr > a if and only if max Yk < y. 

O � k � T(a) 

N OTES 

Some aspects of the theory of Markov chains can be found in the last 
h alf of Feller [1 ] . 

, 

' l 'he book by Kemeny and Snell [2] contains several enticing examples 
u f  Markov chains drawn from psychology, sociology, economics, biology, 
u n,J elsewhere . 
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The most advanced treatment devoted to the analysis of the structure 
of Markov chains is that of Chung [3] . 
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Chapter 3 

THE BAS I C  L I MIT THEO REM OF 

MA RI< OV CHAINS AN D 

A P P L I CATIONS 

The content of Sections 1-4 of this chapter is part of the standard ap­
paratus of Markov chains that should be covered in every introductory 
course . However-> the reader may wish to defer Section 2, a proof of the 
discrete renewal theorem, until Chapter 5 where renewal theory is 
covered in full generality. 

The examples of Sections 5 and 6 are classical in the area of stochastic 
queueing models. Perhaps one of these sections might be skipped on 
first reading. 

1 :  Discrete Renewal Equation 

A key tool in the analysis of Markov chains is furnished by the following 
theorem. 

Theorem I. I. Let { ak}, { uk}, {bk} be sequences indexed by k == 0, ± 1 ,  ±2 ,  . . . . 

Suppose that ak > 0, I ak = 1 ,  I j k j  ak < oo, I k ak > 0, L j bk l < oo, and 
that the greatest common divisor of the integers k for which ak > 0 is 1 .  If the 
renewal equation 

00 . 

un - L an -kuk == bn 
k =  - oo 

for n = 0, ± 1 ,  ±2, . . .  

is satisfied by a bounded sequence { un} of real numbers, then limn-+ 00 un and 
l i tnn-+ _ 00 un exist . Furthermore, if 00 

lim un == 0, then n-+ - oo 

L bk 
lim u = 

k = - oo n 
00 

I kak 
k = - 00 

( 1 . 1) 

I n  case Lr- _ 00 kak === oo, the limit relations are still valid provided we 
i 11 torpret 

00 

I bk 
k =  - oo 

00 

L kak k- - oo  

- 0 - . 
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The proof of this theorem in its general form as stated is beyond the 
scope of this book. Actually we will make use of this theorem only for 
the case where {ak}, {uk}., {bk} vanish for negative values of k., and bk > 0 .  
A proof of the theorem for this case is given in Section 2 below. 

Remark 1.1. In the case where a _ k  = 0., b _ k  = 0, and u _ k  = 0, for k >  0 
the renewal equation becomes 

n 
u" - L an - kuk = b" 

k=O  
for n = 0, 1 ., 2 ., . . . .  

Remark 1.2. (Reason for the term '' renewal equation. ' ') Consider a light 
bulb whose lifetime, measured in discrete units ., is a random variable �., 
where 

Pr{� = k} =  ak 
00 

for k = 0, 1 , 2 , . . .  , ak > O, L ak = 1 . 
k= O  

Let each bulb be replaced by a new one when it burns out. Suppose the 
first bulb lasts until time � 1 , the second bulb until time � 1 + � 2 , and the 
nth bulb until time L? = 1 � i .,  where the � i are independent identically 
distributed random variables each distributed as � . Let un denote the 
expected number of renewals (replacements) up �o time n. If the first 
replacement occurs at time k then the expected number of replacements 
in the remaining time up to n is un _ k , and summing over all possible 
values for k, we obtain 

where 

n oo 

un = L ( 1 + un _ k) ak + 0 L ak 
k=O  k = n + l 
n n 

= L Un -k ak + L ak k= O  k = O  
n 

= L an - k  uk + bn , 
k = O  

(1 .2) 

The reasoning behind (1 .2) goes as follows . The term 1 + un - k is the 
expected number of replacements in time n if the first bulb fails at time 
k (0 < k < n) , the probability of this event being ak . The second sum is 
the probability that the first bulb lasts a duration exceeding n time units . 
Taking account of the regenerative nature of the process, we may clearly 
evaluate un by decomposing the possible realizations by the event of the 
time of the first replacement. 
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The following theorem, the ergodic theorem for this particular case., 
describes the limiting behavior of Pfj as n � 00 for all i and j in the case 
of an aperiodic recurrent Markov chain. The proof is a simple application 
of the basic renewal limit theorem. 

Theorem 1.2. (The basic limit theorem of Markov chains .) 
(a) Consider a recurrent irreducible aperiodic Markov chain . Let Pti === 

the probability of entering state i at the nth transition., n === 0., 1 .,  2 ,  . . .  , 
given that X(O) === i (the initial state is i) . By our earlier convention P8 === 1 .  
Let fi7 === probability of first returning to state i at the nth transition., 
n === 0., 1 .,  2., . . .  , where h? === 0. Thus 

p�. - � +.1! - k P�. === {1 l l  i...J J il u 0 k = O 
if n == 0., 
if n > 0 .  

[This is formula (5 .1) of Chapter 2 derived earlier.] Then 

lim P!! === 
1 

u 00 n-+ oo 
L �n n . .  u n = O  

• 

(b) Under the same conditions as in (a) , limn-+oo P'ji = limn-+ oo  Pi� · 

Proof. (a) Identify 
n > O · - ., 
n > 0 · - ., 

bn = {� n = O, 
n =i= O ;  

n < 0 ;  
n < 0 ;  

and then apply Theorem 1 . 1 .  
(b) We use the recursion relation 

n 
p '!. = " f!'. P'!.- v J l � J l  u v = O  

i =i= j., n > 0 

[ ef. formula (5 .9) of Chapter 2] . More generally., let 

where 

n 
Yn === L an - k xk ., k = O 

00 

I am === 1 .,  
m = O  

lim xk === c . 
k-+ 00 

l J  ndcr these circumstances we prove that limn-+oo Yn === c. In fact., 
11 oo n oo 

Yn - c === L an - kxk - c L am === L an - k(xk - c) - c I am. 
k = O m = O  k = O  m =n + l  
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For e > 0 prescribed we determine I(( e) so that jxk - c \ < e/3 for all 
k > J((a) . 

K(e) n oo 

Yn - c === L an - k(xk - c) + L an -k(xk - c) - c L am 

and so 

where 

k= O k =K(e) + 1 m = n + 1 

M === max jxk - c \ . 
k� O 

We choose N(e) so that jc j I:= n + 1 am < e/3 and 

for n > N(e) . 

Then 

for n > N(e) . 

Now., setting 

we have the desired result . 

Remark 1.3. Let C he a recurrent class .  Then P�i == 0 for i E C., j i C., 
and every n. Hence., once in C it is not possible to leave C. It follows that 
the submatrix \ \Pij \ \ .,  i., j E C., is a transition probability matrix and the 
associated Markov chain is irreducible and recurrent. The limit theorem., 
therefore., applies verbatim to any aperiodic recurrent class . 

Remark 1.4. If an ---7 a as n ---7 oo., it c·an be proved by elementary methods 
that 

1 n 
lim - 2 ak = a. 
n-+ 00 n k = 1 

Thus., if i is a member of a recurrent aperiodic class .,  

1 n 1 
lim - � PI!! == ---L l l  oo n- oo  n = 1 " ,.j'n m 

L.. nJ i i n = O  
where m i is the mean recurrence time. 

1 
., 

m .  l 

(1 . 3) 

(1 .4) 
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If i is a member of a recurrent periodic class with period d, one can 
show (see Problem 4 of Chapter 2) that Pi: ==  0 if m is not a multiple of d 
(i . e . ,  if m -=!=- nd for any n) , and that 

lim P�.d = .!!__ . u n-+ 00 mi 

These last two results are easily combined with (1 .3) to show that (1 .4) 
also holds in the periodic case . 

If limn-+ 00 Pi� == n i > 0 for one i in an aperiodic recurrent class ,  then 
n i > 0 for all j in the class of i. (The proof of this fact follows the method 
of Corollary 5 . 1  of Chapter 2 and will be omitted.) In this case, we call 
the class positive recurrent or strongly ergodic. If each n i == 0 and the class 
is recurrent we speak of the class as null recurrent or weakly ergodic . 

Theorem 1.3. In a positive recurrent aperiodic class with states 
j == 0,  1 ,  2 ,  . . .  , 

00 

lim P'ji === ni === I n i P ii , n-+ oo i = O  

and the n's are uniquely determined by the set of equations 

and 
00 

n . === '"" n .P . . . J � l lj i = O  
(1 .5) 

Any set (n i)� o satisfying (1 .5) is called a stationary probability distribution 
of the Markov chain. We will expand on this concept in Chapter 1 1 . 

Proof. For every n and M, 1 === If= o P?i > L� o P?j · Letting n -+  oo, 
and using Theorem 1 .2 ,  we obtain 1 > If- o ni for every M. Thus, 
L.f= o ni < 1 .  Now P?j+ l  > L� o PfkPki ;  if we let n -+  oo, we obtain 
n1 > It'"= o nkPkj .  Next, since the left-hand side is independent of M, 
M --+  00 gives 

00 

ni > L nkPki . (1 .6) 
k = O  

M ultiplying by Pi i , then summing on j and using (1 .6) , yields ni > 

Lk� o nk P'fi and then generally ni > Ik= o nkP�i for any n. Suppose strict 
i nequality holds for some j. Adding these inequalities with respect to j, 
w e  have 
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a contradiction. Thus., ni === Lr 0 nkPZi for all n .  Letting n �  oo., since 
L nk converges and P:i is uniformly bounded., we conclude that 

00 00 

ni == L nk lim Pk.i == ni I nk k= O n-+ oo k = O  
for every j .  

Thus., Lf- 0 rck == 1 since n i > 0 hy positive recurrence. 
Suppose x == {xn} satisfies the relations (1 .5) . Then 

00 00 

xk == L xiPik == L xiPjk , j = O  j = O  
and if we let n � 00 as before, 

00 00 

xk === L xi lim Pjk = nk L xi == nk . • 
j = O  n_. oo j = O  

Example. Consider the class of random walks whose transition matrices 
are given hy 

0 1 0 • • • • • •  

p === I IPij I I == q 1 0 P1 • • • • • • 
0 qz 0 P2 · · · · 
• • • 

(c .f. Example B,  Chapter 2) . This Markov chain has period 2 .  Neverthe­
less we investigate the existence of a stationary probability distribution, 
i .e . ., we wish to determine the positive solutions of 

00 

xi === L xiPi i === P i - 1 x i - 1 + q i + 1X i + 1 ' j= O 
under the normalization 

00 

L xi === 1 ., i = O  

i === 0, 1 ,  . . .  , (1 .7) 

where p _ 1 == 0 and Po == 1 ,  and thus x0 === q 1x 1 • Using Equation (1 .7) for 
i == 1 .,  we could determine x2 in terms of x0 • Equation (1 .7) for i == 2 
determines x 3 in terms of x0 ., etc. It is immediately verified that 

i - 1 P i - 1 P i - 2 · · ·  P 1 n Pk xi === Xo === Xo ' q iq i - 1 • • •  q 1 k= 0 qk + 1 
i > 1 .,  

is a solution of (1 .7) ., with x0 still to he determined. Now since 
00 i - 1 

1 = Xo + 2 Xo n Pk 
' i = 1 k= 0 qk + 1 
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we have 

and so 

1 
Xo 

== 
oo i - 1 

1 +  2 TI Pk 
i = 1 k= O qk + 1 

x0 > 0 if and only if 
00 i - 1 

L f1 Pk < oo . 

i =  1 k = O qk + 1 

In particular., if Pk === p and qk == q == 1 - p  for k >  1 ., the series 

! ft Pk = 
1 i (p) i 

i = l k = O  qk + 1 p i = l q 
converges only when p < q. 

2: Proof of Theorem 1 .1 

87 

We prove Theorem 1 . 1  for the case where ak ., bk ., uk all vanish when 
k < 0 ;  bk ., ak > 0 and a 1 > 0., Lk= O  ak == 1 .  The renewal equation then 
becomes 

n 
u" - I a" - kuk === bn k = O  

or equivalently 
n 

un - I akun - k == b" .,  k = O  

for n == 0., 1 .,  2.,  . . .  

n === 0., 1 .,  2 .,  . . . . (2 . 1 )  

It is easily established inductively (by considering successive equations) 
I hat u k > 0 for all k. 

Since { un} is by hypothesis a bounded sequence., A === lim supn-+ 00 un is 
f inite . Let n 1 < n2 <· ·  · denote a subsequence for which limJ-+ oo  un1 === A. 
We prove that limj-+ oo un1 _ 1 == A  using the condition a 1 > 0. Suppose., to 
I he contrary., that the last relation is not valid. It then follows from the 
c l c �finition of A that there exists .A' < A such that un · - 1 < A.' for an infinite 

J 

u urnber of j. We put lr == [a 1 (A - .A') ] /4., M == supn � o un ., and determine 
N Ruch that 

n B 
kf:o ak > 1 - M 

if n > 1V. 

I J« ' l. j he chosen so large that nJ > N and 

u,1 _ 1 < .A' < A., 0 < bn1 < B., 

and un < A -1- B for all n > n J - N. 

(2 .2) 

(2 .3) 
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This is all possible by the very definition of A and the determination 
of A.' . 

From (2 .1 ) , (2 .2) , and (2 . 3) , we have 
n1 N nj 

uni <  L akuni - k + e <  L akuni - k + M L ak + e  
k= O k = O  k = N + 1 

N 
< L akun · - k + 2e 

k= O 1 
[use (2 .2) and (2 . 3)] 

< (a0 + a2 + a 3  + · · · + aN - l + aN) (A. + e) + a 1 A.' + 2e [use (2 .3)] 

< (1 - a 1 ) (J� + e) + a 1A.' + 2e < A + 3e - a 1 (A - A.') === A - e, 

the last line resulting by the choice of e . But this contradicts the first 
inequality in (2 .3) , and so lim j-+ 00 un1 _ 1 === A. 

Repeating the argument, we find that, for any integer d > 0, 
lim un . _ d === A.. 

• J j -+ 00 

(2 .4) 

Next., let rn == an + 1 + an + 2  + . . .  ; evidently Lk= O kak == I:= o rn ., 
which is verified by summation by parts . (We do not postulate the con-
vergence of the series L'n · ) Further, a 1  == r0 - r 1 ., a2 == r 1 - r2 ., etc. 
Substituting into (2 .1) , we find 

T oUn + r 1 Un - 1 + . . .  + r nUo == r oUn - 1 + r 1 Un - 2 + . . .  + r n - 1 Uo + bn ., 
n === 1 .,  2 .,  . . . . 

Setting An === r 0un + · · · + r nuo , we may write this as 

n ==  1 ,  2., . . .  , 
where A0  == r0u0 === (1 - a0)u0 === b0 •  It follows that An == I?= o b i. Now., 
since r n > 0 and un > 0 for all n., we obtain for any fixed N > 0 and 
j > O 

nJ 
TgUni + r 1uni - 1 + · · ·  + rNun, -N < An, ==  L bn . 

n = O 
Letting j --+  00 leads to the relation (r0 + · · · + rN)A  < L�- o bn or 
equivalently A < Lo bn (L� r n) - t • 

Since N > 0 is arbitrary, it follows that 

• (2 .5) 

Since uk > 0 for all k., this proves the theorem in the case Z:::-o rn == co ,  
for then A =  limn ... oo un = 0 as is clear from (2 .5) . 
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If L: 0 r n < 00 ,  let J.1 == lim infn � 00 un . R easoning as in the case of 
lim sup, we deduce that if lim i� 00 uni == J.l, then lim i� 00 uni _ d == J1 for each 
integer d > 0. We set Lr%N+ l rn == g(N) ; then plainly limN� oo g(N) == 0, 
and 

nj 
I bn < rounj + r 1 unj - 1  + . . .  + TNUnj - N + g(N) . M. 

n = O 

Letting j � oo, we conclude that I: 0 bn < (r0 + · ·  · + rN)J.l + g(N)M. 
Now, taking the limit as N--+ oo, we find 

00 00 

I bn < J.1 L rn or (2 .6) 
n = O  n = O  

But (2 .5) and (2 .6) ,  in conjunction, yield J.1 > A. On the other hand, by 
their definition Jl < A. Thus J.1 == A, which means that limn� 00 un exists 
and its value is 

00 

I bn 
li n = O  m u == --n oo n� oo L rn 

n = O 

For the case where a 1 == 0 but the greatest common divisor of those m 
for which am > 0 is 1 ,  the proof can be carried through with the aid of 
Corollary 4 .1  of Chapter 2 combined with the method above. 

3 :  Absorption Probabilities 

We have previously established (see Problem 6,  Chapter 2) that if j is a 
transient state, then P;i� 0, and that if i, j are in the same aperiodic 
recurrent class , then P;j --+ n i > 0 . If i, j are in the same periodic recurrent 
class ,  the same conclusion holds if we replace P;i by n - 1 L� = 1 P;j . In 
order to complete the discussion of the limiting behavior of P;i ,  it remains 
to consider the case where i is transient and j is recurrent . 

If T is the set of all transient states, then consider 

X� == "  p . . < 1� l i...J lj - ' i E T, 
j e T  

nnd define recursively 
n - " 

xi - L.. P n - 1 . ·X . � lj J ' n > 2 ,  i E T. 
j E T  

Observe that x� is just the probability that, starting from i, the state 
uf the process stays in T for the next n transitions . Since x� < 1 for all 
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n > 1 (tP.ey are probabilities) , we may prove by induction that x� is 
nonincreasing as a function of n. In fact 

xf =  � P . . x 1. < � P . .  = x� .  l � "J J - � lj l 
j e T  j e T  

Now assuming that xj < xj - 1 for all j E T we have 
0 < n + 1 L P n < L P n - 1 n 

X ·  == · ·X · · ·X · == X · •  - l l} J - l} J l 
j e T j e T  

Therefore, x� -.!, xi i .e . ,  x� decreases to some limit x i , and 
X · == " P . .  x . . l L.. l j  J ' i E T. 

j e T  
(3 .1 ) 

It follows that if the only bounded solution of this set of equations is 
the zero vector (0, 0, . . . ) , then starting from any transient state absorp­
tion into a recurrent class occurs with probability one . In fact, it is clear 
that xi (i E T) is the probability of never being absorbed into a recurrent 
class, starting from state i. Since this sequence is a bounded solution 
of (3 .1) it follows that x i is zero for all i . 

Remark 3.1. If there are only a finite number of states, M, then there 
are no null states and not all states can be transient . In fact , since 
Lf 01 Pij == 1 for all n, it cannot happen that limn-+ oo Pij = 0 for all j. 

The same argument restricted to recurrent classes shows that there are 
no null states . Let C, C 1 , C2 , • . •  denote recurrent classes . We define 
n i(C) as the probability that the process will be ultimately absorbed into 
the recurrent class C if the initial state is the transient state i . (Recall 
that once the process enters a recurrent class ,  it never leaves it.) 

� . 

Let n�(C) = probability that the process will enter and thus be absorbed 
in C for the first time at the nth transition, given that the initial state is 
i E T. Then 

00 
n i(C) == L n�(C) < 1 ,  

n = 1 
nf (C) == L Pii , 

j e C 

n�(C) = L Piinj- 1 (C) , 
j e T  

Rewriting (3 .2) using (3 .3) gives 
00 00 

n > 2. 

n i(C) = nf (C) + I n?(C) == nf (C) + L L Piinj - 1 (C) 
n= 2 n = 2  j e T  

00 
= nf (C) + L Pii L nj - 1 (C) ,  j e T  n = 2  

ni(C) = nf (C) + L Pilni(C) ,  
} e  T 

i E T. 

(3 .2) 

(3 .3 ) 

(3 .4) 
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Assuming the only bounded solution of the homogeneous set of equations 

w . === "' p . . w . l � lj J ' i E T, 
j e T 

is the zero vector, then { n i( C) } is determined as the unique bounded 
solution of the system of equations (3.4) . Moreover, either n{ (C) > 0 for 
some i E T or n i(C) == 0 for every i E T and hence n�(C) === 0 for all n. 

Theorem 3.1. Let j E C (C an aperiodic recurrent class) . Then for i E T, we 
have 

lim P'!. === n ·(C) lim P� .  === n ·(C)n . . lj l }} l J n-+ oo n-+ oo 

Proof. Clearly n�(C) == Ik e c n�k(C) where n�k(C) represents the prob­
ability starting from state i of being absorbed at the nth transition into 
class C at state k. We have 

00 

n i(C) == I I nik(C) < 1 . 
v = 1 k e C  

Therefore for any e > 0 there exists a finite number of states C' c C and 
an integer N(e) === N such that 

n 
n i(C) - I I nik(C) < B ,  

. I .e . ,  
v= 1 k e C' 

00 

L L nrk -v = 1  k e C  

n 
I L nik < 8 v = 1 k E C' 

for n > N(e) . [Here we have abbreviated nik for nik(C) .] 
For j E C consider 

n 
P'! . - "' "' n�kn . . l} � � l J v = 1 k E C' 

(3 .5) 

Now by the usual recursion argument, which involves decomposing the 
events by the time of first entering some state in C, we obtain 

n 
Pn "' "' v pn - v ii === � � n ik ki , i E T, j E c. 

v =  1 k e C  

Combining these relations, we have 

< 

+ 

n n 
I L nik( P�j v - nj) + I L nikPk,jv 

v = 1 k E C' v = 1 k E C,k ¢ C' 

n n 
I I nik(P�j v - ni) + L I nikP;j- v · 

v = N + 1 k E C' v = 1 k E C,k ¢ C' 
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But P�jv < 1 , I P'kj v - ni l < 2 , and limn-+ oo PZj- v == nj if C is aperiodic and 
k E C' . Therefore, there exists N' > N such that for n > N', I P'k1-N - ni l  
< e (k E C') ,  so that for n > N' 

P;i - ( I, L n;k) n j < e + 2 I L n;k + I, I n;k . 
v = 1 k e C' v = N + 1 k e C' v = 1 k e C ,k ¢ C' 

However, the choice of N and C' assures us that the right-hand side is 
<4e. Then appealing to (3 . 5) and the above result , we obtain 

and therefore 

\ P'!. - n -(C)n · I < 4e + en . l} l J - J for n > N' , 

lim P'!. === n -(C) n . . • lj l J n-+ oo 

If C is periodic and j E C, a similar proof may be used to show 

1 n 
lim - " P� === n -(C)n . .  � lj l J n-+ 00 n m = 1 

We emphasize the fact that if i is a transient state and j is a recurrent 
state, tlten the limit of P�i depends on both i and j. This is in sharp 
contrast with the case where i and j belong to the same recurrent class . 

Example. (The gambler's ruin on n + 1 states) . 
1 0 0 0 . . .  
q 0 p 0 . . . 
0 q 0 p . . .  

. . .  q 0 
0 0 

p 
1 

We shall calculate u i === n i(C0) and v i === n i(Cn) ., the probabilities that 
starting from i the process ultimately enters the absorbing (and therefore 
recurrent) states 0 and n., respectively. The system of equations (3 .4) 
becomes 

2 < i < n - 2 .  (3 .6) 

These are n - 1 nonhomogeneous equations in n - 1 unknowns . We try 
a solution of the form ur === xr . Substituting in the middle equations and 
removing common factors leads to 

px2 + q == x. 
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There are two solutions ., x == 1 and x == qfp. Thus the quantities 
ur == A + B(qfp)r ., r == 1 .,  2 ., . . .  ., n - 1 ., satisfy the middle equations of (3 .6) 
for any values of A and B. We now determine A and B so that the first 
and last equations are fulfilled . (If q == p., the solution x == 1 is a double 
root of px2 + q == x., and one then has to replace (qfp)r by r . ) In the case 
q -=j::. p this leads to the conditions 

or, simplifying, 
A == l - B  

and 

Solving., we get 

Combining, we have 

U == 
(qjp) n - (qjp)r 

r (qjp) n - 1 

or 

If q ·== p, we find similarly that A === 1 .,  B == -1/n so that 

n - r  
u == -­r n 

A similar calculation shows that 

when p == q. 

v - == 1 - u . , l l 

which is to be expected., since it is evident that absorption into one of 
the classes C0 ., Cn is certain. 

Consider the gambler's ruin with an infinitely rich adversary. The 
equations for the probability of the gambler's ruin (absorption into 0) 
Lccome 

i > 2 .  
(3 .7) 

Again we find 

(q =/=p) and (q == p = ! ) 
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If q > p then the condition that u i is bounded requires that B =0 and 
the first equation of (3 .7) shows that u i == 1 .  If q <p we find that 
u i = (qfp) i . In fact, a simple passage to the limit from the finite state 
gambler's ruin yields u 1 == qfp and then it readily follows that u i = (qfp) i . 

4 :  Criteria for Recurrence 

We prove two theorems which will be useful in determining whether a 
given Markov chain is recurrent or transient and then we apply them to 
several examples . 

Theorem 4.1. Let � be an irreducible Markov chain whose state space is 
labeled by the nonnegative integers. Then a necessary and sufficient condition 
that � be transient (i.e . , each state is a transient state) is that the system of 
equations 

00 

L Pijyj == Yi ' j =O 

have a bounded nonconstant solution. 

Proo..f. Let the transition matrix for � he 

i -=1- 0, 

Poo  Po t  
Pt o  P1 1  

• • • 

• • •  

• • • • • • • • • • • • • • • • • • • • • 

and associate with it the new transition matrix 

1 0 0 
- -

P1 o  p1 1 p1 2  P = I IP  . . I I  = l) 1 1  

p20 p2 1  p2 2  

• • •  

. . . 

• • • 

. . . . . . . . . . . . . . . . . . . . .. . . . . . . 

(4 .1) 

(4 .2) 

in which the zero state has been converted into an absorbing barrier while 
the transition probabilities governing the motion among the other states 
are unchanged. We denote the Markov chain with transition probability 
matrix (4.2) by �-

For the necessity, we shall assume that the process is transient and 
then exhibit a nonconstant bounded solution of (4 .1 ) . 

Let f/'(J == probability of entering state 0 in some finite time, given that 
i is the initial state . Since the process � is transient Jj*o < 1 for some j =I= 0 
or otherwise state 0 would be recurrent . (Prove this . Remember that all 
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states in an irreducible Markov chain are simultaneously recurrent or 
-

nonrecurrent .) For the process ' clearly n0(C0) == 1 ,  n i(C0) === f/� < 1 
. -

for some j i=- 0, and n i( Co) = LJ= 0 p ijn j( Co) for all i . Hence n i( Co) = 
L.i= o pijnj(Co) for i =F 0 and thus yj === nj(Co) (j = 0, 1 ,  2 ,  . . .  ) is the desired 
bounded nonconstant solution. 

Now assume that we have a bounded solution {yJ of (4. 1) . Then 

-

"' �  0 p . . y . === y · i....JJ = l} J l for all i > 0, 

and iterating we have for all i > 0 and all n > 1 

00 -
"' P'!.y .  === y . .  i....J l} J l j = O  

If the chain is recurrent, then 

and 

lim Pro == 1 , 
n -+  oo 

I Pfj yj < M(1 - Pro ) --)- O as n-+ 00 
j -:f:: O 

where M is a hound for {yi}. Hence 

Y i === L P;iyi + Pro Yo -)-Yo · j -:f:: O 
' rhus Yi === y0 for all i and {yj} is constant . 

Theorem 4.2. In an irreducible Markov chain a .sufficient condition for 
recurrence is that there exists a sequence {y i} such that 

00 

"' P . .  y .  < y .  i....J l) J - l j = O  
for i -j::. O with Yi--* 00. (4 .3) 

f'roof. Using the sante notation as in the previous theorem, we have 
00 -
"' P . . y . <y .  � lj J - l for all i . j = O  

Since z i === Y i + b satisfies (4 .3) , we may assume Y i > O for all i > O . 
I t  ('rating the preceding inequality, we have 

00 -"' P'.".y . < y . .  i....J l) J - l } = 0 
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Given e > 0 we choose M(e) such that l fy i < B for i > M(e) .  Now 

and so 

Since 

we have 

M - 1 - oo -" P'!1.y . + " P!"!y . < y . 
L.. l} J L.. l) J - l j = O  j = J\f 

00 -
" P'!1. == 1 L.. lj j = O  

M - 1 - ( M- 1 -
) 

I P�y j + min {y r} 1 - L P;j < y i • j = O  r2::. M j = O  

As observed in the proof of the preceding theorem., 
-

lim P? .  == 0 l) ' 
n -+  oo 

for j -=!=- 0 .  

Thus., passing to the limit as m --+  oo., we obtain for each fixed i 

or 

where 

Since e was arbi:trary and fc i( C0) < 1 we have it i( C0) === 1 for each i, 
proving the original process recurrent . • 

5 :  A Queueing Example 
' 

Let us consider the queueing model discussed in Chapter 2 (Example C) . 
The transition matrix is 

ao a 1 a2 a 3  • • •  
ao a l a2 a 3  . . .  00 

l iP ij I I == 0 ao a l a2 • • • ., where ak > 0 and I ak = 1 . 
0 0 ao a 1 

k = O  
• • • 
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(Actually., in the subsequent analysis ., we only use the propertieE 
0 < a0 < 1 and a0 + a 1 < 1 which guarantee that this Markov chain is 
irreducible .) If Lk= 0 kak > 1 we show that the system of equations 
Li= o PiiYi === Yi , i -=/=- 0., admits a nonconstant bounded solution., and so 
by Theorem 4 .1  the process will be transient . Letting Yi === �

i., the above 
system of equations takes the form 

or 

00 00 

L Pij�j == I aj - i + 1 �j == � i 
j = O  j = i - 1 

00 00 

I ai _ i + 1 �i - i + 1 === � = L ak�
k 

== f( �) .,  
j = i- 1  k = O  

i i=- 0 .  

Now f(O) === a0 > 0 andf(1) === If= o ak === 1 ,  so that if/'(1) === Ik= O  kak > 1 
then there exists a eo ., 0 < �o < 1 ,  such that /(�0) === �o .  This is easily 
seen from Fig. 1 . · The vector Yi === �J .,  i === 0., 1 .,  . . .  ., is the desired hounded 
solution and is clearly nonconstant . If I kak < 1 then., applying Theorem 
4.2 above with Yi === j., we have., provided i -=/=- 0� 

00 00 

.I Pijj = . � aj - i + 1j 
1 = 0 J = l - 1 

00 

=== I ai - i + 1 (j - i + 1) + i - 1  
j = i - 1 

00 

=== I kak - 1 + i k = O  
< i .  

Therefore if Ikak < 1., the process is recurrent . 
In order to ascertain whether the process ' is null recurrent or positive 

recurrent we first deal with the following auxiliary problem of some 
i ndependent interest . 

Let X 1 ., X 2 ., X 3 ., • • •  denote a sequence of independent identically dis-
1 ributed random variables taking on the values -1, 0, 1 ,  2 .,  . . .  with 

Pr{Xi === k} = bk , k = - 1 ., 0., 1 ., 2, . . . ., b _ 1 > 0, 
� .1� e;,* u nd let S" === X1 + X2 + · · ·  + X". Define Z as the value of n for which 

S, first becomes negative and suppose that 

k === 1 '  2, 3 ,  . . . .  (5 .1 )  
Let 00 

U(s) = L yksk (ro == O ) (5 .2) k = O  



98 3 .  T H E B A S I C  L I M I T T H E O R E M  

denote the generating function of (5 .1) . If T�r> == r + Sn (r is a nonnegative 
integer) , let z<r) he the random variable equal to the first value of n for 
which T!r> < 0 . Since each Xi > -1 we infer easily that z<r> == Z1 + Z2 

G(� )  

�0 1 

FIG. l 

+ . . .  + zr + 1 ., where the z i are independent and identically distributed 
according to (5 .1} .  The generating function of z<r> is clearly [U(s)]r + 1

• Let y�+  l )  denote the coefficient of sm in U(s)r + 1 • 
Finally, we set 

Our aim is to determine U(s) in terms of G(s) . To this end we write the 
usual renewal relations ' 

00 

" b (j + 1 ) "fk == � /'rk - 1 , 
j = O 

k > 2 . (5 .3) 

The first of these relations is obvious . As for the second., the event 
{Sn > 0, n == 1 .,  . . .  ., k - 1 ;  Sk == -1} is the union of the disjoint events 
{X1 = j ; X2 + · · ·  + Xn + j > 0, n==2, . . .  , k -1 ; X2 + · ·  · + Xk + j === -1 }, 
j = 0, 1 , . . .  ., whose probabilities are clearly equal to biYkJ_+/ >, since the 
X 1 are independent and identically distributed. By the law of total 
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probabilities (5 .3) results. Passing to generating functions on the basis of 
(5 .3) , we have 

U(s) = b _ 1s + n�2C�o bf)'�j +/ >)s" 

= b _ 1 S + S j�O 
bjc�2 ')'�j +/ )  s " - 1 ) 

00 

== b_ 1s + s I bi[U(s)]i + l j = O 

= b _ 1 s + sU(s) l G(U(s)) - �(;)l 
== s U(s)G( U(s)) . 

for 0 < s < 1 

Now U(s) is continuous and strictly increasing for s E [0, 1] , while 
U(O) = 0 . Hence, for 0 < s < 1 , U(s) satisfies G(U(s)) = 1fs. But 

G"(s) = 
2b; 1 + 2b2 + 6b 3s + 12b4s2 + · · · > 0 s for s > 0, 

so that G(s) is a convex function, while from the definition of G(s) it follows 
that lim5 ! 0 G(s) = +oo and G(1) === 1 . A glance at the figure below shows 
that the equation G(x) == 1fs can have at most two positive solutions for 
each s E [0, 1] .  Since lims ! O U(s) = 0 and U(s) is strictly increasing in [0 , 1] , 
we see that U(s) must be the smaller of the two solutions of G(x) == 1/s, 
if there are two . 

We now investigate the conditions under which If- 0 'Yk == 1 or < 1 ;  
the following two cases arise .  

Case I .  G'(1) > 0 . G'(1) > 0 is equivalent to b _ 1  < L:= o nbn and Fig .2 
elearly shows that U(1) === If= o 'Yk == �0 < 1 . Therefore the probability of 
the event {Sn > 0 for all n} is strictly positive . 

(�use 2. G'(1) < 0 . G'(1) < 0 is equivalent to b _ 1 > I:= o nbn and here 
we have Lk= O Yk = U(1) = 1 . Now, for 0 < s < 1 , G'( U(s)) U'(s) == -1fs2 
HO that in Case 2 , U(s) -+ 1 when s � 1 (see Figure 3) . This implies that 
i f  G'(1 ) < 0, i .e . ,  if 

t hen 
00 -1 

E(Z) = L nyn = U'(l) = G'( ) 
< 00, n = O  1 
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and if G' (l)  == 0, i .e . ,  if 
00 

b _ l == L nbn , n = O  
then 

00 

E(Z) = L nyn == U'(l) == 00. n = O  

G(s) 
I I 

I - - +  - - - - +- -

I I 
I I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

.., lf(so ) so l 

FIG. 2 

:, ,, 
G ( s ) 

--�------------------�----�- s 

I 

FIG. 3 
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Referring again to the queueing process ., we identify the b's and the a's 
by ak == bk _ 1 and let Z ij == length of time (number of transitions) re­
quired., starting in state i., to reach state j < i for the first time. A little 
reflection reveals that Z i ,  i _ 1 is precisely the random variable Z examined 
above whose generating function U(s) was determined. Since 

00 

I ai == 1 .,  
i = O  

we have 

and similarly 

Hence E(Zi , i - 1 ) === J1 < 00 if I:= o nan < 1 and E(Zi , i - 1 ) === J1 == 00 if 
L nan == 1 .  Since we are permitted to move back only one step at a time 
(the process is '' continuous "' in this respect) ., we have 

z . .  === z . . 1 + Z· 1 · 2 + · · · + Z · + 1 · l ,J l , l - r. - , l - J , J ' j < i ., 

and therefore E(Z i ,j) === (i -j)Jl and in particular E(Z i , o) == iJ.l. 
Let us now consider the mean recurrence time of state zero . We notice 

first that the probability of the recurrence time equalling 1 is just a0 , 
the · transition probability P 0 0 • Now., the sample functions which start 
at 0 and first return to 0 in two or more transitions can be grouped 
according to the state i occupied at the first transition.  The average 
recurrence time for such a group is precisely 1 plus the average time 
required to reach state 0 from state i .  This decomposition., in conjunc­
tion with the Markov property., yields the following expression for the 
average recurrence time : 

'I'hus 

00 

I nf0
n
0 == E(recurrence time) 

n = O  
00 00 

== a0 + L a i[E(Zi , o) + 1] == 1 + I a iE(Zi , o) i = 1  i = 1 
00 00 

=== 1 + I i 11a i == 1 + J.1 I ia i • 
i = 1 • i = O  

00 

L nfono < 00 if J.1 < 00 
n = O  
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i.e., provided 
00 

I ia i < 1 , 
i = O  

and 

if J1 = oo, 

or what is the same if 
00 

L ia . = 1 .  l i = O  
Summing up, we have 

00 

L nan < 1 � positive recurrent, 
n = O  

(5 .4) 
00 

L nan == 1 � null recurrent, 
n = O  

and 
00 

L nan > 1 � transient. 
n = O  

These conclusions are rather intuitive. The expression L: 0 nan is the 
mean number of customers arriving during a service period . Thus, if 
L: 0 nan > 1 ,  then on an average more people arrive than are served in 
each period.  Therefore, we could expect the waiting line to grow beyond 
all bounds .  On the other hand, if I:= o nan < 1 then the state of the 
process approaches a stationary state . The evaluation of the stationary 
distribution is rather complicated (see Chapter 18) .  

6 :  Another Queueing Model 

The state of the process is the length of the waiting line where, in each 
unit of time, one person arrives and k persons are served with probability 
ak > 0, k = 0, 1 ,  2, . . . if there are at' least k in the waiting line . The 
transition probability matrix may be easily evaluated as 

0 

00 

L a i az a l ao 
i = 3 

• • •  
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We show that there exists a stationary distribution if Lf= 0 kak > 1 so 
that in this case the process is positive recurrent . A stationary distribution 
is expected to exist since the average number of customers served is 
L kak while a single new customer arrives .  

Consider the equations L� o � ip ii == �i and let � i == � i . Then 
00 00 

. � � i a i - i + 1 = �i l = J - 1  for j > 1 ; i .e . ., L � i
-

i + 1a i - i + 1 == � ., 
i = j - 1 

which by a change of variable reduces to 

If � (0 < e < 1) satisfies these equations., then for j = 0 we have 

(rearranging the order of summation) 

1 
= � (l - a0 - (� - a0)) == 1 ., 1 -

so that the equations are satisfied for j == 0 as well. 
We consider f( �) = Lf 0 akek . Since f(O) = a0 > 0 and f(1)  == 1 .,  if 

.f' (1 )  == If 0 kak > 1 then there exists �0 satisfying 0 < �0 < 1 and 
/(�0) == �0 (see Fig . 4) . The values n i = ( 1 - �0) ��., which sum to 1 , are 

" f( � )  
ao 

l 

FI G .  4 
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therefore the stationary probabilities of the state of the process .  In 
particular, the long-run probability that the line is empty is 1 - �0 • 

Now the system_ of equations Lr=- 0 � i P ij === � .i_,  j -=/=- 0, is identical with 
the system L.J 0 P ij� i === � i , i =1=- 0, where the P ij are now the _elements 
of the matrix from Section 5 .  In the case Lf- o kak < 1 the P process 
(as we have seen) is recurrent and hence the latter system has no non­
constant bounded solution. Therefore, if L kak < 1 the system 
Lf 0 1J iPii === 11i admits no bounded solution and therefore, in particular, 
no stationary distribution exists so that the process is either null 
recurrent or transient . We now prove that the system of equations 

00 

L pijYj === Y i' 
j = O  

i -:;1- 0, (6 . 1) 

has a nonconstant bounded solution if and only if L kak < 1 ,  so that the 
process will be transient if and only if L kak < 1 ,  and therefore must be 
null recurrent in the case Lf= o kak === 1 .  Since (6 .1 )  admits a constant 
solution we may let y0 === 0 .  Then (6 .1 )  reduces to 

a2Yo + a 1Y 1 + aoY2 === Y 1 
a 3Yo + a2Y 1 + a 1y2 + aoy 3 === y2 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

• • • 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

Multiplying the ith equation by s ;  + 1 and summing, we obtain, after letting 
00 

A(s) === L aksk , 

and recognizing the convolution product, that 

Y(s)A(s) - sa0y 1 === s Y(s) or 
\ 

k = O  

Y(s) === 
saoy 1 ' 

A(s) - s 
(6.2) 

provided A(s) -=/=- s . Since A(O) === a0 and A ( 1 ) === 1 ,  A(s) === s for some 
s such that 0 < s < 1 if A'(1 )  === Lf= o kak > 1 .  Therefore ,  Y(s) cannot 
have bounded coefficients in this case since Y(s) would then converge 
for every s E [0 , 1) . This implies that for Lk= O kak >1 the process is 
recurrent . 

From the strict convexity of A(s) ,  i .e . ,  A" (s) > 0, it follows that 
A(s) -=f. s for 0 < s < 1 if A ' (1 )  == L kak < 1 (see Fig. 5) . Consider the case 
L kak < 1 :  
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where 

and 

A(s) - s == ( 1 - s) [1 - 1 -A(s)] 1 -s 

== (1 - s) [ 1 - (1 - A(s)) },0 sk] 

== ( 1 - s) [ 1 - n�o ( 1
-

ito a;)
sn] 

I 

(rearranging orders of summations) 

== (1 - s) [1 - f ( . f �;)sn] n= O  l =n + l 
00 

= (1 - s)[l - W(s)] , W(s) == }: wnsn, n = O 

00 

wn = . }: ai > 0  r. = n + 1 

( I �  I )  

I 
FIG. 5 

1 05 
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Then 

saoY t Y(s) = (1 - s)[1 - W(s)] 

. I .e . ,  

Now 

= �a�� (1  + W(s) + (W(sW + · · · ) 
U(s) 

=== saoY 1 1 - s  

== sa0y 1 V(s) 

00 00 

where un > 0, U(s) == L uns" == L [W(s)]k 

n 
where v" == L uk , k == O  

V(s) = 
U(s) 
1 -s 

n = O k = O 
00 

V(s) == L vns", n == O 

(w(1) = I; kak < 1) � ( U(1) =  kt uk < oo) , 

since U(1) === 1 + W(1) + (W(1))2 + · ·  · , which is a convergent geometric 
series . Clearly v1 < v2 < · · · - �  U(1) , so that Y(s) === sa0y1 V(s) has bounded 
coefficients in its power series expansion if and only if L kak < 1 . Therefore 
if L kak < 1 we may take y1 -=/=- O, yk === a0y1vk _ 1 , and, retracing steps to 
Eq. (6 .2) and equating coefficients, obtain a hounded nonconstant 
solution of (6 . 1 ) .  This implies that the process is transient . If L kak == 1 
any solution of (6 . 1 )  is necessarily unbounded, implying the process is 
recurrent. To sum up, if 

L kak < 1 , the process is transient ; 

L kak == 1 , the process is null recurrent ; 

L kak > 1 , the process is positive recurrent. 

7 :  Random Walk 

We apply the recurrence criteria of Section 4 to the random walk induced 
by the Markov matrix 

ro Po 0 0 . . .  
q 1 r 1 P t  0 . . .  
0 q2 r2 P2 • • •  
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Let 

n0 == 1 .,  PoP 1  · · · Pn - 1 nn == . 
q 1q2 · · ·  qn 

1 07 

For the case r i == 0 it was shown (see the example of Section 1) that the 
random walk process at hand has a stationary distribution if and only if 
I:- 0 nn < 00. Now consider the system of equations 

or 

00 

I Pijyj == Yi '  
j = O  

i -=1- 0, 

== Yt , 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . " . . . . . . . . . . . . . . . . . . .  . 

Inspection shows that the solutions span a two dimensional linear space. 
We can prescribe y0 and y 1 arbitrarily and then all the other y i are 
determined by these equations . Trivially Yi=== 1 is a solution. We show 
that y0 = 0., yn == L�: 6 1/p ini , n > 1, is also a solution. For the first 
equation 

( 1 ) ( 1 q 1 ) 1 
q 1Yo + ' 1Y 1 + P1Y2 == r 1 - + P 1 - + = - == Y1 · Po Po P 1Po Po 

For the nth equation we must show 

(n - 2 l ) n- 1 1 n 1 n - 1 1 
qn 6 p ;1t ; + rn 6 p;1t ;  + Pn i�pin i = � P ;1t ;  • 

But the left-hand side is just 

while 

n - 1 1 1 1 ( qn + Pn) L - qn + Pn ., 
i = O  Pi1C i Pn - 11Cn - 1 Pn1Cn 

1 -qn ---­Pn - 11Cn - 1 
- 1  - 1  

hy the definition o� nn , which proves the assertion . Since the two solu­
t ions (y 1 �  1) and (Yn == I�= �  1/pini) are clearly independent., the general 
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solution is zn == a + f3y n , and a nonconstant bounded solution of 
L.f= 0 P ijz i == z i ' i -=/=- 0, exists if and only if the y n are bounded, i .e . ,  
L� o 1 /p in i < oo . 
Therefore ,  we have 

00 1 .2: = oo ==} recurrent, 
i = o p in i 

00 

and .2: n ; = oo ==} null recurrent, 
i = 0 

00 

and .2: n ; < 00 ==} positive recurrent, 
i = 0 

00 1 .2: < oo ==} transient . 
i = O  p in i 

Elementary Problems 

1. A matrix P == I I Pu l lrj =  1 is called stochastic if 

( i) P ij > 0 for all i and j == 1 ,  2, . . .  
and 

for all i = 1.,  2, . . . . 

A matrix P is called doubly stochastic if in addition to (i) and (ii) also 

00 
L P . .  == 1 
. 1 lj l = 

for all j == 1.,  2, . . . . 

Prove that if a finite irreducible Markov chain has a doubly stochastic transi­
tion probability matrix, then all the stationary probabilities are equal . 

2. A Markov chain on states {0, 1 ,  2, 3, 4, 5}  has transition probability matrix 
1 2 0 0 0 0 1 0 0 0 0 0 3 3 2 1 0 0 0 0 0 3 1 0 0 0 3 3 4 4 
0 0 1 3 0 0 0 1 7 0 0 0 (a) 4 4 (b) s· 8 
0 0 1 4 0 0 ' 1 1 0 1 � 0 5 5 4 4 8 1 0 1 0 1 1 1 0 1 A 1 0 4 4 4 4 3 6 3 
1. 1 1 1 A 1 0 0 0 0 0 1 6 6 6 6 6 

Find all classes. Compute the limiting probabilities limn� 
00 P� i for i == 0, 1 ,  2, 

3,  4, 5. 

3. Consider a Gambler's ruin with initial fortune a and b (a > 10, b > 10) for
, 

players I and II, respectively. Le t p (1 - p) be the probability that I wins 
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(loses) from II one unit each game. What is the probability that player I will 
achieve a fortune a + b - 3 before his fortune dwindles to 5 ?  

4. Let Yn be the sum of n independent rolls of a fair die .  Find 

lim Pr{ Yn is a multiple of 13}. 
n-+ oo 

5. Consider a Markov chain with transition probability matrix 

Po Pt P2 · ·  · Pm 
P == Pm Po Pt · · ·  Pm- t  

Pt P2 P3 · · ·  Po 

where 0 <Po < 1 and p0 + p1 + · · · + Pm == 1 .  Determine limn-+oo P?i , the 
stationary distribution. 

6. Members of an indefinitely large population are either immune to a given 
disease or are susceptible to it . Let Xn be the number of susceptible members in 
the population at time period n and suppose X0 == 0 and that in the absence of 
an epidemic Xn+ 1 = Xn + 1 .  Thus, in the absence of the disease, the number of 
susceptibles in the population increases in time, possibly owing to individuals 
losing their immunity, or to the introduction of new susceptible members to 
the population. 

But in each period there is a constant but unknown probability p of a 
pandemic disease . When the disease occurs all susceptibles are stricken. The 
disease is non-lethal and confers immunity, so that if T is the first time of 
disease occurrence,  then Xr = 0. 

Compute the stationary distribution for (Xn) · 

7. An airline reservation system has two computers only one of which is  in 
nperation at any given time. A computer may break down on any given day 
w ith probability p. There is a single repair facility which takes 2 days to restore 
a computer to normal . The facilities are such that only one computer at a time 
t · a n  be dealt with. Form a Markov chain by taking as states the pairs (x, y) 
where x is the number of machines in operating condition at the end of a day 
a nd y is 1 if a day's labor has been expended on a machine not yet repaired and 
0 otherwise. The transition matrix is 

To 
State --7 (2, 0) ( 1 ,  0) ( 1 ,  1) (0, 1 )  

From 
State 

t 
(2, 0) q p 0 0 

P - ( 1 ,  0) 0 0 q p 
- (1,  1 )  q p 0 0 

(0, 1) 0 1 0 0 

w h Pre p -1- q ::=- ] • F,ind th e� Atationary di Atrihution in terms of p and q. 
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8. Consider a production line where each item has probability p of being 
defective. Assume that the condition of a particular item (defective or non­
defective) does not depend on the condition of other items. The following 
sampling plan is used: 

Initially every item is sampled as it is produced ; this continues until i 
consecutive nondefective items are found. Then the sampling plan calls for 
sampling only one out of every r items at random until a defective one is found. 
When this happens the plan calls for reverting to 100 % sampling until i 
consecutive nondefective items are found, etc. 

State Ek (k == 0, 1, . . .  , i) denotes that k consecutive nondefective items have 
been found in the 100 % sampling portion of the plan, while state Ei+ 1 denotes 
that the plan is in the second stage (sampling one out of r) and one or more 
nondefective items have been sampled in this stage. (Time m is considered to 
follow the mth observation for any m.) Then the sequence of states is a Markov 
chain with 

P . 
== Pr

{in state Ek afte� m + 1 observations j in state Ej} 
J k after m observations 

= (f-p 
for all m. 

if k = 0, 
if k == j + 1 ., 
otherwise, 

j == 0, 1 ,  . . .  ' i ,  i + 1, 
j == 0, 1 , . . .  , i or k == j == i + 1 ., 

(a) Determine the stationary distribution. 
(b) Determine the long run fraction of items that are inspected. 
(c) Determine the average outgoing quality (AOQ) , the long run fraction of 

defective items in the output of the sampling plan. 

9. Sociologists often assume that the social classes of successive generations in 
a family can be regarded as a Markov chain. Thus, the occupation of a son is 
assumed to depend only on his father's occupation and not on his grandfather's .  
Suppose that such a model is appropriate and that the transition probability 
matrix is given by 

, {Lower 
Father s Middle 

Class U pper 

Son's Class 
Lower Middle Upper 

.40 

.05 

.05 

.50 

.70 

.50 

. 10 

.25 

.45 

For such a population, what fraction of people are middle class in the long run? 

10. Suppose that the weather on any day depends on the weather conditions 
for the previous two days . To be exact, suppose that if it was sunny today and 
yesterday, then it will be sunny tomorrow with probability . 8 ;  if it was sunny 
today but cloudy yesterday, then it will be sunny tomorrow with probability 
.6 ; if it was cloudy today but sunny yesterday., then it will be sunny tomorrow 
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with probability .4 ; if it was cloudy for the last two days, then it will be sunny 
tomorrow with probability . 1 .  

Such a model can be transformed into a Markov chain provided we say that 
the state at any time is determined by the weather conditions during both that 
day and the previous day. We say the process is in 

State (S, S) if it was sunny both today and yesterday, 
State (S, C) if it was sunny yesterday but cloudy today, 
State ( C, S) if it was cloudy yesterday but sunny today, 
State ( C, C) if it was cloudy both today and yesterday. 

Then the transition probability matrix is  

Yesterday's 
State 

(S, S) 
(S, C) 
(C, S) 
(C, C) 

Today's State 
(S, S) (S, C) ( C, S) (C, C) 

. 8  . 2  
. 4  .6  

.6 .4 
. 1  .9 

(a) Find the stationary distribution of the Markov chain. 
(b) On what fraction of days in the long run is it sunny? 

11. Consider a regular 2r  + 1 polygon consisting of vertices V1 , V2 , • • •  , V2r+ 1 • 
Suppose that at each point Vk there is a nonnegative mass wf where 
w�  + · · ·  + w�r+ 1 == 1 . Obtain new masses WI, . . .  , w�r+ 1 by replacing the old 
mass at k by the arithmetic mean of neighboring masses, i .e .  

Wf == � (wl- 1 + wf+ 1 ) . 
Do this transformation n times. Determine lim w� . 

n -+  oo 

Solution : 

l/(2r + 1) .,  independent of k. 

1 2. Consider a light bulb whose life, measured in discrete units, is a random 
variable X where Pr [X == k] == Pk for k ==  1,  2, . . . . If one starts with a fresh bulb 
and if each bulb is replaced by a new one when it burns out then un , the expected 
n umber of replacements up to time n ,  solves the equation 

n 
un == Fx(n) + L Pk Un-k ' k = 1 

wh(�re Fx(n) == L Pk · k :;;. n 

n == 1, 2, . . .  

l u  a large building it is often cheaper, on a per bulb basis, to replace all the hulhs, failed or not, than it is to replace a single bulb, due to economies of scale. 
I\ ' "  hlock replacement policy " is a function of the block period N and calls for 
r·c ·plueing hulhs as they fail during periods 0, 1, . . .  , N - 1,  and then replacing 
n i l  hul hs, failed or not, in period .N. If C 1 is the per bulb block replacement cost 
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and c2 i s  the per bulb failure replacement cost it can be shown that the long 
run per bulb time average cost of such a policy is [C1 + C2 uN _ 1] jN, which is 
the expected cost over a replacement cycle divided by the length of the cycle. 
(This result is formally proved in Chapter 5 . )  

(a) Based on intuition, note that un , the expected renewals up to time n, 
cannot converge but should grow unboundedly. What condition in Theorem 1 . 1 
is violated in the renewal equation for un? 

(b) Derive a renewal equation for vn == Pr{a replacement is needed at time n} . 
Note vn == un - un- l for n == 1, 2, . . .  (u0 = 0) . 

(c) If p1 = .4, p2 === .3 ,  p3 = .2 and p4 == . 1 compute and plot vn for n = 
1 ,  2, . . .  , 10. Compute un == v1 + · · · + vn . 

(d) If C1 = $1 and C2 = $2, determine the value for N that yields minimum 
cost .  

Solution : 
n 

(b)  Vn = Pn + L Pn-k vk ,  k = l 
(c) v1 = .4000 

v2 == .4600 
v3 = .5040 
v4 == .5 196 
v5 = .4910 

(d) N* == 2. 

Problems 

vo == Po == 0. 

v6 == .4991 
v7 = .5013 
Vg == .5005 
v9 = .4994 

v1 0 == .5002 

I. Consider the following random walk : 

Pi , i +  t == P 
Pi , i -1 = q == 1 - p Po o == p = 1 . , r ,r 

with 
for 

0 < p  < 1 ,  
i == 1 ,  2 ,  . . .  , r - 1,  

Find d(k) = E[time to  absorption into states 0 or r I initial state is k ] .  
Answer : 

d(k) = 
k 

q - p 

== k(r - k) 

r (1 - (qjp)k) 
q -p 1 - (q/pY 

l"f p - 1 - 2 · 

2. Let P = I I  Pij l l  be the transition probability matrix of an irreducible Markov 
chain and suppose P is idempotent (i. e. , P

2 
== P). Prove that Pij = Pii for all 

i and j and that the Markov chain is aperiodic. 

Hint : Use Theorem 1 .2 for the averages (1/m) L:Z= 1 PrJ . 
3. Consider a finite Markov chain 9Jl on the state space {0, 1 ,  2, . . .  , N} with 
transition probability matrix P == II PiJ I I �i = 0 consisting of three classes {0}, 
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{1, 2, . . .  , N - 1} and { N} where 0 and N are absorbing states, both accessible 
from k == 1 ,  . . .  , N - 1, and {1, 2, . . .  , N - 1} is a transient class. Let k be a state 
satisfying 0 < k < N. We define an auxiliary process Wl called " the return 
process " by altering the first and last row of P so that P Ok == P Nk == 1 and leave 
the other rows unchanged. The return process @ is  clearly irreducible . Prove 
that the expected time until absorption uk with initial state k in the 9Jl process 
equals 1/ (n0 + nN) - 1 where n0 + nN is the stationary probability of being in 
state 0 or N for the Wl process. 

Hint : Use the relation between stationary probabilities and expected recur­
rence times to states. 

4. Consider a discrete time Markov chain with states 0, 1, . . .  , N whose matrix 
has elements 

p . .  == l} 

Jl i ' 
A.i '  

1 ·- A.i - J.li '  
0, 

. . 
1 J == L - ' 

j == i + 1 � . . 
} == L ,  

l i - i l > 1 ,  

i ,  j = 0, 1 .,  . . .  , N. 

Suppose that J.lo == A.0 = J.lN == AN == 0, and all other J.li 's and A i 's are positive, 
and that the initial state of the process is k. Determine the absorption proba­
bilities at 0 and N. 

Answer : Define 
Po == 1, 

N - 1 L P i  
Pr{ absorption at 0} == 1 - Pr{ absorption at N} == �=_� 

L Pi i = O 

5. Under the conditions of Problem 4, determine the expected time until 
absorption. 

6. Consider a Markov chain with the N + 1 states 0, 1, . . .  , N and transition 
1 t robabilities 

P . .  == nl (1 - n ·) - 1 ,  (N) · N · 
lj j l l 0 <  i, j < N, 

1 - e - 2a ifN 
ni == -1--�2-a- , 

- e  
a > 0. 

Note that 0 and N are absorbing states. Verify that exp (-2aXr) is a mar­
Lingale [or, what is equivalent, prove the identity E(exp (-2aXt+ 1 ) IX1) == 
« �xp( -2aXt)] , where Xt is the state at time t (t == 0, 1 ,  2, . . .  ) . Using this 
p roperty show that the probability PN(k) of absorption into state N starting 
u t state k is given by 

1 _ e- 2ak 
p N ( k) = -1 ----2.,..-a-N · - e 
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Hint : Use the fact that absorption into one of the states 0 or N in finite time 
occurs with certainty and that the relations 

E(exp( -2aX0)) == E(exp(-2aXn)) == PN(k) exp(-2aN) + (1 - PN(k)) 

hold (justify this) . 

7. Consider a finite population (of fixed size N) of individuals of possible 
types A and a undergoing the following growth process . At instants of time 
t 1 < t2 < t3 < · · · , one individual dies and is replaced by another of type A or a. 
If just before a replacement time tn there are j A's and N - j a's present, we 
postulate that the probability that an A individual dies is j111 IBi and that 
an a individual dies is (N - j)112l B i where B i = 11 1 j + 112 (N -j) . Th� 
rationale of this model is predicated on the following structure : Generally a 
type A individual has chance 11 1 1 (11 1 + 112) of dying at each epoch tn and an 
a individual has chance 112 1(11 1 + 112) of dying at time tn . (11 1 1 112 can be inter .. 
preted as the selective advantage of A types over a types.) Taking account of 
the sizes of the population it is plausible to assign the probabilities 111j I B i and 
(112(N - j)l B i) to the events that the replaced individual is of type A and 
type a, respectively. We assume no difference in the birth pattern of the two 
types and so the new individual is taken to be A with probability j IN and a 
with probability (N -j)l N. Consider the Markov chain { Xn} ,  where Xn is the 
number of A types at time tn (n = 1 ,  2, . . .  ) with transition probabilities 

p _ 
11ti(N - j) 

i ,i - 1 - B .N ' J 

P - - = 1 - P . .  1 - P - - + 1 , )) J ,J - J , ,  

p - Jl2(N -j)j 
i ,i+ 1 - B .N ' 

p . . = O, lj 

J 

for l i -jl > 1 . 

Find the probability that the population is eventually all of type a, given k 
A's and (N - k) a's initially. 

Hint : Show that the equations that determine the absorption probabilities 
can be reduced to a corresponding system of equations for absorption proba­
bilities of a gambler's ruin random walk. 

Answer : 

Pr{ all a's eventually left }  = (Jl t f  Jlz)N � (Jl t ! 112 )k , 
(111 1112 ) - 1 

k 
= 1 - - ,  N 11 1 = 112 . 

8. Let P be a  3 X 3 Markov matrix and define 11(P) = maxi 1 ,h ,i [Pi 1 ,j - Pi 2 ,j] 
Show that 11(P) = 1 if and only if P has the form (1 0 0) 0 p q 

r s t 
(p, q > 0, p + q == 1 ;  r, s ,  t > 0, r + s + t == 1) 

or any matrix obtained from this one by interchanging rows and/or columns. 



P R O B L E M S  1 1 5  

*9. If P is a finite Markov matrix, we define Jt(P) == maxi : 1. (P: 1. - Pi 1.) . 
1 , � 2 ,  � t , 2 '  

Suppose P 1 , P 2 , • • •  , P k are 3 .  X 3 transition matrices of irreducible aperiodic 
Markov chains . Assume furthermore that for any set of integers rti (1 < rti  < k) , 
i = 1 ,  2, . . .  , m, Tii- 1 Pai is also the matrix of an aperiodic irreducible Markov 
chain. Prove that, for every B > 0, there exists an M(e) such that m > M 
implies 

i ==  1,  2, . . .  , m. 

*10. If i is a recurrent state and Xk represents the state of the Markov chain 
at time k, then show that 

1im Pr{Xk # i  for n + 1 < k < n + NfX 0  === i} === O. 
N-+oo 

If i is a positive recurrent state prove that the convergence in the above 
equation is uniform with respect to n. 

*II. Generalized P6lya Urn Scheme. In an urn containing a white and b black 
balls we select a ball at random. If a white ball is selected we return it and add 
rt white and f3 black to the urn and if a black ball is selected we return it and 
add y white and b black, where rt + f3 === y + b. The process is repeated. Let 
xn be the number of selections that are white among the first n repetitions. 

n 
(i) If p n , k === Pr{ xn === k} and <fJn(x) == L p n kxk 

establish the identity k = O  ' 

(a - y) (x2 - x) 
</Jn(x) === (n - 1)(rt + {3) + a + b <p� - t  (x) 

+ {x[(n - 1) y + a] + b + (n - 1)b} 
( ) (n - l) (a + /3) + a + b <fJn -l  x · 

(ii) Prove the limit relation E(Xn/n) � y/(/3 + y) as n �  00 .  

f-lint : Show that 

, (1 )  - ( ) � epic - 1 (1 )  <p" -
rt, - '}' k� 1 ( k - 1 ) ( rt + {3) + a + b 

+ 
n a +  (k - 1)y 

k�l (k - 1) (rt + {3) + a +  b 
n n d  deduce from this that cp�(1) /n -+ y/(/3 + y) . 

tf1 1 2. Under the conditions of Problem 11  prove 

as n -+ oo 

/ l int : [)t · h�rrn ine a rec ursion relation for cp ;: (1 )  as in (i) above. 
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*13. Under the conditions of Problem 11 show that Xnfn �yf(p + y) in prob­
ability as n � 00 .  
*14. Consider an irreducible Markov chain with a finite set of states { 1 , 2,  . . .  ., N} . 
Let I I Pij l l  be the transition probability matrix of the Markov chain and denote 
by { n i} the stationary distribution of the process. Let I I  Pfj> l l denote the m-step 
transition probability matrix. Let <p(x) be a concave function on x > 0 and define 

with l fixed. 

Prove that Em is a nondecreasing function of m ,  i .e . ,  Em+ 1 > Em for all m > I. 

Hint : Use Jensen's inequality. 

*15. Assume state 0 is positive recurrent. We take the initial state to be 0. Let 
{ Wn} (n = 1 , 2., . .  0 ) denote successive recurrence times which are of course 
independent and identically distributed random variables with finite mean 
and with a generating function F(t) == 'Lr 1 tk Pr{ W1 == k} ( l t l < 1 ) .  Define Yn 
as the time of the last visit to state 0 before the time n. Show that 

oo n . 
• (1 - F(t)) 

n�O 
t" j�O 

xl Pr{ Yn = 1} = (1 - t)(1 - F(xt)) . 
Hint : Prove and use the relation Pr{ Yn == j} = Pr{ W1 + . . .  + WN" == j} · qn -j 
where qi == Pr{ W1 > i} and Nn is the number of visits to state 0 in the first n trials .  
16. Fix the decreasing sequence of nonnegative numbers 1 = b0 > b1 > · · · and 
consider the Markov chain having transition probabilities 

j < i 

0 elsewhere., 

where Pn == bnf(b1 + o o o + bn) · Show that P30 == 1/0"n where O"n = b1 + · · · + bn . 
1 

Thus the chain is transient if and only if L - < oo . 
(Jn 

N OTES 

The content of Sections 1-4 is part of the standard apparatus of Markov 
chains that is included in most hooks on the subj ect .  

The examples of Section 5 are classical in the area of stochastic queueing 
models . For further refinements see., e .g . ., Takacs [1] .  

REFERENCE 

1 .  L. Takacs., ' ' Introduction to the Theory of Queues ." Oxford Univ. 
Press, London and New York, 1962 . 



Chapter 4 

CLASSI CAL EXA M PLES OF 

CONTIN U O U S  TI M E  M AR K OV 

CHAINS 

Poisson and birth and death processes play a fundamental role in the 
theory and applications that embrace queueing and inventory models, 
population growth, engineering systems, etc. This chapter should be 
studied in every introductory course. 

1 : General Pure Birth Processes and Poisson Processes 

The previous chapters were devoted to an elaboration of the basic concepts 
and methods of discrete time Markov chains . In this chapter we present 
a brief · discussion of several important examples of continuous time., 
discrete state, Markov processes . 

Specifically., we .deal here with a family of random variables {X(t) ; 
() < t < 00} where the possible values of X(t) are the nonnegative integers . 
We shall restrict attention to the case where {X(t) } is a Markov process 
with stationary transition probabilities .  Thus, the transition probability 
function for t > 0., 

\ 

Pii(t) == Pr{X(t + u) == j iX(u) == i}, i, j == 0., 1., 2' . .  0 ., ( 1 . 1) 

i R  independent of u > 0 .  
It is usually more natural in investigating particular stochastic models 

lulHed on physical phenomena to prescribe the so-called infinitesimal 
probabilities relating to the process and then derive from them an explicit 
4 �x pression for the transition probability function. 

F'or the case at hand., we will postulate the form of Pij(h) for h small 
u rul , using the Markov property, we will derive a system of differential 
c ; ( (U atioru� satisfied by P11(t) for all t > 0. The solution of these equations 
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under suitable boundary conditions gives P ij( t) .  We recall that the Poisson 
process introduced in Section 2,  Chapter 1 was in fact treated from just 
this point of view. 

By way of introduction to the general pure birth process we review 
briefly the axioms characterizing the Poisson process .  

A. POSTU LATES F O R  TH E P O ISSO N P R O C ESS 

The Poisson process has been considered in Section 2, Chapter 1 ., where it 
was shown that it could he defined by a few simple postulates . In order to 
define more general processes of a similar kind, let us point out various 
further properties that the Poisson process possesses . In particular, it is a 
Markov process on the nonnegative integers which has the following 
properties : 

(i) Pr{X(t + h) - X(t) == I IX(t) === x} == Ah + o(h) 
as h � 0 (x == 0., 1 ., 2 ., . . . ) . 

The precise interpretation of (i) is the relationship 

lim 
Pr{X(t + h) - X(t) == 1 IX(t) ==x} == A . h--+ 0 + h 

The o(h) symbol means that if we divide this term by h then its value 
tends to zero as h tends to zero . Notice that the right-hand side is inde­
pendent of x. 

(ii) Pr{X(t + h) - X(t) === O IX(t) == x} == 1 - Ah + o(h) 
(iii) X(O) == 0 .  

as h � 0 .  

These properties are easily verified by direct computation., since the 
explicit formulas for all the relevant probabilities are available . 

B. EXA M PL ES O F  P O I SS O N  P R O C ES S ES 

(a) An illustrative example of the Poisso� process is that of fishing. Let 
the 1·andom variable X(t) denote the number of fish caught in the time 
interval [0, t] . Suppose that the number of fish available is very large., that 
the enthusiast stands no better chance of catching fish than the rest of us, 
and that as many fish are likely to nibble at one instant of time as at another. 
Under these '' ideal " conditions, the process {X(t) ; t > 0} may be con­
sidered to be a Poisson process . This example serves to point up the Markov 
property (the chance of catching a fish does not depend upon the number 
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caught) and the '' no premium for waiting '' property, which is the most 
distinctive property possessed by the Poisson process . It means that the 
fisherman who has just arrived at the pier has as good a chance of catching 
a fish in the next instant of time as he who has been waiting for a bite for 
four hours without success . 

(b) A less imaginative example is afforded by problems arising in the 
theory of counters . If X(t) is the number of radioactive disintegrations 
detected by a Geiger counter in the time interval [0., t] ., the process is 
Poisson as long as the half-life of the substance is large relative to t. This 
provision ensures that the chance for a disintegration per unit of time may 
be considered as constant over time. 

(c) Poisson processes arise naturally in many models of queueing 
phenomena. In these examples most attention is placed upon the times 
at which X(t) (== length of queue at time t) jumps rather than upon the 
values of X(t) themselves. The fishing example (a) is of course a special 
waiting time example. 

C. P U R E  B I RTH P R O C ESS 

A natural generalization of the Poisson process is to permit the chance of 
an event occurring at a given instant of time to depend upon the number 
of events which have already occurred. An example of this phenomenon is 
the reproduction of living organisms (and hence the name of the process) ., 
in which under certain conditions-sufficient food, no mortality, no 
rnigration, etc .-the probability of a birth at a given instant is propor­
tional (directly) to the population size at that time. This example is known 
as the Yule process. 

Consider a sequence of positive numbers, {A k }. We define a pure 
birth process as a Markov process satisfying the postulates : 

(i) Pr{X(t + h) - X(t) == l iX(t) == k}== Akh + o 1 ,k(h) ., (h--+ 0 +) ,  
(ii) Pr {X(t + h) - X(t) == O I X(t) == k} == 1 - Akh + o 2 ,k(h) , 
(iii) Pr{X(t + h) - X(t) < O IX(t) == k} == 0., (k > 0) . 
As a matter of convenience we often add the postulate 

(iv) X(O) === 0 .  

W i t h this postulate X(t) does not denote the population size hut., rather, 
t h e �  number of births in the time interval [0, t] . 

N o te that the left sides of (i) and (ii) are just Pk ,k + 1 (h) and Pk ,k(h) .,  
r• •�"� J H�etively (owing to stationarity) , so that o1 ,k(h) and o2 ,k(h) do not 
• l � · pP.tHl upon t. 

We define P11(t) == Pr { X(t) == n }, assuming X(O) == 0 .  
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In exactly the same way as for the Poisson process, we may derive a 
system of differential equations satisfied by Pn(t) for t > 0., namely 

Pb(t) = -A0P0(t) ., 
P�(t) = -AnPn(t) + An - 1 Pn - 1 (t) ., 

with boundary conditions 

P0(0) = 1 ., 

n > 1 .,  
( 1 .2)  

n > 0 . 

Indeed, if h > 0, n > 1 ,  then by invoking the law of total probabilities, the 
Markov property, and postulate (iii) we obtain 

' 

00 

Pn(t + h) =  L Pk(t)Pr{X(t + h) =  niX(t) = k} k= O  
00 

= I Pk(t)Pr{X(t + h) - X(t) = n - kiX(t) = k} k= O 
n 

== L Pk(t)Pr{X(t + h) - X(t) = n - k!X(t) = k} . k= O 
Now for k = 0, 1 ., . . .  , n - 2 we have 

or 

Pr{X(t + h) - X(t) == n - kiX(t) == k} 
< Pr{X(t + h) - X(t) > 2 I X(t) == k} 
== o 1 ,k(h) + Oz  ,k(h) 

Pr{X(t + h) - X(t) == n - kiX(t) == k } == o 3 ,n ,k(h) 

Thus 

k = 0., . . .  n - 2. 

or 

Pn(t + h) == Pn(t) [1 - Anh + O z ,n(h)] 

+ pn - l (t) [An - lh + o l ,n - l (h)] 
n - 2 

+ I Pk(t)o 3 ,n ,k(h) k = O 

Pn(t + h) - Pn(t) == Pn(t)[-Anh + O z ,n(h)] 
+ Pn - 1 (t) [An - 1 h + 0 1 ,n - 1 (h)] + on(h) ., ( 1 . 3) 

where., clearly ., limh,t.. O on(h)jh == 0 uniformly in t > 0 since on( h) is bounded by 
the finite sum L�: 6 o 3 ,n ,k(h) which does not depend on t. 

Dividing by h and passing to the limit h � 0., we obtain the validity of 
the relations ( 1 .2) where on the left-hand side we should, to be precise, 
write the right-hand derivative . However, with a little more care we can 
derive the same relation involving the left-hand derivative. In fact, from 
(1 .3) we see at once that the Pn(t) are continuous functions of t. Replacing 
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t by t - h in ( 1 .3 ) ,  dividing by h, and passing to the limit h � 0, we find that 
each Pn(t) has a left derivative which also satisfies Eq. ( 1 .2) . 

The first equation of (1 .2) can be solved immediately and yields 
P0(t) == exp(- A0t) > 0 .  

Define Tk as the time between the kth and the (k + 1)st birth., so that 
n - 1 n 

Pn(t) == Pr{ L Ti < t < I Ti}· 
i = O  i = O  

The random variables Tk are called the " waiting times .,., between births ., 
and k - 1 

sk == I Ti == the time at which the kth birth occurs . 
i = O 

We have already seen that P0(t) == exp(- A0t) . Therefore., 
Pr{ T0 < z} ==  1 - Pr{X(z) == 0} == 1 -exp( - A0z) , 

i . e . ,  T0 has an exponential distribution with parameter Ao . It may be 
deduced from postulates (i)-(iv) that Tk , k > 0., also has an exponential 
distribution with parameter Ak and that the T/s are mutually independent 
(see Chapter 14 of Volume II ., where a formal proof of this fact is given) . 
Therefore., the characteristic function of S" is given by 

n - 1 n - 1 
IPn(w) = E{exp(iwSn) }  = TI E(exp(iw Tk)) = [1 A.k

. • ( 1 .4) 
k = O  k = O  Ak - LW 

In the case of the Poisson process where Ak == A for all k., we recognize from 
(1 .4) that sn is distributed according to a gamma distribution of order n 

with mean nj A. 
For a specific set of Ak > 0 we may solve each equation of (1 .2) by means 

of the integrating factor exp(Akt) ., obtaining 
t 

Pk(t) == Ak _ 1 exp(- A.kt) J exp(A.kx) Pk _ 1 (x) dx, 
0 

which makes it clear that all Pk(t) > 0. 
But there is still a possibility that 

00 

I Pn(t) < 1 .  n = O 

k == 1 ,  2 ,  . . .  ., 

' l 'o assure the validity of the process, i . e . ,  to determine criteria in order 
I h a t  I,�= 0 P n( t) == 1 for all t., we must restrict the Ak according to the 
following 

00 00 1 2 Pn(t) = 1 � 2 :f = 00 .  
n = O n = O n 

( 1 .5) 
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The proof of this is given in Feller' s bookt and so is omitted here . The 
intuitive argument for this result is as follows :  The time Tk between con­
secutive births is shown below to be exponentially distributed with a 
corresponding parameter Ak . Therefore ., the quantity Ln 1/  An equals the 
expected time before the population becomes infinite .  By comparison 
1 - L:- o Pn(t) is the probability that X(t) == 00 .  

If L .A; 1 < 00 then the expected time for the population to become 
infinite is finite . It is then plausible that for all t > 0 the probability that 
X(t) == 00 is positive . 

D. TH E Y U LE P R O C ESS 

The Yule process is an example of a pure birth process that arises in 
physics and biology. Assume that each member in a population has a 
probability ph + o(h) of giving birth to a new member in an interval of 
time length h (P > 0) . . Furthermore assume that there are X(O) == N 
members present at time 0. Assuming independence and no interaction 
among members of the population., the binomial theorem gives 

Pr{X(t + h) - X(t) == 1 IX(t) == n} 

= (�) [ph + o(h)] [l - Ph + o(h)] n - 1  == nph + on (h) ., 

i .e . ., in this example An == np. The system of equations ( 1 .2) in the case 
that N == 1 becomes 

P�(t) == -P[nPn(t) - (n - 1) Pn - 1 (t)] .,  n == 1 .,  2 ,  0 0 • ., 

under the initial conditions 

n === 2.,  3., . 0 .  

Its solution is 
n > 1 ., 

as may be verified directly. 
The generating function may be determined easily by summing a 

geometric series . We have 
00 

f(s) == L Pn(t)sn n = 1 

t W. Feller, " An Introduction to Probability Theory and Its Applications," Vol. 1 ,  2nd ed. 
p. 406. Wiley, New York, 19570  
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Let us return to the general case in which there are X(O) == N members 
present at time 0. Since we have assumed independence and no inter­
action among the members, we may view this population as the sum of 
N independent Yule processes , each beginning with a single member. 
Thus, if we let 

PNn(t) == Pr{X(t) == n iX(O) == N} 

and 

(1 .6) 

we have 

00 

where we have used the binomial series (1 - x) - N == L (m +: - 1 )xm. 
m = O  

According to (1 .6) , the coefficient of s" in this expression must be P Nn(t) . 
l"'hat is 

2: More about Poisson Processes 

for n == N, N + 1 ,  . . .  

( 1 .7) 

J n the previous section we derived the Poisson process from a set of 
nHt;umptions that are approximated well in many practical situations . This 
p rocess is often referred to as the completely random process , as it dis-
1 rihutes points " at random " over the infinite interval [0, oo) in much the 
H U lnc way that the uniform distribution distributes points over a finite 
i n terval. In particular, the probability of an observation falling in a sub­
interval is a function of its length only and the number of events occurring 
i u  two disj oint time intervals are independent random variables . 

-Let  u s  now examine the Poisson process a little more closely. 
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A. C HARACT E R I STIC F U N CTI O N  A N D  WAITI N G  TI M E S 

We may write the characteristic function of X(t) in a Poisson process as 

Thus 

00 e - .At(At) "e iwn IPt(w) = E{e iwX{ t )} = L I = exp[A.t(e iw - 1)] 
n = O  n. 

E(X(t)) == At, Var(X(t)) === At. 
In our discussion of the pure birth process we showed that 

Pr{ T0 < z} === 1 - exp(-A0z) 

and mentioned that Tk follows an exponential distribution with parameter 
Ak and that the Tk's are independent. For the Poisson process, however, 
Ak == A for all k, so that the result becomes 

Theorem 2.1. The waiting times Tk are independent and identically dis­
tributed following an exponential distribution 1vith parameter A.. 

The rigorous proof of this theorem will follow from the more general 
considerations of Chapter 14 . 

The definition of the process requires more than is present for the 
validity of this theorem.  We need to assume that the time until the next 
change of X(t) follows the same distribution laws from any start of 
measured time, not just if we measure from a previous change. This is 
simply the statement that 

Pr{X(t0 + '!) - X(t0) > 0} === 1 - e - ;.,\ 
which was derived in Section 1 .  This property can also be obtained in a 
more direct manner. Let F(x) = Pr{X(t0 + x) - X(t0) > 0} where t0 is 
some time, depending perhaps on the history of the process up to that 
time, whose specification does not affect this probability.t Then 

F(x + y) = Pr{X(t0 + x + y) - X(t0) > 0} 
=== Pr{X(t0 + y) - X(t0) > 0} + Pr{X(t0 + y) - X(t0) === 0} 
X Pr{X(t0 + x + y) - X(t0 + y) > O IX(t0 + y) - X(t0) == 0}. 

From the definition of F(x) , the independence of the increments of the 

t The interpretation of this seemingly vague phrase will be given precision in our discussion 

of the concept of "" Markov time '' ;  see Chapter 14 . 
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Poisson process, and the fact (which enters as an initial assumption in 
defining the Poisson process) that 

Pr{X(t0 + x) - X(t0) > 0} 
is independent of t0 , we obtain the functional equation 

F(x + y) == F(y) + [1 - F(y)] F(x) . 

The fact that this property charact£Yrizes the exponential distribution is 
the content of the following theorem. 

Theorem 2.2. If F(x) is a distribution such that F(O) == 0 and F(x) < 1 for 
some x .. > 0, then F(x) is an exponential distribution if and only if 

F(x + y) - F(y) == F(x)[1 - F(y)] for all x, y > 0. (*) 

Proof. That the exponential distribution satisfies the condition follows 
directly by substitution. To show the converse, set G(x) == 1 - F(x) ; then 
the condition ( * ) becomes 

G(x + y) == G(x)G(y) . (2 .1 )  

Obviously, G(O) == 1 ,  G(x) is nonincreasing, and for some x > 0, G(x) > 0 . 
Suppose that G(x0) == 0 for some x0 > 0. From Eq. (2 .1 )  it immediately 
follows that G(x0) === [G(x0jn)] " for every integer n > 0 ;  hence G(x0/n) == 0 . 
But then (2 .1 )  shows that G(x) == 0 for x > x0jn. Since n is arbitrary, 
G(x) == 0 for all x > 0, contrary to hypothesis . Thus G(x) > 0 for every 
x > 0. Now for any integers m, n > 0 we deduce easily from (2 . 1) that 
G( m / n) === [ G( 1)] m/ " . Since G( x) and [ G( 1)] x are both nonincreasing functions 
which coincide whenever x is rational, and [G(1)]x is continuous, it follows 
that G(x) == [G(1)]x == exp(x log G( 1)) for all x > 0 . But F(x) is a distri­
bution, and so 

lim G(x) == 1 - lim F(x) === 0, 
x � oo x � oo 

which implies that G(l) < 1 .  Hence G(x) === e - lx, where 

A. ==  - log G(1) > 0. • 

Another proof assuming that G is differentiable goes as follows : Observe 
that (2 . 1 )  implies 

G'(x + y) = !._ G(x + y) = G'(x)G(y) , ox 

G(x)G' (y) = !._ G(x + y) = G'(x + y) , oy 
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and therefore 
G'(x) = aG(x) , (2 .2) 

where a =  G'(y0)/G(y0) for some y0 where G(y0) =I= 0. The solution of 
Eq .  (2.2) is G(x) == Aeax and A === 1 since G(O) === 1 - F(O) == 1 .  The para­
meter a is negative since G(x) < 1 for some x > 0 . 

B .  U N I F O R M  D I ST R I B U TI O N  

The class of distributions that are connected with the Poisson process 
does not stop with the Poisson and exponential distributions . We shall 
show how the uniform and binomial distributions also arise. 

Consider the times {Si} at which changes of X(t) occur., i .e . ,  , 

We have the following result . 

Theorem 2.3. For any numbers s i satisfying 0 < s 1 � s2 < · ·  · < s,, < t, 
Pr{S i < s i ,  i =1, . . .  ., n iX(t) === n} 

which is the distribution of the order statistics from a sample of n observations 
taken from the uniform distribution on [0., t] . t 

Proof. The proof is an easy consequence of Theorem 2 .1 . In fact 

Pr{S 1 < s 1 ., S2 < s2 ., · · · ., Sn < sn ,  X(t) = n} 
=== Pr{ T0 < s 1 , T 0 + T 1 < s2 , • • •  ., T 0 + · · · + Tn _ 1 < sn ,  

X dtn + 1 • • • • • dt 1 

T0 + · · ·  + Tn > t} 

t This means the following . Take n independent observations of a random variable which is 

uniformly distributed over the interval [0 , t]. Let Y1 < ¥2 < · · · < Y n denote these observa tions 

arranged in increasing order. Then the j oint' distribution of Y1 , • • •  , Y n is precisely the expression 

in the assertion of the theorem. The proof of this fact is qui_te simple, but a more comple te dis­
cussion will be presente d in Chapter 13 of Volume I I .  
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If we introduce the new variables 

un == t 1 + . . . + tn 
un - 1 = t 1 + . . . + tn - 1 

• 
• 
• 

the last expression· becomes 

But 

hence 

Un - l  

(A.t) " Pr{ X( t) == n} == e - ;.r 
; n! 

Pr{S 1 < s 1 , S2 < s2 , • • •  , Sn < sn iX(t) = n} 
Pr{S 1 :::; s 1 , • • •  , Sn :::; sn , X(t) == n} 

Pr{X(t) == n} 

C .  B I N O M IAL D I STR I B U TI O N  
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f t  follows from the properties of a Poisson process that for u < t and k < n , 
Pr{X(u) == kiX(t) == n} == 

Pr{X(u) == k, X(t) - X(u) == n - k}/Pr{X(t) == n} (2 .3) 

= (e - ;.uukjk! ) [e - ).( t - u>(t -u) " - kj(n - k) !] == (n) uk(t -u) n - k 
e - .J.t(tn /n!) k t" 



1 28 4 .  E X A M P L E S  O F  C O N T I N U O U S  T I M E  M A R K O V  C H A I N S  

A second example in which the binomial distribution plays a part may 
be given by considering two independent Poisson processes X 1 ( t) and 
X2(t) with parameters A- 1 and A-2 •  

Pr{Xt (t) = kiXt (t) + Xz(t) = n} = 
Pr{Xt (t) = k, Xz(t) = n - k} 

Pr{X1(t) + X2(t) = n} 
[ exp(-A- 1 t)(A- 1 t)kjk!] [ exp(-A.2t) ( A2t) n - k/(n - k) !] 

exp[- (A t + A.2)t] (A. 1 + A.2) ntnjn! 

3 :  A Counter Model 

An interesting application of the Poisson process is the following problem. 
Electrical pulses with random amplitudes Xi arrive at random times t i 
(i .e . ,  according to a Poisson process) at a detector whose output for each 
pulse at time t is 

X {0 for t < ti , . exp[-cx(t - t .)] == ' l + xi exp[-cx(t - ti)] for t > t i ; 
that is ,  the amplitude impressed on the detector when the pulse arrives is 
Xi and its effect thereafter decays at an exponential rate . The detector 
is linear (i . e  . ., additive) so if Nt pulses occur during the time epoch [0., t] the 
output at time t is 

Nt 
17(t) == L x i exp[-cx(t - ti)l + · 

i= 1 

A typical realization of this process has the shape Rhown in Fig. 1 .  We 
would like to know the distribution function of n(t) for each t., or., equiva­
lently., its characteristic function cpt(w) . 

We assume that the Xi are identically and independently distributed 
positive random variables with density function h(x) and characteristic 
function 

00 

t/J(s) = J e isxh(x) dx. 
0 

Set 
00 

R(v ; t) == Pr{1J(t) < v} ==  L Pr{1J(t) < v1Nr = n} Pr{Nr = n}. (3 . 1) n = O  
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Of course Pr{Nt == n} == [(A.t) ne - lt]jn! ., where A is the intensity parameter 
of the Poisson process describing the arriva] times of the pulses . From the 
result of Theorem 2 .3 we know that., conditioned by the event Nt == n., i .e . ., 

1] ( t) 

FIG. l 

that n pulses have arrived during the time interval (0., t) ., the ti are dis­
tributed like ordered observations from a uniform distribution on (0., t) . 
Let 1: i (i == 1 .,  2.,  . . .  ., Nt) denote independent uniformly distributed [on 
(0, t)] random variables whose values arranged in increasing order of 
magnitude are the t/s . 

Now let Z 1 ., • • •  ., Zn be independent random variables., whose distribu­
tions are identical with that of the Xi ., and which are also independent of 
the { 1: i} · Consider the sum 

n 
L zi· exp r _.cx(t - 1: i)l + . i = 1 

We define new random variables Z; ., . . .  ., Z� in accordance with 

z; == zj 
Z2 == zj 

• • 
• • 
• • 

Z' == Z .  n J 

when '! j = min ( '! 1 ., • • •  ., '! n) == t 1 ., 
when 1: i is the second smallest among the { 1: i} == t2 ., 

• 
• 
• 

when '! j == max( t 1 ., • • •  ., '! n) == tn . I 

The ambiguity that occurs when two or more of the 1: /s are equal causes 
no trouble., as the probability of this event is zero. Then 

n n 
L zi exp[-cx(t - 1:i)l +  == L z; exp[- cx(t - ti)J + ., i = l  i = l  

Mince the two sums differ only by a random rearrangement. Now since the 
zi are independent, identically distributed., and also independent ofthe '! i ., 
it h� easily verified that the Zi are independent., their distributions coincide 
wi th the common distribution of the Zi , and they are also independent of 
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the '! i • Being independent of the '! i , the families { Z i} and {Zi} are clearly 
independent of the t i . 

Since the z; have all the properties required of the Xi , we can take 

Let 

n n 

17(t) == L z; exp[-cx(t - t i)l + == L z i exp[-cx(t - '! i)l + . i = l  i = l  

Yt( i) == Z i exp[-a(t - '! i)] + ; 
clearly for fixed t the Yt(i) , i == 1 ,  . . .  , n are independent and identically 
distributed random variables .  Now define 

00 

01(s) = J e i•Yg1(y, k) dy, 
0 

the characteristic function of Yt(k) where g, (y ; k) is the density function 
of Yt(k) . Since Tk is uniformly distributed on (0, t) and rk and Zk are 
independent, we have 

y J gt(u, k) du = Pr{Yt(k) <y} 
0 

== Pr{ Zk exp[-a(t - Tk)] + < y} 
t du 

= J Pr{Zk exp[-a(t -'!k)] +  <yl '!k === u} t 
0 
t du 

= J Pr{Zk <ye"<t - u)} t 
0 
1 t 

= f J H(ye•x (t - u)) du, 
0 

(3 .2) 

where H is the cumulative distribution function corresponding to the 
density h. Differentiating (3 .2) gives 

Therefore 

1 t 
gt(Y ; k) = - J h(ye"< t - u>)e"< t - u) du. t 0 

00 • 1 t ( 00 • 

) Ot(s) = J e"Ygt(Y ; k) dy = f J e"'< t - u) J e"Yh(ye"< t - ul) dy du 
0 0 0 

1 t 00 

= - J du J exp[is(e - a< t - u)z)]h(z) dz t 0 0 
(if we make the change of 

variables yea(t - u) == z) 
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1 
t 

= - J t/J(se - av) dv t 
0 

(by the definition of t/1) 

(if we put v === t - u) . 

It follows that if r(x ; t) is the density function of R(x, t) then 

00 

<pt(w) = J e iwxr(x ; t) dx 
0 

1 31 

[using (3 . 1)] 

(where we use the independence of the 

Yr(k) , given the value of N,) 

t 

=== exp - {A J [1 - t/J(we - av) ] dv } · 
0 

By differentiating with respect to w we may compute moments of 71(t) . 
For example, 

t 

E(17(t) ) == (- i) :w 
<pt(w) 

w = 0 

= A(- i)t/1' (0) · J e - av dv 

4 :  Birth and Death Processes 

( )ne of the obvious generalizations of the pure birth processes discussed 
in Section 1 is to permit X(t) to decrease as well as increase, for example, 
hy the death of members . Thus if at time t the process is in state n it may, 
nfter a random waiting time, move to either of the neighboring states n + 1 
nr n - 1 .  The resulting " birth and death processes " can then be regarded 
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as the continuous time analogs of random walks (Example B .,  Section 2, 
Chapter 2) . 

� 

A. POSTU LATES 

As in the case of the pure birth processes we assume that X(t) is a Markov 
process on the states 0., 1 ., 2., . . .  and that its transition probabilities P ii( t) 
are stationary., i .e . ., 

Pu(t) == Pr{X(t + s) == i iX(s) == i}. 
In addition we assume that the Pii(t) satisfy 

1 .  
2 .  
3 .  
4 .  
5 .  

P i , i + 1 (h) == A. ih + o(h) 
P i , i - 1 (h) == Jl ih + o(h) 
P i , i(h) == 1 - (A. i  + Jl i)h + o(h) 
p . ·(0) == {J . • •  lJ l} 

as 
as 
as 

Jlo = 0, A-0 > 0, Jli , Ai > 0, i = 1 .,  2, . . . .  

The o(h) in each case may depend on i. The matrix 

- Ao Ao 0 
Jlt - (A-t + Jlt) A-1 

A = 0 Jl2 - (A-2 + Jl2) 

h� O., 
h� O., 
h � 0, 

0 . . .  
0 . . .  
A-2 • . • 

i > O 
i > 1 
i > O 

0 0 Jl3  - (A- 3 + Jl3) . . .  
• • • • . • . • • • • • 

(4 .1 )  

i s  called the infinitesimal generator of the process . The parameters A.i and 
Jl i  are called., respectively., the infinitesimal birth and death rates .  In 
Postulates 1 and 2 we are assuming that if the process starts in state i, 
then in a small interval of time the probabilities of the population increasing 
or decreasing by 1 are essentially proportional to the length of the interval . 
Sometimes a transition from zero to some ignored sta;te is allowed (see 
Section 7) .  

Since the Pii(t) are probabilities we have Pii(t) > 0 and 
00 

L Pij(t) == 1 .  (4 .2) j = O  
Using the Markovian property of the process we may also derive the 
Chapman-Kolmugorov equation 

00 

P1i(t + s) = L Pik(t) Pki(s) . (4 .3) 
k = O  

This equation states that in order to move from state i to state j in time 
t + s, X(t) moves to some state k in time t and then from k to j in the 
remaining time s .  This is the continuous time analog of formula (3 .2) of 
Chapter 2 .  
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So far we have mentioned only the transition probabilities Pii(t) . In 
order to obtain the probability that X(t) === n we must specify where the 
process starts or more generally the probability distribution for the initial 
state. We then have 

00 

Pr(X(t) === n) == L q iPin(t) , i = O  
where qi == Pr {X(O) === i} . 

B. WAITI N G  TI M ES 

With the aid of the above assumptions we may calculate the distribution 
of the random variable Ti which is the waiting time of X(t) in state i ;  
that is, given the process  in state i, what is the distribution of the time 
T i until it first leaves state i? Letting 

Pr( Ti > t) === Gi(t) 
it follows easily by the Markov property that as h � 0 

Gi(t + h) = Gi(t)Gi(h) === Gi(t) (Pi i(h) + o(h) ) = Gi(t) [1 - (A i + ,u i)h] + o(h) 
or 

so that 
(4 .4) 

If we use the condition Gi(O) = 1 the solution of this equation is 

Gi(t) = exp[ -(.A.i + ,u1)t] , 
i .e . ,  T1 follows an exponential distribution with mean (A. 1  + J.li) - 1 • The 
proof presented above is. not quite complete, since we have used the 
intuitive relationship 

without a formal proof. A rigorous proof of (4 .4) will be given in Chapter 14 
of  Volume II. 

According to Postulates 1 and 2,  during a time duration of length h a 
transition occurs from state i to i + 1 with probability A.ih + o(h) and 
from state i to i - 1  with probability ,u ih + o(h) . It follows intuitively 
that,  given that a transition occurs at time t, the probability this transition 
i H  to state i 1 1 is A i(Jl i + A.i) - l and to state i - 1 is Jl i(Jl i + A. i) - 1 • The 
ri gorous demonstration of this result is beyond the scope of this book; 
however, comments on this problem and its intrinsic subtleties will be 
�ivcn later (see Chapter 14 of Volume II) . 
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The description of the motion of X(t) is as follows : The process soj ourns 
in a given state i for a random length of time whose distribution function 
is an exponential distribution with parameter (.A i  + JlJ . When leaving 
state i the process enters either state i + 1 or state i - 1  with probabilities 
A i(Jl i + A.i) - 1 and Jli(Jli + Ai) - 1 ., respectively. The motion is analogous to 
that of a random walk except that transitions occur at random times 
rather than at fixed time periods . 

The traditional procedure for constructing birth and death processes is 
to prescribe the birth and death parameters {A. i ., Jli}� o and to build the 
path structure by utilizing the above description concerning the waiting 
times and the conditional transition probabilities of the various states . We 
determine realizations of the process as follows . Suppose X(O) === i ;  the 
particle spends a random length of time (exponentially distributed with 
parameter Ai + Jli) in state i and subsequently moves with probability 
A.i/(Jli + A.i) to state i + 1 and with probability Jli/(A. i  + Jli) to state i - 1 .  
Next the particle soj ourns a random length of time in the new state 
and then moves to one of its neighboring states.,  and so on. More 
specifically., we observe a value t 1 from the exponential distribution with 
parameter (Jli + A.i) which fixes the initial soj ourn time in state i. Then 
we toss a coin with probability of heads Pi === A. i/(A. i  + Jli) · If heads (tails) 
appears we move the particle to state i + 1 ( i - 1) . In state i + 1 we 
observe a value t2 from the exponential distribution with parameter 
(A.i + 1 + Jli + 1) which fixes the soj ourn time in the second state visited. If 
the particle at the first transition enters state i - 1 .,  the subsequent 
soj ourn time t2 is an observation f1·om the exponential distribution with 
parameter (A. i - l + Jl i - 1 ) . After completing the second wait., a binomial 
trial is performed which chooses the next state to he visited., etc. 

A typical outcome of these sampling procedures determines a realization. 
Its form could he 

• 

£., 
i + 1 .,  

X(t) === 
• 

£ ., 
• 

• 

• 

0 < t < tl ., 
t 1 < t < t t + t2 ., 

t 1 + t2 < t < t 1 + t2 + t 3 ., 

Thus by sampling from exponential and binomial distributions appro­
priately., we construct typical sample paths of the process . Now it is 
possible to assign to this set of paths (realizations of the process) a prob­
ability measure in a consistent way so that P ii(t) is determined satisfying 
(4 .2) ., (4 .3) ., and the infinitesimal relations (p . 132) . This result is rather 
deep and its rigorous discussion is beyond the level of this hook. The 
process obtained in this manner is called the minimal process associa ted 
with the matrix A. · 
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The above construction of the minimal process is fundamental since 
the infinitesimal parameters need not determine a unique stochastic process 
obeying (4 .2) �  (4 .3) � and the postulates of page 132. In fact there could be 
several Markov processes which possess the same infinitesimal generator . 
This whole subject is rather complicated and we refer the reader to 
Chung. t In the special case of birth and death processes� a sufficient con­
dition that there exists a unique Markov p1·ocess with transition proba­
bility function Pii(t) for which the infinitesimal relations� (4 .2) and (4 .3) 
hold is that 

where 

J.1 1 J.12 • • • J.ln 

(4 .5) 

n === 1 �  2 � . . . . 

In most practical examples of birth and death processes the condition 
(4 .5) is met and the birth and death process associated with the prescribed 
parameters is uniquely determined . 

5 :  Differential Equations of Birth and Death Processes 

As in the case of the pure birth and Poisson processes the transition prob­
abilities P ii(t) sati sfy a system of differential equations known as the 
backward J(olmogorov differential equations . These are given by 

P �i(t) === -A0P oj(t) + A0P 1 i(t) � 
P;i(t) === J.l ip i - t ,i(t) - (A i + 11J Pii(t) + A iPi + t , i( t) � 

and the boundary condition Pii(O) === b ii . 

To derive these we have from Eq. (4 .3) 
00 

i > 1 �  
(5 . 1 ) 

Pij(t + h) === L pik(h) Pkj(t) (5 .2) k = O  
=== P i , i - 1 (h) Pi - l ,j(t) + Pi , i(h) Pii(t) + Pi , i + 1 (h) Pi + t ,j(t) 

+ Ik Pik(h) Pkj(t) � 

't K .  L.  Chung ; 44 Markov cha ins with stationary transition probabilities." Springer-Verlag, Bc�rl in. 1 960. 
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where the last summation is over all k -=f. i - 1 ., i., i + 1 . Using postulates 
1 .,  2 .,  and 3 of Section 4 we obtain 

Lk pik(h) Pkj(t) < Lk pik(h) 
=== 1 - [Pi , i(h) + Pi , i - 1 (h) + Pi , i +  1 (h)] 
=== 1 - [1 - (A. i + Jli)h + o(h) + Jlih + o(h) + A.ih + o(h)] 
=== o(h) ., 

so that 

Pii(t + h) == JlihPi - 1 ,j(t) + ( 1 - (A. i + Jl i)h) Pii(t) + A.ihPi + 1 ,j(t) + o(h) . 
Transposing the term Pii(t) to the left-hand side and dividing the equation 
by h., we obtain., after letting h� 0., 

P ii(t) === JliPi - 1 ,i(t) - (A. i + Jli) Pii(t) + A.iPi + 1 ,i(t) .  
The above analysis is a special case of the derivation of the backward 
differential equations given in ·Chapter 14 . 

The backward equations are deduced by decomposing the time interval 
(0., t + h) ., where h is positive and small ., into the two periods 

(0 ., h) ., (h., t + h) ., 
and examining the transitions in each period separately. 

The equations (5 . 1) feature the initial state as the variable.  
A different result arises from splitting the time interval (0 ., t + h) into 

the two periods . 
(0., t) ., (t., t + h) 

and adapting the preceding analysis . In this viewpoint., under more 
stringent conditions ., we can derive a further system of differential 
equations 

Pio(t) === -A.oPi ,o (t) + J.l1 Pi , 1 (t} ., 
Pii(t) = A.i _ 1 Pi ,j - 1 (t) - (A.i + Jli) Pii(t) + Jli + 1 Pi ,j + 1 (t) ., j > l ., 

(5 .3) 

with the same initial condition Pij(O) === b ii . These are known as the 
forward Kolmogorov differential equations. To do this we interchange t and h 
in Eq. (5 .2) and under stronger assumptions in addition to Postulates 1 .,  2, 
and 3 it can be shown that the last term is again o(h) . The remainder of 
the argument is the same as before . The usefulness of the differential 
equations will become apparent in the examples which we study below. 

A sufficient condition that (5 .3) hold is that ( Pki(h))/h === o(1 ) for k =I= i� 
j - 1 ., j + 1 where the o(1 ) term apart from tending to zero is uniformly 
bounded with respect to k for fixed j as h � 0._ In this case it can easily be 
proved that Lie Pik(t)Pki(h) = o(h) . 
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Before proceeding with some examples we discuss briefly the behavior 
of Pii(t) as t becomes large . It can be proved that the limits 

lim Pii(t) =Pi (5 .4) 
t-+ 00 

exist and are independent of the initial state i and also that they satisfy 
the equations -AoPo + J1 1P 1 === 0., 

Ai - 1Pi - 1 - (Ai + Jli)Pi + Jli + 1Pi + t === 0., j > 1 .  
(5 .5) 

These equations ar� simply (5 .3) where the left-hand side is set equal to 
zero . The convergence of Ii pi follows since Li Pii(t) === 1 .  If Li p i === 1 
then the sequence {pi} is called a ' '  stationary distribution . . ,.,  The reason for 
this is that pi also satisfy 00 

Pi === I P ipii(t) ., (5 .6) 
i = O 

which tells us that if the process starts in state i with probability pi then 
at any given time t it will be in state i with the same probability P i .  The 
proof of (5 .6) follows from (4 .3) and (5 .4) if we let tj oo and use the fact 
that L�oP i < oo. The solution to (5 .5) is obtained by induction. Letting 

n0 === 1 .,  

we have p 1 === A0 Jl1 1p0 === n 1p0 • Assuming that Pk === nkPo for k === 1 ,  . . .  ., j 
we obtain 

and finally 

J.li + 1Pi + 1 === (Ai + J.li)niPo - Ai - 1 ni - 1Po 
=== AiniPo + (Jlini - Ai - 1ni - t )Po 
=== Ainip0 ., 

Pi + t === ni + 1Po · 
In order that the sequence {pi} define a distribution we must have LP i= 1 .  
I f  Ink < oo we see in this case that 

j === 0., 1 .,  2 .,  . 0 • •  

If  Lnk === CO then necessarily p0 = 0 and the pi are all zero. Hence., we do 
not have a limiting stationary distribution. 

6 : Examples of Birth and Death Processes 

Exumple 1. Linear Growth with Immigration. A birth and death process is 
l�ulled a linear growth process if An === An + a and J.ln === Jln with A > 0, 
J t  > 0, and a >  0. Such processes occur naturally in the study of biological 
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reproduction and population growth. If the state n describes the current 
population size., then the average instantaneous rate of growth is A.n + a. 
Similarly., the probability of the state of the process decreasing by one 
after the elapse of a small duration of time is 11nt + o(t) . The factor A.n 
represents the natural growth of the population owing to its current size 
while the second factor a may be interpreted as the infinitesimal rate of 
increase of the population due to an external source such as immigration. 
The component Jln which gives the mean infinitesimal death rate of the 
present population possesses the obvious interpretation. 

If we substitute the above values of An and J.ln in (5 .3) we obtain 

P[0(t) == - aPi0(t) + JlPi 1 (t) ., 
Pii(t) == (A.(j - 1 ) + a) Pi ,j - 1 (t) - ((A. + J.l)j + a) Pii(t) 

+ J.l(j + 1) Pi ,j + 1 (t) ., j > 1 . 

Now if we multiply the jth equation by j and sum., it follows that the 
expected value 

00 

EX(t) == M(t) == L jPij(t) 
j = l 

satisfies the differential equation 

M'(t) == a +  (A. - Jl) M(t) ., 

with initial condition M(O) == i., if X(O) == i . The solution of this equation 
• 

IS 

and 
M(t) == at +  i if A. ==  J.l., 

a 
M(t) == {e<l -JL) t - 1} + ie<l - JL)t 

A. - Jl 

The second moment or variance may be calculated in a similar way. It is 
interesting to note that M(t) � oo as t � oo if A > J.l., while if A < Jl the 
mean population size for large t is approximately 

a 
Jl - A 

• 

Example 2. Queueing. A queueing process is a process in which customers 
arrive at some designated place where a service of some kind is being 
rendered., for example., at the teller's window in a bank or beside the cashier 
at a supermarket. It is assumed that the time between arrivals., or inter­
arrival time., and the time that is spent in providing service for a given 
customer are governed by probabilistic laws . The length of the queue at a 
given time t is represented by X(t) . 
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If we let Ai  === A for all i in the general birth and death process., the 
resulting process is a special simple case of a continuous time queueing 
process . The state of the system is then interpreted as the length of a queue 
for which the times between arrivals of the customers are independent 
random variables with an exponential distribution of parameter A and for 
which the duration of the service time of the current customer is a random 
variable with an exponential distribution whose parameter., J.ln ., may de­
pend on the length of the line . At the completion of each service the line 
decreases by 1 and with each new arrival the line increases by 1 .  The 
classical case of a single-server queue corresponds to J.li === J.l., i > 1 .,  i .e . ., 
each service follows the same exponential distribution with parameter J.1 
independent of the length of the waiting line. 

The classical telephone trunking model can be formulated as a queueing 
birth and death process with infinitely many servers., each of whose service 
time distribution has the same parameter J.l., so that Jli === iJ.l., i > 1 .  The 
rationale underlying this specification goes as follows : Suppose the queue 
consists of i individual customers ; then since the number of servers is 
unlimited each customer is simultaneously receiving service. Now the 
length of service of each is independent of the others and distributed 
exponentially with parameter J.l· It follows that the probability distribu­
tion of the time until at least one of the customers completes service 
(i .e . ., the length of time until the waiting line decreases by 1) is also ex­
ponentially distributed., but is now of parameter i11 (the student should 
prove this) . 

Besides the two special cases mentioned above it is possible to consider 
numerous other queueing - models by appropriate specifications of the 
parameters Ilk . For example., a queue with n servers., each of whose service 
time has an exponential distribution with the same parameter J.l., would 
correspond to Ilk === k11 for 1 < k < n., fl i === n11 for i > n. 

For the single-server process with A < J.1 the stationary distribution is 
easily calculated. In fact., in this case 

A A • • • · · A 0 1 n - 1 n == ------­

n J.l t J.12 • • • • • J.ln 

which., when normalized., results in 

- jl - A (A) n 
Pn - ' J.1 J1 

n > O., 

i . t� . ,  a geometric distribution with mean A(Jl - A) - 1 • 
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This gives us the answer to many problems involving stationarity. If 
the process has been going on a long time and A < Jl, the probability of 
being served immediately upon arrival is 

Po = (1 - A.) . 
\ J1 

We can also calculate the distribution of waiting time in the stationary 
case when A < Jl· If an arriving customer finds n people in front of him, 
his total waiting time T, including his own service time, is the sum of the 
service times of himself and those ahead, all distributed exponentially 
with parameter Jl, and since the service times are independent of the 
queue size, T has a gamma distribution of order n + 1 with scale param­
eter J1 

(6 . 1) 

By the law of total probabilities, we have 

Pr{ T < t} = £ Pr { T < tl n ahead } ·  (A) n (l - A·) , 
n = O  Jl J1 

since (A./ Jl)n(l - A./ Jl) is the probability that in the stationary case a 
customer on arrival will find n ahead in line. Now, substituting from 
(6 .1 ) ,  we obtain 

00 t n + 1 n - p:r: (A) n ( A) Pr{ T < t} = 2 J J1. 
( 

-r e1) - 1 - - d-r 
n = O 0 r n + J1 J1 
t ( A) oo 't'n An 

= J Jl.e - ,.� 1 - - 2 d-r 
0 J1 n = 0 r( n + 1) 

= j ( 1 - �) J1. exp{- 'tJl. ( 1 - �) } d-r 
= 1 - exp [-tj1.(1 - �) ] ,  

which is also an exponential distribution. 
If we wish to answer nonstationary questions , it is essential to deter· 

mine Pii(t) for all t. This is a much harder problem hut it has been solved. 
The details of this solution are beyond the scope of this book and we refer 
the interested student to any of the advanced hooks on queuing theory 
listed in the references . 
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For the telephone trunking problem with An == A and Jln == nJl it is easily 
seen that 

which is the familiar Poisson distribution with mean A./ Jl· As in Example 1 ,  
it is easy to show that 

00 
M(t) = L jPij(t) 

j = O  
satisfies the equation 

M'(t) = A. - JlM(t) , 
whose solution is 

If we let t �  oo, then M(t) � A./ Jl, which is the mean value of the stationary 
distribution given above . 

Example 3. Some Genetic Models . Consider a population consisting of N 
individuals which are either of gene type a or gene type A. The state of 
the process X(t) represents the number of a-individuals at time t. We 
assume that the probability that the state changes during the time interval 
(t, t + h) is A.h + o(h) independent of the values of X(t) and that the prob­
ability of two or more changes occurring in a time interval h is o(h) . 

The changes in the population structure are effected as follows . An 
individual is to be replaced by another chosen randomly from the popu­
lation ; i .e . ,  if X(t) == j then an a-type is selected to be replaced with prob­
ability j /N and an A-type with probability 1 - j / N. We refer to this stage 
as death. Next, birth takes place by the following rule . Another selection 
is made randomly from the population to determine the type of the new 
individual replacing the one that died. The model introduces mutation 
pressures which admit the possibility that the type of the new individual 
may be altered upon birth. Specifically, let y 1 denote the probability that 
an a-type mutates to an A-type and let y2 denote the probability of an 
A-type mutating to an a-type . 

The probability that the new individual added to the population is of 
type a is 

(6 .2) 

We deduce this formula as follows :  The probability that we select an a-type 
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and no mutation occurs is (jjl\T) (1 - y 1 ) .  Moreover., the final type may be 
an a-type if we select an A-type which subsequently mutates into an a-type. 
The probability of this contingency is (1  - j / N)y 2 • The combination of 
these two possibilities gives (6.2) . 

We assert that the conditional probability that X(t+) - X(t) == 1 .,  
when a change of state occurs., is 

where X(t) = j. (6.3) 

In fact, the a-type population size can increase only if an A-type dies (is 
replaced) . This probability is 1 - (j/N) . The second factor is the prob­
ability that the new individual is of type a as in (6.2) . 

In a similar way we find that the conditional probability that 
X(t+) - X(t) = - 1  when a change of state occurs is 

where X(t) == j. 

The stochastic process described is thus a birth and death process with a 
finite number of statest whose infinitesimal birth and death rates are 

and 

respectively corresponding to an a-type population size j, 0 < j < N. 
Although these parameters seem rather complicated, it is interesting to 

see what happens to the stationary measure {nk}Z= o if we let the popu· 
lation size N � oo and the probabilities of mutation per individual y 1 and 
y2 tend to zero in such a way that y 1N � K 1 and y2N � K2 ,  where 0 < K1 , 
K2 < oo .  At the same time we shall transform the state of the process 
to the interval [0, 1] by defining new states j / N, i .e . , the fraction of 

t The definition of birth and death processes was given for an infinite number of states. The 
adjustments in the definitions and analyses for the case of a finite number of states is straight· 
forward and even simpler and left to the reader. 
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a-types in the population. To examine the stationary density at a fixed 
fraction x., where 0 < x < 1 .,  we shall evaluate nk as k� 00 in such a way 
that k == [xN] ., where [xN] is the greatest integer less than or equal to xN. 

Keeping these relations in mind we write 

A(N-j) . ( a) 
Ai == N2 (1 - y 1 - Yz)J l + j ' 

and 

A(N -j) · ( b ) 
Jli = N2 (1 - 1' 1 - 1'2)1 1 + N -j ., 

Then 
k - 1 k 

log nk == L. log Ai - L log Jli j = O  j = 1 

Now using the expression 

where 

where 
Ny 1 b = . 

1 - 1' 1 - 1'2 

x2 x3 
log(1 + x) == x - 2 + 3 - . . .  , l x l < 1 .,  

it is possible to write 

k - 1 k - 1 2: log
(
1 + �) = a 2: � + ck ,  

j = 1 J j = 1 J 
where ck approaches a finite limit as k� oo. Therefore., using the relation 

k - 1 2: � "' log k 
j = l  J 

as k � oo , 

we have 

as k � oo. 
I n  a similar way we obtain 

k - t  ( b ) Nb 
1�1 log 1 + N -j "' log (N- k)b + dk as k� oo., 
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where dk approaches a finite limit as k � 00 .  Using the above relations we 
have ( ka(N - k)bNa) 

log nk "' log Ck 
Nb(N _ k)k 

as k � oo.,  (6.4) 

where log Ck === ck + dk ., which approaches a limit., say C., as k �  oo. Notice 
that a �  K2 and b �  K 1 as N� oo.  Since k === [Nx] we have., for N� oo., 

nk f"ttJ CK2N"2 - 1 x"2 - 1  ( 1  - x)" 1 - 1 .  

Now from (6.4) we have ( k ) b - 1 
nk f"ttJ aCkka - 1 1 -

N 
. 

Therefore 
1 N - 1 a N- 1 ( k ) a - 1 ( k ) b - 1 - � nk f"ttJ - � C - 1 - -

Na Lt N Lt k N N 
. 

k = O  k = O  
Since ck� C as k tends to oo we recognize the right-hand side as the 

Riemann sum approximation of 

Thus 

1 
K 7C J xrcz - l ( l - x)" 1 - 1 dx. 

0 

so that the resulting density on [0 ., 1] is 

n k 1 x"2 - 1 ( 1 - x) " 1 - t 
"" - ----------Lni N J1 

0 

x"2 - 1 ( 1 - x)"  1 - 1 dx 

x" 2 - 1 ( 1 - x)" 1 - 1 dx 

1 ., 

f XK2 - 1 ( 1 - X) K 1 - 1 dx 

0 

since dx f"ttJ 1/ N. This is a beta distribution with parameters K 1 and K 2 • 

Example 4. Logistic Process . Suppose we consider a population whose size 
X(t) ranges between two fixed integers N 1 and N 2 (N 1 < N 2) for all t > 0. 
We assume that the birth and death rates per individual at time t are 
given by 

A === rx(N 2 - X(t)) and 11 === P(X(t) - N 1 ) ., 

and that the individual members of the population act independently of 
each other . The resulting birth and death rates for the population then 
become 

An = rxn(N 2 - n) and Jln -
pn(n - N . ) . 
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To see this we observe that if the population size X(t) is n ,  then each of 
the n individuals has an infinitesimal birth rate A so that An == an( N 2 - n) . 
The same rationale applies in the interpretation of the Jln • 

Under such conditions one would expect the process to fluctuate between 
the two constants N 1 and N 2 , since, for example, if X(t) is near N 2 the 
death rate is high and the birth rate low and then X(t) will tend toward 
N 1 • Ultimately the process should display stationary fluctuations between 
the two limits N 1 and N 2 • 

The stationary distribution in this case is 

c (N2 - N 1) (a) m 
PN t + m

==
N 1 + m m p ' 

m == O, 1 ,  2 ,  . . .  , N2 - N 1 ,  

where c is an appropriate constant determined so that L
m

PN1 +m == 1 .  To 
see this we observe that 

amN1(N1 + 1) · · · ·  · (N 1 + m - l)(N2- N 1 ) • • • •  • (N2-N1- m +l) 
pm( N 1 + 1) · · · · · ( N 1 + m) m! 

7:  Birth and Death Processes with Absorbing States 

I t  is of importance to treat the case of birth and death processes where 
A.0 == 0 .  This stipulation converts the zero state into an absorbing state . 
When a transition occurs from state 1 ,  the particle moves to state 2 
with probability A 1 /(A. 1 + J1 1 )  or it is trapped in state 0 with probability 
11 1 /(A. 1 + J1 1 ) . An important example of a birth and death process where 0 
ucts as an absorbing state is the linear growth process without immigration 
( cf. Example 1 of Section 6) . In this case An == n.A. and Jln == nJl . Since growth 
o f  the population results exclusively from the existing population it is 
, � 1 ( �ar that when the population size becomes 0 it remains zero thereafter, 
i . t �  • ., 0 is an absorbing state. 

A .  P R O BA B I LITY OF A B S O R PTIO N I NTO STATE 0 

I I  i H  of interest to compute the probability of absorption into state 0 
H tu rtin g from state i ( i  > 1) . This is not ,  a priori, a certain event since 
c ·u •u�eivably the particle (i .e . ,  state variable) may wander forever among 
I l a c '  Htatcs ( 1 ,  2 ,  . . .  ) or possibly drift to infinity . 
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Let u i (i == 1 .,  2 ., . . . ) denote the probability of absorption into state 0 
from the initial state i .  We can write a recursion formula for u i by con­
sidering the possible states after the first transition. We know that the 
first transition entails the movements 

We directly obtain 

with probability 

with probability 

A .  II . 
, + r t  

ui == -+-,- ui + l + 1 u i - 1 ., Jli Ai Jli Ai 

A ·  ' 

Jli 

i > 1 .,  (7 .1)  

where u0 = 1 .  Another method for deriving (7 .1)  is to consider the '' em­
bedded random walk .,., associated with a given birth and death process .  
Specifically we examine the birth and death process only at the transition 
times .  The discrete time Markov chain generated in this manner is 
denoted by {Yn}:= o .,  where Y0 == X0 is the initial state and Yn (n > 1) 
is the state at the nth transition. Obviously., the transition probability 
matrix has the form 

where 

1 0 0 

P ==  q l 0 P t 
0 q2 0 

• • 
• • 
• • 

A ·  p · == ' = 1 - q -

, A i + Jli ' 

0 • • •  

0 • • • 

P2 • • • ., 

(i > 1) . 

The probability of absorption into state 0 for the embedded random walk 
is the same as for the birth and death process since both processes execute 
the same transitions . 

We turn to the task of solving (7 .1 )  subj ect to the conditions u0 = 1 
and 0 < ui < 1 (i > 1) . Rewriting (7 .1 )  we have 

i > 1 .  

Defining v i == u i +  1 - u i ., we obtain 

i >. 1 . 
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Iteration of the last relation yields the formula 

. (Tii J.l
j) Ui + l - U i === V i === T. v 0 ., i > 1 .  

j =  1 J 
Summing these equations from i === 1 to i === m we have 

um + 1 - ul === (u l - 1) � (tr J!�) ., 
i = t i = t  A) 

m >  1 .  

Since um ., by its very meaning., is bounded by 1 we see that if 

i� (J] ��) = 00 
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(7 .2) 

(7 .3) 

then necessarily u 1 === 1 and um === 1 for all m > 2 .  In other words., if (7  .3) 
holds then ultimate absorption into state 0 is certain from any initial 
state. Suppose 0 < u1 < 1 ;  then., of course., 

00 i i� (J] ��) < oo. 
Obviously., um is decreasing in m since passing from state m to state 0 
requires entering the intermediate states in the intervening time. Further­
more., we claim that urn--+ 0 as m � 00 .  If we assume the contrary i.e . ., um > rx > 0 (m > 1) ., a simple probabilistic argument implies that um = 1 (m > 1) . (The student should supply a formal proof.) Now letting 
m � oo in (7 .2) permits us to solve for u 1 ; thus 

Jt (il JL)Ai) u l = 
1 + i�l (ill JL)Ai) . 

und in addition we have 

i =t+ t  (il JL)Ai) um + t  = 
1 + 1�1 cut JL)Ai) , m >  1 . 

In the special example of a linear growth birth and death process where 
Jl, - --:� nJ.l and An === nA., a direct calculation yields 

when J.1 < A 
(m > 1 ) . u,. === 1 when J1 > A 
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B. M EA N  TI M E  U NTI L A B S O R PTI O N  

Consider the problem of determining the mean time until absorption., 
starting from state m. 

We assume that condition (7 .3) holds so that absorption is certain . 
Notice that we cannot reduce our problem to a consideration of the 
embedded random walk since the actual time spent in each state is relevant 
for the calculation of the mean absorption time. 

Let w i  be the mean absorption time starting from state i (this could be 
infinite) . Considering the possible states following the first transition and 
recalling the fact that the mean waiting time in state i is (.A i + J.li) - 1 (it 
is actually exponentially distributed with parameter A i + J.l i) ., we deduce 
the recursion relation 

1 .,t .  Jl · 
W · == + � Wi + l + z. Wi - 1 .,  ' A i  + Jli A i  + J.li A i  + J.l i i > 1., (7 .4) 

where by convention ro0 == 0 .  Letting z i == wi - wi + 1 and rearranging (7.4) 
leads to 

i > 1 .  

Iterating this relation gives 

Z === __!_ + J.lm 1 + J.lmJ.lm - 1 m Zm - 2  Am Am Am - 1 AmAm - 1 
and finally 

zm = I_!_ Ii Jli + (Ii Jli)zo · i = 1 A i i = i + t Ai i = t Ai 
(The product ll: + 1 Jli/Ai is interpreted as 1 .) 

In terms of rom we have 

� 1 
Ti

m J1 · 
n

m J.l · Wm - (J)m + 1 == � A · A� - (J) 1 A� ., i = l  '
j
= i + 1 J j = 1 J 

It is more convenient to write 

where 

m 1 m m m � n /1j - n /1j ""'  � A · A . - T. � P i ., i = l ' i = i + l  J j = l J i = l  

(7 .5) 

m > l.  (7 .6) 

(7 .7) 
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Then in terms of (7 .  7) ., the relation (7 .6) becomes 

( m A •) m 11 � (rom - rom + 1 ) = L P i - ro 1 · j = 1 J1J i = 1 

1 49 

(7 .8) 

Note that if I� 1 p i == oo., inspection of (7 .8) reveals that necessarily 
ro 1 == 00 .  Indeed., it is probabilistically evident that rom < rom + 1 for all m 
and this property would be violated for m large if we assume to the contrary 
that ro 1 is finite . 

Now suppose Li� 1 P i < oo ; then letting m� oo in (7 .8) gives 
oo ( m A ·) 

ro l = � P i - �� J] ��� (rom - rom + t ) · 

It is more involved but still possible to prove that 

• 

and then indeed 

m 
lim (11 A�) (rom - rom + 1 ) == 0 
m-+ oo j = 1 /11 

We summarize the discussion of this section in the following theorem : 

Theorem 7.1. Consider a birth and death process with birth and death param­
eters An and Jln ., n > 1 .,  where Ao === 0 so that 0 is an absorbing state . 

The probability of absorption into state 0 from the initial state m is 

i�(tl JLi-tj) if i� (J] ��) < oo., 
l + i�t (il JL j A i) (7 .9) 

1 if i� (J] ��) 
== 00 .  

11he mean time to absorption is 
00 

if ""' � Pi === oo ., 
i = 1 

(7 . 10) 00 
if L P; <OO ,  i =  1 
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For the example of the linear growth birth and death process (An === nA. ., 
Jln = nJl., and Jl > A.) the mean time ro 1 to absorption from state 1 is 

oo 1 oo 1 (A) i - 1 1 
oo lfu 

i 1 lfu 1 1 A L >i = - L � 
- = - L f e de = - f de = - - log (1 - -

)
. 

i = l Jl i = 1 t J1 A i= o o A o 1 - �  A. J1 
(7 . 1 1 ) 

8 :  Finite State Continuous Tim,e Markov Chains 

A continuous time Markov chain Xt (t > 0) is a Markov process on the 
states 0., 1 .,  2 .,  . . . .  We assume as usual that the transition probabilities are 
stationary., i .e . ., 

Pii(t) === Pr{Xr + s === i lXs = i} . (8 .1 )  

In this section we consider only the case where the state space S is finite., 
labeled as {0 ., 1 .,  2., . . . ., N}. Some aspects of the general., infinite state., con­
tinuous time., Markov chain are discussed in the following chapter. 

The Markovian property asserts that Pii(t) satisfies 

(a) Pii(t) > 0 .,  

N 
(h) L P ij(t) === 1 .,  j = O 

N 

i., j E S 

(c) Pik(s + t) === L Pii(s)Pik(t) j = O  
t., s > 0 (Chapman-Kolmogorov 

relation) ., 
and we postulate in addition that 

(d) lim Pii(t) === { 1
" 

t--+ 0 +  0., 

holds. 

• • 

£ === ].,  
i *j., , 

lfP(t) denotes the matrix I I Pij(t) l l�j= o then property (c) can he written 
compactly in matrix notation as 

P(t + s) = P(t)P(s) , t., s > 0 .  (8 .2) 

Property (d) asserts that P(t) is continuous at t = 0 since the fact P(O) === I 
( = identity matrix) is implied by (8 .2) . It follows simply from (8.2) that 
P(t) is continuous for all t > 0.  In fact if s === h > 0 in (8 .2) then because 
of (d) we have 

lim P(t + h) = P(t) lim P(h) === P(t)l = P(t) . 
h--+0 + h--+ 0 +  - (8 .3) 
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On the other hand., for t > 0 and 0 < h < t we write (8.2) in the form 
P(t) = P(t - h)P(h) . (8 .4) 

But P(h) is near the identity when h is sufficiently small and so P(h) - 1 
[the inverse of P(h)] exists and also approaches the identity I. Therefore 

P(t) = P(t) lim (P(h) ) - 1 = lim P(t - h) . (8 .5) 
h� o + h� o + 

The limit relations (8.3) and (8.5) together show that P(t) is continuous . 
It is proved in Theorems 1 . 1  and 1 .2 of Chapter 14 for the general., infini­
te state., continuous time., Markov chain that 

1 - p . . (h) 
li u m = qi ., 
IJ� O +  h 

P . .  (h) I. l] 
l iD  = qij .,  

h� o + h 

(8.6) 
i -j::. j. 

exist., where 0 < qii < oo (i -=1=-j) and 0 < q i  < oo., i .e . ,  qii ( i  -=I-j) is always 
finite and q i is defined but could be infinite. The possibility q i = oo can­
not occur in the case of a finite state., continuous time., Markov chain. 
In fact., starting with the relation 

N 
1 = Pu(h) + L Pii(h) ., 

j = O ,j *  i 
dividing by h., and letting h decrease to zero yields directly the relation 

N 
q i  = L q ij ., 

j = O ,j =l= i 
which shows that qi is indeed finite. 

Assuming that (8 .6) has been verified we now derive an explicit 
expression for Pu(t) in terms of the infinitesimal matrix 

- qo qO 1 • • •  qON 

A =  ql O -ql . . .  q l N 
• • 
• • 

qNO qN l • • .  - qN 
The limit relations (8.6) can be expressed concisely in matrix form : 

lim P(h) - I 
= A. 

h � O + h 

With the aid of this formula and referring to (8.2) we have 

(8.7) 

P(t + h) - P(t) P(t)[P(h) - I] P(h) - I (8.8) h = h 
= 

h 
P(t) . 
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The limit on the right exists and this leads to the matrix differential 
equation 

P' (t) === P(t)A === AP(t) , (8 .9) 

where P'(t) denotes the matrix whose elements are P[j(t) . 
The existence of P[j(t) is obviously an immediate consequence of (8 .7) 

and (8.8) . 
Equations (8 .9) can be solved under the initial condition P(O) = I by 

the standard methods of systems of ordinary differential equationst to 
yield the formula 

oo An n  
P(t) = eAt = I + ,L � . 

n = 1 n .  (8 .10) 

In practical terms we determine the eigenvalues Ao , A 1 , • • • , AN of A 
and a complete system of associated right eigenvectors u<o) ,  . . .  , u< N) when 
possible (see the Appendix at the close of the book) .  Then we have the 
representation 

P(t) = UA(t)U- 1 , (8. 1 1) 

where U is the matrix whose column vectors are, respectively, u<0> ,  
uU > , . . .  , u< N> and A(t) is the diagonal matrix 

A(t) === 

exp(A0t) 
0 
• 
• 
. 

0 

• 
• 
• 

0 

• • • 

• 
• 

• 

• • • 

0 
0 

• 
• 

• 

The rows of the matrix U - 1 can also be identified as a complete system of 
left eigenvectors normalized to be biorthogonal to the {u<l)}�= o . 

Applications of (8 .10) or (8. 1 1) are implicit in Elementary Problems 
7 and 13  of this chapter . 

Elementary Problems 

1. Let X1 and X2 be independent exponentially distributed random variables 
with parameters A 1  and .A2 so that 

Pr{Xi > t} == exp{-Ai t} for t > 0. 
t E. A. Coddington, and N. Levinson, " Theory of Ordinary Differential Equations," Chapter 

3. McGraw-Hill, New York, 1955. 
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Let 

and 

Show 

N - { 1 if X1 < X2 ., 
- 2 if X2 < X1 ,  

U == min{X1 , X2} === XN , 

V == max{X1 , X2}, 

(a) Pr{N == 1} == A.1 /(A.1 + A.2) and Pr{N == 2} == A.2j(A.1 + A.2). 
(b) Pr{ lJ > t} == exp{-(A.1 + )_2)t} for t > 0. 
(c) N and U are independent random variables. 
(d) Pr{ W > ti JY == 1} == exp{-A.2 t} and 

Pr{ W > t l N  == 2} == exp{-A.1t} for t > 0. 
(e) U and W == V - U are independent random variables. 

1 53 

2. Assume a device fails when a cumulative effect of k shocks occur. If the 
shocks happen according to a Poisson process with parameter A. find the density 
function for the life T of the device. 

Solution: 

f(t) == 

'l k  k - 1 - ).t 
A t e 

r(k) 
0, 

' t > 0, 

t < O. 

:t Let { X(t) , t > 0} be a Poisson process with intensity parameter A.. Suppose 
each arrival is ' ' registered " with probability p, independent of other arrivals. 
T_.�et { Y(t) , t > 0} be the process of " registered "' arrivals. Prove that Y(t) is a 
Poisson process with parameter Ap. 

1 .. Let {X(t), t > 0} and { Y (t) , t > 0} be independent Poisson processes with 
parameters A.1 and A.2 , respectively. Define Z1 (t) == X(t) + Y (t) , Z2 (t) == X(t) ­

Y (t) ,  Z3(t) == X(t) + k, k a positive integer. Determine which of the above 
processes are Poisson and find A. 

5. Messages arrive at a telegraph office in accordance with the laws of a Poisson 
process with mean rate of 3 messages per hour. (a) What is the probability that no message will have arrived during the 

morning hours (8 to 12)? (h) What is the distribution of the time at which the first afternoon message 
arrives? 

ft. Lc- L X(t) he a homogeneous Poisson process with parameter A.. Determine 
I h e • covarianee he tween X(t) and X(t -/- r) , t > 0 and t > 0, i .e. , compute 
I��· ( ( .\ (t) --- R(X(t) ) (X(t - 1- r ) - EX(t -1- r ))] . 
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7. A continuous time Markov chain has two states labeled 0 and 1 . The wait­
ing time in state 0 is exponentially distributed with parameter A > 0. The 
waiting time in state 1 follows an exponential distribution with parameter 
J1 > 0. Compute the probability P 00(t) of being in state 0 at time t starting at 
time 0 in state 0. 

Solution:  

8. In Elementary Problem 7 let A ==  Jl and define N(t) to  be the number of 
times the system has changed states in time t > 0. Find the probability dis­
tribution of N(t) . 

Solution: 
(At)" 

Pr{N(t) = n} = e - lt 
, • 

n. 

9. Let X(t) be a pure birth continuous time Markov chain. Assume that 

Pr{ an event happens in (t, t + h) IX(t) === odd} === A1h + o(h) , 
Pr{ an event happens in (t, t + h) IX(t) === even} = A2h + o(h) , 

where o(h)fh � O  as h �  0. Take X(O) = 0. Find the following probabilities : 

P1(t) = Pr{X(t) = odd} , P2(t) === Pr{X(t) = even} . 

Hint : Derive the differential equations 

Pi (t) === -A1 P1 (t) + A2 P2(t) , 
and solve them. 

Solution :  

10. Under the conditions of Elementary Problem 9 determine E[X(t)] . 

Solution:  

II. Suppose g(t) is the conditional rate of failure of an article at time t ,  given 
that it has not failed up to time t, i.e., Pr{failure in time (t, t + h) lno failure up 
to time t} = g(t)h + o(h) as h � 0. Assume that g(t) is positive and continuous on 
(0, oo). Find an expression for F (t) === Pr{failure at some time 't', 't' < t} in terms 
ofg( · ) .  
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Hint: Derive a differential equation for F(t) . 
Solution: F(t) == 1 - exp[- Jb g(r) dr] .  
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12. Consider a variable time Poisson process ,  i .e. , the occurrence of an event E 
during the time duration (t, t + h) is independent of the number of previous 
occurrences of E and its probability is A(t)h + o(h) (h -+ 0). (Note that ) .. may 
now depend on t. ) 

(a) Prove that the probability of no occurrence of E during the time duration 
[0, s] is 

(b) Prove that the probability of k occurrences of E during the time duration 
[0, s] is 

13. There are two transatlantic cables each of which can handle one telegraph 
message at a time. The time-to-breakdown for each has the same exponential 
distribution with parameter A. The time to repair for each cable has the same 
exponential distribution with parameter Jl· Given that at time 0 both cables 
are in working condition, find the probability that, if at time t two messages 
arrive simultaneously, they will find both cables operative. 

/lint : This is a three-state continuous time., Markov chain. 

Solution :  
1 1 2 A2 e - 2(A. + �)t 2AII r + + r - (A. + �)t �(A

.....;...._
+

_Jl--=)2 (A + J1)2 (A + J.1)2 
e • 

1 4. Consider the linear growth birth and death process X(t) with parameters 
A, J.1 and a = 0. Assume X(O) = 1. Find the distribution of the number of living 
individuals at the time of the first death. 

Solution:  

Pr{number k of births before the first death} = (Jlf(J.l + A)) (A/(A + Jl))k. 

1 5. Find the stationary distribution for the linear growth birth and death 
p rocess when A. <  J.1 (Example 1 of Section 6). 

S()lution: 
== (A)n (a/A) ( (a/A) + 1 ) · · · · · ((a/A) + n - 1) (l _ A) a/A.

. Pn 
� n! p 

I 6. A telephone exchange has m channels. Calls arrive in the pattern of a 
Poisson process with parameter A ; they are accepted if there is an empty 
"lutnnel, otherwise they are lost. The duration of each call is a r.v. whose distri-



1 56 4 .  E X A M P L E S  O F  C O N T I N U O U S  T I M E  M A R K O V  C H A I N S  

hution function is exponential with parameter Jl· The lifetimes of separate calls 
are independent random variables. Find the stationary probabilities of the 
number of busy channels. 

Solution: 
(A/ Jl)n(1/n!) 

m ' n == 0., 1 .,  2.,  . . .  ., m. Pn == 
L (A/ Jl)k(l fk! ) 

k = O 

17. We start observing a radioactive atom at time 0. It will decay and cease 
to be radioactive at a time t, t > 0., determined by the distribution 

F(T) = { 0., 

1 - A:t - e  ., 

Consider the state of the atom at time t as a random variable 

if the atom is radioactive at time t., 

if the atom is not radioactive at time t . 

The variables { x t} define a stochastic process. 
Suppose that at time 0 we begin observing N independent radioactive atoms, 

represented in the above sense by X� ' i == 1 , 2 , . . .  , N. Let xt = Lf= 1 x: . Theri 
{X t} is also a stochastic process. Show that for t � 1/A (t negligibly small com­
pared with 1 /A) and sufficiently large N., {Xr} is very closely approximated by 
a Poisson process Y(t) with parameter ANt. 

18. Suppose that in Problem 17 the approximation t � A -
1 

cannot be made. 
(i) Is the process a process with independent increments? (ii) Is it stationary? 
(iii) Does it have stationary transition probabilities?  (iv) Is it a Markov process? 

Solution: (i) Yes., (ii) no, (iii) yes., (iv) yes. 

19. This problem attempts to relate the properties of the life history of a 
colonizing species to its chances for success, or more precisely, to the length of 
time it persists before going extinct. 

Let Z(t) be the population size at time t. We suppose (Z(t) ; t > 0) evolves 
as a birth and death process with individual birth rate A and individual death 
rate Jl· By this we mean that each individual alive at time t gives birth to a 
new individual during the interval (t, t + L\t) with probability (approximately) 
A(�t) , and dies during that interval '\\rith probability Jl(L\t). 

We want to construct a model that can be used to estimate the mean survival 
time of a population of such individuals, and we want the model to reflect 
the fact that all populations are limited in their maximum size by the carrying 
capacity of the environment, which we assume to be K individuals. Since all 
individuals have a chance of dying, all populations will surely go extinct if 
given enough time. We want to build into the model the properties of exponential 
growth (on the average) for small populations, as well as the ceiling K, beyond 
which the population cannot normally grow. There arc any number of ways of 
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approaching population size K and staying there at equilibrium. We will take 
the simple case where the birth parameters are 

A _ {Ai for i = 0., . . .  ., K-1 
i 

- 0 for i > /(, 

and the death parameters are J.li = J.li for i = 0, 1 ,  . . . . 
In this model , compute the expected time to extinction, given the population 

begins with a single individual. 

20. Suppose that we have a mechanism which can fail in two ways. Let the 
probability of the first type failure in the interval (t, t + h) be A 1 h + o(h) and the 
probability of the second type failure in the interval (t, t + h) be A2h + o (h) . 
Upon failure , repair is performed whose duration is di stributed as an exponetial 
random variable with parameter depending upon the type failure. Let J.l t and 
J.12 denote the respective parameters. Compute the probability that the mech­
anism is working at time t . 
Solution:  

P(t) == eQt where Q == • 

21. Compare the M / M /1 system for a first-come first-served queue discipline 
with one of last-come first-served type (for example, articles for service are 
taken from the top of a stack) . How do the queue size, waiting time, and busy 
period distribution differ, if at all ? 

Solution: Queue size and busy period do not differ but the waiting time 
distributions differ. Why? 

22. (Queuing with Balking) Customers, with independent and identically 
tl i H tributed service times, arrive at a counter in the manner of a Poisson process w i th parameter A. A customer who finds the server busy j oins the queue with 
p robability p(O < p < 1) .  The service time distribution is exponential with 

1 t t l  rarneter Jl · 
Formulate this model as a birth and death process. 

Solut ion : A11 = Ap ; J.ln = Jl · 

2:1. Consider the M j M / 1  system with queue discipline of last-come first-served 
I �' I H' · Let X(t) be the queue size at time t. Show that the process {X(t) ; t > 0} 
i H  u b i rth and death process and determine its parameters . So/u tion : }�.11 = A, f111 = fl· 

211·. 1 1  n d (•r the condition that X(O) = IV == 1 ,  determine the mean and variance 
of I he - Yult •  process. 

·"of utt:on :  

1D[ X ( t) l ::;:-: : (/' ,  
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Problems 

I. Let {X(t) , t > 0} and { Y(t) ., t > 0} be two independent Poisson processes with 
parameters At and A2 ., respectively. Define 

Z(t) === X(t) - Y(t) , t > O. 

This is a stochastic process whose state space consists of all the integer� ,(positive., 
negative , and zero) .  Let 

P n(t) === Pr{ Z(t) == n } ,  

Establish the formula 

00 

n == 0, ± 1.,  ± 2.,  . . . . 

L P n(t)z
n === exp (- (At + A2)t) exp(At zt + (A2/z)t) , 

n = - oo  

Compute E(Z(t) ) and E(Z(t) 2) .  

Answer : E(Z(t)) 2 == (At + A2)t + (At  - A2) 2 t2 • 

l z l =I= 0. 

2. Consider two independent Poisson processes X(t) and Y(t) where E(X(t)) ==At 
and E( Y(t) ) == jlt. Let two successive events of the X(t) process occur at 
T and T' > T so that X(t) = X( T) for T< t <  T' and X( T') = X( T) + 1. 
Define N === Y( T') - Y( T) = the number of events of the Y(t) process in the 
time interval ( T, T') .  Find the distribution of N. 

Answer : 
A ( J1 )m 

Pr{ N === m} == 
A + Jl A + Jl 

, m == 0., 1 ,  2, . . . . 

3. Consider a pure death process where Jln = nJl for n = 1,  2.,  . . .  , i.e. , P{X(t + h) = j!X(t) == k} = 0 for j > k and t and k positive. Assume an initial population of 
size i. Find Pn(t) = P{X(t) = n} , EX(t) , and Var X(t) . 

Answer : 

Pn(t) = (�) e - n�tt (1 - e- Jlt) (i - n) t , 

EX(t) == ie - jlt , 

Var X(t) == ie - JLt (1 - e - Jit) .  

4. Consider a Yule process with parameter p and initial state N == 1 .  Suppose 
the first individual is also subject to death, with the probability of death in the 
interval t to t + h, given that the individual is living at time t, being ph + o(h ) . 
Compute the distribution of the number of offspring due to a single individual 
and his descendants at the time of death of the original parent. 
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Ansu,er : Probability of a total of n offspring originating from a specified 
individual and of his line of descendants at the time of his death is 

5. Let (X(t), Y(t) ) describe a stochastic process in two-dimensional space where 
X(t) is a Poisson process with parameter A-1 and Y(t) is a Poisson process in­
dependent of X(t) with parameter A-2 • Given that the process is in the state 
(x0 , y0) at time t ==  0, x0 + y0 < z, what is the probability that it will intersect 
the line x + y = z at the point (x, y) ? 

Answer : 

0 otherwise .  

6. Consider a Poisson process with parameter A. Let T be the time required to 
observe the first event, and let N( T/K) be the number of events in the next T/K 
units of time . Find the first two moments of N( T /K) T. 

Answer : 

7. Consider n independent objects (such as light bulbs) whose failure time ( i . e . ,  lifetime) is a random variable exponentially distributed with density 
functionf(x, (}) == (} - l exp( -xj(}) ,  X >  {)-r 0 for X < 0 ((} is a positive parameter) . 
'rhc observations of lifetime become available in order of failure. Let 

xl , n < x2 ,n  < · · ·  < xr ,n 

d t • n ote the lifetimes of the first r objects that fail . Determine the joint density 
fu ne tion of xi , n ' i == 1 ,  2, . . .  , r. 

A nsu;er : 

r ( ) _ ' (n) _!_ (- x1 + x2 + · · · + xr_ 1 + (n - r + l)xr) 
. X l ' X2 ' • • •  ' Xr - r .  r (}r exp 

(} 
. 

U. In the preceding problem define Y 1 , n == X  1 , n  and 

Yi , n == Xi ,n - Xi- 1 , n for 2 < i < r. 

P rove that Y; , n are mutually independent and find the distribution function 
uf each. 

:1 11  s·wt� r : ( n - i + l ) 
Pr{ Y; , n <y} == l - exp -

(} 
y .  
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9. Consider a Poisson process of parameter A.. Given that n events ·happen in 
time t, find the density function of the time of the occurrence of the rth event 
(r < n) .  
Answer : 

------ 1 - -n! x" - 1 ( x)n - r 

p(x) = (r - 1) !(n - r) ! tr t 

0, 

0 < X < t, 

otherwise. 

10. Let Wl be a continuous time birth and death process where A.n = A.  > 0, 
n > 0, Jlo == 0, Jln > 0, n > 1. Let n = Ln nn < 00, where nn = An/ (J11J1.2 • • • • • J.ln ) 
so that n dn is the stationary distribution of the process. Suppose the 
initial state is a r.v. whose distribution is the stationary distribution of the 
process . Prove that the number of deaths in [0, t] has a Poisson distribution with 
parameter At. 

Hint: Le� ak (t) be the probability that the number of deaths by time t is k. 
Derive the differential equation 

k == 1 , 2,  . . . . 

11. The following defines one concept of a multivariate Poisson process in two 
dimensions . Let (X(t), Y(t) ) be defined by X(t) = a(t) + y (t) , Y(t) == p(t) + y(t) , 
where a(t) , p(t) , and y(t) are three independent Poisson processes with para­
meters At , A-2 , and A-3 , respectively. Find the generating function of the distri­
bution of (X(t) , Y(t)) . 

Answer : 
L Pr{ X(t) = i, Y(t) == }}xi yi 

= exp {t(A.tx + A.2y + A-3 xy - At - A-2 - A-3} . 

12. Consider a Yule process { N, , t > 0 } with birthrate A and initial population 
of size 1 .  Find the distribution function of Nt(x) == number of members of the 
population at time t of age less than or equal to x. 

Hint : Condition on the value of Nt- x · 
Solution :  

e - ;.'( l _ e - J.x) k Pr {N (x) = k } == . t [1 _ e - J.x + e - J.t] k + 1 

13. Let {Xi(t) ; t > 0 }, i = 1 ,  2 ,  be_ two independent Yule processes with the 
same parameter A,. Let X i(O) == n i , i == 1 ,  2 . Determine the conditional distribu­
tion of X1 (t) given X1 (t) + X2(t) = N (N > n 1 + n2) . 

Answer : ( k - 1 ) (N - k - 1) 
nt - 1 n2 - 1 

Pr {Xt (t) = kjX1 (t) + X2(t) = N} = ( N - 1 ) 
nt + n2 - 1  
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14. Continuation of Problem 13 . 
Prove the limit distt ibution relation 

. { X (t) } (nl + n2 - 1) ! fx 
hm Pr 1 < x == ynt - 1 (1 -y)n2 - 1 dy. 
t_. oo X1 (t) + X2(t) - (n 1 - 1) ! (n2 - 1) !  0 
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Hint : Let N --*  oo and k -*  oo in such a way that k/N -*Y (0 <y < 1) .  Then with 
the aid of Sterling's approximation establish the asymptotic relation 

lim 

( k - 1 ) (N - k - 1) 
n1 - l  n2 - 1  

Use this to show that 

15. A system is composed of N identical components ; each independently 
operates a random length of time until failure . Suppose the failure time distribu­
tion is exponential with parameter .A. When a component fails it undergoes 
repair. The repair time is random, with distribution function exponential with 
parameter Jl· The system is said to be in state n at time t if there are exactly n 
components under repair at time t. This process is a- birth and death process. 
J)etermine its infinitesimal parameters . 

1 6. In Problem 15 , suppose that initially all N components are operative. Find 
t he distribution F(t) of the first time that there are two inoperative components. 

A nstver : The Laplace transform cp(s) of F(t) is 

N(N - l)A-2 
cp(s) == s2 + s[(2N - l).A + ,u] + N(N - l).A 2 · 

I n  the case A == ,u., 

VN(N - 1) � 1- -
1 - F(t) == 

2 
{exp[( -N + ·v N).At] - exp[( -N - vN).At] } . 

1 7. Consider the following continuous version of the Ehrenfest model (see 
pngc 51, Chapter 2) .  We have 2N balls labeled 1 ,  2 ,  3 ,  . . .  , 2N. At time 0 each 
hall is equally likely to be placed in one of two urns . Subsequently, the balls 
i n clepcndently undergo displacement randomly in time from one urn to the 
uther by the following rules. A ball has a probability lh + o(h) of changing 
u rns during the time interval (t, t + h) and probability 1 - (h/2) + o(h) of 
r�tnaining in the same urn during that interval. The movements over disj oint 
intervals of time are independent. Let X(t) denote the number of balls in urn I 
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at time t. Set 

Pik(t) == Pr{X (t) = k iX(O) ==j} ,  
Establish the formula 

2N 

j, k = 0., 1., . . . ., 2N. 

g(t, s) = L Pik(t)sk == 2- 2N[1 - e- t + (1 + e- t)s]i[1 + e- t + (1 - e- t)s] 2N -i. 
k = O  

Hint: Define the random variables 

if the ith ball is in urn I at time t, for i = 1,  2, . . .  ., 2N. 

otherwise., 

2N 
X(t) = L Xi(t) . i == 1 

Show that 

i == 1.,  2, . . .  , 2N. 
18. For a linear growth birth and death process X(t) with A = Jl (Example 1, 
Section 6), prove that 

u(t) == Pr{X(t) == O IX(O) = 1} 
satisfies the integral equation 

1 t 
1 t 

u(t) = 2 J 2A.e- 2A< d1: + 2 J 2A_e- H•[u(t-'!)] 2d'!. 
0 0 

Hint : Note that the waiting time to the first event (birth or death) is ex· 
ponentially distributed with parameter 2A. 

19. (Continuation of Problem 1 8 )  Show that u(t) satisfies the Ricatti dif· 
ferential equation 

u'(t) + 2Au(t) === A + Au2(t) , 

20. (Continuation of Problem 19) Find u(t) . 
Answer :  

u(O) === 0. 

21. (Continuation of Problem 20) . Determine Pr{X(t) == O JX(O) == 1, X( T) === 0} 
for 0 < t < T. 

22. Consider a birth and death process with infinitesimal parameter An , Jln • 
Show that the expected length of time for reaching state r + 1 starting from 
state 0 is 

r 1 n 
n�O A_nnn k�O 1tk 

For the definition of nn see Eq. ( 4.5) . 
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Hint : Let r: denote the elapsed time of first entering state n + 1 starting 
from state n. Derive a recursion relation for E( T:).  

23. The following problem arises in molecular biology. The surface of a bacterium 
is supposed to consist of several sites at which a foreign molecule may become 
attached if it is of the right composition. A molecule of this composition will be 
called acceptable . We consider a particular site and postulate that molecules 
arrive at the site according to a Poisson process with parameter J.l· Among these 
molecules a proportion p is acceptable. Unacceptable molecules stay at the 
site for a length of time which is exponentially distributed with parameter A.. 
While at the site they prevent further attachments there. An acceptable mole­
cule '' fixes "' the site preventing any further attachments. What is the prob­
ability that the site in question has not been fixed by time t? 

Hint : Set the problem up as a three-state continuous time Markov chain for 
the site in question. 

where sH s2 are the roots of s2 + s(A. + J.l) + J.lPA == 0. 

24. Consider an infinitely many-server queue "\\<·ith an exponential service time 
distribution with parameter Jl· Suppose customers arrive in batches with the 
interarrival time following an exponential distribution with parameter A.. The 
number of arrivals in each batch is assumed to follow the geometric distribution 
with parameter p (0 < p < 1) ,  i.e . ,  Pr {number of arrivals in a batch has size k} 

-== pk - 1 (1 - p) (k === 1., 2, . . .  ) .  
Formulate this process as  a continuous time Markov chain and determine 
c_•xplicitly the infinitesimal matrix of the process . 

25. Show for the M/M/1 queueing process in a stationary state that the distri­
bution of time between successive departures has the same (exponential) dis­
tribution as the interarrival time distribution (see also Problem 10 ) .  

26. Let {Xi(t) ; t > 0}  i === 1,  2 be two independent Poisson processes with 
parameters A-1 and A-2 respectively. Let X1 (0) === m, X2(0) === N - 1 .,  and m < N. (a) Determine the probability that the X2 process reaches N before the X1 
process does. 
(h) Solve the same problem for X2(0) === n where n < N. 
A tu aver : (b) : 

27. �rhe following two birth and death processes ( cf. Section 4, Chapter 4) can 
h.- vh�w,ed as 1nodcls for queueing with balking. 



(a) First consider a birth and death process with parameters 

An === Aqn, 0 < q < 1 ,  A > 0 ( n === 0, 1 , 2,  . . . ) , 
Jln === Jl, J1 > 0, 

Jlo == 0. 

(b) Let the parameters be 

A 
An == n + l '  Jln = Jl (n = 1 , 2, . . .  ) , 

Jlo = 0. 

Determine the stationary distribution in each case.  

Answer :  (a) Pm === p0(A/ Jl)m qm(m - 1 )12 for m > 1 .  (b) Pm = p0(A/ Jl)m(1/m!) for 
> 0 h - ).jp, m _ , w ence p0 === e . 

28. Show for the MJMfs system that the stationary queue size distribution 

{Pn , n = 0, 1, 2, . . .  } is given by 
s- 1 . - { ( S p )s � ( S p) '} - 1 

Po - s!(1 - p) + � i! 
r = O  

Pn = 
Po

(spr , l < n < s, 
n. 

ss n 
Po P s ! ' s < n < oo, 

where p === A/SJl < 1 .  Let Q === max(n - s, 0) (n  = 0,  1,  2 ,  . . .  ) be the size of the 
queue not including those being served. Show that 

.� 

L (sp)ifi ! 
(i) i = O  ')' = Pr{Q = 0 }  = --------- ; s 

L [(sp) ifi !] + [(sp)5pfs! (1 - p)] 
i = O 

(ii) E(Q) = (1 - y)/(1 - p ) .  

29. A system is composed of N machines. At most M < N can be operating 
at any one time ; the rest are '' spares ". When a machine is operating, it 
operates a random length of time until failure . Suppose this failure time is 
exponentially distributed with parameter J.l· 

When a machine fails it undergoes repair. At most R machines can be " in 
repair " at any one time. The repair time is exponentially distributed with para­
meter .A. Thus a machine can be in any of four states : (i) Operating, (ii) " Up ", 
but not operating, i .e . ,  a spare, (iii) In repair, (iv) Waiting for repair. There are 
a total of N machines in the system. At most M can be operating. At most R 
can be in repair. 

Let X(t) be the number of machines " up "  ,at time t, eitht�r op(�rating or 
spare . Then, (we assume) the nu1nbcr operating is min {X(t) , M} and the rnunher 
of spares is max {0, X(t) -- M} . Lt�t Y(t) === N - X(t) he the nurr1 lu�r of tnachincs 



'' down ". Then the number in repair is min { Y(t), R} and the number waiting 
for repair is max {0, Y(t) - R}. The above formulas permit to determine the 
number of machines in any category, once X(t) is known. 

X(t) is a birth and death process. 

(a) Determine the birth and death parameters , A i  and J.li , i === 0, . . .  , N. 
(b) In the following special cases, determine n i , the stationary probability 

that X(t) === j. 
(a) R === M == N. (b) R === 1,  M === N. 

30. (Continuation of Problem 29) (a) Determine the stationary distribution in 
the case R < M == N. (b ) Let XN,R( oo) denote a random variable having the 
stationary distribution in (a). Let N-+ oo ,  R -+  oo but such that Nf R -+  1 + a 
where a > 0 is fixed. Determine normalizing constants aN and bN and a limiting 
distribution <I> for which 

(There are two cases (i) a >  A/ J.1 and (ii) a < A-/ Jl) · 

31. Consider a pure birth process having infinitesimal parameters An ==An2, 
where A >  0 is fixed. Given that at time 0 there is a single particle, determine 

32. Let X(t) be a Yule process starting at X(O) === N and having birth rate p. 
Show 

n - 1 (n - 1) 
Pr {X(t) > niX(O) === N} === _L k 

pkqn - t - k 
k - n-N 

where q === 1 -p == e-Pt. 

N OTES 

Poisson and birth and death processes play a fundamental role in the 
t heory and applications that embrace queueing and inventory models , 
population growth, engineering systems, etc. Elementary discussions on 
I ,oiARon and related processes can be found in all textbooks on stochastic 
processes. 
' l'h (� lit era ture of queueing theory is voluminous . An elegant monograph 
r· c - v i c �wing this theory and its applications is that of Cox and Smith [1 ] . 

W c '  a lAo direct the student to the advanced books by Takacs [2] and 
U io rdun [31 . 
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A compendium of results on queueing theory is contained in Saaty [4] . 
This reference also includes an extensive bibliography. 

Applications to congestion theory and telephone trunking problems 
can be found in Siski [5] .  

Some special mathematical aspects of queueing theory are developed 
in the monograph by Benes [6] . 
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Chapter 5 

RENEWAL PRO CESSES 

Renewal theory began with the study of stochastic systems whose 
evolution through time was interspersed with renewals, times when, 
in a statistical sense , the process began anew. Today, the subject is 
viewed as the general study of functions of independent, identically 
distributed, nonnegative random variables representing the successive 
intervals between renewals. The results are applicable in a wide variety of 
both theoretical and practical probability models. 

The first six sections of this chapter are vital and should be included 
in every introductory course . Sections 7 and 8 are not difficult and will 
round out a basic knowledge of renewal theory if time permits their study. 
Section 9 offers a glimpse of a topic of some recent interest and may be 
omitted at first reading. 

1 : Definition of a Renewal Process and Related Concepts 

A renewal (counting) process {N(t) , t > 0} is a nonnegative integer­
valued stochastic process that registers the successive occurrences of an 
event during the time interval (0, t] ,  where the time durations between 
consecutive '' events " are positive, independent, identically distributed, 
random variables (i . i .d .r.v. ) . Let the successive occurence times between 
events be {Xk}f= 1 (often representing the lifetimes of some units 
successively placed into service) such that Xi is the elapsed time from the 
(i - 1) st event until the occurrence of the ith event . We write 

F(x) === Pr{Xk < x }, k == 1 , 2 , 3 ,  . . .  ' 

for the common probability distribution of {Xk} . A basic stipulation for 
renewal processes is F(O) === 0, signifying that Xk are positive random vari­
a blcs. We refer to 

n > 1  (S0 === 0, by convention) ( 1 . 1) 

aH the waiting time until the occurrence of the nth event . Note formally 
that  

1 87 

N(t) == number of indices n for which 0 < Sn < t. ( 1 .2) 
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.._--x, + X2 + X3 + 1 ---> 

S0 S1 S2 S3 
FIG. 1 .  The relation between the process of i.i . d.r.v's {Xn} and 

the renewal counting process N(t) . 

In common practice the counting process {N(t) , t > 0} and the partial 
sum process {Sn , n > 0} are interchangeably called the ' ' renewal pro­
cess ' ' . The prototype physical renewal model involves successive re­
placements of light bulbs. A bulb is installed for service at time 0, fails 
at time X1 , and is then exchanged for a fresh bulb . The second bulb 
fails at time X1 + X2 and is replaced by a third bulb . In general, the nth 

n 
bulb burns out at time L xi and is immediately replaced, etc . It is nat­

i = 1 
ural to assume that the successive lifetimes are statistically independent, 
with probabilistically identical characteristics in that 

Pr{Xk < x} == F(x) .  

Manifestly, N(t) in this process records the number of renewals (light-bulb 
replacements) up to time t. 

The principal objective of renewal theory is to derive properties of 
certain random variables associated with {N(t) } and {Sn} from knowledge 
of the interoccurrence distribution F. For example , it is of significance 
and relevance to compute the expected number of renewals for the time 
duration (0, t] :  

E[N(t)] == M(t) called the renewal function . 

For this end, several pertinent relationships and formulas are worth 
recording. In principle, the probability law of Sn == X 1 + · · · -t- Xn can be 
calculated in accordance with the convolution formula 
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where F1 (x) === F(x) is assumed known or prescribed� and then 

00 X 

Fn(x) = J Fn _ 1 (x - y) dF(y) = J Fn - l (x - y) dF(y) .t 
0 0 
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We highlighted ( 1 .2) earlier as the connecting link between the process 
{Sn} and {N(t) }. The relation (1 .2) can be expressed in the form 

N(t) > k 

It follows instantly that 

if and only if sk < t. 

Pr{N(t) > k} === Pr{Sk < t} 

and consequently 

t > 0� k == 1� 2� . . .  � 

Pr{N(t) == k} == Pr{N(t) > k} - Pr{N(t) > k + 1 } 
t > 0� k == 1 � 2� . . . . 

( 1 .3) 

( 1 .4) 

( 1 .5) 

From the definition and taking cognizance of (1 .4) and ( 1 .5) we obtain 

00 
M(t) == E[N(t)] == L k Pr{N(t) == k} 

k = l  
00 C() 00 

== L Pr{N(t) > k} == L Pr{Sk < t} ==  L Fk(t) k = l  k = l  k = l  
( t he  third equality results after summation by parts. Consult also Elemen­
t a ry Problem 1 �  Chapter 1 .) The convergence of the series 

00 
M(t) == L Fk(t) ( 1 .6) 

k = l  

'" i I I  Le verified formally in Section 4 .  
P r·oblems 3� 16� and 17 concern the variance and higher moments 

o f  N(t) . 
'rh erc are a number of other random variables of interest. Three of 

1 h c · Hc ·  are : the excess life (also called the excess random variable) � the 

'!' l lerc ,  und in what follows , our convention is to include the right endpoint in an integral 

I t \' � ·· n n  i nterval , and onlit the left. That is , s� h(x ) dG(x) = S� t h(x ) dG(x ). 
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current life (also called the age random variable) and the total life, defined, 
respectively, by 

'}' t == S N( t) + 1 - t 
bt === t - SN(t) 
Pt === Y t  + bt 

(excess or residual lifetime) 
(current life or age random variable) 
(total life) .  

A pictorial description of these random variables i s  given in Figure 2 .  
The fundamental significance of these random functions in the theory 

of renewal processes and their relevance for applications will be amply 
developed throughout this chapter . 

N(t) 

..._ /3, 

b ,  � I� y ,  i 

I 
I 
I 
I 
I 
I 
I l 

SN( t )  1 

FIG. 2 .  The exess 
life Pt . 

I 

I 
I 
I 
I 
I 
I 
I 

_! 

I 
I 

SN( t )  + 1 t 
life y t , the current life b t , and the total 

2: Some Examples of Renewal Processes 

The listing below points out the wide scope and diverse contexts in 
which renewal processes arise . Several of the examples will be studied in 
depth in later sections . 

(a) Poisson Processes 
A Poisson process {N(t) , t > 0} with parameter A is a renewal counting 

process having the exponential interoccurrence distribution 

F( X) == 1 - e- )..x, x > O, 
as established in Theorem 2 . 1  of Chapter 4. This particular renewal 
process possesses a host of special features highlighted later in Section 3 .  
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(b) Counter Processes 
The times between successive electrical impulses or signals impinging 

on a recording device (counter) are often assumed to form a renewal 
process. Most physically realizable counters lock for some duration 
imme9iately upon registering an impulse and will not record impulses 
arriving during this dead period . Impulses are recorded only when the 
counter is freed (i .e . ., unlocked) . Under quite reasonable assumptions., the 
sequence of events of the times of recorded impulses forms a renewal 
process ., but it should be emphasized that the renewal process of recorded 
impulses is a secondary renewal process derived from the original renewal 
process comprised of the totality of all arriving impulses .  Sections 3 and 7 
elaborate the theory of counters concentrating on two kinds of locking 
mechanisms., the so-called counters of Types I and II . 

(c) Traffic Flow 
The distances between successive cars on an indefinitely long single-lane 

highway are often assumed to form a renewal process .  So also are the 
time durations between consecutive cars passing a fixed location. 

(d) Renewal Processes Associated with Queues 
In a single-server queueing process there are imbedded many n_atural 

renewal processes . We cite two examples : 
(i) If customer arrival times form a renewal process., then the times 

of the start of successive busy periods generate a second renewal 
process. 

(ii) For the situation where the input process (the arrival pattern of 
customers) is Poisson., then the successive moments when the 
server passes from a busy to a free state determine a renewal 
process . 

( t•) Inventory Systems 
In the analysis of most inventory processes it is customary to assume 

that the pattern of demands forms a renewal process . Most of the standard 
i nventory policies induce renewal sequences., e .g  . ., the times of replenish­
u aent of stock (see Section 8) . 

( f )  Renewal Processes Connected to Sums of Independent 
Jlandom Variables 
(i) Let � 1 .,  e2 ., e 3 .,  • • •  be a sequence of real-valued (not necessarily 

positive) i .i .d. random variables . Assume E(eJ > 0. Consider the 
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process of partial sums U0 == 0., Un == �1 + �2 + · · · + �n ., n > 1 ., 
whose values range over the real line. Define 

and Sk == inf {n : Un > U sk _ 1 }., 
k == 2., 3 ., . . .  ., 

and k == 2 .,  3 ., . . . . 

It is clear that the sequence X1 ., X2 ., X3 ., • • •  constitutes  a sequence of 
positive independent and identically distributed integer-valued random 
variables . The renewal process Sm == X1 + · · ·  + Xm ., m > 1 .,  can be inter­
preted as the successive times (indices) where U n exceeds its previous 
maximum. In words., these form the sequence of successive new maxima. 

(ii) The sequence {Usm - U8m _ 1 }�= 1 also provides a sequence of i .i .d. 
positive random variables which therefore generate a renewal pro­
cess . This example is of importance in the theory of fluctuations of 
sums of independent random variables (see Chapter 17 of 
Volume II.) 

(g) Renewal Processes in Markov Chains 
Let Z0 ., Z1 ., • . .  be a recurrent Markov chain. Suppose Z0 == i and con­

sider the times (elapsed number of generations) between successive visits 
to state i . Specifically., 

and 

xk + l == min {n > xk :  zn == i} - xk ., k == 1 ., 2.,  . . .  · -

Since each of these times is computed from the same starting state i., the 
Markov property guarantees that X1 ., X 2 ., • • • are i . i .d .  and thus {Xk} 
generates a renewal process . This fact permitted the application of 
renewal theory in Chapter 3 to prove the basic limit theorem for Markov 
chains .  

(h) Natural Embedded Renewal Processes 
Natural embedded renewal processes can be found in many diverse 

fields of applied probability including branching processes ., insurance risk 
models., phenomena of population growth., evolutionary genetic rncchan· 
isms., engineering systems., econometric structures., and elsewhere . 
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3 :  More on Some Special Renewal Processes 

A .  TH E P O I S S O N P R O C ES S  V I EW E D  AS A R E N EWA L  P R O C ESS 

As mentioned earlier, the Poisson process with parameter A is a 
renewal process whose interoccurrence times have the exponential distri­
bution F(x) == 1 - e - ;.x, x > 0. The memoryless property of the ex­
ponential distribution (see p. 1 2  5) serves decisively in yielding the explicit 
computation of a number of functionals of the Poisson renewal process . 

(i) The Renewal Function 
Since N(t) has a Poisson distribution, 

and 

(ii) Excess Life 

Pr{ N(t) = k} = 
(At)��- . u , 

M(t) == E[N(t) ] == At. 

k == 0, 1 ,  . . .  , 

Observe that the excess life at time t exceeds x if and only if there are 
n o  renewals in the interval (t, t + x] (Figure 3) . This event has the same 
probability as that of no renewals in the interval (0, x] , since a Poisson 
p rocess has stationary independent increments. In formal terms, we have 

N( l )  

Pr{y t > x} == Pr{N(t + x) - N(t) == 0} 
== Pr{N(x) == 0} == e - ;.x. 

r 

r 

1 
FIG. 3. 

y,  
A 

t + x  

i 
I 
I 

(3 . 1) 
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Thus� in a Poisson process� the excess life possesses the same exponential 
distribution 

x > O (3 .2) 

as every life �  another manifestation of the memoryless property of the 
exponential distribution . 

Equation (3 .2) can be written in the less explicit form 

Pr{y r > x} === 1 - F(x) � X >  0� t > 0. (3 .3) 

We will see in Section 8 that this identity characterizes the Poisson 
process among all renewal processes. 

(iii) Current Life 
The current life br � of course� cannot exceed t� while for x < t the 

current life exceeds x if and only if there are no renewals in (t - x� t] � 
which again has probability e - lx. Thus the current life follows the trun­
cated exponential distribution 

{ 1 - ).x Pr{b t < x} =  1 ,
- e � for 0 < x < t� 

for t < x. (3 .4) 

It is convenient for later purposes to represent this formula in the guise 

{F(x) �  Pr{b t < x} = 1 , 
X < t� 
x > t. (3 .5) 

It will be shown in Section 8 that this property of b t also characterizes 
the Poisson process. 

(iv) Mean Total Life ·  
Using the evaluation of Problem 9 of Chapter 1 for the mean of a non­

negative random variable� we have 

1 t 
= - +  J Pr{b t > x} dx 

A o 

1 
t 

= - + J e - Ax dx 
A o 

1 1 - ). t = A
+ 

A 
( 1 - e - ) .  
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Observe that the mean total life is significantly larger than the mean 
life 1/  A ==  E[Xk] of any particular renewal interval . A more striking expres­
sion of this phenomenon is especially revealed when t is large� where the 
process has been in operation for a long duration . Then the mean total life 
E(f3t) is approximately twice the mean life .  These facts appear at first 
paradoxical. 

Let us reexamine the manner of the definition of the total life f3t with 
a view to explaining on an intuitive basis the above seeming discrepancy. 
First� an arbitary time point t is fixed. Then f3t measures the length of the 
renewal interval containing the point t. Such a procedure will tend with 
higher likelihood to favor a lengthy renewal interval rather than one of 
short duration . The phenomenon is known as length-biased sampling and 
occurs� well disguised, in a number of sampling situations . 

(v) Joint Distribution of Y t and D r  
The joint distribution of Y t and D r  is determined in the same manner 

as the marginals . In fact� for any x > 0 and 0 <y < t, the event 
{ y t > x� () t > y} occurs if and only if there are no renewals in the interval 
( t - y � t + x] � which has probability e - l(x+ y) . Thus 

{e - A.(x+ y) 
Pr{y t > x, (j t > y} = 0, 

, if X >  0� 0 <y < t� 
if y > t . (3 .6) 

( )hserve that for the Poisson process Y t and Dr are independent� since their 
j oint distribution factors as the product of their marginal distributions. 
' l 'hat this property also characterizes the Poisson process among renewal 
p rocesses is incorporated as Problem 25 at the close of the chapter. 

B .  R E P LAC E M ENT M O D E LS 

I Jet X 1 � X 2 � • • •  represent the lifetimes of items (light bulbs� transistor 
c · n rds� machines� etc.) that are successively placed in service� the next 
i I c · •  n commencing service immediately following the failure of the previous 
o u c .  We stipulate that {X;} are independent and identically distributed 
poH i l" ive random variables with finite mean J1. == E[Xk] . Since each item 
l a s t s .,  on the average � J.1 time units� we would expect to replace items over 
I I H ·  l on �  run at a mean rate of 1 /  J1. per unit time . That is� we would expect 

1 1 
- M( t) -+ - � t J1. 

as t-+ 00 .  

' l ' h i 1-1  i H  i ndeed the case., a s  will be demonstrated in Section 4 .  

(3 .7) 
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In the long run, any replacement strategy that substitutes items prior 
to their failure will use more than 1 //t items per unit time . Nonetheless, 
where there is some benefit in avoiding failure in service , and where units 
deteriorate, in some sense , with age , there may be an advantage in con­
sidering alternative replacement strategies .  

An age-replacement policy calls for replacing an item upon failure or 
upon reaching age T, whichever occurs first . Arguing intuitively, w� 
would expect the long-run fraction of failure replacements, items that fail 
before age T, will be F( T) , and the corresponding fraction of (conceivably 
less expensive) planned replacements will be 1 - F( T) . A renewal interval 
for this modified age-replacement policy obviously follows a distribution 
law 

F r(x) == 
{F(x) , 

. 1 ' 

for x < T, 
for x > T, 

and the mean renewal duration is 
oo T 

Jl r = I {1 - F r(x) } dx = I {1 - F(x) } dx < Jl· 0 0 
The same reasoning that led to (3 .7) indicates that the long-run mean 
replacement rate is increased to 1/ Jlr . 

Now, let Y1 , ¥2 , • • •  denote the times between actual successive failures . 
The random variable Y1 is composed of a random number of time periods 
of length T (corresponding to replacements not associated with failures) , 
plus a last time period in which the distribution is that of a failure con­
ditioned on failure before age T; that is , Y1 has the distribution of 
NT+ Z, where 

and 

Hence , 

Pr{N > k} :::= {1 - F( T)}k, k == 0, 1 ,  . . .  , 

Pr{ Z < z} = F(z) jF( T) , 0 < z  < T. 

T 

E[Y1 ] = F
I
T) {T[l - F( T)] + I  (F( T) - F(x)) dx} ( 0 

T 

== -
1- I {1 -' F(x) } dx. F(T) 0 

The sequence of random variables for interoccurrence times of the bona 
fide failures {Y;} generates a renewal process whose mean rate of failu reR 
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per unit time in the long run is 1 /E[Y1 ] . This inference again relies on a 
parallel reasoning to that leading to (3 .7) . Depending on F, the modified 
failure rate 1/E(Y1 )  may possibly yield a lower failure rate than 1/ J.l, the 
rate when replacements are made only upon failure. 

Block replacement policies are suggested when there are a number of 
units functioning in parallel at any one time, and where, because of 
economies of scale, it costs less per unit to refurbish all units simulta­
neously than to substitute for items individually. A block replacement 
policy calls for replacing items individually upon failure and all items at 
the block times T, 2 T, 3 T, . . . . Accordingly, there is exactly one planned 
or block replacement every T units of time and, on the average, M( T) 
failure replacements . Thus the total long-run replacements per unit time 
is {1 + M(T) }j T, which may be compared to the corresponding figure for 
the other replacement strategies. 

C .  C O U N T E R M O D E LS 

A counter is a device for detecting and registering instantaneous pulse­
type signals. Familiar examples are the Geiger-Muller counter, which 
rneasures atmospheric cosmic radiation or source radiation,  such as that 
•� tnitted by a mass of radium. Another example is the electron multiplier . 

All physically realizable counters are imperfect, incapable of detecting 
all signals that enter their detection chambers . After a particle or signal 
i H  registered, a counter must recuperate or renew itself in preparation for 
t h e  next arrival . Signals arriving during the readjustment period, called 
d()ad time or locked time, are lost . We must distinguish between the 
arriving particles and the recorded particles. The experimenter observes 
ouly the particles recorded ;  from this he desires to infer the properties of 
the  arrival process. 

'r'he particles or signals are assumed to arrive according to a renewal 
proeess with interarrival times X1 , X2 , • • •  , where Pr{Xk < x} = F(x) . 
( :o u nter models are distinguished in the nature of the locking time 
n • c · ( � hanisms . We describe the two most common types . 

'l :vp(' I Counters 
;\ particle arrives at time 0 and locks the counter for a dead time 

d I l l' a I. ion Y 1 • The first particle to be registered is the first particle to arrive 
nftc · r t i rnc ¥1 • With the registration of the particle, the counter is blocked 
fo r u tirne length, say Y 2 • The next particle to be registered is �that of 
t I a � · f i  r·H t arrival once the counter is freed. This process is repeated, where 
I l a P Hu eccAAive locking times, denoted by Y1 , Y 2 , Y 3 ,  • • .  , are assumed 
i ruiP tH �ndent with common distribution Pr{ Yk < y} = G(y) , and inde­
p. - u c l • ·n l. of  the  arrival process {Xk}. 
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Let Z1 denote the elapsed time until the first signal is registered (not 
counting the one at the origin) and let zn ., n === 2 .,  3 .,  . . . ., be the elapsed 
time between the (n - 1)st and nth registrations. Since the process starts 
afresh following each registration., { Zk} constitutes a renewal process. The 
action is diagrammed in Figure 4. 

Arrival 
process 

Recorded 
process 

successive locking times 

.,..._ ___ ____.. yl------1� 

..,.._ _______ zl _____ __, ...... l ...... -- z2 __ ..,.,� .. r----

FIG. 4. A Type I Counter. e denotes a lost signal and 0 .,  a 
recorded signal. 

Inspection of Figure 4 reveals that Z1 is Y1 plus the excess life at Y1 ., or 

Z1 === Yl + Y Y1 === sN( Yt)+l .,  
where Sk === X1 + X2 + · · · + Xk . 

Since the {Xn} and {Yn} processes are independent., invoking the law of 
total probability we obtain 

z 
Pr{Z1 < z} = J Pr{y + 'Yy < z [ Y1 = y} dG(y) 

0 

z 
= f {1 - Az -y( y) } dG(y) ., 

0 

where Ax(t) === Pr{y t > x }. , 
An explicit formula for Ax(t) is available (later) in Equation (6. 1 ) ., so 

that the distribution of the time duration between counts in a Type I 
counter is completely specified. 

In the long run., the mean rate per unit of time of recorded particles 
will be 1/E[Z1 ] ., while the similar rate for arriving particles is 1/E[X1 ] . 
We will show later that the long-run fraction of recorded particles among 
the totality of all arriving particles is E[ X 1 ] jE[ Z 1 ] .  
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When the arrival process is Poisson, with mean A., the memoryless 
property of the interoccurrence exponential distribution tells us that y t 

follows an exponential distribution, independent of t. Thus in this 
Poisson case 

z 

Pr{Z1 < z} = J G(z - y)A.e - ;.y dy. (3 .8) 
0 

Type II Counters 
Here the locking mechanism is more complicated. As before, an in­

coming signal is registered if and only if it arrives when the counter is 
free. Previously, however, only recorded particles induced the counter to 
lock. For Type II counters, every arriving signal can prolong the dead 
period of the counter, the associated locking times being added con­
currently. For example, suppose the first particle locks the counter for a 
time duration u1 and a second pulse arrives at time r < u1 and inde­
pendently engenders a locking time of extent u 2 ; then the counter is next 
free at time u 1 or r + u 2 , 'vhichever occurs last assuming no additional 
particle arrivals prior to then. A typical realization of the process is 
diagrammed in Figure 5 .  

As with the Type I counter, let Z" be the time between the (n - l)st 
and nth recorded pulses . Again { Zk} is a renewal process. 

This counter process is quite difficult to analyze in general. We present 
a few results under the assumption that the arrival pattern is Poisson 
with rate A.. 

A rrival  
process 

R ecorded 
process 

(J14 

lT2--j ·(J 1 ' � · -
(J2 

rlTrl r-lT/---l n 1 

r-0 - ..... -- - -
�I I� yl · I  y2 

-ol ..... �.------z 1 -----� ...... 1 ... ----- z 2 ___ ___..., .... , .... -- z 3 --

FI G .  5. A Type II counter. e denotes a lost signal and 0 ,  a 
reeorded signal. 
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Let p( t) be the probability that the counter is free at time t. We claim 
t 

p(t) = exp {- }, I [I - G(y) ] dy} , 
0 

(3 .9) 

where G(y) == Pr{uk < y}. To derive this formula., recall from Theorem 2 .3 
of Chapter 4 that ., given n occurrences of a Poisson process in the interval 
(0., t] ., the distribution of the occurrence times is the same as that of n 
independent random variables taken from a uniform distribution on (0., t] .  
The counter is free at time t if and only if all dead periods (i .e  . ., locking 
times) engendered by these n signals have terminated before time t . The 
probability is G( t - y) that a dead period commencing at time y will end 
before time t . Conditional that a signal impinges during the time interval 
(0 ., t] ., its actual arrival time has a uniform distribution . The requirement 
that its induced dead period is culminated prior to time t therefore has 
probability J� G(t - y) dyft. Since the locking times are assumed inde­
pendent and independent of the arrival process., we have 

Pr{counter free at time t i n signals in (0., t] } { t 1 }n = I G(t - y) t dy . 
0 

But the number of signals arriving during the time interval (0., t] has a 
Poisson distribution with mean At. Invoking the law of total probabilities., 
we obtain 

oo { t 1 }i (.At)ie - ;. t p (t) = jz;
O I G(t - y) t dy j !  

= exp
{
- At [l - j G(t - y) � dy] } 

t 

= exp {- A  I [1 - G(y)] dy) , 
0 

and formula (3 .9) is confirmed. . 
Continuing with our assumption of a Poisson stream of signals ., p(t) 

can be related to MR(t) ., the mean number of recorded signals in (0., t] . We 
claim 

dMR(t) 
= Ap(t) . dt 

To prove this contention the following facts - are relevant : 

(3 . 10) 
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The probability of a signal appearing in the interval ( t� t + h] is 
Ah + o(h) . By definition, the probability of finding the counter free during 
this same short time period is p(t) + o(h) . Therefore� up to terms of order 
o(h) � Ahp(t) is the probability of a recorded arrival in (t� t + h ] .  Since the 
probability of more than one signal in an interval ( t� t + h] is of order less 
than h as h {, 0, we have 

MR(t + h) = MR(t) + Ahp(t) + o(h) � 
where o(h) incorporates all the negligible terms . Then 

which gives (3 . 10) . 
Note that MR(O) = 0� by its meanig.g. Now combining (3 .9) and (3 . 10) 

and integrating yields 
t s 

MR(t) = I A exp {- A I [1 - G(y)] dy} ds . (3 . 1 1) 
0 0 

4 :  Renewal Equations and the Elementary Renewal Theorem 

A. TH E R E N EWAL F U N CTI O N  

In Section 1 we derived a formula for the mean number of counts in 
(0� t] . Explicitly� 

00 
M(t) = E[N(t) ] === I Fj(t) � (4 . 1) 

j = l 

where 
t > 0. 

Because of ·its far-reaching significance and relevance beyond its inter­
( H't� lation as a mean number of counts� M(t) has been ascribed the 
H ( H�cial name� the renewal function.t 

( )u r initial task will be to show that M( t) for each t > 0 is finite . To this 
( • r u l �  first we infer� on the basis of the definition and monotonic nature 
o f  Ji,J (x) � the inequality 

t 

J?.(t) = I Fn - m(t - �) dFm(�) < Fn -m(t) Fm(t) � 1 < m < n - 1 . 
0 

"j- B P<'<'n l a uthors tend to include the renewal that takes place at the origin and define the 

n•u c ·w u l  fu netion to be l -1- M(t) = El l -1 - N(t)] = 2::= 0 Fn(t) where F 0(t) = l for t > 0 and 0 

. . l t- w w lw t·(• . Wh i le this definition slightly simplifies some formulas � it calls more heavily on the 

I ,c� ho"',.,;ue" cS t ieltjeM theory of in tegra tion th an does the more traditional definition that we use. 
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In particular, for any integers k, r, and n, we have 

Direct iteration leads to the relations 

O < k < r - 1 . (4 .2) 
00 

In light of ( 4 .2) ,  we see that the series M( t) ::=: L Fk( t) for any t, where 
k = l Fr(t) < 1 ,  converges, indeed at least geometrically fast . 

Since Xi are positive random variables, so that F(O+) ::=: 0, and 
accordingly F(t0) < 1 for some positive t0 , we infer inductively that for 
each t > 0 there must exist r fulfilling Fr(t) < 1 .  This fact is intuitive from 
probability considerations and equivalent to the statement that the 
partial sums sn ' sums of positiv� i.i .d.r.v. 's, increase to infinity with 
probability one . 

Two important consequences emerge from the preceding discussion, 
which are now displayed for easy reference : 

For any fixed t, 

and 

as n � 00 (at least geometrically fast) , 

M(t) < oo, for all t . 

(4 .3) 

Manifestly, M(t) by its meaning (or from inspection of the formula 
( 4 . 1)) is a non decreasing function of t. Moreover, it readily can be checked 
that M(t) is continuous from the right (since each Fk(t) has this property 
and the series converges uniformly on finite intervals) . Thus M(t) is 
endowed with the characteristics of a distribution function apart from 
the exception that M( oo) ::=: lim1 � 00 M(t) =f- 1  (actually, M( oo) , oo) . 
Nonetheless, it will be meaningful to write expressions of the type 
J a(t - y) dM(y) , to be interpreted in a manner parallel to J a(t - y) dF(y) , 
where F is a distribution function. In particular, in the common case 
in which M is differentiable with m(t) ::=: dM(t)jdt, the integral 
J a(t - y) dM(y) reduces to J a(t - y)m(y) dy. 

At this point it is useful to generalize the notion of convolution 'to 
apply to any two increasing functions . Let A and B be nondecreasing 
functions, continuous from the right, with A(O) == B(O) = 0. Define the 
convolution, denoted A * B, by 

t 

A * B(t) = f B(t - y) dA(y), t > 0 . 
0 
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Since B(O) == 0, we have B(t - y) == J�-y dB(z) . Inserting this in (4 .4) and 
changing the order of integration produces 

t t - y 

A * B(t) = I {I dB(z) } dA(y) 
0 0 

t t - z  

= I {I dA(y) } dB(z) 
0 0 

== B * A(t) , 
so that * is a commutative operation. 

We next show that the renewal function M(t) satisfies the equation 
t 

M(t) = F(t) + I M(t - y) dF(y) , t > 0, 
0 

or, in convolution notation, 

M(t) == F(t) + F * M(t) , t > 0 . (4 .5) 

This identity will be validated invoking the renewal argument, which 
proceeds by conditioning on the time X 1 of the first renewal and counting 
the expected number of renewals thereafter. Manifestly, the probabilistic 
s tructure of events begins anew after the moment X 1 ,  and consequently 

E[N(t) [X1 = x] = {�'+ M(t _ x) , 
if X >  t, 
if X <  t. 

I n  words, there are no renewals in (0 , t] if the first lifetime X1 exceeds t. 
( )n the other hand, where X1 = X < t there is the renewal engendered at 
I i n1 e x plus, on the average , M(t - x) further renewals occurring during 
1 he time interval extending from x to t. Applying the law of total proba­
b i li ty yields 

M(t) == E[N(t)] 
t 

= I E[N(t) [X1 = x] dF(x) 
0 

t 

= I {1 + M(t - x) } dF(x) 
0 

t 

= F(t) + I M(t - x) dF(x) , 
0 

u ra d  l"f� la t ion (4 .5 )  is establi shed . 
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Much of the power of renewal theory derives from the preceding method 
of reasoning that views the dynamic process starting anew at the occur­
rence of the first ' ' event . ' '  

Renewal Equations 
An integral equation of the form 

t 

A(t) = a(t) + J A(t - x) dF(x) ., t > O., (4 .6) 
0 

is called a renewal equation. The prescribed (or known) functions are 
a(t) and the distribution function F(t) ., while the undetermined (or 
unknown) quantity is A(t) .  

Without ambiguity, we will employ the notation B * c(t) for convol"":­
tion of a function c(t) (assumed reasonably smooth and bounded on 
finite intervals) with an increasing right-contin·uous function B(t) ., 
B(O) === 0., to stand for 

t 

B * c(t) = J c(t - -r) dB(-r) . (4.7) 
0 

Where B '(t) == b(t) exists ,  then (4.7) reduces to 
t 

B * c(t) = J c(t - -r)b(-r) d-r., 
0 

provided this integral is well defined in the ordinary sense . Some elemen­
tary properties of B * c are listed for ready reference leaving their 
straightforward validations to the student : 

(i) max i (B * c) (t) l < max l c(t) l · B( T) (consult also (4 . 11 ) below) ; 
O :;;. t :=;. T  O :::;. t < T  

( ii) B * c 1 + B * c 2 == B * ( c 1 + c 2) ; 
(iii) If B1 and B2 are increasing., then 

B1 * (B2 * c) == (B1 * B2) * c. 
' ( 4.8) 

Comparing (4 .6) with (4 .5) reveals that the renewal function M(t) 
satisfies a renewal equation in which a( t) === F( t) . The following theorem 
affirms that the solution of an arbitrary renewal equation can be repre­
sented in terms of the renewal function. 

Theorem 4.1. Suppose a is a bounded function. There exists one and only 
one function A bounded on finite intervals that satisfies 

t 

A(t) = a(t) + f A(t -y) dF(y) . 
0 -

( 4· .9) 
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This function is 
t 

A(t) = a(t) + J a(t - x) dM(x) , 
0 

00 
where M(t) === I Fk(t) is the reneu,al function. k = l  

1 85 

( 4 .10) 

Proof. We verify first that A specified by (4 . 10) fulfills the requisite 
boundedness properties and indeed solves (4 .9) . Because a is a bounded 
function and M is nondecreasing and finite , for every T, it follows that 

T 

o���T IA
(t) l < o���T i

a(t) l + I c���TI �
(y) l } dM(x) 

=== sup l a(t) l {1 + M(T) } < oo, (4 . 1 1) 
0 :::;, t :::;, T 

establishing that the expression (4 . 10) is bounded on finite intervals .  To 
check that A(t) of (4 . 10) satisfies (4 .9) , we have 

A(t) === a(t) + M * a(t) 

= a(t) + (J1 Fk) * a(t) 
00 

== a(t) + F * a(t) + I Fk * a(t) 
k = 2 

= a(t) + F * {a(t) + (�1 Fk) * a(t) } 
=== a(t) + F * A(t) . 

(since Fk === F * Fk _ 1 
and using ( 4.8)) 

'ro complete the proof of Theorem 4. 1 it remains to certify the uniqueness 
of A. This is done by showing that any solution of the renewal equation 
(4� . 9) , bounded in finite intervals , is represented by (4 . 10) . 

Note for this end that the renewal equation (4.9) is suited to successive 
approximations by repeatedly substituting the expression for A(t) into 
the right-hand side of (4.9) and expanding appropriately. We carry out 
1 h i s program using the convolution notation. Accordingly, we write (4 .9) 
i 1 1  the abbreviated form 

and  substitute for A on the right to get 

A === a -t- F * (a + F * A) 
= a -1- F * a + F * ( F * A) 
� a -1- J? * a �··l- F2 * A (recall the identification F 2 === F * F) . 
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Reliance on the properties of ( 4 .8) has been tacitly implemented . We 
iterate this procedure., securing the equation 

A ==  a + F * a + F2 * (a + F * A) 
== a + F * a + F2 * a + F3 * A == · · ·  

= a + Ct:Fk) * a + Fn * A . 

Next., observe that 
t 

i Fn * A(t) l = I f A(t - y) dFn(y) \ 
0 

< c��� t 
IA(t - y) l } X Fn(t) . 

Since A is assumed bounded in finite intervals., and limn� 00 Fn(t) == 0 
(consult (4 .3 ) ) ., it follows that limn� 00 I Fn * A(t) I == 0 for every fixed t . 
Similarly., since a is bounded., we obtain 

Thus 
!�� c�: Fk) * a(t) = Ct1 Fk) * a(t) = M * a(t) . 

A (t} = a(t) + !�� c�: Fk * a(t) + Fn * A(t) } 
== a(t) + M * a(t) ., 

and the general solution A of (4 .9) acquires the representation (4 . 10) . 
The uniqueness proof of Theorem 4 . 1 is complete . • 

With the help of Theorem 4 . 1 we will prove the important relation 

E[SN(t) + ll == E[Xl + x2 + · · ·  + xN( t) + l] 
== E[X1] • E[ N(t) + 1 ] 
== E[X1] • [M(t) + 1] 

(4 . 12) 

At first glance., this identity perhaps resembles an identity derived in 
Chapter 1 affirming the property that if X 1 .,  X 2 ., X 3 ., • • •  are independent 
identically distributed random variables and N is an integer-valued 
random variable independent of the X/s., the equation E[X1 + · · · + XN] 
== E[X1 ] • E[N] prevails provided all mean values exist . The crucial 
difference in the present context is that the number of summands 
N(t) + 1 is not independent of the summand contributions themselves . 
For example ., recall that in the Poisson discussion of Section 3 .,  th e total 
life Pt ., the last summand involved in SN( t) + 1 ., -has a mean that approached 
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twice the unconditional mean for t large . For this reason., it is not correct., 
in particular., that E[SN( t)] can be evaluated as the product of E[X1] 
and E[N(t)] . In view of these cautionary comments., identity (4 . 1 2) is 
more intriguing and remarkable .  (It is actually a special case of what is 
known as the Wald identity ; in this connection see Chapter 6 on 
martingales . ) 

To derive (4 . 12) we will use a renewal argument to establish a renewal 
equation for 

A(t) == E[SN( t) + 1 ] .  
As usual., we condition on the time of the first renewal X1 == x., and dis­
tinguish two contingencies :  the first where x > t so that N(t) == 0 and 
S N( t) + 1 == x., and the second where x < t. A direct interpretation of the 
quantities involved readily validates the equation 

Next., invoking the law of total probability yields 

A(t) == E[SN( t) + 1] 
00 

= I  E[SN( t) + l iX1 = x] dF(x) 
0 

t 00 

if X >  t., 
if X <  t . 

= I [x + A(t - x)] dF(x) + I x dF(x) 
0 t 

00 t 
= I x dF(x) + I A (t - x) dF(x) 

0 0 

t 
= E[X1] + I A(t - x) dF(x) . 

0 

r l 'hus A(t) == E[SN( t ) + 1 ] satisfies a renewal equation for which a(t) == the 
eonstant E[X1 ] .  Theorem 4 . 1 states that 

t 
A(t) = a(t) + I a(t - x) dM(x) 

0 

t 
= E[X1 ] + I E[X1 ] dM(x) 

0 

== E[X1 ] x [1 + M(t)] ., 
w h ieh  eo1npletcs the proof of (4 . 1 2) .  
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Observe that the excess life 'Y t == SN( t) + 1 - t has 

E[y1] == E[X1 ] • [1 + M(t)] - t. ( 4 . 13) 
' At several occasions in Section 3 the intuitive result M(t) /t --+1/ J.1 

as t--+  00� where J.1 == E[X1] was applied.  We are now in a position to 
prove this important fact � commonly referred to as the elementary renewal 
theorem. 

Theorem 4.2. Let {Xi } be a renewal process with J.1 == E[X1 ] < oo. Then 
1 1 

lim - M(t) == - . 

t-+ 00 t J.1 

Proof. It is always the case that t < SN( t) + 1 • Combined with Eq. (4 . 12), 
we have 

and therefore 

It follows that 

t < E[SN( t) + 1 ] == J.1[1 + M(t)] ,  

1 1 1 - M(t) > - - - .  t J1 t 

1 1 
lim inf - M(t) > - . 
t-+ oo t J.1 

(4 . 14) 

To establish the opposite inequality, let c > 0 be arbitrary� and set 

if xi < c, 
if xi > c� 

and consider the renewal process having lifetimes {Xf}. 
Let S� and Nc(t) denote the waiting times and counting process , respec­

tively, for this truncated renewal process generated by {Xf}. Since the 
random variables Xf are uniformly bounded by c� it is clear that 
t + c > s�C(f) + 1 � and therefore 

where 
c 

Jlc = E[Xf] = J {l - F(x)} dx� 
0 

and 
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Obviously Xf < Xi entails Nc(t) > N(t) , and therefore Mc(t) > M(t) . It 
follows that 

t + C > Jlc[1 + M(t)] , 
and by rearrangement 

Hence 

Since 

1 1 1 ( c ) - M(t) < - + - - - 1 . 
t Jlc t Jlc 

1 1 
lim sup - M(t) < c ,  
t-+ oo t J1 

c 

for any c > 0. 

lim J.lc = lim J [1 - F(x)] dx 
c-+ oo c-+ oo 0 

00 

= J [1 - F(x)] dx � Jl, 
0 

while the left-hand side of (4 . 15) is fixed, we deduce 

. 1 . 1 1 
l1m sup - M(t) < ltm c == - .  
t-+ oo t c-+ oo J1 J1 

Inequalities (4 . 14) and (4. 16) in conjunction imply 

. 1 1 l1m - M(t) == - ,  
t -+ oo t J1 

and the proof of the theorem is complete .  • 

5 :  The Renewal Theorem 

(4 . 15) 

(4 . 16) 

'['he subject of this section involves one of the most basic theorems in 
a p pl i ed probability . The renewal theorem can be regarded as a refinement 
o f  th e asymptotic relation M(t) "-' t/ Jl, t --+  oo, established in Theorem 4 .2 .  

I t  can be interpreted as a differentiated form of the limit formula 
l i • u ,  . ; (F_j M(t)jt == 1/ Jl · More explicitly, subject to certain mild conditions 
o u  b'(x) , the renewal theorem asserts that for any h > 0 

h M(t + h) - M(t) � - , J1 as t -+  00 .  (5 . 1) 
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In words � the expected number of renewals in an interval of length h is 
approximately hf 11� provided the process has been in operation for a long 
duration. The statement of Theorem 5 . 1 �  appearing in a different formula­
tion but equivalent to (5 . 1 ) �  provides the optimum setting for application 
of the renewal theorem. Another perspective on the renewal theorem 
emphasizes its value in ascertaining the asymptotic character of solutions 
of renewal equations . 

The proof of the renewal theorem is lengthy and demanding. We will 
omit the details and refer to Feller [1] for comprehensive details . How­
ever � its statement will be given with care so that the student can under­
stand its meaning and be able to apply it unhesitatingly without 
ambiguity . Throughout the later sections � numerous applications will be 
forthcoming � and the implications of the basic renewal theorem will 
accordingly be well recognized. For the precise statement � we need 
several preliminary definitions . (The reader concerned only with applica­
tion can read the remainder of this section cursorily .) 

Definition 5.1. A point rx of a distribution function F is called a point of 
increase if for every positive B 

F(rx + e) - F(rx - e) > 0. 
A distribution function is said to be arithmetic if there exists a positive 
number A. such that F exhibits points of increase exclusively among the 
points 0� ± A� ±2A� . . . .  The la�gest such A is called the span of F. 

A distribution function F that has a continuous part is not arith­
metic . The distribution function of a discrete random variable having 
possible values 0� 1 �  2� . . .  is arithmetic with span 1 .  

Definition 5.2. Let g be a function defined on [0 � 00 ) .  For every positive {) 
and n === 1 �  2� . .  · � let 

mn === min{g(t) : (n - 1)() < t < nb}� 
iiin == max{g{t) : (n - 1) () < t < nb }� 

C() 00 
a( b) == b L mn � and a( b) == (j L -m" . n = l n = l 

Then g is said to be directly Riemann integrable if both series u( <5) and 
a( <5) converge absolutely for every positive ()� and the difference a( <5) 
- a( b) goes to 0 as () --+ 0. 
Every monotonic function g which is absolutely integrable in the sense that 

00 f l g(t) l dt < 00 (5 .2) 
0 



5 .  T H E  R E N E W A L  T H E O R E M  1 91 

is directly Riemann integrable , and this is the most important case for our 
purposes . Manifestly, all finite linear combinations of monotone functions 
satisfying (5 .2) are also directly Riemann integrable . 

Theorem 5.1. (The Basic Renewal Theorem) . Let F be the distribution 
function of a positive random variable with mean Jl· Suppose that a is 
directly Riemann integrable and that A is the solution of the renewal equation 

t 

A(t) = a(t) + I A (t - x) dF(x) . 
0 

(i) If F is not arithmetic, then 
1 00 
- I a(x) dx, 

lim A(t) == J1 
0 

t-+ 00 
0, 

if J1 < 00, 

if J1 == 00 .  
(ii) If F  is arithmetic with span A ,  then for all c > 0, 

A oo 

- L a(c + nA) , 
lim A (c + nA.) == J1 n = O 
n-+ oo 

0, 

if J1 < CIJ ,  

if J1 == CIJ .  

(5 .3) 

There is a second form of the theorem, equivalent to that just given, 
hut expressed more directly in terms of the renewal function. Let h > 0 
be given, and examine the special prescription of 

a(y) = {�: if 0 <y < h, 
if h <y, 

i n serted in (5 .3) . In this example, for t > h, because of (4 .10) , we have 
t 

A(t) = a(t) + I a(t - x) dM(x) 
0 

t 

= I dM(x) 
t - h  

== M(t) - M(t - h) , 
a n d  J l - 1  Jg:> a(x) dx === hf Jl· If F is not arithmetic, we may conclude on the 
bas i s  of the renewal theorem that 

lim [ M(t) - M(t - h)] == h/ Jl, (5 .4) 
t-+ 00 

w i th the  convention hf J1 == 0 when JL == oo.  
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The following converse prevails .  Theorem 5 . 1  can be deduced from the 
fact of (5 .4) by approximating a directly Riemann integrable function 
"\\rith step functions. The formal statement of the second form of the 
renewal theorem follows . 

Theorem 5.2. Let F be the distribution function of a positive random 
00 

variable with mean Jl · Let M(t) == I Fk(t) be the renewal function associated k = 1 
with F. Let h > 0 be fixed. 

(i) If F  is not arithmetic� then 
lim [ M(t + h) - M(t)] === hf 11·-
t � 00 

/ 

(ii) If F is arithmetic� the same limit holds� provided h is a multiple of 
the span A. 

We conclude this section by recovering Theorem 4.2 �  the elementary 
renewal theorem� namely� 

1 1 lim - M(t) === - � 
t � oo t JL 

(5 .5) 

as a corollary of Theorem 5 .2 .  To this end� set bn === M(n + 1) - M(n) . 
Then stipulating F to be not arithmetic� Theorem 5 .2 tells us that 
bn --+ 1/ J1 as n--+ 00� so that also the average of bn converges to the same 
limit . Thus 

1 n - 1 1 n - 1 1 1 
lim - L bk = lim - L [M(k + 1) - M(k)] === lim - M(n) == - . 

n-+ 00 n k = 0 n� 00 n k = 0 n� 00 n J1 

Now for an arbitrary t > 0� let [t] denote the largest integer not exceeding 
t. Cognizance of the monotone nature of M(t) allows the facts of 

[t] M([t] ) M(t) [t] + 1 M([t] + 1) - < < . t [t] - t - t [t] + 1 
Since t - 1 M(t) is trapped by functions converging to Jl- 1 � (5 .5) ipso facto 
follows. If F is arithmetic with span A� we set b" == M[(n + 1)A.] - M(n.A.) 
and use an entirely parallel argument . 

6 :  Applications of the Renewal Theorem, 

(a) Limiting Distribution of the Excess Life 
Let 'Yt == SN( t ) + 1 - t be the excess life at time t and for a fixed z > 0� Flet 

Az(t) == Pr{y t > z} . 
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We employ the renewal argument to establish a renewal equation for Az 
in the usual way by conditioning on the time X1 == x of the first renewal. 
We obtain (we encourage the student to draw a picture) 

1 .,  
Pr{yr > z iX1 == x} == 0., 

Az(t - x) ., 

if X > t + z., 
if t + z  > x > t., 
if t > X > 0 . 

Then by the law of total probability., 
00 

Az(t) = I Pr{y1 > z jX1 = x} dF(x) 
0 

t 

== 1 - F(t + z) + I Az(t - x) dF(x) . 
0 

Theorem 4 . 1  yields 
t 

Az(t) == 1 - F(t + z) + I {1 - F(t + z - x)} dM(x) . 
0 

To obtain a limiting di stribution., we assume 

Then 

00 

11 = E[Xt] = I {1 - F(x) } dx < oo. 
0 

00 00 

I {1 - F(t + z) } dt = I {1 - F(y)}  dy < oo., 
0 z 

. (6 .1)  

and {1 - F(t + z) } being monotonic., is directly Riemann integrable as 
a function of t with z fixed . Applying the renewal theorem yields 

00 

lim Pr{y 1 > z} =  lim Az(t) = /1- l I {l - F(y)} dy., 
t � cx::J t � oo 

z > 0., (6.2) 
z 

which displays the asymptotic distribution of the excess life .  
Limiting distributions for the current life b t and the total life Pr can 

he deduced from the result of (6.2) . Observe., with the aid of Fig. 6., we 
C 'an directly corroborate the equivalence of the sets of events 

{Y r > x and b t > y} 

I t  follows that 

if and only if {Y r - y  > x + y}. (6.3) 

lim Pr{D r > y., Y t > x} == lim Pr{Y t - y > x + y} 
t �  00 

00 

= 11- 1 I {1 - F(z) } dz., (6 .4) 
x+y 
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N(t) 

..._-- x + y •I 

t 

FIG. 6. Shows {D t > y and Yt > x} if and only 'if { Yt -
Y > x + y}. 

exhibiting the limiting joint distribution of {b t , Yt}· In particular, 

lim Pr { () t > y} === lim Pr { () t > y, ')' t > 0} t-+ 00 t-+ 00 
00 

= J.L- 1 J {1 - F(z) } dz. 
y 

(6.5) 

The limiting distribution of Pt === Dt + 'Y t can be extracted from the 
limit formula (6 .4) . However it is equally quick to proceed via the 
renewal argument . We will be brief. Define 

Conditioning on the time of the first renewal event , we have 

1 , 
Pr{Pt > x!X1 == y} === l(x(t - y) , 

0, 

if y > max(x, t) , 
if y < t, 
otherwise .  

The law of total probabilities produces the renewal equation 
t 

l(x(t) === 1 - F(max(x, t) ) + J Kx(t -y) dF(y) . 
0 

Application of the renewal theorem furnishes the limit law 

1 00 
lim Pr{Pt > x} = lim Kx(t) = - J [1 - F(max(x, r))] dr t-+ 00 t-+ 00 J1 0 

1 00 

= - f e dF(e) , 
J1 X , 

(6.6) 
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where the last equality emanates from easy manipulations of the first 
integral together "\-\'--ith integration by parts. Accordingly., we have estab­
lished that the limiting distribution of the total life is 

1 X 
lim Pr{Pt < x} = - f e dF(e} = G(x) . 
t-+ 00 J1 0 

When F has a density f., then the density of G is obviously xf(x) f Jl· 
It is of interest to relate the mean of G(x) with that of F(x) . Consider 

00 1 (f) 

J x dG(x) = - J x2 dF(x) , 
0 J1 0 

(6.7) 

and let us compare this quantity with Jl., the mean length of an arbitrary 
renewal interval . Note that the Schwarz inequality (see Chapter 1) 
implies 

(6.8) 

with �trict inequality prevailing unless F is a degenerate distribution. 
The relation of (6.8) tells us that the mean limiting total life of the obj ect 
in current operation strictly exceeds an ordinary mean lifetin1e . This fact 
is., of course., consistent with the analogous calculations done for the Poisson 
case (Section 3) .,  which involved a mean total life exceeding the mean 
lifetime by a factor of 2 .  The inequality of (6 .8) affirms the innate bias 
associated with sampling the lifetime interval that contains a prescribed 
point . 

(b) Asymptotic Expansion of the Renewal Function 
Suppose F is a nonarithmetic distribution with a finite variance a2 • 

Under these assumptions we will determine the second term in the 
asymptotic expansion of M(t) by proving 

. (J2 - J12 lim { M ( t) - Jl- 1 t} == 
2 2 • t-+ oo  J1 

Additional embellishments of the asymptotic behavior of M(t) for t large 
ean be ascertained employing parallel methods., where the existence of 
h igher moments of F are stipulated. 

Define 
H(t) === M(t) + 1 - J1- 1 t 

=== E[N(t) + 1] - J1- 1 t 
== Jl- t {E(SN( t ) + t ] - t} 
=== Jl- 1 E[y,] 

(by (4 .12)) 
(by (4 . 13)) . 
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Once again., appeal to the renewal argument ., conditioning on the tin1e 
X1 == x of the first renewal., will provide a renewal equation for H(t) . 
Direct enumeration of cases leads to 

{X - t 
E[yt i Xt = x] = JlH(t � x) , 

if X >  t, 
if X < t. 

Invoking the law of total probability yields 

Now 

00 
JlH(t) = f E[y t iX1 = x] dF(x) 

0 
00 t 

= J (x - t) dF(x) + Jl J H(t - x) dF(x) . 
t 0 

C() 00 J (x - t) dF(x) = J y dF(t + y) 
t 0 

00 
= f {1 - F(t +y)} dy 

0 

is a monotonic function of t., and expressing 1 - F(t + y) == J�y dF(z) 
and interchanging the orders of integration leads to 

00 C() 

f { f  [1 - F(t +y)] dy} dt 
0 0 

00 00 00 
= J J J dF(z) dy dt 

0 0 t + y 
oo oo z - t  

= J J { J dy } dF(z) dt 
0 t 0 
00 C() 

= J J (z - t) dF(z) dt 
0 t 
C() z 

= J J (z - t) dt dF(z) 
0 0 
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Thus the renewal theorem implies 

lim JlH ( t) == J.l
- 1 � ( u2 + 11?), 

t-+ 00 

or 
lim {M(t) - ,u- 1 t} == lim {H(t) - 1} 
t-+ 00 

as was to be shown. 

t-+ 00 

(12 + Jl2 
2Jl2 - 1 

(12 - ,u2 
2Jl2 ' 

7: Generalizations and Variations on Renewal Processes 

I 
A. D E LAY E D  R E N EWA L P R O C ESS ES 

1 97 

We continue to assume that {Xk} are all independent positive random 
variables, but only X 2 , X 3 , • • •  (from the second on) are identically distri­
buted with distribution function F, while X1 has possibly a different 
distribution function G. Such a process is called a delayed renewal process. 
we have all the ingredients for an ordinary renewal process except that 
the initial time to the first renewal has a distribution different from that 
of the other interoccurence times . 

One way in which a delayed renewal process arises is when the com­
ponent in operation at time t == 0 is not new. For example, supposP- that 
t he time origin is taken y time units after the start of an ordinary renewal 
p rocess . Then the time to the first renewal after the origin in the delayed 
1 • rocess will have the distribution of the excess life at time y of an ordinary 
rc newal process . 

As previously, let S0 == 0 and Sn == X1 + · · · + Xn , and let N(t) count 
1 he number of renewals up to time t. But now it is essential to distinguish 
ht� lween the mean number of renewals in the delayed process 

M0(t) == E[N(t)] ,  
n u d  the renewal function associated with the distribution F, 

C() 
M(t) :::::: I Fk(t) . k = l 

( :uudi tioning on the time of the first renewal, noting 

E[N(t) [X1 = x] = {� '
+ M(t _ x) , 

if X > t, 
if X <  t. 
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and following with implementation of the law of total probability gives 
C() 

M0(t) = f E[N(t) IX1 = x] dG(x) 
0 
t 

= J {1 + M(t - x) } dG(x) 
0 

t 
= G(t) + J M(t - x) dG(x) 

0 
t 

= G(t) + J G(t - x) dM(x) . 
0 

(7 .1 )  

Manifestly, Eq.  (7 . 1 ) displays M0(t) as the solution of the renewal equa­
tion [compare with (4 .9) and (4 . 10) ]  

t 
M0(t) = G(t) + J M0(t - x) dF(x) . (7 .2) 

0 

We will show that M0(t) obeys the renewal theorem, assuming that F 
is a nonarithmetic distribution. (An analogous approach works in the 
arithmetic case.) From (7 . 1 ) we recall, for any t > 0 ,  

t 
M0(t) = G(t) + f M(t - x) dG(x) , 

0 

and in particular, for t > h, 
t - h 

M0(t - h) === G(t - h) + f M(t - h - x) dG(x) . 
0 

' 

Agreeing that M(x) === 0 for x < 0,  the difference of these equations be-
comes 

t 
M0(t) - M0(t- h) === G(t) - G(t- h) + f {M(t - x) - M(t - h - x) } dG(x) . 

0 

It is convenient to decompose the integral into two sections , viz. ,  
t/2 t 11 J {M(t - x) - M(t- h- x)} dG(x) + J {M(t - x) - M(t - h - x)} dG(x) . 
0 t/2 

Since limt-+ 00 { M(t - x) - M(t - h - x) } === hf Jl, the first integral converges 
to hf Jl, while the second converges to zero, since {M(t - x) - M(t - h - x) }, 



1 .  G E N E R A L I Z A T I O N S  O N  R E N E W A L P R O C E S S E S  1 99 

being convergent ., is a bounded function of x. Of course., G(t) - G(t/2) --+  0 
as t� oo., so that., in summary., 

lim [ M0(t) - M0(t - h)] == hf p. 
t -+  co 

B .  STATI O N A RY R E N EWA L P R O C ES S ES 

A delayed renewal process for which the first life has the distribution 
function 

X 
G(x) = Jl- 1 f {1 - F(y) } dy 

0 

is called a stationary renewal process .  We are attempting to model a 
renewal process that began indefinitely far in the past., so that the remain­
ing life of the item in service at the origin has the limiting distribution of 
the excess life in an ordinary renewal process . We recognize G as this 
limiting distribution. 

It is anticipated that such a process exhibits a number of stationary 
or time-invariant properties. We will content ourselves with showing that ., 
for a stationary renewal process., "'� 

M0(t) == E[N(t)] == t/ Jl., (7 .3) 
and 

Pr{y� < x} == G(x) ., 
for all t. Thus., what is in general only an asymptotic renewal relation 
becomes an identity., holding for all t., in a stationary renewal process. 

Recall from Eq. (7 .2) that M0(t) satisfies the renewal equation 
t 

M0(t) = G(t) + J M0(t - x) dF(x) ., (7 .4) 
0 

and since the solution to such an equation is unique (modulo suitable 
boundedness restrictions., see Theorem 4 .1 ) ., we need merely check that 
M0(t) - t/ J1 satisfies (7 .4) . We have 

t t t 

C(t) + J M0(t - x) dF(x) = Jl- l J {1 - F(x) } dx + Jl - l  J (t - x) dF(x) 
0 0 0 

t t 

= J1- 1 t +  J1- 1u (t - x) dF(x) - f F(y) dy} 
0 0 

== J1- 1 t  
M i 1 1  ' � • �  t he part in braces vanishes as can be checked by performing an 
i n l  P�ru Lion by part A .  The identity M 0( t) --::: t/ J1 is hereby confirmed.  
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We will follow the same procedure to validate the equation 
Pr{y� < x} == G(x) for all x, where 1'� is the excess life in the delayed 
(stationary) renewal process . Let 

A�(t) == Pr{y� > x }, and Ax(t) == Pr{y t > x}, 
where 'Yt is the excess life in an ordinary renewal process . The standard 
renewal argument leads to 

t 
A�(t) == 1 - G(t + x) + f Ax(t - y) dG(y) , 

0 

or 
A�(t) == 1 - G(t + x) + G * Ax(t) . (7 .5) 

The renewal equation 

Ax(t) == 1 - F(t + x) + F * Ax(t) 
appeared earlier, in our deliberations of Section 6. By virtue of Theorem 
4. 1 ,  the solution can be represented in the form 

(7 .6) 
where 

ax(t) == 1 - F(t + x) . 
Inserting (7 .6) into (7 .5 ) and citing the formula M 0{t) == G(t) + G * M(t) 

(this comes out directly from the definitions involved) , we obtain 

A�(t) == 1 - G(t + x) + G * ax(t) + G * M * ax(t) 
== 1 - G(t + x) + M0 * ax(t) 

t 
== 1 - G(t + x) + J ax(t - y) dM0(y) . 

0 

Now ax(t - y) == 1 - F(t + x -y) and M0(y) - Y/J1, so that dM0(y) == 
J.l- 1 dy. Then 

t 
A�(t) == 1 - G(t + x) + J.L - 1  f {1 - F(t + x - y) } dy 

0 
t + x 

== 1 - G(t + x) + J.L- 1 J {1 - F(u)} du 
X 

== 1 - G(t + x) + G(t + x) - G(x) 
== 1 - G(x) , 

as was to be shown. 
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C .  C U M U LATIVE A N D  R E LATE D  P R O C ES S E S  

Suppose associated with the ith unit or lifetime interval is a second 
random variable Yi ({Yi} identically distributed) in addition to the life­
time xi .  we allow xi and yi to be dependent., but assume that the pairs 
(X1 ., Y1) ., {X2 ., Y2) ., • • •  are independent . We use the notation F(x) == 

Pr{Xi < x}., G(y) == Pr( Yi <y}., J1 == E[X;] ., and v == E[Y;] .  
A number of problems of practical and theoretical interest have a 

natural formulation in these terms. 

I. Renewal Processes Involving Two Components to Each 
Renewal Interval 
Suppose that ___ / 

yi represents a portion of the duration xi . 

Figure 7 illustrates the model. In Fig. 7 we have depicted the Y portion 
occurring at the beginning of the interval., but this is not essential for the 
results that follow. 

1 ........ �------x 1 ____ ...,._......,1.,....._---x 2 ___ _. ....... 1 ... ----x 3 ___ ...,..,+-l ... f--

FIG. 7.  A renewal process in which an associated random vari­
able Yi represents a portion of the ith renewal interval. 

Let p(t) be the probability that t falls in a Y portion of some renewal 
i I I terval. By conditioning on the length of the first interval x1 == X and 
c l i K L i nguishing the two possibilities x < t and x > t., we arrive (by what 
i H  now a routine methodology) at the renewal equation 

t 

p(t) = Pr{t is covered by Y1 } + J p(t - �) dF(�) . 
0 

if Y1 covers t, 
if Y1 does not cover t. 
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Then 

and 
Pr{t is covered by Y1} == E[ I y 1 (t)] , 

00 00 J ;Pr{t is covered by Y1 } dt = J �[I y , (t)] dt 
0 0 

= E [ J Ir, (t) dt] 
0 

== E[ Y1] == v, 

since the totality of points covered by Y1 i s  Y1 • Now applying the 
renewal theorem, we conclude that if F is nonarithmetic and Pr{t is 
covered by Y1 } is directly Riemann integrable, then 

00 

lim p(t) = Jl- 1 J Pr{t is covered by Y1 } dt 
t� oo 0 

== vf Jl· 
Here are some concrete examples. 

(a) A Replacement Model 

(7 .7) 

Consider a replacement model in which replacement is not instan­
taneous . Let Yi be the operating time and Zi the lag period preceding 
installment of the (i + 1) st operating unit . (The delay in replacement can 
be conceived as a period of repair of the service unit .) We assume that the 
sequence of times between successive replacements xk == yk + zk ., k == 1 .,  
2 ., . . .  ., constitutes a renewal process . Then p(t) , the probability that the 
system is in operation at time t., converges to E[Y1] /E[X1] .,  provided the 
distribution of xk is nonarithmetic . 

(b) A Queuing Model 
If arrivals to a queue follow a Poisson process , then the successive times 

xk from the commencement of the kth busy period to the start of the 
next busy period form a renewal process . (A busy period is an uninter­
rupted duration when the queue is not empty.) Each Xk is composed of 
a busy portion Zk and an idle portion Yk . Then p(t) ., the probability that 
the queue is empty at time t, converges to E[Y1] /E[X1 ] . 

(c) A Counter Problem 
Let Xk ., k == 1 .,  2 ., . . .  ., denote the sequence of times between successive 

recorded particles in a counter and let Yk represent the dead (blocked) 
time during the Xk renewal period. Then p(t) ., the probabili ty that th� 
counter is blocked at time t, converges to E[Y1 ] /E[X1 ] .  
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II. Cumulative Processes 
Interpret Yi as a cost or value., etc . ., associated with the ith renewal 

cycle. A class of problems with natural setting in this general context of 
pairs (Xi ., Yi) .,  where Xi generates a renewal process., will now be con­
sidered . Interest here focuses on the so-called cumulative process 

N(t) + 1 
W (t) == L Yk ., k = l 

the accumulated costs or what-have-you up to time t (assuming 'rans­
actions are made at the beginning of a renewal cycle) . By conditioning on 
the time X1 == X  until the first renewal., and examining the two possi ­
bilities x > t and x < t., we secure for A(t) == E[Jf/ (t) ] the renewal equation 

t 

A(t) = E[Yd + f A(t - x) dF(x) . 
0 

An appeal to Theorem 4 . 1  yields the formula 
t 

A(t) = E[Yd + f E[¥1] dM(x) 
0 

== E[Y1 ] [1 + M(t)] . 
It  follows immediately that., where F is nonarithmetic and h > 0., then 

lim [A(t) - A(t - h)] == E[Y1]h/ Jl., 
t �  00 

and in any case., 
1 

lim - A(t) == E[Y1] / Jl · 
t �  00 t 

' 1-,his justifies the interpretation of E[¥1] / J1 as a long-run mean cost., 
value., etc . ., per unit time., an interpretation that wa� used repeatedly in 
I h e � examples of Section 3 .  

lfere are some examples of cumulative processes. 

( a ) Replacement Models 
Suppose Yi is the cost of the ith replacement . Let us suppose that under 

u u  age-replacement strategy (see Example B., Section 3) a planned 
rc · placcmcnt at age T costs c1 dollars ., while a failure replaced at time 
r · _ T costs c 2 dollars . If Yk is the cost incurred at the kth replacement 
c · y cd « · .,  then 

y == {c l k c 2 
with probability 
with probability 

1 - F( T)., 
F( T) ., 
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and E[Yk] == c1 [1 - F( T)] + c2 F( T) . Since the expected length of a 
replacement cycle is 

T 

E[min{Xk , T}] = f [1 - F(x)] dx., 
0 

we have that the long-run cost per unit time is 

c1 [1 - F( T)] + c2 F( T) 
T ., J [1 - F(x)] dx 

0 

and in any particular situation a routine calculus exercise or recourse to 
numerical computation produces the value of T that minimizes the 
long-run cost per unit time. 

Under � block replacement policy., there is one planned replace1nent 
every T units of time and., on the average.,  M( T) failure replacements., so 
the expected cost is E[Yk] == c1 + c2 M( T) ., and the long-run mean cost 
per unit time is {c1 + c2 M( T) }f T. 

(b) Counter Models 
In a counter model (see Example C., Section 3) .,  let Yk be the number 

of unregistered signals that arise during the period xk between the 
(k - l)st and kth recorded signals . Then the long-run mean number of 
uncounted particles per unit time is E[Y1] /E[X1] .  

(c) Risk Theory 
Suppose claims arrive at an insurance company according to a renewal 

process with interoccurrence times X1 ., X2 ., . . . • Let Yk be the magnitude 
M(t) + 1 

of the kth claim. Then W(t) === L Yk represents the cumulative k = O 
amount claimed up to time t., and the long-run mean claim rate is 

1 
lim - E[W(t)] === E[Y1]/E[X1] .  
t � oo t 

D . T E R M I NATI N G  R E N EWA L P R O C E S S E S  

Suppose we allow the possibility of infinite interoccurrence times in a 
renewal process . Such a process is called a terminating renewal proceRR, 
since the renewals cease at the first infinite interoccurrence tiine. The 
situation is diagrammed in Fig. 8. 
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N(t) 

t 
FIG. 8. 

r 

Let L == F( oo) == Pr{Xk < oo} < 1 and 1 - L == Pr{Xk == oo } > 0. Then 
the total number of renewals in all time., denoted by N( oo)., is a finite­
valued random variable and follows the geometric probability law 

with 
Pr{N( oo) > k} == Lk ., k === 0., 1 ., 2., . . .  ., 

00 
E[N( oo)] === L Pr{N( oo) > k} 

k = 1 

=== L/(1 - L) . 
rrhe realizations of the termination process still have the property 
N(t) > k if and only if Sk < t., so that 

Pr { N ( t) > k} === Pr { S k < t} === F k ( t) ., a nd 
00 00 

M(t) === E[N(t)] === I Fk(t) < L Lk === L/(1 - L) . 
k = l k = l 

Moreover., the renewal argument continues to work., entailing the equation 
t 

M(t) = F(t) + f M(t - x) dF(x) . 
0 

l l owcver., the renewal theorem is not automatically applicable owing 
1 o t he fact that F is not a proper probability distribution function. For­
t u n a tely, there is often a way to overcome this lacuna. Suppose that 

00 
g(s) = J esx dF(x) 

0 

i f\  a fi nite function of s for s > 0. Then g will be continuous and g(O) === 
I � · I and lims� 00 g(s) === oo., implying the existence of a unique positive 
\' H i l l « ' s 0  == A > 0., for which 

00 
g(A) = J e-'x dF(x) = 1 . 

0 
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Define F(t) == s� eAX dF(x) . Then F(t) is nondecreasing and limt� oo F(t) 
== 1 ., showing that F is a proper distribution function. Now consider a 
renewal equation of the form 

t 
A(t) = a(t) + J A(t - x) dF(x) . 

0 

Set A(t) == e;. tA(t) ., a(t) == e;. ta(t) ., and verify 

A(t) === e;.tA (t) 
t 

= eA ta(t) + J eA( t -x) A(t - x)e;.x dF(x) 
0 

t 
= tl(t) + J A(t - x) dF(x) ., 

0 

indicating that A satisfies a renewal equation now involving a proper 
distribution function., to which the renewal theorem can be applied. As a 
specific example., consider A(t) == M( oo) - M(t) == L/(1 - L) - M(t) . 
Equivalently., A(t) === E[N(oo) - N(t)] is the mean number of indices n for 
which t < Sn < 00 .  We now develop a renewal equation satisfied by A(t) . 
In fact., we have 

E[N(oo) - N(t) \X == x] == { 1 + L/( 1 - L) ., 
1 A(t - x) ., 

It follows., using the law of total probabilities., that 
00 

A(t) = f E[N( oo) - N(t) \X1 == x] dF(x) 
0 

t 

if X > t., 
if 0 < X < t. 

== {L - F(t) }/(1 - L) + f A(t - x) dF(x) . 
0 

Next check that 

a(t) == e;. t{L - F(t) }/(1 - L) 
is directly Riemann integrable . Note also 

00 1 00 f a(t) dt == f e;. t{ L - F(t) } dt 1 - L 
0 0 

1 00 00 

= J e;.t J dF(x) dt 1 - L 
0 t 
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Thus 

1 00 X 

== I I e;. t dt dF(x) 1 - L  
0 0 

-== 1 Ioo (e;.x - 1) dF(x) 1 - L  A 0 
1 (1 - L) 1 

1 - L A A 

lim A(t) == lim e;.1 [M(oo) - M(t) ] 
t-+ oo t -. oo 

207 

We conclude that M(t) approaches M(oo) == L/(1 - L) exponentially fast 
at rate A .  

E .  A LTE R N ATI N G  A N D  M A R K OV R E N EWA L P R O C E S S E S  

An alternating renewal process is a sequence ¥1 � Y 2 � • • •  of independent 
random variables� where 

Yl � Yr + 1 � Y 2r + 1 � • 
· 

• 

¥2 � Yr + 2  � Y2r + 2 � · · · 

have distribution function F1 � 
have distribution function F2 � 

have distribution function Fr . 
Wt� think of a system passing successively through states 1 �  2 �  . .  · � r� 1 �  2 �  
. . .  � r � 1 �  2� . . . � and soj ourning a random time period during each visit to 
. -aeh state . 

Let p; (t) be the probability that the system is in state i at time t. From 
rt · l a tion (7 .  7) of Part C� we infer 

lin1 P ; (t) = J1 ; /(J11 + . .  
· + Jlr) � 

t -+  00 

Jl ; == E[Y;] < oo� i = 1 �  . .  · � r� 
p ro v i  d t �d the distribution F = F 1 * F 2 . . • * Fr is nonarithmetic . 

;\ Markov renewal or semi-Markov process passes through states� 1 �  . . · � r 
u c · c · o rd ing to a Markov chain having transition probability matrix 
I '  1 1 1� 1 ./ I I L .i = 1 • The Lirne spent in state i� given that the next state is i� 
h u :-�  c l i H L t·ihut. i on  function .F, .i � au d .,  conditioned on the sequence of states� 
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all sojourn times are assumed independent . The unconditional distribution 
r 

function of the soj ourn time in a state i is F; (t) == L Pii Fii(t) ") which is 
j = l 

postulated to have a finite mean Jl ; . Assume that the Markov chain is 
irreducible and recurrent") with stationary distribution given by 
n · == " . n . P . . .  J �� l l .J 

Suppose the process starts in a fixed state i") and let a state k be 
prescribed . Call the duration between one visit to state i and the next 
an i-cycle . The sequence of times between these successive visits to 
state i forms a renewal process .  From relation (7 . 7) and assuming at least 
one F; is not arithmetic") the probability pk(t) of being in state k at time 
t converges to the mean time spent in state k during an i-�ycle divided by 
the mean duration of an i-cycle . By the law of total probability") the mean 
time in state k during an i-cycle is the product of Jlk times the mean 
number of visits to k in the intervening time between successive visits to 
state i . The second factor depends only on the discrete-time Markov 
chain of state visits and therefore is necessarily proportional to n k • It 
follows that 

when c is a constant of proportionality. Since these probabilities neces­
sarily sum to 1-; c == l/ (n 1 J1 1 + · · · + nr Jlr) · 

F .  C E N T R A L  LI M IT TH EO R E M  FO R R E N EWA LS 

Theorem 7.1. Let {Xn} be a renewal process for which J1 == E[X1] < 00 and 
c;2 == E[(X1 - J1) 2] < oo . Then 

where 

is the normal integral. 

. {N(t) - t/ J1 } hm Pr vF - - < X  = <D(x) , 
t -+ oo ta2 /J1 3 � 

1 X 

<D(x) = V2� J exp(- �u2) du 
- oo  

Proof. The proof rests on the central limit theorem for sn == xl + . . . + XII 
and the basic identity of realizations of the process in the form {N(t) < n} 
if and only if  {Sn > t }. 

Let x be fixed and let n-+ 00 and t � 00 in such a way that 

. t - n11 
hm v- = -x. 
t � oo (J n 

lt � OO  
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Then� by the usual central limit theorem� 

lim Pr{Sn > t} == lim Pr{S" �J.l > -x} == 1 - <D(- x) == <I>(x) . 
f � C()  t � co (J n 

n � co 

But then 
n � oo 

<I>(x) == lim Pr{Sn > t} 
t �  C() 
n � co 

== lim Pr{N(t) < n} 
t �  C() 

n � oo  

== lim Pr {N(t) - t/ J1 < x} � 
t � co V tc;2j J13 

209 

since (n - t/J1)tVta2/J13 -+x as t--+ 00� n--+ 00 in such a manner that 
(t - nJ1) /Vnc;2 --+ - x. • 

The preceding analysis was conducted in a formal n1anner and needs 
tightening. The student may try to supply the epsilonics .  

G .  R U I N  I N  R I S K  TH EO RY 

Let N(t) be the number of claims incurred by an insurance company 
over the time interval (0� t] . Assume N(t) is a Poisson process with para­
rneter A. Assume� moreover� that the magnitudes of the successive claims 
Y1 � ¥2 � ¥3 � • • •  are independent identically distributed random variables 
having distribution function G(x) . Let the inflow of cash (premiums� 
i u vestments� etc .) be c dollars per unit time and suppose the initial 
c · a pital of the company is z . Then at time t� the cash balance is 

N(t ) 
r(t) == z + ct - I Yi ,  i = 1 

w h e-re Y; is the magnitude of the ith successive claim. It is of interest to 
a �c c - rtain the probability of continual solvency as a function of z. That is� 
w t · wish to determine 

{ �(t)  

} R(z) == Pr z + ct - i�l Y; > 0, for all t 

�= probability of no ruin with initial capital z. 

(7 .8) 
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We apply the renewal argument conditioning on the time T1 of the first 
Poisson event . Together with the law of total probabilities� we obtain 

00 { N(t) } R(z) = J Pr z + ct - .� Yi > O for all t j T1 === T Ae - ;.r dr . 
0 l - 1 

But another conditioning on the value of Y1 entails 

Pr { z + ct - %: Y; > 0 for all t l  T1 = r} 

(7 .9) 

oo { N(t) } = f Pr \z + ct -
;

�

1 

Y; > O for all t i Y1 = y, T1 = r dG(y) . 
0 

-

(7 . 10) 

The process r(t) renews itself immediately after time r holding the new 
initial capital z + cr - Y � given T1 == T� Y1 == y. Therefore � 

Pr{z + ct - �: Y; > 0 for all t l  Y1 = y, T1 = r } = R(z + c-c - y) . 

Of course� R(u) == 0 for u < 0 .  

(7 . 1 1 ) 

The facts of (7. 10) and (7 . 1 1) implemented into (7 .9) produce the 
integral equation 

oo z + ct 
R(z) = J ( J R(z + cr -y) dG(y)) Ae- A• dr . 

0 0 

A change of variables t == z + cr in the outer integral and rearrangement . g1ves 
.A oo ( t 

R(z)e - Az/c = c J J R(t - y) dG(y)) e - Atf c dt. 
z 0 

The representation assures that R(z) is differentiable� and differentiation 
yields 

[ A ] A z 
e - .J.zfc R'(z) - c 

R(z) == - c e
- Azfc J R(z -y) dG(y) � 

0 

or� equivalently� 

A A z R ' (z) == - R(z) - - f R(z - y) dG(y) .  c c 
0 
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Integrating both sides with respect to z gives 

2 w � w z 

R(w) - R(O) = 
c I R(z) dz -

c I (I R(z - y) dG( y)) dz. 
0 0 0 

21 1 

Interchanging the orders of integration and then a change of variable 
� = z - y leads to 

R(w) = R(O) + : l R(z) dz - : l (TY R(() d() dG(y) . 
0 0 0 

Define S(x) == J� R(�) d�.  Next perform an integration by parts to 
obtain 

or 

� � w 

R(w) - R(O) == 
c 

S(w) -
c {s(w) - I R(w - y)[1 - G(y)] dy} , 

0 

A w 

R(w) = R(O) + c 
I R(w - y)[1 - G(y)] dy. 
0 

'rhese manipulations have produced a renewal equation with an improper 
density (2/c) [1 - G(y)] � since 

00 2  A 2 I - [1 - G(y)] dy == - E[Y1 ] = - Jl · 
0 

c c c 

I f  AJ1/C > 1 � it is certain that R(z) == 0 (why?) . (Note that AJl is the expected 
o u l flow per unit time servicing claims� while c is the rate of income . ) 
A ssume henceforth the case �Jl/C < 1 .  With a(w) = R(O) � Theorem 4 . 1  
continues to  apply in this degenerate case to inform us 

w 

R(w) = a(w) + I a(w - y) dM(y) == R(0) [1 + M(w)] � 
0 

u ru l  since M(w) corresponds to a terminating rene\val process 

2J1/C 
lim M(w) == L/(1 - L) = / w -+ oo 1 - AJ1 C 

R(O) lim R(uJ) = . 

w -� oo 1 - (�Jt /c) 
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But R( oo) === 1 (why?) � and we obtain 

AJl R(O) === 1 - - .  
c 

More precise asymptotic relations can be achieved by refining the analysis. 

8 :  More Elaborate Applications of Renewal Theory 

A. A G E N ETIC M O D E L WITH M UTATI O N  

Consider a finite population of constant size N and label the individuals 
by j�-l�- . .  ·� N_. This comprises the first generation in an evolutionary 

y- ' 

process subj ect to certain natural selection effects and mutation pressures .  
We now delimit the nature and order of the forces governing the process . 

Each individual of the population is endowed with a characteristic 
called " fitness ." Loosely speaking� fitness is a measure of the individual's 
innate relative advantage in contributing offspring to the succeeding 
generation. Let wf denote the fitness of the kth individual of the first 
generation . Determine 

k === 1 �  2 �  · · · � N� (8.1) 

which connotes the relative fitness value of the kth individual . The next 
generation of progeny is formed by performing N independent random 
samplings following a multinomial distribution with probability vector 
(8 . 1 ) .  Thus an offspring carries the fitness value wl of his parental type 
and will be selected with probability uk . Manifestly� individuals of high 
fitness value compared to the others have concordantly larger relative 
fitness values and manifestly have greater chance of propagating their 
own kind . 

This multinomial reproduction procedure bears a population of off­
spring carrying fitness values 

- 2 ( - 2  - 2  - 2 ) w == w 1 � w2 � · · · � UJN . (8.2) 
(Each of the values wf is� of course� one of the {wf }. The type of an 
individual will be identified "\vith his fitness . )  

The vector w2 does not yet comprise the mature population of the 
second generation. We will introduce the possibilities of mutation� R O  
that an offspring can undergo a spontaneous change in fitneRR value . Tht� 
precise assumption concerning the effects of the mutation chan geR i s  a s  
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follows : We suppose that { V{ ; i ===- 1 �  . . .  � N� j == 2� . . . } is a rectangular 
array of independent � identically distributed positive random variables� 
and then let 

. 
2 - 2  y2 WN == WN N • 

The vector (wi� . .  · � w�) represents the fitnesses of mature individuals in 
the second generation. The above procedure is repeated� sequentially 
producing successive N-dimensional vectors that depict the evolution of 
the population through the changes of the fitness vector wk ( ( w� � . .  · � w�) � 
and the relative fitness vector uk == (u� � . . · � u�) [the superscript indicates 
the generation number counting from the initial specified population of 
(8. 1)] . The probability la,v governing the determination of wk+ 1 from wk 
and uk in line with the formation of w2 from w1  goes as follows : Sample 
N independent values from among w� � w� , . .  · � w� with probabilities uf 
of choosing w� � i === 1 �  2� . .  · � N. Denote the resulting vector by wk + 1 === 
('iv� + 1 , . . .  � w� + 1 ) . Mutation changes then transform wk+ 1 to wk+ 1 through 
rnultiplication by the positive random variables Vf + 1 in the explicit 
rnanner 

w� + 1 == w� + 1 v � + 1 M l l l / i == 1 �  2 �  . . . � N. 

Finally� determine the relative fitness vector uk + 1 by the rule 

i ==  1 �  2� · · · � N. 

' l ' he evolutionary process can be realized by the path of the point w\ 
/r � 1 �  2 �  . . .  � traversed in N-dimensional space. 

l'he relative fitness uk is the proj ection of the random vector wk onto 
I l l c- N-dimensional simplex 

Fi �urc 9 illustrates the proj ection when N === 3 .  As generations pass, uk 
c l  . .  r�er ibes the relative fitness point moving about the simplex fl.N . It is 
1 1 a l  ural lo inquire concerning the long-run statistical behavior of uk . 

I )e fi n c_. T(O) as the elapsed number of generations (i. e . �  the smallest 
1.- l )  unti l  al l  components of wk coincide. Such a generation is called a 
Rt'tl t'ration o.f' ��qual contponents . 
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FIG. 9. uk is the projection of wk onto the simplex fl.N . 

Lemma 8.1. Pr{ T(O) < 00} === 1 .  In fact� E[ T(O)] < NN. 
Proof. Let w 1 

=== (w � �  . .  · � w�) be the fitnesses in the first generation . One 
way in which T(O) == 1 can occur is if the progeny population has 

where 

W- 2 _ w 1 
k - v � for all k, 

1 { 1 1 } w v === max w 1 � • • •  � wN • 

This event clearly occurs with probability at least a === (1 /N)N . Thus 
Pr{ T(O) == 1 } > a and Pr{ T(O) > 1 } < 1 - rx. � 

\ 

The same estimate applies for the transitions from the second to the 
third generation. Consequently� we have 

Pr{ T(O) > 2 \ T(O) >1} < 1 - a� 
and 

Pr{T(O) > 2} < (1 - a) 2 • 

By a direct induction� we deduce Pr{T(O) > k} < (1 - a)k � so that 
E[T(O)] < '1 /a === NN. • 

Let T(O) + T(1) be the first generation time exceeding T(O) that has 
equal components� and define T(O) + · · · + T(k) to be the first generation. 
of equal components after T(O) + · · · + T(k - 1) . The key observation 
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is that the process of { uk} starts afresh at the generation times T(O) � 
T(O) + T(1) �  · · · � and therefore this sequence of positive integer-valued 
random variables forms a renewal process . To see why this is so� let w 
be the common fitness value at generation T(k) . Then all components of 
WT(k) + 1 have value w� and the jth component of wT(k) + 1 is w VJ(k) + 1 . The 
influence and relevance of w disappears at the next step� because the 
multinomial probabilities are� in accordance with (8. 1) �  

w V'!<k> + 1 V'!<k> + 1 
u . == J --::-----'1'------

J N - N � 
L w V[<k) + 1 L V[<k> + 1 
i = 1 i = 1 

j == 1� 2 �  · · · � N� 

independent of w. Hence� following every generation of equal com­
ponents� the process is determined solely by the independent identically 
distributed set of mutation multipliers of random variables. It follows 
that the sequence T(O) � T(1) , . .  · � induces a delayed renewal process . 

Let N(t) denote the renewal counting process induced by { T(k) }  and 
let Sk == T(O) + · · · + T( k - 1) with S0 == 0 .  Choose a generation time m. 
Then SN(m) is the last generation time prior to m where all the premutation 
fitnesses are the same. What is the distribution of the relative fitness 
um 

== (u'I\ . . .  � u�) ? 
At time SN(m) the relative fitnesses have equal components 1 /N. 

Consider 
Dm == m - SN(m) � 

the number of generations elapsed between SN(m) and m. The effect of 
rnutation followed by the multinomial selection process over one genera­
l ion can be summarized by a transition distribution function r :  

r(z1 � . .  · � zN ; '1 1 � . .  · � '1N) == Pr{a relative fitness of 

I I  c �nce 

( YJ 1 � . . .  � 11 N) changes to ( 11 � � • • • � 11 � ) where 
11i < zk � k == 1 �  . . .  � N}. 

Pr{ u;:z < zk � k == 1�  . . .  � N j Dm == 1 }  

= r ( z 1 , • • •  , z N ; � , • • •  , �) . 
' l ' hc  result of k generations of the reproduction process with mutation 
u u d  sampling selection effects starting from a generation of equal 
c o r u  poncnts can be expressed formally as 

Pr{uj < zi � j == 1 �  · · · � N l Dm == k} 
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where r( k) stands for the iterated k-fold transition distribution induced 
from the transformation r.  

The law of total probabilities provides us with the representation 

Pr{uj < zi , j = 1 ,  . . . , N} = kt Pr{<>m = k }r<k> (z1 , . . .  , zN ; � , . . . , �) 
+ Pr{T(O) > m}r<m+ l > (z1 � · · · � zN ; u� � · · · � u�) . 

(8 .3) 
Now the limiting distribution of current life associated with the rene�al 
process { T(k) }r'= 1 asserts that 

. 1 - Pr{ T(1) < k} !:r: Pr{<>n = k} = 
E[ T(l) ] 

[a special case of (6.5)] 

Applying this fact in (8.2) leads to the result · 

lim Pr { u j < z i � j = 1 � . . .  � n} 
m--+oo 

_ 
� {1 - Pr{T(1) ::::; k}} <k > ( . 1 1 ) 

- 6. E[ T(l)] 
r zp · · . , zN , N ' · · . , N · 

(The student should justify interchange of limit with sum; it is easy .) 

This final relation describes the limiting behavior of relative fitness in 
the evolving population and� in fact � provides an explicit formula for the 
stationary distribution. 

B .  A B RA N C H I N G  P R O C ES S  

Suppose at time t = 0 there is a single organism that lives a random 
time T 0 � taken from a distribution F. At the end of its life �  it produce.s j 
new organisms with probability pi � j = 1 �  2� . . . .  Each new organism lives 
and produces independently of the other members of the population and 
with the corresponding identical distributions governing all actions . Let 
m = L jp i be the mean of the offspring distribution. Let M(t) denote the 
mean number of organisms living at time t . Using the law of total proba­
bility plus a renewal argument conditioning on the outcome after the 
death of the initial parent (see Chapter 8 for more details) � we obtain 

00 t 

M(t) = 1 - F(t) + .L Pi f jM(t - x) dF(x) 
j =  1 0 

t 
= 1 - F(t) + m J M(t -_ x) d _F(x) . 

0 
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Except for the factor m� Eq. (8.4) presents a renewal equation. When 
m > 1 � we can transform (8.4) into a proper renewal equation. Let p be 
such that J� e - f1x dF(x) === 1/m. There exists a unique such p > 0� since 
J0 e - ;.x dF(x) is a strictly decreasing continuous function of A� taking 
the value 1 for A === 0 and approaching zero as A -� 00 • 

Define 

t 
P(t) = m J e - Px dF(x), 

0 

M(t) === e - Pt M(t) � 
and 

g(t) === e - f1t[1 - F(t)] . 

Multiply Eq. (8 .4) by e - f1t to get 

t 
e - Pt M(t) === e - Pt [1 - F(t)] + J e - p(t - x) M(t - x)m e - f1x dF(x) � 

0 

which written in the new notation has the form 

t 
M(t) = g(t) + f M(t - x) dF(x) . 

0 

Straightforward verifications guarantee that g(t) is directly Riemann 
i ntegrable� so that� if F is nonarithmetic� by the renewal theorem� 

00 J g(x) dx 
..... 0 lim M( t) === -00---

t--+ 00 
J x dP(x) 
0 

N o w J� g(t) dt == (m - 1) /Pm� so 

m - 1 
lim e - PtM(t) = ---00----- � 

pm2 xe- Px dF(x) t--+ oo f 
0 

n u c l ,  u�yrnptotically., M(t) increases exponentially at the rate ePt . The 
1 - . u·u Jnt�ter {J is known as the Malthusian rate of growth of the population. 
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C. I N V E N T O RY T H E O RY 

A shopkeeper keeps a certain quantity of stock on hand. When the 
stock runs low., he places an order to replenish his supplies .  The inventory 
policy in operation is assumed to be of (s ., S) type. (This is in common 
practice .) Specifically., two levels s < S are prescribed . Suppose the stock 
is originally at level S. A period length is also specified., and the stock 
level at the end of each period is checked. If at the close of a period., the 
stock level falls below s.,  a requisition (or order) is placed to return the 
level of stock up to S ready for dispensation at the start of the next period. 

Let Xi be the quantity of demand accumulated during the ith perio9. 
We assume that X1 ., X2 ., • • •  ., are independent identically distributed 
positive random variables with distribution function F. Let N(t) be the 
corresponding renewal counting process. Clearly N(S - s) + 1 is the number 
of demand periods elapsed until the first order for refill is placed., at which 
time the stock level is again S. A little reflection reveals that we are 
dealing with two renewal processes ; the first is the demand process and the 
second is the refill process . 

Let the number of demand periods between the (i - 1)st and the ith 
stock refill be (} i • Then { (} i } is a discrete (integer-valued) renewal process 
with mean E(e i) === 1 + M(S - s) ., and 

(8.5) 

Let W" be the stock level at the end of the nth demand period . Define 
Gn to be the conditional distribution 

This is the distribution of the stock level at the close of the nth period., 
knowing that the level has not fallen below s. This distribution is calcu­
lated by conditioning on Dn ., the· number of demand periods since '  the 
last stock refill where the stock level was S .  (Recall that by assumption at 
time 0 the stock quantity is S.) We get 

00 

Gn(x) === L Pr{bn === j} Pr{Xt + . . . + xj < x jXl + . . .  + XJ < s - s} 
j =  1 

� . ( Fi(x) ) 
= � Pr{<>n = 1} FAS - s) . 

But from (8.5) 

(8.6) 

(8 .7) 
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Hence., by appeal to the limit theorem for the excess random variable of 
the renewal process {O i} [see (6 .2)] and by virtue of (8.7) .,  we deduce 

I 

. 1 . Fi(S - s) !�� Pr{<>. = 1 } = E[Ot ] 
Pr{el > 1} = E[Ot ] 

Fi(S - s) 
l + M(S - s) 

Using the above result in (8.6) ., we may conclude 

. . � . F .(x) 
l1m Pr{S - x < W. l s < W.} = hm L.- Pr{<>. = 1 } F . (S _ ) n -+oo n -+oo j =  1 1 S 

M(x) 
- 1 +M(S - s) " 

(8.8) 

which gives the limiting distribution of stock level in periods in which a 
requisition order is not pending. 

D. C H A RACTE RIZATI O N S  OF T H E P O I SS O N  P R O C ESS 

The Poisson process is a very special renewal process . This section 
offers some characterizations of the Poisson process as a special process 
within the class of renewal processes. For this obj ective we will exploit 
several of the limit theorems of Section 6. 

Let {Xk} be a renewal process with E[Xk] == J1 < oo .,  and F(x) == 

Pr{Xk < x} . Assume F(O) == 0. Define 

for 0 < x < t ., 
for t < x. 

[compare to (3 .5)] . Of course., Ft(x) is the distribution function for 
r n in {X k ., t}. 

'fheorem 8.1. (a) If there exists a sequence { t i }., where t i ---+ 00 as j ---7'-- -ro--, 

and for which the current life D t satisfies 1 
\ 

Fri (x) == Pr{b tj < x }., 
tlu,n F is an exponential distribution. 

for all x., 

(b) lf there exists a sequence {t i}., where t i ---+ oo as j ---+ oo., and for which 
F(x) == Pr{Y r; < x}., for all x., 

( ( �o n1 pa re wi th (3 .3)] then F, is exponential. 
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Proof. We will demonstrate only (a) since (b) is quite similar. By the 
result of (6.5) ., the limiting distribution of the current life b , is 

00 

lim Pr{<>t >y} = Jl- l J {1 - F(z) } dz. 
t--+ 00 

y 

Letting t increase along t i with due account of the hypothesis of the 
theorem., we derive the functional equation 

00 

1 - F(y) = Jl- l J {1 - F(z) } dz. 
y 

The right-hand side is clearly differentiable in y., yielding the elementary 
first-order differential equation 

d 1 
dy {1 - F(y) } == - Jl {1 - F(y) }, 

whose solution., subj ect to F(O) == 0., is 
1 - F(y) == e - ;.y., 

The proof is complete .  • 

Theorem 8.2. Suppose., for some t0 > 0., 
Pr{b t < x} == Fr(x) ., 0 < t < t0 , x > 0 .  

Then., for some A > 0 .,  F(x) == 1 - e- ;.x for 0 < x < t0 • 
Proof. For 0 < x < t ., we have - -

00 

Pr{D r < x} == I Pr{b t < x 
j = l  

and N(t) == j} 
00 

== I Pr{t - x < S i < t 
j =  1 

and sj + 1 > t} 

00 t 

= b J [1 - F(t -y)] dFi(y) J - 1 t - X 

t 

= J [1 - F(t -y)] dM(y) . 
t - x  

Thus., by hypothesis., for 0 < x < t < t0 ., 
t 

and 

F(x) = J f 1 - F(t - y) ] dM(y) ., 
t - x  

1 1 t 
- F(x) == - J [1 - F(t -y)] dM(y) . X X t - x  · 

., 

(8.9) 

(8. 10) 
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The function M(t) is finite� right continuous� and nondecreasing and thus 
possesses a finite derivative M'(t) for infinitely many t dense in any 
(0� t0] interval . Choose such a t == T for wich M'( T) < 00 .  Then (8.10) has 
a limit as x decreases to zero at t == '! � and 

F'(O) == [1 - F(O)]M'(T) == M'(T) . 
But the left-hand side of (8. 10) is independent of t. Thus the limit on the 
right must exist for all t� and 

F'(O) == M'(t) � for all t < t0 • 

Let A ==  F'(O) � so that M(t) == At. We substitute this into (8.9) to obtain 
t 

F(x) = J [1 - F(t -y)]A dy. 
t - x  

We may now differentiate in x to obtain 

dF(x) fdx == -A [1 - F(x)] � 0 < x < t0 � 
or F(x) == 1 - e - .l.x� 0 < x < t0 � as claimed. • 

9 :  Superposition of Renewal Processes 

In this section we will establish� under certain conditions, that the 
superposition .of indefinitely many uniformly sparse renewal processes 
tends to a Poisson process. The following Theorem 9. 1 can serve to give a 
aneaningful rationale for the Poisson assumption in a variety of circum­
s tances� just as the central limit theorem provides justification for the 
w idespread postulate of the normal distribution in representing certain 
random variables . 

Several other results pertaining to the superposition of renewal pro­
( ', c · sscs are also highlighted� lending a glimpse into a currently popular 
a r c �a of research. 

For each integer n == 1 �  2� . . .  � and for each i == 1� . . .  � kn � where kn ---+ 00 
H H  n � oo� let Nn i(t) be a renewal counting process with interoccurrence 
I i rnc  distribution Fn i(t) . The collection {Nn i(t) ; n == 1, 2� . . · � i == 1� . . .  , kn} 
c · ons titutes a triangular array of stochastic processes . For every n, we 
u,.;,.; ume the processes {Nn 1 (t) }� . .  · � {Nnkn(t) } are independent. 

By the superposition process Nn(t) � we mean the aggregate counting 
p roecss 

kn 
N,(t) == L Nn i(t) � t > 0. 

i =  1 
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The superposition process is not, in general, a renewal counting process be­
cause the interoccurrence times are not independent and certainly not 
identically distributed . In fact , the distribution of the intervals between 
'' events " is complicated and in general intractable . 

Definition 9.1. The triangular array {Nn i(t) } is called infinitesimal if for 
every t > 0 

lim max Fn i(t) == 0 .  n--+ oo 1 < i < kn 
Prior to the main theorem we give a preliminary lemma. 

(9 .1) 

Lemma 9.1. Let {Nn i(t) }  be an infinitesimal array with interoccurrence 
distribution {Fn i(t) }. Let F�i(t) denote the j-fold convolution of Fn i(t) . 
Suppose for some finite nondecreasing function c(t) that 

Then 

and 

kn 
lim sup L Fn i(t) < c(t) , n--+ oo i = 1 

kn 00 

(a) lim L L [ Fn i(t)]i == 0 ,  n--+ oo i = l j = 2 
kn 00 

(b) lim L L F�i(t) == 0, n--+ oo i = 1 j = 2 

kn 

for all t . 

(c) lim L F�i(t) == 0 ,  uniformly in j == 2 ,  3 ,  . . . . n--+ oo i = 1 

(9 .2) 

Proof. We prove only (a) ; (b) and (c) follow easily by virtue of the in-
equality F:/(t) < [Fn i(t)] i [cf. (4 .2)] . Let ' 

Let B > 0 and t > 0 be given . Since { Fni(t) } are infinitesimal, there exists 
n0 such that 

for i == 1 ,  . . . ' k n '  
whenever n > n0 • Then for n > n0 and increasing along the limit superior 
in (9 .2) , we have 

kn 00 

An(t) < L L Bj - 1 Fn i(t) i = 1 j = 2 ' 
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ec(t) 
< 2  . - 1 - e 

Since e > 0 is arbitrary., we conclude 

as was to be shown. • 

lim sup An(t) == 0., n-+oo 
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Theorem 9.1. Let { Nn i(t) } be an infinitesimal array of renewal processes with 
superposition Nn(t) . Then 

if and only if 

I. p {J\T ( ) - . } - e- ;. t (At) i 1m r t - ]  - ., n • f n-+ oo ] • 

kn 
lim I Fn i(t) == At. n-+ oo i = 1 

j == 0., 1., 2., . . . ., 

Proof. (1) Necessity. Suppose (9.3) is true . For j == 0 we obtain 

lim Pr{Nn(t) == 0} == e - ;.r., n-+ oo 
o r .,  equivalently., 

lim [-log Pr{Nn(t) == 0}] == At. n-+ oo 

(9.3) 

(9 .4) 

H e  calling that Nn, 1 (t) ., . . . ., Nn ,kn (t) ar e nonnegative independent random 
variables by assumption., it follows that 

kn 
-log Pr{Nn(t) == 0} == -log Il Pr{Nn i(t) == 0 } i = 1 

kn 
== - I log[1 - Fn i(t)] . i = 1 

Expanding in the Taylor series 

. 
� I  \' C S  

00 1 
-log[1 - Fn i(t)] == L -: [Fn i(t)]i j =  1 ] 

At == lim [- log Pr{Nn(t) == 0}] n-+ oo 
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The second sum is nonnegative� so that 

kn 
lim sup L Fn i(t) < At� 

n--+ oo i = 1 
and we may appeal to Lemma 9 .1  to conclude that the second sum 
vanishes in the limit. Thus 

kn 
At === lim L Fni(t) � n--+ oo i = 1 

which is (9 .4) as was desired to be shown. 

(2) Sufficiency. Suppose (9 .4) holds . The proof will consist of an induc­
tion on m to show 

m === 0� 1 �  . . . . 

Step 1 :  m === 0 .  Using the same Taylor series argument as above 

kn 
Pr{Nn(t) == 0} === fl [1 - Fn i(t)] 

i = 1 

�y virtue of assumption (9 .4) and Lemma 9 .1 �  the limit of the exponent 
is - At. Thus the limit relation 

lim Pr{Nn(t) == 0} == exp{-At}� 
n--+ oo 

is confirmed. 
Step 2 :  The induction step. Let m be given and suppose we have shown 

- ).t(A )m - 1 
lim Pr{Nn(t) == m - l} =

e
( _

t 
) ' . n--+oo m 1 . 

We need an extension . Let s 1 � • 0 0 � sr be a finite set of indices . Then� since 
the array is infinitesimal� it is correct that 

kn 
lim fl [1 - Fnj(t) ] == e - .J.t� 
n�oo  j =  1 

j =l= s t , o • o , Sr 
(9 .5) 
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and� for each fixed r � the limit is uniform over the indices s1 � • • •  � sr • Now 

where 

and 

Qn(t) == Pr{Nn(t) == m and Nn i(t) > 2 �  for some i}. 
We claim Qn(t) -+ 0 as n --+  00. In fact � for any e > 0 

i f  n is sufficiently large so that Fn i(t) < e. Thus� using the hypothesis we 
have 

n-+oo 
and  since B is arbitrary� we have shown Qn(t) -� 0 as n -+  00. It remains 
I o evaluate the limit of Pn(t) . Let I(m) be all possible combinations 
( i 1 � • • •  � im) with 1 < i j < kn . Then 

Pn(t) == Pr{Nn(t) == m and Nni(t) < 1 �  i == 1 �  . .  · � kn} 
== L Pr{ Nni t (t) == 1 , . . .  , Nn im (t) == 1 

/(m) 

and Nn i(t) = 0 � for i ¢ I(m) } 
1 kn 

= m L Pr{Nn ;(t) = 1 ,  Nn(t) - Nn i(t) = m - 1 �  
i =  1 

and Nnj(t) < 1 �  j == 1 ,  . . . , kn} 
1 kn 

= m L {Fn ;(t) - F:/(t) }Rn i(t) 
i = 1 

( I  hP i u dependence assumption on Nn i(t) comes into play here) where 
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But by the induction step and (9 .5) , Rn i(t) -+ e- ;.t(At)m - 1 /(m - 1) ! 
uniformly in i as n-+ oo.  Thus 

1 kn 
lim Pn(t) = lim m .L {Fn ;(t) - F�2(t) }Rn i(t) n-4 00 n-4 00 · 1 r. =  

as was to be shown. • 

Example 1. Suppose F(t) is a distribution function for which F(O) == 0 
and F'(O) == ;. > 0. Let 

Fn i(t) == F(tfn) , i == 1 ,  . . .  , n, 
and, for all n, let Nni(t) , i == 1 ,  . . . , n, be independent renewal counting 
processes with interoccurrence distribution Fn i . Then Nni(t) is a triangular 
array. Furthermore, since 

lim max Fn i(t) == lim F(t/n) = 0, n-4 00 1 ::; i ::; n )l-4 00 
the array is infinitesimal. To verify (9.4) we compute 

n 
lim L Fni(t) == lim nF(t/n) n-4 oo i = 1 n-4 oo 

== t lim F(t/n) n--+00 t/n 
== A.t. ., 

' 

Hence,  the distribution of the superposition Nn(t) converges to the 
Poisson process .  

We end this section with two characterizations of the Poisson process 
involving composition of renewal processes . A sum of two independent 
Poisson processes persists as a Poisson process with the rate parameters 
merely adding. We will show that in essence only the Poisson process, 
among renewal processes, possesses this property . 

Theorem 9.2. Let N1 (t) and N2(t) be two independent renewal processes 
with the same interoccurrence distribution F having mean Jl· Let 
N(t) == N1 (t) + N 2(t) . If N(t) is also a renewal process, then N1 (t) , N 2(t) , 
and N(t) are all Poisson. 

· 
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Proof. Let H be the interoccurrence distribution for N(t) . Then 

1 - H(x) === Pr{N(x) === 0} 
=== Pr{N1 (x) == 0� N 2(x) === 0} 
=== [1 - F(x)] 2 • 
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Let y 1 (t) � y2 (t) � and y(t) be the excess life at time t for the processes N1 � N2 � 
and N� respectively. Then� because the processes N1 and N 2 are composed� 
we necessarily have 

y(t) === min{y 1 (t) � y2 (t) }� 
and 

Pr { y ( t) > x} === [Pr { y 1 ( t) > x}] 2 • 
Letting t--+ 00 and using the asymptotic distribution of excess life given 
in (6 .5) � we obtain 

1 00 1 { 00 2 
v f [1 - H(y)] dy = 2 f [1 - F(y)] dy} � 

X � X 

(9 .6) 

where v == Jg:' [1 - H(y)] dy. Both sides are differentiablet with respect to 
x� and earlier we noted 1 - H(x) === [1 - F(x)] 2 • Differentiating (9.6) gives 

or 

1 1 2 { 00  } v 
[1 - F(x)] 2 === v [1 - H(x)] = 

Jl2 f [1 - F(y)] dy] [1 - F(x)] � 
X 

2 00 
1 - F(x) = --;  f [1 - F(y)] dy. 

j1 X 

I Jetting G(x) === 1 - F(x) this becomes� after differentiation� 

dG(x) _

_ 

2 v  G( ) - 2 X � dx � 

whose solution subject to G(O) === 1 is 

G(x) === 1 - F(x) === e - .J.x� 

where A == 2 v/�2� as desired. Thus� both N1 (t) and N2(t) are Poisson� and� 
o f  eourse� then so must be their sum N(t) . • 

Thc�o•·etn 9.3. Let N1 (t) be a Poisson process with. parameter .Jl · Let N 2(t) be 
u n�newal process having a finite mean interoccurrence time and suppose N 1 

'!' ThiH iM  irnruediu te if F iH  cont inuous. The general case requires further argument. 
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and N 2 are independent. If N(t) == N1 (t) + N 2(t) defines a renewal process , 
then N 2(t) must also be Poisson. 
Proof. We use the same technique as in Theorem 9.2 . Suppose N1 , N2 , 
and N have interoccurrence distributions 1 - e - t!JI, G(t) , and H(t) , 
respectively. Then 

and 
1 - H ( t) == { 1 - G( t) }e - t I Jl ,  

1 oo - x/Jt oo - f  [1 - H(y)] dy = e f [1 - G(y)] dy, JlH x JlG x 
where JlH and JlG are the means of H and G, respectively. 

Differentiation leads to 

1 00 JlG [1 - H(x)] == e - xffl [1 - G(x)] + - e- xf�t J [1 - G(y)] dy, JlH J1 
x 

which, with ( 9. 7) , gives 
00 

[1 - G(x)] [JlG - 1] = � f [1 - G(y)] dy. JlH J1 x 
Let 

and F(x) == 1 - G(x) . 

Then differentiation of (9 .8) gives 

- A dF(x) fdx = F(x) , 
or 

F(x) == e - xf ;. , x > O, 
and 

as was to be shown. • 

Elementary Problems 

x > O, 

1. If Pr{Xi === 1} === � ' Pr{Xi === 2} === �' compute 

Pr{ N(l) === k}, Pr{N(2) === k}, . Pr{N(3) === k}. 

(9.7) 

(9.8) 
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2. A patient arrives at a doctor's office. With probability 1/5 he receives service 
immediately, while with probability 4/5 his service is deferred an hour. After an 
hour�s wait again with probability 1 /5 his needs are serviced instantly or another 
delay of an hour is imposed and so on. 

(a) What is the waiting time distribution of the first arrival? 
(b ) What is the distribution of the number of patients who receive service 

over an 8-hr period assuming the same procedure is followed for every arrival 
and the arrival pattern is that of a Poisson process with parameter 1 .  

3. The weather in a certain locale A consists of rainy spells alternating with 
spells when the sun shines . Suppose that the number of days of each rainy spell 
is Poisson distributed with parameter 2 and a sunny spell is distributed accord­
ing to a geometric distribution with mean 7 days. Assume that the successive 
random durations of rainy and sunny spells are statistically independent vari­
ables.  In the long run, what is the probability on a given day that it will be 
raining? 

4. The random lifetime of an item has distribution function F(x) . What is the 
mean remaining life of an item of age x? 

Solution : 
00 

J {1 - F(t)} dt 

e(x) === E[X - x!X > x] == 
x 

1 _ F(x) 
. 

5. Ifj(x) is a probability density function associated with a lifetime distribut ion 
function F(x), the hazard rate is the function r(x) === f(x)/[1 - F(x)] . Show that 
the replacement age T* that minimizes the long run mean cost per unit time 

1nust satisfy 

c1 [1 - F( T)] + c2 
F( T) 

(}( T) === -___..,T,....------

f [1  - F(x)] dx 
0 

T* 

r( T*) X f [ 1  - F(x)] dx - F( T*) == _c
_l -

o cl - c2 

(,. Cars arrive at a gate. Each car is of random length L having distribution 
fu nelion F(� ) .  The first car arrives and parks against the gate . Each succeeding 
t · a r  parks behind the previous one at a distance that is random according to a 
u ni forrn distribution [0 , 1 ] .  Consider the number of cars Nx that are lined up 
\\ i l  hi n a total distance x of the gate . Determine 

lim E[Nx]fx, 
X -+ 00 
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for F( �) a degenerate distribution of length c ,  and also for the case F( �) = 1 -

- c; e . 

Solution :  2/(1 + 2c) and 2/3 .  

7. At the beginning of each day customers arrive at a taxi stand at times of a 
renewal process with distribution law F(x) .  Assume an unlimited supply of cabs, 
as at an airport. Suppose each customer pays a random fee at the station follow­
ing the distribution law G(x) , x > 0. 

(i) Write an expression for the sum of money collected by the station by 
time t of the day. 

(ii) Determine the limit expectation 

lim E[the money collected over an initial interval of time t] jt. 
t � oo 

8. Consider a counter of Type II,  where the locking time with each pulse 
arrival is of fixed length of T units. Assume pulses arrive according to a Poisson 
process with parameter A. Determine the probability, p(t) ,  that the counter is 
free at time t. 

Solution :  

Problems 

p(t) = 
e - ;./ 
{ - ).t 

e ' 
t < -r, 
t > -r. 

I. Find Pr{N(t) :::::: k} in a renewal process having lifetime density 

where D > 0 is fixed. 

for x > D, 
for x < D ,  

•, 

2. Throughout its lifetime, itself a random variable having distribution function 
F(x) , an organism produces offspring according to a nonhomogenous Poisson 
process with intensity function ;t(u) . Independently, each offspring follows the 
same probabilistic pattern, and thus a population evolves .  Assuming 

00 

1 < J {1  - F(u)}A(u) du < oo ,  
0 

show that the mean population size m(t) asymptotically grows exponentially 
at rate r > 0,  where r uniquely solves 

00 

1 = J e- '"{1 - F(u)}A(u) du. 
0 
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Hint : Develop a renc"\val equation for B(t ) ,  the mean number of individuals 
born up to time t, and from this infer that B(t) gro"\vs exponentially at rate r. 

Then express m(t) in terms of B(u) for u < t . 

3. Show that limt� oo  V(t) /t == a
2
fJ1 3 ,  ,,·here V(t) is the variance of a renewal 

process N(t) and J1 and a
2 

< oo arc the mean and variance, respectively, of the 
interarrival distribution. 

4. For a rene"\\ral process with distribution F(x) compute 

p(t) = Pr{number of renewals in (0 ,  t] is odd}. 

Obtain this explicitly for a Poisson process with parameter )� and also explicitly 
"\\rhen F(t) = Jb xe - x  dx. 

5. Breaks and recombinations occur along the length of a pair of chromosomes 
according to a Poisson process with parameter A. To illustrate suppose breaks 
occur at points t 1  and t2 

A 

Lhen the recombined chromosomes have the form 
A 
• 

B 

B 
• 

l)ctermine the probability that a point B "\\·hose original distance from the 
location A is l will remain connected with A on the same chromosome after 
n·combination. 

(, . Show that the rene"\\'al function corresponding to the lifetime density 

I S  

x >  0,  

M(t) = �At -, l (1  - e -
2). t) . 

7. I .Jt •t c 1 he the planned replacement cost and c 2 the failure cost in a block 
rc · p l aceinent 1nodcl. Using the long-run mean cost per unit time formula 
I , . ,  I c2 M( T)] / T, sho'v that the cost minirnizing block replacement time T* 
� a  1 i t·dies 

" l a c � r(' c 2 > 4c1 , and the lifetime density is that of Problem 6. 

I I .  I � c · l  /� 1 ,  X 2 ,  • • •  , he i . i . d . unifor1nly distributed on (0, 1 ) . Define Nk = the 
1 1 1 d c · x  n s a ti sfying X� -1- X� + . . .  + X� < 1 < X� + .. . .  + X� + t (the kth po,vers) . 
I ) c · l  c - n n i n c -

lirn E( .Nk ) jk. 
k � a_, 
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Hint : Establish and use the identity E(SNk + 1 ) === E(Nk + 1 )E(X� ) ,  where 
Sr === X� + · · · + X� ,  r == 1 ,  2, . . . .  

9. Determine the distribution of the total life f3t of the Poisson process. 

Answer : Pr{f3r < x} = 1 - [1 + A min{t, x}]e- lx , 

10. Show that the age { Dt ; t > 0} in a renewal process, considered as a stochastic 
process, is a Markov process, and derive its transition distribution function 

F(y ; t, x) === Pr{Ds+ t < yjbs == x}. 

II. Suppose A(t) solves the renewal equation A(t) = a(t) + f� A(t -y) dF(y) , 
where a(t) is a bounded nondecreasing function with a(O) = 0. Establish that 
limt -+ oo A(t)jt == a*fJl, where a* = limt-+ oo a(t) and J1 < 00 is the mean of F(x) . 

12. Consider a system that can he in one of two state s :  ' '  on " or " off." At time 
zero it is " on." It then serves before breakdown for a random time T00 
with distribution function 1 - e- tl. It is then off before being repaired for a 
random time Torr with the same distribution function 1 - e- tl. It then repeats a 
statistically independent and identically distributed similar cycle , and so on. 
Determine the mean of W (t), the random variable measuring the total time 
the system is operating during the interval (0, t ) .  

13. Successive independent observations are taken from a distribution with 
density function 

x > 0,  
X < 0 ,  

until the sum of the observations exceeds the number t. Let N + 1 be the 
number of observations required. Prove that 

t 2n + le- t t 2ne- t 
Pr{N === n} === r(2n + 2) + r(2n + 1 ) . 

14. A renewal process is an integer-valued stochastic process that registers 
the number of points in (0 ,  t] , when the interarrival times of the points arc 
independent, identically distributed random variables with common distribu­
tion function F(x) for x > 0 and zero elsewhere , and F is continuous at x = 0. A 
modified renewal process is one where the common distribution function F(x) 
of the interarrival times has a jump q at zero. Show that a modified renewal 
process is equivalent to an ordinary renewal process, where the numbers of' 
points registered at each arrival are independent identically distributed randon1 
variables, R0 , R1 , R2 , • • •  , with distribution 

Pr{Ri = n} === pq", n === 0, 1 ,  2, . . .  , 

for all i = 0,  1 ,  2 ,  . . .  , where p === 1 - q. 
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15. Consider a renewal process with underlying distribution function F(x) . 
Let Wbe the time when the interval duration from the preceding renewal event 
first exceeds � > 0 (a fixed constant). Determine an integral equation satisfied 
by 

V(t) = Pr{ W < t}. 

Calculate E[W] . (Assume an event occurs at time t = 0.) 

16. Consider a renewal process N(t) with associated distribution function F(x) . 
Define mk(t) = E[N(t) k] .  Show that mk(t) satisfies the renewal equation 

where 

t 
mk(t) = zk(t) + J mk(t - r) dF(r) ,  

0 

k = l , 2 ,  . . .  , 

t k - 1 (k) 
zk(t) = J :L . m/t - r) dF(r) .  

0 J = O  J 

/ lint : Use the renewal argument. 

1 7. (Continuation of Problem 16) .  By induction show that 

I U. Consider a stochastic process X (t) , t > 0, which alternates in 2 states A and 
H. Denote by �1 , 711 , �2 , 712 , • • • , the successive sojourn times spent in states A 
u ud  B, respectively, and suppose X(O) is in A .  Assume � 1 , �2 , • • •  , are 
i . i . d .r.v.'s with distribution function F(�) and 711 , 712 , • • •  , are i.i.d.r.v. 's with 
c l i s tribution function G(YJ). Denote by Z(t) and W(t) the total sojourn time spent 
i n  H tates A and B during the time interval (0, t) .  Clearly Z(t) and W(t) are 
•·u u dom variables and Z(t) + W(t) = t . Let N(t) be the renewal process gener­
n l  c ·d  by � 1 , � 2 , • • • • Define 

Prove 
O(t) == '11 + '12 + . . .  + '1N(t) • 

P{W(t) < x} = P{O(t - x) < x}, 

u n c i  Pxpress this in terms of the distributions F and G. 

00 

Pr{ W(t) < x} = L G n(t - x) [ Fn(x) - Fn+ 1 (x)] , 
11 = 1 

w l a • · •·c � G t• and F n arc the usual convolutions. 
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19. Consider a renewal process with distribution F(x) . Suppose each event is 
erased with probability 1 - q. Expand the time scale by a factor l jq. Show 
that the resulting sequence of events constitutes a renewal process where the 
distribution function of the time between events is 

00 

L (1 - qt - 1qFn(xjq) = F(x ; q) , n = 1 
where F as usual denotes the n-fold convolution of F. n 
20. (Continuation of Problem 19) .  In the preceding problem let c/J(s) he the 
Laplace transform of F(x) . Determine the Laplace transform of F(x; q) . 
Answer : 

qcp(sq) 
cp(s ; q) = 1 - (1 - q)cp(sq) • 

21. (Continuation of Problem 20). If F has two moments, prove that 

A 
cp(s ; q) � A + s ' 

where A- 1 = So x dF(x) . 

as q � O+,  for all s, Re s >  0, 

22. (Continuation of Problem 21 ) .  Appealing to the convergence theorem, 
Chapter 1 ,  p.  11 , prove that 

F(x; q) � 1 - e- ;.x, as q -+ 0 +. 

23. Consider a renewal process with interarrival distribution G0(x) . Suppose 
each event is kept with probability q and deleted with probability 1 - q, and 
then the time scale is expanded by a factor 1/q (see Problem 19) . Show that the 
mean interarrival time is the same for the original and the new process. Repeat 
the above operation of deletion and scale expansion to obtain a sequence of 
renewal processes with interarrival distribution given by G(n) (x) after n such 
transformations of the process. In all these operations q is held fixed. Show that 
if 0 < q < 1 ,  then 

lim G ( n) ( x) = 1 - e-x /J ,  
n -"" oo 

where J1 == So {1 - G(o) (�)} d� . 
Answer : Set 

00 00 

c/J0 (s) = J e- ·� dG0(�) ,  c/J ;(s) = f e- s� dG( i) (�) . 
0 0 

Establish by induction that 

q
nc/Jo(sqn) c/Jn(s) = 1 - (1 - q")l/>o(sqn) . 
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Now letting n -+  oo leads to the same result as in Problems 20-22. 

24. Consider a triangular array of identically distributed renewal processes 
Nni(t) , 1 < i < n, where the interarrival times have a distribution F(t) with mean 
Jl· Consider the nth row of the array. In each process of this row, retain an 
event with probability 1 /n and discard the event with probability 1 - (1 /n) .  
This operation i s  applied independently to  all events. Denote the new array of 
renewal processes obtained by this deletion operation by N�(t) . Next form the 
superposition of composed processes, 

Show that 

1 < n < oo .  

- t/!J e . 
lim Pr[ N: (t) = j] = . , (tj 11)1 , n-+oo ] • 

if and only if F(t) = 1 - e- till . In other words, the superpositions converge to a 
Poisson process if and only if all original renewal component processes were 
Poisson. 

Answer : Verify first that the modified array Nn�(t) is infinitesimal, i .e. ,  show 
that 

where F�(t) is the interarrival distribution for the transformed process N:i(t) . 
I n deed, paraphrasing the argument of Problem 19 gives, 

F:';(t) = -� (1 - �) i
-

1 � Fi(t) 
J - 1 

1 00 1 00 < - L Fj(t) < - L [F(t)]i 
n j = 1 n j = 1 

< 1 F(t) . 

- n 1 -- F(t) 
\V lu ·re F(t) < 1 ,  then manifestly limn-+oo [ sup1 s i < n F�(t)] = 0, while if F(t) == 1 ,  
w e ·  ( ' a l l  determine an appropriate j such that Fi(t) < 1 ,  and a similar estimate 
• · a n  he 1nade. 

N <'xt apply the superposition Theorem 9. 1 ,  

!� it1 
F:;(t) = !�� i�1 ( 1 - �y - 1 

Fi(t) 
00 

= L F .(t) 
. 1 J 

j = 
= M(t) the renewal function 

== tj Jl ,  

w h i c · h  i H  ( ' (paivalf � n l  to J-?(t) == 1 - e
- ti !J. 
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25. Given a renewal process with finite mean, suppose the excess life 'Yt and 
current life Dt are independent random variables for all t. Establish that the 
process is Poisson. 

Hint : Use the limit theorem of Section 5 on the identity 

Pr{Dt > x, 'Yt > y} === Pr{Dt > x}Pr{yt > y}, 
to derive a functional equation for 

1 00 
v(x) = - J [1 - F(�)] d�, 

J.l
x 

and deduce thereby that 1 - F(�) === e - �IP-. 

26. (a) Assume orders for goods arrive at a central office according to a Poisson 
process with parameter A.. Suppose to fill each order takes a random length of 
time following a distribution F(�). The number of workers available is infinite,  
so that all orders are handled without delay. Let W(t) represent the number of 
orders requested hut not yet filled by time t. Find 

lim Pr{ W(t) < k}. 
t--+ 00 

(b ) Let V(t) he the length of time required to fulfill all current orders given that 
at time 0 there are no unfilled orders. Determine the probability distribution of 
V(t ) , i .e . ,  find 

Pr{ V(t) < y} === F(y, t) . 
Hint : Write out a recursion relation for F(y, t) by conditioning on the time of 
the arrival of the first order. 

27. The Laplace transform g*(O) , e > 0, of a continuous function g(x) , X >  0, 
is defined by g*(O) = f0 e- exg(x) dx . Establish the formula 

* _ f*(O) m (8) -
1 -f*(O) ' 

for a renewal process having lifetime density f(x) , where m(t) = dM(t)/dt is the 
derivative of the renewal function. Compute m*(8) when 

(i) f(x) = Ae- ;.x, x > 0, 

(ii) f(x) = xe- x, x > 0. 

28. Show that the limiting distribution as t � 00 of age D t in a renewal process 
has mean (u2 + J.12)/2J.1, where u2 and J.1 are the variance and mean, respectively, 
of the interoccurrence distribution. 

29. Let Dt be the age or current life in a renewal process in which the mean and 
variance of the interoccurrence distribution are J.1 and u2 , respectively. Prove 

1 
t 

lim - J D-r dr === (u2 + J.12)f2J1. 
t� oo t 

0 ' 
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30. Let X1 ") X2 ") • • • , be the interoccurrence times in a renewal process. Suppose 
Pr{Xk == 1} = p and Pr{Xk === 2} = q = 1 - p. v·erify that 

n q2 qn + 2 E[Nn] === 1 + q - ( 1  + q)2 + ( 1  + q)2 ' n === 2,  4, . . .  , 
where Nn is the mean number of renewals up to (discrete time) n. 
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Chapter 6 

MARTIN G ALES 

Stochastic processes are characterized by the dependence relationships 
among their variables. The martingale property expresses a relation that 
occurs in numerous contexts and has become a basic tool in both theo­
retical and applied probability. It is used for calculating absorption prob­
abilities , analyzing the path structure of continuous time processes, 
deriving inequalities for stochastic processes , analyzing sequential 
decision and control models, and for a multitude of other purposes . 

Martingale theory requires extensive use of conditional expectations . 
We suggest the reader review the properties of conditional expectation 
listed in Chapter 1 before continuing. 

1 :  Preliminary Definitions and Examples 

We initiate the formulation of the martingale concept with undoubtedly 
its earliest version, which although dated bears historical interest . 

Definition 1.1. A stochastic process {Xn ; n == 0, 1 , . . . } is a martingale if, 
for n = 0,  1 , . . .  , 

and 

Let Xn be a player's fortune at stage n of a game. The martingale 
property captures one notion of a game being fair in that the player's 
fortune on the next play is , on the average, his current fortune and is 
not otherwise affected by the previous history. In fact , the name 
'' martingale" derives from a French acronym for the gambling strategy 
of doubling ones bets until a win is secured . At the present time, martin· 
gale theory has such broad scope and diverse domains of applications in 
general probability theory and mathematical analysis that to think of it 
purely in terms of gambling would be unduly restrictive and misleading. 

A more general and pertinent definition follows. (In Section 7 we will 
elaborate the most up-to-date formulation.) Unless stated explicitly to 
the contrary, all random variables encountered are assumed to be re�l 
valued. 

238 
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Definition 1.2. Let {Xn ; n == 0, 1 , . . .  } and {Yn ; n == 0, 1 , . . . } be stochastic 
processes . We say {Xn} is a martingale with respect to {Yn} if, for n = 0, 
1 '  . . .  ' 

(i) E[ IXn i J < 00 ,  ( 1 . 1) 
and 

( 1 .2) 
It is useful to think of ( Y0 , • • •  , Yn) as the information or history up to 
stage n. Thus, in the gambling context, this history could include more 
information than merely the sequence of past fortunes (X1 , • • .  , Xn) as , 
for example, the outcomes on plays in which the player did not bet . 
Actually, there is no desire to restrict Yk to being a real random variable .  
In general, it well may be a finite- or even infinite-dimensional vector. 
Whenever the particular sequence {Yn} is not vital or is evident from the 
context , we will suppress reference to it and say only " {Xn} is a 
martingale " .  

The history determines X" in the sense that Xn is a function of 
Y0 , • • •  , Yn , i .e·. , knowledge of the values of Y0 ,  Y1 , • • •  , Yn determines 
the values of X" . Note from ( 1 .2) that X" is the particular function 

of Y0 , • • •  , Yn . From the property of conditional expectation, viz . ,  

we infer that 

and invoking the law of total probability, now yields 

E[Xn + t l = E{E[Xn + t l ¥0 , • • •  , YnJ} 
= E[Xn] , 

Ho that , by induction, 

for all n.  

S O M E  EXA M P L E S  

( 1 .3) 

rrhes� exainples were selected to demonstrate the immense variety and 
n' I Pvancc of martingale processes . We start with some important concrete 
c ' n H c � H  and later add more general constructions . 
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(a) Sums of Independent Random Variables 
Let ¥0 == 0 and Y1 ., Y2 ., • • •  be independent random variables with 

E[ l Yn l l < oo and E[Yn] == 0 for all n. If X0 == 0 and X" == Y1 + · · · + Y" 
for n > 1 ., then {Xn} is a martingale with respect to {Yn}· We check ( 1 . 1 ) 
from 

and verify (1 .2) from 

E[Xn + t l  Yo ., . . .  ., Yn] == E[X" + Yn + t l Yo ., . . . ., Y"] 
== E[Xn\ Y0 ., • • •  ., Yn] + E[Yn + t l Yo ., . . . , Y"] 
== X" + E[Y" + 1 ] (because of the independence 

assumption on {Yi}) 
== X n (since E[Y ml == 0 by stipulation.) 

(b) More General Sums 
Suppose Zi == gi(Y0 ,  • • •  ., Yi) for some arbitrary sequences of random 

variables Yi and functions g i • Let f be a function for which 

for k == 0., 1 ,  . . . . 

Let ak be a bounded function of k real variables .  Then 
n 

xn == L {f(Zk) - E[f(Zk) l Yo ., . . . ., yk - t] }ak( Yo ., . . . ., yk - 1 ) k = O 
d�fines a martingale with respect to {Yn}· (By convention., 
E[f(Zk) \ Y0 ., • • •  ., Yk _ 1 ] == E[f(Zk)] when k == 0 .) Since ak is bounded., say, 

we have 
n 

for all y0 , • • •  ., Yk _ 1 ., 

E[\Xn i J < 2 L Ak E[ Ij(Zk) ! ] < 00 .  k = O  
Let Bk == {f(Zk) - E [f(Zk) \ Y0 ., • • •  ., Yk _ 1 ] }ak( Y0 , • • •  ., Yk _ 1 ) . Then citing 
( 1 . 3) we see that 

Thus ., 

E[Xn\ Yo ., · ·  . ., Yn - 1 ] == E[Xn - 1 \ Yo, · · . ., Yn - 1] + E[Bn ! Yo., . . . ., Yn - 1 ] 
== xn - 1 ., 

which establishes the martingale property .. 
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(c) The Variance of a Sum as a Martingale 
Let ¥0 == 0 and Y1 ., ¥2 , • •  0 ., be independent identically distributed ran­

dom variables with E[Yk] == 0 and E[Y�] == u2 ., k == 1 ., 2 ., . . . . Let X0 == 0 
and 

xn = ( i yk) 2 - nu2 0 

k =  1 
Then E[ ! Xn l l < 2nu2 < oo, and 

E[Xn + l l  Yo ' . . .  , Y"] = E [ ( Yn + l + kt Ykr - (n + l)u2 1 Yo ' . . .  , Yn] 
== E [Y;+ l + 2 Yn+ 1 I Yk + ( I Yk) 2 

k = 1  \ k = 1 

- (n + l)u2 1 Y0 , • • .  , Yn] 
== Xn + E[Y;+ 1 1  Y0 ,  • • • , Yn] 

+ 2E[ Yn + 1 1 Yo ,  . . .  , YnJCtl 
Yk) - 0"2 

== xn 0 

Thus {Xn} is a martingale with respect to { Yn}· 

(d) Right Regular Sequences and Induced Martingales for Markov Chains 
There is a routine and highly productive way of discovering martingales 

in association with Markov processes. Let Y0 ., Y1 ., • • •  ., represent a Markov 
ehain process governed by the transition probability matrix P == I I  P ii I I ·  
I Jet f be  a bounded right regular sequence for P., that is ., f(i) is non­
negative and satisfies 

f(i) == L Pij f(j) .  (1 .4) 
. J 

(See also Chapter 1 1 ., Volume II .) Set Xn == f( Yn) · Then E[ I Xn l l < oo 
t-� ince f is bounded., and 

E[ X n + 1 1 Y 0 ., • •  0 ., Yn] == E[f ( Yn + 1 ) I Y 0 ., • •  0 ., Yn] 
== E[f( Yn + 1 ) 1 Yn] (by the Markov property) 
== L Py"' j f(j) 

j 

(since E[f( Yn + 1 ) 1 Yn == i] == L Pijf(j)) 
. J 

[in accordance with 
(1 .4)] 
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Many martingales that at first glance seem unrelated actually arise in 
this manner, or in the generalization that is our next example .  

(e) Martingales Induced by Eigenvectors of the Transition Matrix 
Probably the most widespread method of forming martingales is cover­

ed by this example (see Elementary Problems 8, 15 , 18, 19, 21 , and 23) .  
Let Y0 ., Y1 , • • •  be a Markov chain having transition probability matrix 
P == I I  P ii II · A vector f is a right eigenvector of P if for some A., called the 
eigenvalue., 

for all i . 
j 

Iff is a right eigenvector of P for which E[\ f( Yn) I ] < 00 for all n., then 

Xn == A  - nf(Yn) 
is a martingale., since 

E[Xn + t l Y0 ., • • •  ., Yn] == E[A- " - 1f( Yn + 1) 1 Yo ., . . . ., Yn] 
== A-nA_ - 1 E[j(Yn + 1 ) 1 Yn] == A-nA- l L p Yn , i J(j) 

J 

== .A -"f(Y") == X" . 
More generally., suppose ¥0 ., Y1 ., • • •  is a discrete-time Markov process 

governed by the transition distribution function 

F(ylz) == Pr{Yn + 1 <yj Yn == z}. (1 .5) 
If 

E[jj(Yn) j ]  < oo., for all n., 
and 

Af(y) = J f(z) dF(z \ y) , for all y, 

then X" == A- "f(Yn) is a martingale . 
The subsequent examples amply demo11strate the power and versatility 

of this technique for producing martingales . 

(f) A Branching Process 
Let { Yn} specify a branching process (Chapter 2., Section 2 ., Example F) 

and suppose that the mean of the progeny distribution is m < 00. Then 
Xn == m-ny" is a martingale . In order to validate this claim we designate 
by z(n) (j) the number of progeny produced by the jth existing parent in 
the nth generation. Then 

Yn + 1 == z(n) ( 1) + · · · + z(n) ( Y") ., 
where z(n)(i) ., i == 1 ., 2 ., 0 • •  ., yn are independent and identically distributed . 
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Manifestly 

E[Yn + t l Y"] = Y" E[ z<n) ( 1)] = mY" , 
so that m is an eigenvalue for the function f(y) == y. It follows that 
xn == m-nyn is a martingale as asserted. 

(g) Wald's Martingale 
Let ¥0 = 0 and suppose Y1 , ¥2 , • • • are independent identically distri­

buted random variables having a finite moment generating function 
cp(A) = E[ exp{A Yk}] existing for some A -=/=- 0. Then X0 = 1 and 
X" = cp(A) - " exp{A( Y1 + · · ·  + Yn) } determines a martingale with respect 
to { Yn} , because the function f(y) == e;.Y is an eigenfunction for the 
Markov process of partial sums S" = Y1 + 0 0 0 + Y" , and the associated 
eigenvalue is cp(A) . Indeed, in line with (1 . 5), the transition distribution 
function in the case at hand is 

P{Sn + l <y!Sn == x} == G(y - x) , 
where G is the common distribution function of Yk . 

Now we can calculate E[f(Sn + t ) ISn == x] , executing an obvious change 
of variable, to obtain 

J e;.y dy G(y - x) = eAx J eA� dG(e) = eAxcf> (A) , 

and this identity clearly validates the claim made before .  
As an illustration suppose Y1 , ¥2 • 0 0 are independent and normally 

distributed with mean zero and variance a2 • Then 

and 

For the choice A =  J.1/(J2 , where J.1 is an arbitrary constant, we get 

' l ' h i R  martingale appears again in Example ( j ) .  

( I .) Generalization of the Eigenvector Argument 
Let ¥0 , ¥1 , 0 0 0 be arbitrary random variables but having finite absolute 

n1 c � n n s  E[ l Y,. I J  < oo. Suppose, for n == 0, 1 , 2 ,  . 0 0 , 

E[¥,1 + 1 1 Yo , . .  0 ")  Yn] = an + bn Yn , b,. -=/=- 0 .  (1 .6) 
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Let l" + 1 (z) be the linear function ln + 1 (z) == a" +  b" z, whose inverse is 
l;;+11 (y) == (y - an) fbn , and let Ln(y) == l1 1 (l2 1 ( · · · (l;; 1 ( y) · · · ))) . Then 
Xn == kLn( Y") is a martingale, for any constant k, because 

1 
k E[Xn + 1 \ Yo ' · · · ' Yn] == E[ Ln + 1 ( Yn + 1 ) \ Y 0 ' · · · ' Yn] 

== Ln + 1 {E[Yn + 1 1  Yo , . . .  , Y"] }  

== Ln + 1 ( ln + 1 ( Yn)) ' 
1 

== Ln(Yn) == k X" . 

(since Ln + 1 
is a linear 
function of its 
argument) 

by (1 .6) 

To illustrate concretely, let Y0 be uniformly distributed over [0, 1 ] ,  and 
given Yn , suppose Yn + 1 is uniformly distributed on [ Yn , 1] .  Then 
X" == 2" [1 - Y"] is a martingale. We check directly : 

E[Xn + 1 1  Yo , . . .  , Y"] == 2" + 1 [1 - E[Yn + l l Yn]] 
== 2" + 1 [1 - !(1 + Yn)J 
== 2"(1 - Y") == X" . 

(i) An Urn Scheme 
Here is another example of the generalized eigenvector argument . The 

model has application in the study of growth processes . 
Consider an urn that at stage 0 contains one red and one green ball. 

A ball is drawn at random from the urn and it and one more of the same 
color are then returned . The experiment is repeated indefinitely. Let Xn 
be the fraction of red balls at stage n, and let Yn == (n + 2)Xn be the 
number of red balls . Then {Xn} is a martingale with respect to {Yn}· We 
have that ,  given Yn == k, 

y - {k + 1 ,  n + 1 - k ' 

Hence 

with probability 
with probability 

kf(n + 2) , 
1 - kf(n + 2) . 

(k + 1)k + k(n + 2 - k) E[Yn + 1 1  Yn == k] == 2 == k(n + 3) /(n + 2) . n + 
That is , 
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where bn == (n + 3)/(n + 2) . Then, using the notation of (h) , ln(z) == bn _ 1 z, 
l; 1 ( y) == z / b n _ 1 ,  and 

Thus 

Ln(Y) == 
y 

bo bl · · · bn - 1 
2 3 n + 1 == - · - · · · y 
3 4 n + 2 
2 == n + 2 y. 

is a martingale . 

( j) Likelihood Ratios 
Let ¥0 , Y1 • • •  be independent, identically distributed random variables, 

and let f0 and f1 be probability density functions. A stochastic process of 
fundamental importance in the theory of testing statistical hypotheses is 
the sequence of likelihood ratios 

X = ft (Yo) ft ( Yt ) · · ·  ft (Yn) , " fo( Yo)fo( Y1 ) 0 • 0 fo( Yn) 
n == 0,  1 ,  . .  0 .  

To assure the definition, assume f0(y) > 0 for all y. Since ¥0 ,  Y1 , • •  0 are 
independent , 

E(Xn + t i Yo , . . .  , Yn] = E [Xn j:��:::� Yo , . . . , Yn] 
== X  E [ft ( Yn + 1 ) ] n fo(Yn + l ) 

. 

J .. Vhen the common distribution of the Yk's has fo as its probability density 
fitnction, { Xn} is a martingale with respect to { Yn}· To confirm this claim, 
w t �  need only verify 

B u t  

l i M  desirt�d . 

E[f1 (Yn + t )] = J {f1 (y) } fo(Y) dy fo( Yn + 1 ) fo (Y) 

= J ft (y) dy = 1 , 
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As an example� suppose f0 is the normal density with mean zero and 
variance c;2 � and f1 is normal with mean J.1 and variance c;2 • Then 

and 

ft (y) - {2J.1y - J.12 } 
fo(Y) -

exp 
2c;2 . � 

This martingale occurred earlier in Example (g) . 
Martingales constructed from likelihood ratios have many uses in 

evaluating the properties of sequential procedures for hypothesis testing. 

(k) Doob�s Martingale Process 
Let Y0 � Y1 � • • .  be an arbitrary sequence of random variables and 

suppose X is a random variable satisfying E [ IXI J < 00. Then 

forms a martingale with respect to {Yn}� called Doob�s process . First 

E[ !Xn \ ] === E{\E[XI Yo � . . · � YnJ I } 
< E{E[\XI I  Yo � . .  · � Y"] } 
=== E[ IXI J < oo.  

Second and last� by the law of �otal probability for conditional expecta­
tions�t 

E[Xn + 1 \ Yo � · · · � Y"] === E{E[X\ Yo � · · · � Yn + tJ I Yo � · · · � Y"} 
== E[XI Y0 � • •  · � Y"] === Xn . 

(I) Radon-Nikodym Derivatives 
Suppose Z is a uniformly distributed random variable on [0� 1) � and 

define the random variables Yn by setting 

for the unique k (depending on n and Z) that satisfies 

� < Z k + l
. 2n - < 2" 

t The law of  total probability for cond ition al expectation extend s  the u s u a l  l a w  hy in tro d u c·ing 
further conditioning on a random vari able Z. The law sta les E[X J Z] = E{ E[X J Y. Z I J Z } .  vali c l  
whenever E[ J X J ] < oo .  The student should supply a proof. 
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Notice how Yn provides increasingly more information about Z as n 
increases . Indeed� Yn < Z < Yn + ( �) n so  that Yn determines the first n 
bits in z�s terminating binary expansion. 

Let f be a bounded function on [0 � 1] and form the difference quotient 

We claim that {Xn} is a martingale with respect to {Yn} · First observe 
that Z� conditional on ¥0 � • •  · � Y" � has a uniform distribution on 
[ Yn � Yn + 2 -n) � and thus Yn + 1 is equally likely to be Yn or Yn + 2 - (n + 1 ) 
Thus 

E[Xn + t ! Yo � · · · � Y"] = 2" + 1E[f( Yn + t + 2 - <" + 1 >) -f( Yn + 1 ) 1 Yo �  · · · � Yn] 
= 2n + 1 {� [J(Yn + 2 - (n + 1 ) ) -J(Yn)J 

Note that 

+ �[J(Yn + 2 - n) -J( Yn + 2 - (n + 1 >)]} 
=== 2"{f( Y" + 2 - n) -f(Yn)} = X" . 

X = f(Yn + 2 -") -f( Yn) n 2 - n 

is approximately the derivative off at Z .  In fact� under quite general 
conditions it can be shown that the sequence . {Xn} of approximate 
derivatives converges with probability one to a random variable 
X (f) = X (f) ( Z) � called the Radon-Nykodym derivative off evaluated at Z� 
and that xn == E[X (f) I Yo � . . .  � Yn] (see the close of Section 7) . Thus 
•nartingale properties find alliance and relevance in the theory of differen­
tiation of functions and indeed in numerous other facets of mathematical 
analysis . 

P R EVI EW O F  R ES U LTS 

The next section treats generalizations where the martingale equality 
i H  replaced by an inequality. Follo,ving that� we deal with the two major 
r t · :-;ults of martingale theory� the optional sampling theorem and the 
tnartingale convergence theorem� including a diversity of applications of 
I J . PHe theorems . 

rrhe optional sampling theorem tells us that� under quite general 
c i reumstances� whenever X" is a martingale� then Xr" == Z" also consti­
l u t < 'S a rnartingale for a collection of randomly selected times { T n} � which 
fo •· n1 an increasing sequence of ' ' Markov times. " A Markov time T has 
I h e - property that the event { T = n} is determined only by the history 
( l -·0 'I • • •  , Y11) up to stage n. The optional sampling (or stopping) theorem 
f i u t i H  frequent application in sequential decision problems and in deriving 
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inequalities and estimates of probabilities of various events associated 
with certain stochastic processes .  

Martingale convergence theorems provide general conditions under 
which a martingale X" will converge to a limit random variable X00 as n 
increases . These theorems are of value for analyzing the path structure 
of processes and in determining the asymptotic distribution of a variety 
of functionals of quite general stochastic processes . 

2: Superrnartingales and Subrnartingales 

For many purposes it is desirable to have available a more general 
concept ., built around an inequality . 

Definition 2.1 . Let {Xn ., n === 0.,  1 ., . . .  } and {Yn ., n === 0., 1 ., . . .  } be stochastic 
processes . Then {Xn} is called a supermartingale with respect to {Yn} if., 
for all n., 

(i) 
� (ii) 
(iii) 

E[X; ] > - oo., where x- == min{x., 0}., 
E[Xn + t l Y0 ., • • • ., Yn] < X" ., 
X" is a function of ( Y0 , • • •  ., Yn) · 

We call {Xn} a submartingale with respect to { Yn} if., for all n., 

( i) 
(ii) 
(iii) 

E[X; ] < oo., where x+ === max{O., x}., 
E[Xn + t ! Y0 .,  • • •  ., Y"] > Xn ., 
X" is a function of ( Y0 .,  • • . ., Yn) · 

(2 .1 ) 

(2 .2) 

As we did with martingales., we will omit mention of {Yn} when it is 
either not important or else evident from the context which particular 
sequence { Yn} is involved. 

The third stipulation in each definition states that X" must be deter­
mined by the history up to time n., or equivalently., the information 
available to time n includes the value of X" . As noted earlier., the deter­
mination is automatically satisfied in the martingale case with the requi­
site expression of X" as a function of {Yi}?= o being 

(2 .3) 
In the super- and submartingale cases ., the martingale equality is replaced 
by an inequality . Therefore the requirement that X" be determined by 
( Y0 ., • • • ., Yn) must be explicitly imposed . We will sometimes indicate this 
functional relation by writing 

Xn === Xn( Yo ., . . .  , Yn) ·  
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Note that {Xn} is a supermartingale with respect to {Yn} if and only if 
{-Xn} is a submartingale . Similarly, {Xn} is a martingale with respect to 
{ Yn} if and only if {Xn} is both a sub martingale and a supermartingale. By 
this means , statements about supermartingales can he transcribed into 
equivalent statements concerning both submartingales and martingales .  
This will save us substantial writing, since often a proof in only one of the 
three cases need be given. 

Example. Let {Yn} be a Markov chain having the transition probability 
matrix P=== I IP ij l l ·  lff is a right superregular sequence for P (i. e . ,  a non­
negative sequence satisfying Lipij f(j) <f(i) for all i) , then xn === f(Yn) 
defines a supermartingale with respect to Yn . The proof of this assertion 
paraphrases the analysis of Example (d) ,  Section 1 .  

There is , of course, a parallel correspondence between submartingales 
and subregular sequences [nonnegative sequences f(i) for which f(i) < 
LiPiif(j)] , provided we assume E[f(Yn)] < 00. 

Jensen's Inequality. A function cp defined on an interval I is said to be 
convex if for every x1 , x2 E I and 0 < a < 1 ,  we have 

(2 .4) 

A straightforward induction commencing from (2 .4) proves 

(2 .5) 

m 
valid for all x1 , x2 , • • •  , xm E I and a i > 0, L a i === 1 .  If cp is twice differen-i = 1 
Liable, then cp is convex if and only if d2cpfdx2 > 0 for all x. Thus, convexity 
is  often easy to verify. If X is a random variable that takes the value xi 
with probability a i (i === 1, 2, . . .  , m) , then Eq. (2 .5) can be succinctly 
written in the form 

E[cjJ(X)] > cjJ(E[X]) . (2 .6) 
. J ensen's inequality states that (2 .6) prevails for all real random variables 
X' whenever cp is convex on (- oo, oo) . Inequality (2 .6) can be viewed as a 
t�ontinuous integrated version of (2 .5) . The same is true for conditional 
• ·  x pectations : Thus, if cp is convex, we have 

(2 .7) 
With these facts in hand we provide some ways of constructing sub­

a uu rtingales from martingales .  
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Lemma 2.1. Let {Xn} be a martingale with respect to {Yn} · If cp is a convex 
function for which E[cp(Xn) + ] < 00 for all n, then {cp(Xn) } is a submartin­
gale with respect to {Yn} · In particular, {IXn \ } is always a submartingale and 
{\Xn \ 2 } is a submartingale whenever E[X;] < 00 for all n. 

Proof. We need only show the submartingale inequality, the other 
properties being rather easily demonstrated . Using Jensen's inequality, 
we have 

E[cp(Xn + t ) \ Yo , . . .  , Y"] > cp(E[Xn + t i Yo , . . .  , Y"] ) 
== cp(Xn) • • 

.. Here is a similar result whose proof is omitted. 

Lemma 2.2. Let {Xn} be a submartingale with respect to {Yn}· If cp is a 
convex and increasing function, then cp(Xn) is a submartingale, provided 
E[cp(Xn) + ] < oo.  

(Note that less is demanded of {Xn}, merely a submartingale, but more 
of cp in that cp is increasing besides convex.) 

Thus, for example, if {Xn} is a submartingale and 

X == {X" ' n -c ' 
if xn > -c, 
if xn < -c, (2 .8) 

where c is fixed, then {Xn} is a submartingale for which E[IXn \ ] < oo for 
all n, and as a special case, {X; } is a submartingale whenever {Xn} is . 

EL E M E NTARY P R O P E RTIES 

We include both the supermartingale and the martingale results in a 
single statement, the hypothesis and conclusion for the supermartingale 
being enclosed in parentheses . (The corresponding results for submartingales 
are derived by passing from {Xn} to {-Xn} .) 

(a) If {Xn} is a (super) martingale with respect to {Yn} , then 

for every k > 0. (2 .9) 

Proof. We proceed by induction. By definition, (2 .9) is correct for k == 1.  
Suppose (2 .9) holds for k. Then 

E[Xn + k + t \ Yo , . . .  , Yn] == E{E[Xn + k + t \ Yo , . . .  , Yn , . . . , Yn + k] \ Yo , . . .  , Yn} 
(<) == E{Xn + k l Yo , . . .  , Yn} 
( <) == xn . 



2 .  S U P E R M A R T I N G A L E S  A N D S U B M A R T I N G A L E S  

(b) If {Xn} is a (super) martingale, then for 0 < k < n 

E[X"] ( <) = E[Xk] (  <) = E[Xo] · 

Proof. Using (2 .9) we take expectations in 

E[X" I Y0 , • . .  , Yk] (<) = Xk , 
to conclude 

E[X"] = E{E[Xn l Yo , . . .  , Yk] }( <) = E[Xk] . 
The case E[Xk] ( <) == E[X0] uses the same argument . • 
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(2 . 10) 

(c) Suppose {Xn} is a (super) martingale with respect to {Yn} and that g 
is a (nonnegative) function of Y0 , • • •  , Yn for which the expectations that 
follow exist . Then 

Proof. Since g( ¥0 , • • •  , Yn) is determined by ( Y0 , • . •  , Yn) , using a basic 
property of conditional expectation we have 

E[g( Yo , . . . , Yn)Xn + k i Yo , . . . , Yn] == g(Yo , . . . , Yn)E[Xn + k i Yo , . . . , Y"] 
( <) == g( ¥0 ,  • • •  , Yn)Xn . 

( For the supermartingale case ( <) we need g > 0.) • 

A S EQU E NTIAL D E C I S I O N  M O D E L 

Consider a system with a finite number S of states , labeled by the 
i u l cgers 1 ,  2, . . .  , S. Periodically, say once a day, we observe the current 
K l . atc of the system, and then choose an action from a set containing a 
( i  ni te number A of possible actions , labeled 1 ,  2 ,  . . .  , A. As a joint result of 
I I H · current state s and the chosen action a, two t'hings happen : (i) we 
n· c � ( �ive an immediate income i(s, a) ; and (ii) the system moves to a new 
t-� 1  a le, where the probability of a particular state s' being attained is 
d t · t<-rmined by a known function q == q(s' i s , a) . Our problem is to ascertain 
1 h • · policy for choosing actions that maximize the total expected income 
ov c ·r an N period horizon. 

I JP t So ' Ao ., sl ' . . .  ' AN - 2 '  s N - 1 ' AN - 1  describe the sequence of alter­
l U l l i ng states and acts . A policy n is a set of functions n 0 , . . .  , nN _ 1 , where 
n 11 p r·escribes the act An as a function of the observed history S 0 , A 0 ., • • .  , 
. I 11 1 .,  S,. . That is , if policy n is used, then 
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The expected reward under policy n as a function of the initial state 
S0 == s is  

We want to choose n so as to maximize I(n, s) .  
Define the functions fo , . . .  , fN recursively backwards according to 

for all s, 
and, for n ==  1 ,  2 ,  . . .  , N, 

(2 .13) 

Then 
n 

xn == I {fk(Sk) - E[fk(Sk) I So ' A o ' . . .  , sk - 1 ' Ak - 1] }  k = 1 
defines a martingale with respect to {Yn} ==  {(Sn , An) } by Example (b) 
of Section 1 .  Thus 

Now (2 . 1 3) implies 

fn - 1 (s) > i(s, a) +  I fn(s' )q(s ' ! s , a), 
s ' 

so that , in particular, 

for all s and a, 

(2 .14) 

fk - 1 (Sk - 1 ) > i(Sk - 1 , Ak - 1 ) +- I fk(s ')q(s ' I Sk - 1 , Ak - 1 ) (2 .15) 
s ' 

== i(Sk - 1 ' Ak - 1 ) + E[fk(Sk) ISo , Ao , . . .  ., Sk - t ' Ak - t ] , 
and this holds no matter what policy is used. We substitute into (2 . 14) 
to conclude 

0 = E[XN] = E [J1{fk(Sk) - E[fk(Sk) IS0 , A0 , • • •  , Sk - 1 , Ak - 1 ]}] 
> E Lt

. 
uk<sk) + i(sk - t , Ak - 1 ) -Jk - 1 (sk - tn] 

• 
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If S0 == s, then this says, for any policy n , 
f0(s) > I(n, s) . 

In words , no policy can achieve an expected reward that exceeds f0(s) . 
Thus, if we exhibit a policy n* satisfying 

f0(s) == I(n* , s) , 
then this policy is manifestly optimal. For each s, let 

be the action that maximizes the right-hand side of (2 .13) .  That is , if 
A:_ 1 == n:_ 1 (S0 , A6 , . . .  , Sk _ 1) ,  then (2 . 15) reduces to the equality 

fk - 1 (Sk - 1) == i(Sk - 1 ' A:_ 1 ) + E[fk(Sk) I So , A6 , . . .  , Sk - 1 ' A:- 1 l · 
Continuing the same argument as before ,  we further obtain the equality 

or 

f0(s) == I(n*, s) . 
Thus n* , the policy that in state S" _ 1 == s at stage n - 1 selects the action 
that maximizes the right-hand side of (2 . 13) , is optimal. 

3 :  The Optional Sampling Theorem 

Consider a fair game in which on each play a dollar is won or lost with 
e-qual probability. We let Y1 , Y 2 , • . • be independent identically dis-
1 ributed random variables with Pr{ Yk == + 1}  == Pr{ Yk == - 1} == � .  Let 
,X " == Y1 + · · ·  + Y" be the player's net gain at stage n. We know 
Jf;l X11] = 0, the mean net gain is zero . But the player need not play forever, 
u o r need he predetermine a particular time n for stopping. Rather, he 
r u i�ht let the choice of when to stop be determined depending on how the 
�arne evolves . For example he might try to stop when ahead . 

. Let T be the time the player ends his play and let Xr be his net gain 
I h c �n . We know E[Xn] == 0 for all n, but is it necessarily true that E[Xr] == 0? 
( :a n  the player stop when ahead? The answer is ' ' yes ," but there are a 
r a  u tnhcr of qualifications . 

l•, i rst , we must outlaw clairvoyance and require that the choice of 
w h � �n to stop depends only on the information observed to date . That is, 
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we require that the event that the player stops on the nth turn depends 
only on ¥0 ., • • •  ., Yn . A random variable T that satisfies this requirement 
for every n is called a Markov time., or sometimes a stopping time or 
random variable independent of the future (with respect to { Yn}) . We will 
give a crisper definition shortly. 

Even with this restriction., we can achieve E[Xr] > 0 !  For example., 
T == min{n : X" == 1} is a Markov time., since { T == n} if and only if 
Y1 + · · · + Yk < 1 for k < n., and Y1 + · · ·  + Yn == 1 .  Since the random 
walk is recurrent ., T < oo., and Xr - 1 ., so that E[Xr] == 1 > 0 .  

It is the purpose of this section to examine this matter more closely 
and in more generality. We 'will show that the Markov time T defined 
above has a number of adverse properties and., in a very real sense., is not 
physically realizable .  For example., the mean of T is infinite., and in­
definitely large losses occur., on the average., before stopping., so that a 
player would need an infinite fortune to adopt this strategy successfully. 

On the other hand., under quite general conditions E[Xr] == E[X0] for 
a martingale., whenever T is a Markov time with finite expectation., and 
this conclusion has applications far beyond the gambling setup. 

M A R KOV TI M E S 

Markov times occur in many contexts . Here is an example of their use 
in Markov chains . Suppose i is a recurrent state in a Markov chain {Yn}· 
We want to show 

Pr{Yn returns to i at least twice} == 1 .  

Since i is recurrent we know 

Pr{Yn returns to i at least once} == Pr{Ti < 00} == 1 ., 

where T i == min { n > 1 : Yn == i} is the time of first return to i . We have, 
using the Markov property., 

Pr{return to i at least twice} == Pr{ Ti < 00 } Pr{return after Td Ti < 00} 
== Pr{ Ti < oo} Pr{ Ti < oo i Yo == i} 
== 1 X 1 == 1 .  

There is something that needs more discussion here . Why is the probaLi· 
lity of returning to i after time T i the same as the probability of ever 
returning to i? Here is a more detailed proof that shows where the 
Markov property is used and what attributes of the random time T1 
make this possible . We note 
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Pr{return after Ti l Ti = k} 

= Pr{Yk + n === i � for some n === 1 �  2 �  · · · I Yi #- i � j  === 1 �  · · · � k - 1 ;  Yk = i} 
=== Pr{Yk + n === i � for some n = 1 �  2 �  . . · I Yk = i} 

(By the Markov property) 
= Pr{Yn === i, for some n = 1 ,  2 ,  . . .  \ ¥0 == i} 

Thus 

(Using the fact of stationary transition probabilities) 
= Pr{ Ti < ool Y0 === i} = 1 .  

Pr{ Ti < 00 and return after Ti} 
00 

== L Pr{return after Ti l Ti = k} Pr{T i = k} 
k = l 

00 
=== L 1 X Pr{ T i = k} == 1 .  

k = l  
The key is that the event {T i == k} is the same as the event {Yi #- i� for 
j == 1 �  . . . , k - 1 ;  Yk === i} and� in particular, depends only on ( Y0 , • • •  , Yk) . 

Definition 3.1. A random variable T is called a Markov time with respect to 
{ Yn} if T takes values in {0, 1 , . . .  , 00}  and if� for every n = 0, 1 ,  . . .  , the 
event { T == n} is determined by ( Y0 � • • •  � Yn) . By '' determined � ' we mean 
the indicator function of the event { T == n} tan be written as a function of 
Y0 , • • •  , Yn , i .e . ,  we can decide whether T = n or T #- n from knowledge 
of the values of the process Y0 , Y1 , . • .  , Yn only up to time n. We signify 
this by writing 

I{T= n} === J{T= n} ( Yo "> • • •  , Yn) 

== 
{ 1 ,  
0 ,  

if T == n, 
if T #- n. 

Jl7e often omit mention of {Yn} and say only " T is a Markov time ." If T 
i� a Markov time, then for every n the events { T < n }� { T > n }, { T > n }, 
and { T < n} are also determined by ( Y0 � • • •  � Yn) . In fact � we have 

n 
I{T::::; n } = L l{T= k} ( Yo '  . . . , Yk) , k = O  

n nd so on. 
Conversely, if for every n, the event { T < n} is determined by 

{ Y0 , • • .  � Yn}, then T is a Markov time . Or� if for every n� the event 
{ 'I ' > n} is dctcrrnined by ( Y0 ,  • • •  , Yn) , then T is a Markov time. (But 

H c � e  l)rohlcrn 20 .) 
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If {Xn} is a martingale with respect to {Yn}., then for every n., X" is 
determined by (Y0 .,  • • •  ., Yn) · It follows that every Markov time with 
respect to {Xn} is also a Markov time with respect to {Yn} · The same state­
ment holds for supermartingales and submartingales., of course. 

Some Examples of Markov Times 
(a) The fixed (that is ., constant) time T- k is a Markov time. For all 

Y0 ., Y1 ., • • •  ., we have 

if n # k., 
if n == k. 

(b) The first time the process Y0 ., Y1 ., • • •  reaches a subset A of the 
state space is a Markov time. That is ., for 

T(A) == min{n : Yn E A}., 
we have 

I{T(A) = n } { Yo ' · . .  , Yn} = {�: if Yi � A., 
otherwise .  

for j == 0., . . .  ., n - 1, 

(c) More generally., for any fixed k., the kth time the process visits a 
set A is a Markov time . However., the last time a process visits a set is not 
a Markov time. To determine whether or not a particular visit is the last, 
the entire future must be known. 

ELE M E NTA RY P R O P E RTI E S 

(a) If S and T are Markov times., then so is S + T. We have 
n 

I {S + T = n} == L I {S = k} I { T = n - k} • 
k = O  

(b) The smaller of two Markov times S., T., denoted 

S " T == min{S., T}., 

is also a Markov time . This is clear because of the relation 

I {S " T > n} == I {S > n} I { T > n} • 

Thus., if T is a Markov time., then so is T 1\ n == min{n., T}., for any fixed 
n == 0, 1 .,  . . . . 

(c) If S and T are Markov times., then so is the larger S v T =  
max{S., T}., since 
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O PTI O NA L  SA M P LI N G  T H E O R E M *  

Suppose {Xn} is a martingale and T is a Markov time with respect to 
{ Yn}· We will establish later 

E[X0] == E[Xr " "] == lim E[Xr " n] · n� oo 
If T < 00, then limn� oo XT " n == Xy ; actually XT " n == Xy whenever n > T. 
Thus, whenever we can justify the interchange of limit n--+  00 and expecta­
tion, we can deduce the important identity 

E[X0] == lim E[Xr A n] ? E[ lim XT " "] == E[Xr] · (3 .1) n�oo n�oo 
We will later offer several conditions where, indeed, this interchange is 
legitimate . 

Lemma 3.1. Let {Xn } be a (super) martingale and T a Markov time with 
respect to { Yn}· Then for all n > k, 

E[Xn I{T= k}] ( <) == E[Xk I{T= k}] . (3.2) 

Proof. By the law of total probability and (2 .9) , 

E[Xn I{T= k}] == E{E[Xn I{T= k} ( Y0 , • . .  , Yk) l Y0 , • • . , Yk] } 
== E{I{T = k} E[Xn \ Yo , . . . , Yk]} 

( <) == E{I{T= k} Xk}. • 

Lemma 3.2. If {Xn} is a (super) martingale and T a Markov time, then for 
all n == 1 ,  2 ,  . . . 

Proof. Using Lemma 3 . 1 ,  
n - 1 E[XT A n] ==  L E[Xr I{T= k}] + E[Xn I{T� n}] k = O  n - 1 

== L E[Xk ]{T= k}] + E[Xn ]{T� n}] k = O  n - 1 
(>) == L E[Xn J{ T= k}] + E[Xn J{T � n}] k = O 

* Heferred to also as the optional stopping theorem. 

(3 .3) 

[on the basis of (3 .2)] 
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For a martingale., E[Xn] == E[X0] ., which completes the proof in this case. 
For a supermartingale., we have shown E[Xr A n] > E[Xn] and have yet to 
establish E[X0] > E[Xr A nl · We will do this assuming E[ \Xn \ ] < 00., for 
all n. The general case may be obtained by truncation., along the lines 
suggested in the remark following Lemma 2 .2 .  

The sequence defined by 
n 

Xn == L {Xk - E[Xk\ Yo ., . . .  ., Yk - 1 ] } 
k = 1 

is a martingale (X0 == 0) [cf. Example (b) of Section 1] . Thus ., 

0 == E[X T A n] 

= E [:t: {Xk - E[Xk J Yo , . . . , Yk - t ]}] 
> E[t� {Xk - Xk - t }] = E[XT A n] - E[Xo] .,  

and consequently 
E[X0] > E[Xr A n] .,  

which completes the proof. • 

We return to the matter of justifying an interchange of limit and expec­
tation as n-+ oo in (3 .1) . The most general conditions that guarantee this 
operation are that the random variables {Xr A n} be uniformly integrable 
in the sense that 

where 

lim sup E[\X� A n \ ] ==  0.,  
a -+ oo  n > O 

if \ XT A n l < a., 
if I Xr A n i > a., 

and that T < 00 .  We skip to conditions not quite so general., but still 
covering a number of cases of importance . 

Lemma 3.3. Let W be an arbitrary random variable satisfying E[ \ WI ] < oo., 
and let T be a Markov time for which Pr{ T < 00 } == 1 .  Then 

and 

lim E[WI{T> n}] == 0 .,  (3 .4) n-+ oo 

lim E[WI{r� n }] == E[W] .  (3 .5) n-+ oo 
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Proof. We reduce the problem to one involving elementary convergence 
properties of series having nonnegative terms . First� 

Hence 

and 

n 
== L E[ l W I  T == k] Pr{ T == k} (law of total probabilities) 

k = O  

00 

L E[I W I  T == k] Pr{ T == k} 
n-+ oo  k = O  

== E[ I W j ] .  

n-+ oo 

lim E[l W j l{ T> n}J == 0. 
n-+ oo 

Next�  observe 

0 < I E[W] - E[WJ{T< n}J I 
== j E[WI{T> n}J I  
< E[j W j  l{ T> n }] -+ 0� 

which completes the proof. • 

The following theorem� the optional sampling theorem for dominated 
martingales ,  is a direct consequence . 

Theorem 3.1. Suppose {Xn} is a martingale and T is a Markov time . If 
Pr{ T < 00} == 1 and E[ sup" � 0 J Xr " " I J  < 00� then 

E[Xr] == E[X0] . 

Proof. Set W == sup"� o l  XT " n l ·  Starting with the decomposition 

valid by virtue of the assumption Pr{ T < oo} == 1 �  we find that I XTI < W� 
a u d  therefore E[ I Xri J < E[ W] < 00� so that the expectation of XT is 
d e fined. We need only show limn-+ oo E[XT " n] == E[XT] . We have 

I E[XT A n] - E[XyJ I < E[ I (XT " " - XT) I J{ T> n} ] 
< 2E[ WI{ T> n}] .  
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But limn-+ 00 E[WI{T> n}] = 0 by Lemma 3 .3 .  With reference to (3 .3) the 
proof is complete . • 

Corollary 3.1. Suppose {Xn} is a martingale and T is a Markov time with 
respect to {Yn} · If 

(i) E[T] < oo, 
and there exists a constant 1( < oo, for which 
(ii) for n < T, 

then E[Xr] = E[X0] . 

Proof. Define Zo = IXo l and zn === I Xn - xn - 1 1 , n = 1 ,  2 ,  . . . , and set 

W === Z0 + · · ·  + Zr . 

Then W> IXr\ , and 

oo n 
E[W] = I L E[Zk l{T= n}] n = O  k = O  

Observe that I{T � k} = 1 - I{ T� k - 1 }  is a function only of {Y0 , . • •  , Yk _ 1 }, 
and from (ii) the inequalities E[Zk\ ¥0 , • • • , Yk _ 1 ] < 1( hold if k <  T. 
Hence 

00 00 

I E[ zk I{T� k}] === L E{E[ zk I{r� k} l  Y0 ,  • • •  , Yk - 1 l } k = O  k = O  
00 

== L E{I{ T� k} E[Zk \ ¥0 , • • • , Yk _ 1 ] } k = O  
00 

< ]( L Pr{T> k} k = O 
< 1((1 + E[T]) < oo. 

Thus E[W] < oo. Since \Xr " n l < W for all n by the definition of W, the 
result follo"\r\'B from Theorem 3 . 1 .  • 
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Theroem 3.2. (Optional Stopping Theorem) . Let {Xn} be a martingale and 
T a Markov time . If 

then E[Xr] == E[X0] . 

(i) Pr{ T < oo} == 1 ,  

(ii) E[IXri J < oo, 
(iii) lim E[Xn I{T> n}] == 0, n-+ oo 

Proof. We emphasize that (ii) must be assumed and is not a consequence 
of E[ IXn i J < 00 for all n. 

We write,  for all n, 
E[Xr] == E[Xr I{r :$; nJl + E[Xr I{T> nJ 

= E[Xr " n] - E[Xn I{T> nJ] + E[Xr I{ T> n}J . 
Now E[Xr A n] ==  E[X0] by Lemma 3 . 1 ,  and limn-+ 00 E[Xn I{T> n}] == 0 by 
assumption (iii) . Lastly, we use Lemma 3 .3 with W == Xr and assumption 
(ii) to infer limn-+ oo E[Xr I{T> n}] == 0 .  Thus 

E[Xr] == lim E[Xr " nl == E[X0] , 

as was to be shown. • 

n-+ oo 

Here are some sample consequences of this fundamental theorem. 

Corollary 3.2. Suppose {Xn} is a martingale and T is a Markov time . If 
(i) Pr{ T < oo } == 1 ,  

and for some K < oo, 
(ii) E[Xi A n] < I(, for all n, 

then E[Xr] = E[X0] . 

f'roof. Since Xi" n > 0, condition (ii) implies 

l( > E[Xi 1\ n  I{T:$; n}J 
n 

== I E[Xfl T== k] Pr{T== k} k = O  
00 I E[Xil T== k] Pr{T== k} n-+ oo k = O 

== E[Xi] .  
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It follows from Schwarz' inequality that E[ \Xr\ ] < (E[Xi]) 1 1 2 < oo, 
which verifies condition (ii) of Theorem 3 .2 .  For (iii) we use Schwarz' 
inequality again to conclude that 

{E[Xn J{T>n }] }2 == {E[Xy A n J{T> nJ}2 
< E[Xi A nJE[I{�> nJ 
< K Pr{T  > n}--+ 0, as n--+ oo .  • 

Corollary 3.3. Suppose ¥0 == 0 and Y1 , Y 2 , . . .  are independent identically 
distributed random variables for which E[Yk] == J1 and Var[Yk] == c;2 < 00. 
Set X" == S" - nJl, where Sn == Y0 + · ·  · + Y" . If T is a Markov time for 
which E[T] < oo, then E[ \XTI J < oo and E[Xr] == E[Sr] - JlE[T] == 0. 

Proof. We apply the theorem to the martingale {Sn - nJl }. Let Y� == 0 
and Y� == Yk - Jl, k == 1 , 2 ,  . . . .  To show E[\Xr\ ] < oo, we have 

E[ IXrl l < ELt1 1 Y� IJ 
= EL�l }�.1 1 Y� I I{T = n}] 
= EL�l l Y� I I{ T;, k}J . 

Now I{ T� k } == I{T> k - 1 } depends only on {Y0 , . . . , Yk _ 1 } and thus is in­
dependent of Y� . Hence 

EL�1 1 Y� I I{ T;, k }J = E[l Yl l l k�tr{T >  k} 

== E[ \ Y{ \ ]E[ T] < oo. 
To confirm condition (iii) of Theorem 3 .2 ,  we have, using Schwarz' in­
equality, 

C() 

(E[Xn I{ T> n}] ) 2 < E[X;]E[I{T > n}J 
< na2 Pr{ T > n} . 

But 00 > E[ T] == L k Pr{ T  == k}, so that k = O 
0 ==  lim I k Pr{ T == k} 

> lim n Pr{ T > n} > 0 . • n-+ co 
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4 :  Some Applications of the Optional Sampling Theorem 

As we shall see� the optional sampling theorem finds ready use in 
computing and bounding certain probabilities connected with stochastic 
processes . More applications relevant to Brownian motion appear in 
Chapter 7 � Section 5 .  

(a) Random Walks 
The optional sampling theorem quickly yields a number of important 

results in connection with random walks . First let us examine one of the 
examples that opened this chapter. Let ¥0 == 0 and� for i == 1 �  2� . . . � let 
Yi be independent identically distributed random variables with 
Pr{Yi == 1 } == p and Pr{Yi == - 1} == q == 1 - p. Let S0 == 0  and Sn === 
Yl + · · · + Yn � n > 1 .  

Suppose first that p === q === � - Then {Sn} is a martingale. If T === 
min{n : S" === 1 }� then Pr{ T < oo} === 1� since S" is recurrent . But Sr == 1 .,  
so E[Sr] #- E[S0] === 0� which contradicts the result of Corollary 3 .3 .  
Thus the hypothesis of this corollary cannot hold� and in particular 
E[ T] === oo . 

Continue assuming p === q === � � but now let 

T === min{n : S" === -a (a� b positive integers) .  

Let Va be the probability that sn reaches -a before reaching b . Then� from 
Theorem 3 . 1 �  

or 
b 

Va === a + b � 

which was determined by other means in Chapter 3 .  
zn === s; - n also defines a martingale� and 

""' h i ch reduces to give 

E[ T] === a b . 
N o w  suppose p > q�  and set J1 == E[Yk] == p - q > 0 .  Then 

xn === sn - nJl � 
u u d  

(4 . 1) 

(4 .2) 
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are Inartingales .  From ( 4 . 1) and Corollary 3 . 1 .,  we extract the identity 

E[Sy] == 11E[T] ., 
applicable for any Markov ti1ne T satisfying E[ T] < oo .  

To use ( 4 .2) let 

Then 

or 

T== minfln : S == -a II or Sn == b } . 

' 

( q' - a  ( q)b l = E[Xr] = va p) + (1 - v") p , 

1 - (q/p)b 

where., as before .,  va is the probability that S" reaches -a before b. Again., 
this agrees with a formula derived in Chapter 3 through other means . 

(b) Wald"s Identity 
Let ¥0 == 0 and Y1 ., Y 2 ., • • •  be nondegenerate independent identically 

distributed random variables having the moment generating function 
¢(8) == E[exp{O Y1 }] .,  

defined and finite for e in some open interval containing the origin. Set 
S0 == 0 and S" == Y1 + · · · + Y" . Finally., fix values -a < 0 and b > 0 
and set 

T== min{n : S" < -a 

The fundamental identity of W aid is 

E[¢(0) - T  exp{OSy}] = 1 .,  (4 .3) 

valid for any 0 satisfying ¢(8) > 1 .  This identity bears numerous applica­
tions throughout applied probability and statistics . 

We will use Corollary 3 . 1  to establish (4 . 3) . Recall from Example (g) 
of Section 1 that X0 == 1 .,  and 

n > 1 .,  

defines a martingale with respect to {Y11} . Then 
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By assumption� c/>(0) - " < 1 �  and� for n < T� exp{OSn} < eb . Thus X" < eb 
for n < T. In addition� 

E[ lc/J(0) - 1 exp(O Yn + t ) - I I ] < cp(0) - 1 {E[exp OYn + t ] + cp(O) }  === 2 .  

Thus 

for n < T� 

and we need only verify that E[ T] < oo in order to apply Corollary 3 . 1 .  
Let c === a + b .  Since Yk is stipulated nondegenerate� there exists an 
integer N and a [) > 0 such that Pr{ ISN I > c} > [) .  Define S{ === SN � 
s; === s2N - SN � · · · � and s� === skN - s{k - l }N . Then 

Pr{T > kN} < Pr{I S� I < c} · · · Pr{ I S� I < c} 
< (1 - [J)k� 

and also bringing in the fact that Pr{ T > n} decreases in n� we secure 
00 

E[ T] === L Pr{ T > n} n = 1 
00 

< N L Pr{ T >  kN} < Nj[J < oo. k = O 
To see how W aid's identity is commonly applied� let us suppose there 

exists a value 00 #- 0 for which c/>(00) === 1 .  Then (4 .3) becomes 

Setting 

and 

w e  conclude that 

o r  

E[exp{00 Sr}] === 1 .  

Ea === E[exp{00 Sr} I Sr < -a] � 

Eb === E[exp{00 Sr} ISr > b] � 

1 === Ea Pr{Sr < -a} + Eb Pr{Sr > b} 
=== Ea + (Eb - Ea) Pr{Sr > b }� 

1 - E  Pr{Sr > b} === � .  
Eb - a 

« h u �  might expect Ea � exp{- 00 a} and Eb � exp{00 b}� provided that 
w hen sn leaves the interval [-a� b] � it does so without jumping too far 
fr·o rn the boundary. This is the intuition underlying Wald�s approxima-

. I l O ll 

P {s } � 
1 - exp {- e 0 a} r r > b - } { } . -- - - cxp {00 b - exp - 00 a 
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Return to identity (4 . 3) and formally differentiate it with respect to e 
to obtain 

d 
0 == d(} E[cp(O) - T exp{OSr}] 

== E[(- Tcp(O) - T - lcp' (O) + cp(O) - TSr) exp{OSr}] 

=== -cp'(O)E[ Tcp(O) - T- l exp{OSr}] + E[cp(O) - TST exp{OSr}] . 

Set e == 0 ,  using cp(O) == 1 and c/J ' (O) === E[Y1] . Then 

0 === -E[Y1]E[ T] + E[Sr] , 
or 

O PTI O N A L  STO P P I N G  FO R S U P E R M A RTI N GALES 

Let {Xn} be a supermartingale with respect to {Yn}· According to 
Lemma 3 .2 ,  E[X0] > E[Xr " "] for any Markov time T, and we may infer 
E[X0] > E[Xr] provided we can justify the interchange of limit and 
expectation as n-+ 00, just as in the case with martingales . The following 
two theorems are important cases .  

Theorem 4.1 . Let {Xn} be a supermartingale and T a Markov time. If 
Pr{ T < oo} === 1 and there exists a random variable W > 0 for which 
E[W] < 00 and XT " n > - W for all n, then 

E[X0] > E[Xr] · 

Proof. Let c > 0 be fixed and define X� === min { c, Xn}, for n == 0, 1 ,  . . . . 

Then {X�} is also a supermartingale with respect to {Yn} (in this connec­
tion consult p .  250) , so that 

E[Xg] > E[X� " "] , 
and since 

for all n, we may interchange the limit as n--+ oo and expectation as iu 
Theorem 3 . 1 ,  and deduce that 

E[Xg] > E[Xf] .  

But clearly E[X0] > E[Xg] ,  while 
c 

lim E[X�] = lim J x d Pr{Xr < x} = E[Xr] .  
c -+  oo c -+  oo · 

- oo  
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Thus E[X0] > E[Xr] is achieved as forecast . • 

267 

Theorem 4.2. Let {Xn} be a supermartingale and T a Markov time . If 
xn 2:: 0 for all n, then 

Proof. As usual ,  

Since xn > 0, Xy A n == Xy I{T5, n} + xn I{T> n} > Xy I{T5, n } ' so that E[Xo] > 
E[Xr I{T5: n}] ,  and 

E[X0] > lim E[Xr l{ T5, n }] n-+ oo 
n 

== lim L E[Xrl T= k] Pr{T == k} n-+ oo k = O  

00 

= L E[Xrl T== k] Pr{T== k} 
k = O  

B O U N D S O N  TH E VA LU E O F  A N  O PTI O N  

Let Wn be the price on day n of an asset, say a share of stock, that is 
traded in a public market . Let Yn be the ratio of the price on day n to 
the price on day n - 1 ,  so that Wn == w X Y1 X · · · X Yn , where W0 == w 
is today's price . In this context, the historically famous and controversial 
" � random walk hypothesis " asserts that Y1 ,  ¥2 , • • •  are independent and 
identically distributed positive random variables . It can be shown that 
certain assumptions characterizing a ' � perfect market " lead to this be­
havior . Recently interest has centered in replacing the random walk 
assumption by a weaker assumption phrased in terms of martingales . Let 
u s  recognize a long-term growth and inflation rate a > 0 and assume that 
, . a n W" is a martingale with respect to Yn . Then E[e- a"Wn] == E[W0] == w 
c » r  E[Wn] == wean, so that a represents the mean growth rate of the mar­
k t · t price of the asset . 

( :onsider now an option contract that entitles the holder to purchase the 
a HKt � l at any time he pleases at a fixed stated price, regardless of what the 
r u a r·ket price might be . In the stock market such options are called 
4 �.  w a r· rants " and '' calls . "  By changing our scale of values, if necessary, 
\v t ·  r nay suppose that the fixed stated price is one . Then if W" > 1 ,  the 
op t  ion holder may " exercise " his option, purchase at the stated price of 
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one� and resell in the market at W" for a profit of W" - 1 .  If Wn < 1 �  no 
such profit is possible . Thus the potential profit to the option holder is 

r( Wn) == ( Wn - 1) + == max{Wn - 1�  0 }. 

An alternative to holding the option is to hold the asset itself� and the 
rate of return here� on the average� is a. Since this alternative is always 
available� one could justify holding the option only if it provided a greater 
rate of return f3 > a. Equivalently� we discount the potential return r( W n) 
on day n by the factor e - Pn . Let T be the time the option is exercised. In 
this general martingale model we seek a bound on the mean discounted 
profit E[e - PTr( WT)] as a function of the current price w� under the mo­
ment condition that there exists a (J > 1 for which 

for n == 1 �  2 �  . . . .  (4.4) 

In fact� (4 .4) is the sole assumption needed for what follows . Our results 
do not depend on either the random walk model or the martingale model 
for market prices but are compatible with both these models . Note� we 
interpret e - PT r( W r) == 0 if T == 00 so that no profit is made if the option 
is never exercised. 

Example. Suppose Y1 � ¥2 � • • •  are independent identically distributed log 
normal random variables� i .e . �  Vk == In Yk is normally distributed with 
mean J1 and variance c;2 • Then 

E[Yn\ Y1 � . · · � Yn - 1] === E[Yn] == E[exp{Vn}] == exp{Jl + ic;2 } � 

so that a == J1 + � a2 � while 

E[Y� \ Yl � · · · � Yn - 1] == E[exp{O Vn}] === exp{8J1 + �(J2c;2 }. 

We solve (J J1 + �82a2 == 
f3 to see that (4 .4) holds as an equality for 

(J1 2 + 2a2 {3) 1 / 2 _ J1 
8 ==  . (J2 

S . f3 - + 1 2 1nce > a - J1 2 CJ � 

as required . 

To return to the general case� we will show that E[e - PTr( Wr)] <j(uJ) 

for all w > 0� where 

if w < Of(O - 1) ,  
if w > Of(O - 1) .  
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Notice that f(w) < w9((} - 1)9 - 1 /08 for all w > 0. 
This bound holds no matter what strategy the option owner uses in 
deciding when� if ever� to exercise his option. Thus the bound might be 
used by sellers of options to limit their mean loss . Note also that if today�s 
price W0 == w exceeds 0/(0 - 1) � then the value of the option is at most 
f(w) == w - 1., the amount that could be obtained by exercising imme­
diately� and thus the option should be exercised if the market price is 
this high. This conclusion requires only the moment assumption (4 .4) 
and subject to this � holds regardless of the form of the probability distri­
bution for daily price changes !  

To verify the bound� set X" = e- P"f(Wn) · We claim {Xn} is a non­
negative supermartingale with respect to {Yn}· It suffices to show 

f(w) > e --- PE[f(w X Y) ] � 
whenever 

for all w > 0., 

since once ( 4 .5) is established then using ( 4.4) we obtain 

It remains to prove (4.5) . For a fixed t > 1 ., define 

w > O. 

'l'hen 

v(t., w) >f(w) � 1 < t < O� w > O. 

(4 .5) 

(4 .6) 

(4 .7) 

We leave to the reader the exercise of verifying (4 .7) . [With gt(w) == 

t '(l �  w) - (w - 1) and w0 == t/ (t - 1) > 0/(0 - 1) he should first check that 
hoth gt(w0) == 0 and g/(w0) == 0� where prime denotes the derivative with 
n ·spcct to w. Then� after verifying the positive second derivative g;' (w) > 0 
I H ·  knows gt(w) > 0 or v(t� w) > w - 1 �  for all w. Second� he should compute 
I I � « · derivative of log v(t� w) with respect to t and simplify it to get 

d log v( t� w) 
== lo { w } dt g tj(t - 1) 

w h ie h  i s  negative when w < 0/(0 - 1) < t/(t - 1) . That is v(t� w) increases 
u H  1 deereases from 0 for w < 0/(0 - 1) . Therefore v(t� w) > v(O., w) == 

.f( u') fur 'W in this region. ] 
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To continue we next consider two cases. Suppose first that w < (} / ( (} - 1) . 
Then 

f(w) == v( e, w) 
> e - Pv(e , w)E[¥0] 
== e- PE[v((}, w X Y)] 

[because of (4 .6)] 
[by the definition 
of v(O, w)] 
[by (4 . 7) ] . 

The second case is w > (}j((} - 1) . Now E[Ya] is a convex function of 
a E [O, (}] , and E[Y 0] == 1 < eP . It follows using Jensen's inequality and 
the hypothesis (4 .6) that E[Ywf <w - 1 >] < eP for wf(w - 1) < e. Now 
consider 

f(w) == w - 1 
== v(wf(w - 1) , w) 
> e - PE[v(wf(w - 1) , w X Y)] [since E( y w;w- 1 ) 

< eP] 
[by (4.7)] . 

The deliberations of (*) and (**) verify (4 .5) .  Thus X" == e - P"j(Wn) forms 
a nonnegative supermartingale, and so · 

(4 .8) 
for any Markov time T. Lastly, we check that f(w) > r(w) = (w - 1) + , 
and then (4 .8) will imply 

f(w) > E[e- PTr(Wr)] ,  
as asserted earlier . Manifestly, f(w) > 0 for all w, and f(w) == w - 1 for 
w > (}j(0 - 1) . Furthermore, 

df fdw == [(e - 1) /0]0 - 1w0 - 1 < 1 , for w < e;( e - 1) . 
It follows by integration that 

J(e � 1) -f(w) < (J � 1 - w, 

and therefore f(w) > w - 1 for w < ej(e - 1) . This completes the verifica­
tion of the inequality f(w) > (w - 1) + . 

B O U N D S I N  A R E S E R V O I R  M O D E L  

Let Zt be  the water level at time t in a dam of finite capacity b. Let J, 
be the random inflow in the time interval (t, t + 1] and 0, the outflow .  
The balance equation 

Zt + 1 == min{(Zt + I, -. Ot) + , b} 
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expresses the fact that the water level cannot be negative nor can it 
exceed the capacity b .  (We use ' '  x + � �  to denote " max { x� 0} � � . ) 

Let us suppose that it is desirable for navigation� recreation� or emer­
gency supply purposes always to maintain a water level above some 
minimal acceptable level a. Then 

T ==  min{t : Z1 � a} 

is the first time that this requirement is not met . The demands {01} and 
the capacity b are controllable or design parameters . For various values 
of these parameters the performance of the dam might be compared using 
the mean time E[ T] as a criterion� the longer mean times being the better. 

A common approach is to make exact assumptions concerning the 
inflows and outflows and then to compute E[ T] exactly. However� it is 
often difficult to justify exact assumptions for water reservoir systems 
because of seasonal effects and upstream surface water storage� which 
may affect inflows for several successive time periods . It is also true that 
little information is generally available concerning the distribution of in­
flows . Moreover� where past information does exist� it often bears little 
relevance to present conditions because of the topographical changes that 
are constantly occurring in any watershed system. 

In this example � we will obtain a bound on the mean time E[ T] under 
the rather weak general assumption that the conditional distribution of 
t he net inflow 

given the past satisfies 

(4 .9) 

a nd  

( 4 .10) 

\v h cre m and A are known positive constants . We then show E[ T] > f(z)� 
w I t ere 

1 { 1 - e- A.(z - a ) } f(z) = m e'-(b - a ) A 
- (z - a) � for a < z < b �  

u n d  Z0 -== z is  the initial dam content. A conservative designer might plan 
w i l  h f(z) as his criterion� since this represents the worst case or earliest 
u u �a n time in which the critical level a could be reached. 

We�  claim 
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forms a submartingale with respect to {Yn} · Extend the domain of .f 
by setting f(z) === 0 fllr z < a") and f(z) === f(b) for z > b. Then f(Zn + l )  === 

f(Zn + Yn + t ) · Set 

1 { 1 - - A.(z - a ) } g(z) = � eA(b - a ) - e 
A - (z - a) ") for all z. 

Since g( z) is increasing up to z === b and decreasing thereafter") we find that 
f(z) > g(z) for all Zo; and 

E[Xn + t i Yo o; · · · o; Yn] = E[f(Zn + t ) I Yo o; · · · o;  Yn)] + (n + 1) 

= E[J(Zn + Yn + t ) l Y0 o; · · · -; Yn] + (n + 1) 
> E[g(Zn + Yn + t ) l Y0 o; · · · -; Yn] + (n + 1) . 

Now-; if U is a random variable for which E[ U] < m and E[e - ;.v] < 1 -; then 
1 { 1 - E[ e - A.(z + V - a )] } E[g(z + U)] = -
- eA.(b - a ) - - (z + E[ U] - a) 

m A _ 

> f(z) - 1 ")  for a < z < b. 

By virtue of the foregoing analyses and in view of the stipulations of ( 4.9) 
and (4 . 10) -; we infer that 

E[Xn + l i Yo -; · · · o; Yn] > J( Zn) + n == Xn o;  

establishing that Xn is a submartingale as claimed. Now let T === 

min{n : zn < a} be the first time the water level ever reaches the critical 
height a. From the optional stopping theorem for submartingales o; we have 

E[f(Zr A n) + ( T 1\ n)] > f(z) o; 
where z = Z0 is the initial dam content . Since .f is a bounded function-; we 
may appeal to Lemma 3 .3 -;  validating the results 

and 

Hence 

(since Zy < a) 

n 
lim E[ T 1\ n] = lim L Pr{ T > k} 
n-+ oo  n-+ oo  k = l  

00 
= L Pr{ T > k} === E[ T] . 

k =  1 

f(z) < lim {E[f(Zr A n)] + E[ T 1\ n] } 
n -+ oo 

=== E[ T] ") 

as desired to be shown. 
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The conditions (4 .9) and (4 . 10) are certainly satisfied where Y1 � ¥2 � • • • , 
Yi � . . . are independent normal random variables having means Jl i  < m 
and variances af < 2J1d.A.  

T H E C R O SSI N G S  I N EQUA LITY 

Given a submartingale {Xn} with respect to a sequence {Yn}, real 
numbers a < b� and a positive integer N� define Va,b to be the number 
of pairs (i� j) with 0 < i <j < N� for which X i < a� a < Xk < b� for 
i< k <j and Xi >  b. Then Va,b counts the number of times X" upcrosses 
the interval (a� b) for n === 0� 1� . . . � N� i . e . �  the number of crosses from a 
level below a to a level above b. We will prove the fundamental upcrossings 
inequality 

(4 . 1 1) 

The upcrossings inequality indicates limits on the oscillations permissible 
for a submartingale and suggests that the paths or sample traj ectories 
behave rather regularly. The inequality� its extensions and variations are 
used widely in probability analysis to prove convergence theorems and to 
investigate the growth and continuity properties of sample paths for 
continuous parameter stochastic processes . 

We will need the following extension of Lemma 3.2 �  which covers two 
Markov times simultaneously in the submartingale case . 'fhis is a special 
circumstance of a more general optional sampling theorem that compares 
several� or even denumerably many� Markov times. 

Lemma 4.1. Let {Xn} be a submartingale and S� T Markov times with respect 
to { Yn}· Suppose 0 < S < T < N� where N is a fixed positive integer. Then 

E[Xs] < E[Xr] · 

f >roof. Let k be fixed. For k < n < N� since I{ T >  n } depends only on 
)/0 � • • •  � Yn � using obvious properties of conditional probabilities we have 

' l ' h u s  

E[Xn + 1 [{ T> n} [{S = kd 
= E[E{Xn + 1 1 Y0 � • • · � Yn}l{T > n } I{s = k} ] 
> E[Xn I{T > n} J{S = k }] . 

E[XT 1\ 11 J{S = k }] === E[Xy J{ T � n} J{S = kd + E[Xn J{ T > n} J{S = kd 
< E[.Xy [{ T� n } [{S = kd + E[Xn + l [{ T> n } J{S= k }] 
=:::: E[X T 1\ (n + I )  J{S = k }] 
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is a monotonic increasing function of n .  Setting n === k and then n == N � 
using the hypothesis S < T < N leads to the relation 

Now 

N 
< L E[Xr I{s = k} ] 

as required to be shown . • 

k = O 

We apply the lemma to obtain the upcrossings inequality. Define 

Since g(x) == (x - a) + === max{(x - a) � 0}  is a convex increasing function 
of x, Lemma 2 .2 tells us that {Xn} is also a submartingale with respect to 
{Yn} •  Define T1 _ 0, and� for k == 1 � . . · � N� set 

Tk === {N: { . . T X 0} min 1 : 1 > k 
_ 

1 � i == , 

if k is even, and 

N� 

if Xi # O� for j > Tk - 1 � 
otherwise� 

if Xi < b - a� for all 
j > Tk - 1 � 
otherwise �  

if k is odd. Set TN + 1 === N. Then each Tk is  a Markov time (validate this 
rigorously) and Tk < Tk + 1 � so that� using the lemma just obtained� 

(4 . 12) 

Now 



4 .  O P T I O N A L  S A M P L I N G  T H E O R E M - A P P L I C A T I O N S  275 

Now� if k is even� X T k + 1 - X T k is nonzero only if an upcrossing occurs and 
then is at least (b - a) � while the expected value of the second sum is non­
negative by (4 .12) . Thus 

or 

as was to be shown. • 

AN I N  EQUALITY FO R PARTIAL S U M S  

' 

Let X1 � X2 � • • .  be random variables having finite conditional moments 

and 

Let Sn == X1 + · · · + Xn (S0 = 0) . Under the condition 

for all k� ( 4 . 13) 

for some fixed positive a� we will show 

for x < l. (4 .14) 

For example � if the summands are independent and identically distribu­
t�d with mean J1 < 0 and variance a2 � then� by the law of large numbers� 
Sn � - oo as n � oo and M = maxn 2 0 Sn < oo is defined (see Chapter 17) .  
' l 'he inequality (4 . 14) with the choice a === l ,u l /()2 then says 

Pr{M > l} < a2 / [(J2 + l ,u l lJ . 
We return to the general case in which independence of the summands 

i H  not assumed. Define 

1 
f(z) === 1 + a(l - z) � 

1 �  

for z < l� 

for z > l. 
( ) u r prograrn iH to show that � subject to condition ( 4 .13 ) �  {f(x + Sn) }  
• l c � tc '. t' rn ines a nonnegative supcrmartingale. A ssuming this fact for the 
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moment� the application of Theorem 4.2 yields 

f(x) > E[f(x + Sy)l{T  < oo }] 

== Pr{sup [x + Sn] > z} � 
n 2 0 

when T is the first n� if any� for which X +  sn > l. 
For later use� record the derivatives 

and 

f' (y) = [1 + o:(�-y}P = o:[f(y)] 2 ' 

f"(y) == 2rxf(y)f' (y) � for y < l� 

for y < l� 

which implies �  because 0 <f(y) < 1 � 
f"(y) < 2rxf' (y) � for y < l . 

(4 . 15) 

( 4 .16) 

( 4 . 17) 
-

Fix an arbitrary point z < l. Let g(y) be a quadratic in Y� tangent to 
f(y) at y == z. Specifically� g(y) has the form 

g(y) == f(z) + f'(z) (y - z) + a(y - z) 2 � 
where a is a suitable constant . We also want g(l) === f(l) == 1 � and accord­
ingly select 

a ==  rxf' (z) 
This achieves 

g(l) == f(z) + f'(z) (l - z) + rxf' (z) (l - z) 2 
=== f(z) {1 + rx(l - z)[1 + rx(l - z)]f(z) } 
=== f(z) {1 + rx(l - z) } 
=== 1 � 

as desired. 

Specified thus� we get 

g(y) > f(y) � for all y. 
The key to seeing this is contained in (4. 17) � whence 

g"(z) === 2a === 2rxf' (z) > f"(z) 

[by ( 4. 15)] 

(4. 18) 

Since g(z) === f(z) and g' (z) === f' (z) � it follows that (4. 18) prevails in some 
neighborhood of z. Now (4. 18) holds if and only if 

g(y) h(y) = f(y) - 1 > 0� for all y s l  
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But h(y) is a cubic and therefore admits at most three real roots� two of 
which are located at the point of tangency z� and the third at l. Since ( 4 .18) 
holds in a neighborhood of z� the only possibility is g(y) > f(y) for all 
y < l. It is easy to check that g(y) > f(y) === 1 for y > l. Thus (4 . 18) is 
established. With these preliminaries complete� we turn to the task of 
proving thatf(x + Sn) generates a supermartingale . Let X be an arbitrary 
random variable having a mean m and a variance v2 � which together 
satisfy 

( 4 . 19) 
Let � < l be an arbitrary point and apply the preceding analysis with 
z === � + m < l [by (4 . 19) m is �egative] . Using (4 . 18) for the first inequality� 

E[f(� + X)] === E[f(z + X - m)] 
< E[g(z + X - m)] 
=== f(z) + rxf'(z)v2 
<f(z) - mf' (z) 

<f(z - m) 
== f( �) . 

[since j'' (z) > 0 by (4 . 15) � 
and then use (4 .19) ] 
[since f"(y) > 0 for y < l] 

Thus� f(�) > E[f( � + X) ] for any � < l [it trivially holds for � > l since 
.f(z) < 1 everywhere] �  provided X is a random variable satisfying (4 .19) .  
With this fact and recalling (4 . 13) � we obtain immediately 

E[f(x + Sn + 1 ) I X1 � • •  · � Xn] == E[f(x + Sn + Xn + 1 ) 1Xp . .  · � Xn] 
<J(x + Sn) �  

which verifies the supermartingale inequality. The validation of  ( 4 . 14) is 
now complete . 

Here is an alternative form or equivalent result� from which a number 
of important inequalities can be obtained . 

Let X 1 � X2 � • • •  be j ointly distributed random variables having finite 
. .  onditional moments 

Mk == E[Xk !X� �  · · · � X� _ 1 ] �  
and 

' l 'hcn 
Pr {  X �  -t- · · · + X� - (M1 + · · · + Mn) > a( V1 + · · · + Vn) + b� 

for some n > 1} 
1 < � - 1 --j� ab 
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The desired conclusion is equivalent to 

with 

1 
Pr{X1 + 0 o o + X" > b, for some n > 1 } < 1 + ab , 

and the conditional mean of xk is -a vk � while the conditional variance 
remains Vk . Thus the new inequality is immediate from the old . 

5 :  Martingale Convergence Theorems 

Under quite general conditions� a martingale Xn will converge to a 
limit random variable X as n increases . Precise statements of these results 
form some of the most far reaching and powerful theorems in probability 
theory. We highlight immediately the basic martingale convergence 
theorem. (Chapter 1 reviewed several notions for the convergence of a 
sequence of random variables .) 

Theorem 5.1. (a) Let {Xn} be a submartingale satisfying 
sup E[I Xn i J  < 00 .  n > O 

(5 . 1) 

Then there exists a random variable X C1) to which {Xn} converges with 
probability one� 

Pr{ lim X" === X oo } === 1 . n-+ oo 
(5 .2) 

(b) If {Xn} is a martingale and is uniformly integrable (see later Remark 
5 .3) then� in addition to (5 .2 ) � {Xn} converges in the mean� that is� 

(5 .3) n -+ oo 
and 

for all n. 

Remark 5.1. If E[J X0 1 J  < 00 for a submartingale {Xn}� then the con­
dition 

sup E[ IXn i J  < 00 holds if and only if sup E[X;� ] <� CfJ n > l n � 1 
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also is maintained� where x+ == max{X� 0}. This equivalence emanates 
from the elementary inequality x: < !Xn l  and the relation IXn l  === 

2x: - Xn � yielding thereby 

The theorem informs us that � in particular� every nonpositive sub­
martingale converges with probability one� and so does a nonnegative super­
martingale� or a martingale that is uniformly bounded from above or from 
below. 

Remark 5.2. Convergence with probability one� (5 .2) �  does not entail con­
vergence in the mean� (5 .3) � nor vice versa .  However� both these modes of 
convergence do imply convergence in probability� 

n-+ oo for every e > 0. 

Indeed� Chebyshev�s inequality (consult Chapter 1 � Section 1) � in the 
form 

Pr{ IXn - Xoo / > e} < E[ / X. - Xoo / l
, 

e 
e > 0 � 

shows that convergence in the mean implies convergence in probability. 

Remark 5.3. Recall from Section 3 that� by definition� a sequence Xn 
is uniformly integrable if 

lim sup E[ !Xn l I{ ! Xn l > c }] === 0 . (5 .4) 
c-+ oo n > O 

(The notation I{ ! Xn l  > c} stands for the indicator function of the event 
where I Xn l  > c) . Specifically� 

if I Xn l > c� 
if IXn l  < C. 

l-Ienceforth� generally I of a relation means the indicator function corres­
ponding to the relation .  We write also (see Section 2) lu xn l  > c} to signify 
l { ! Xn ! > c} . 

Stipulation (5 .4) is implied by either of the following conditions :  

(i) IXn l  < w� for all n� (5 .5) 

w here W is a random variable satisfying E[W] < oo; 

for all n (5 .6) 

w h c� re J( and p are constan ts with p > 0 . (The student should prove these 
H I  a t ern e n lH . ) 
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We will not prove Theorem 5 . 1 in its full generality as it requires exten­
sive measure theoretic considerations . We refer the reader to Doob 
[1953 � Chapter 7] � or Neveu [1965] .  The upcrossings inequality of the last 
section is the key tool . We will secure � however� a convergence theorem 
whose proof parallels and illustrates the general approach but is some­
what simpler in conception . Specifically� the convergence Theorem 5 .2 
concerns martingales satisfying the stronger condition ( 5 .6) for p === 1 . 
Concomitantly� under this strengthened hypothesis � is the sharper con­
clusion to the effect that besides convergence of Xn to X oo with probability 
one � convergence in mean square also prevails . The maximal inequality 
discussed next is a basic tool for this end and also serves in numerous 
other capacities . 

TH E MAXI M A L  I N EQU ALITY 

Let � 1 � � 2 � � 3 � . . •  be independent and identically distributed random 
variables obeying the moment conditions E[ � J === 0 and E[ ��] === (J2 < oo. 

Define 

for n > 1 . Noting that the variance of Sn is n(J2 � Chebyshev�s inequality . g1ves 

8 > 0.  

A finer inequality is  available : 

e2 Pr{ max I Sk l > e} � n(J2 � 0 5:. k 5:. n 
(5 .7) 

known as l(olmogorov�s inequality. The generalization to submartingales 
is the simple , yet powerful� maximal inequality for submartingales . (See 
Problem 5 for a strengthened version .) 

Lemma 5.1. Let {Xn} be a submartingale for 1vhich Xn > 0 for all n. Then 
for any positive A .  

A Pr{ max Xk > A} < E[Xn] · 0 < k < n 
(5 .B) 

Proof. Define the Markov time 

T === {min{k > 0 ;  Xk > J�}� 
n� 

if xk > A� 
if xk < :A� 

for some k == 0, . . · �  n ,  
for k :::::: 0� 1 �  . . .  , n, 
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Applying the submartingale analog of Lemma 3 .2 �  the optional stopping 
lemma� yields 

E[Xn] > E[Xr] 

> E [xr · r{ max Xk > A} ] 
0 5:. k < n 

(since Xi are all nonnegative) 

> A Pr{ max Xk > A} (since on the indicator set� Xr> A) � 
O < k 5:. n 

the desired inequality. • 

Kolmogorov�s inequality ensues immediately� since {Sn} is a martingale 
[Example (a) of Section 1] � and� according to Lemma 2 . 1 ,  Xn == s; 
determines a submartingale � obviously nonnegative� whence 

n(J2 == E[S�] 
> A Pr{ max Si > }l,} 

0 5: k 5: n 

== e
2 Pr { max ! Sk i > e} � 

0 5: k < n 
for e == VA. 

Corollary 5.1. Let {Xn} be a martingale . Then for every positive A 

A PrLr:::,. IXk l > A} < E[ IXn i J . 
Proof. If {Xn} is a martingale � then Lemma 2 . 1  assures us that { I Xn l } 
i s  a nonnegative submartingale . The maximal inequality just proved then 
applies .  • 

The proof of Lemma 5 . 1  may be readily adapted to yield the maximal 
inequality for supermartingales� whose statement follows . (See Problem 12 .) 

Lemma 5.2. If {Xn} is a nonnegative supermartingale� then 

A PrL�::, xk > )0 } < E[Xo] , for A > 0 .  
n 

Exnntple. Define Xo === 1 and xn == Il yi � for n > 1, where yl � y2 � . . .  
i = 1 

a a ·t ·  nonnegative independent random variables having a common unit 
n u ·a n �  E[Y;] === 1 .  Then {-<Yn }  is a nonnegative martingale �  and the maximal 
i u c · c 1  uality says 

J?r { max Xk > A} < 1/  A� 
O s;. k s;, n for A > 0 .  (*) 
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This bound is rather frustrating as the following situation will illustrate . 
Consider a gambler who risks a fraction q of his fortune � 0 < q < 1 �  with 
each toss of a fair coin . Starting with one dollar") straightforward induc-

n 
tion verifies that his fortune xn after n tosses is I1 ( 1  + b j q) �  where b j is a 

j = l 
sequence of independent random variables with possible values ±1 �  each 
occurring with probability � - Now� if our gambler is patient enough� he 
will see his fortune dwindle to zero . Since {Xn} is a martingale� it is a 
fortiori a submartingale , and� being positive � 

sup E[\Xn\ ] == E[Xn] === 1 �  
n -;::. 1 

so that (5 .1) is satisfied . Thus with probability one � Xn tends to a finite 
limit as n -0- 00� which must be zero� since every other state is transient . 
The inequality of (*) appears rather weak in this context . 

T H E MA RTI N G ALE M EAN S Q U A R E C O N V E R G EN C E  TH EO R E M  

Let {Xn} be a martingale and let A be the random event that the sequence 
{Xn} converges . A formal characterization of the set A will be forth­
coming. A particular realization X0 � X1 � • • •  converges if and only if the 
Cauchy criterion 

\ 

lim \Xm - Xn\ == 0 
m, n-+ oo 

is satisfied., and thus A has the explicit form 

A == { lim IXm - Xn l === o) .  m, n -+  oo 
(5 .9) 

In words, A is the event that the process realization X0 � X1 , • . •  satisfies 
the Cauchy criterion for convergence . When A occurs� let Xoo denote the 
limit . We want to show Pr{A } === 1 .  Then X 00 will be defined� not always, 
but at least for a set of realizations X0 � X1 � • • •  having total probability 
one,  and 

Pr{ lim X" === X oo } == 1 .  
n-+ oo 

Under the assumption that the second moments of {Xn} are uniformly 
bounded, we will indeed prove convergence with probability one and also 
that convergence in mean square takes place . 

Theorem 5.2. Let {Xn} be a martingale with respect to {Yn} satisfying, fol" 
some constant K, 

fo-r all n. (5 . 10) 
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Then {Xn} converges as n � oo to a limit random variable X 00 both with 
probability one and in mean square . That is, 

I 

Pr { lim Xn === X oo } === 1 .,  n-+ oo 
and 

n-+ oo 
prevail. Finally., 

Proof. Temporarily fix N., and for k > 0 set 

xk === xN + k - xN . 

for all n. 

(5 . 1 1 )  

(5 . 12) 

(5 . 13) 

Now, the law of total probability and appropriate conditioning gives 

so that 

E[XN + k XN] == E{E[XN + k XN ! ¥0 ., . . .  ., YN] } 
=== E{XN E[XN + k l ¥0 ., • • • 

., YN] } 
=== E[X�] , 

- 2  X ) 2 O < E[Xk] === E[(XN + k - N ] 
=== E[X�+k - 2xN + k xN + X�] 
=== E[X� + k] - E[X�] . 

(5 . 14) 

Lemma 2 . 1  tells us that {X� } is a submartingale ., {Xn} being a martingale., 
and (5 . 14) indicates that E[X;] is a monotone nondecreasing sequence., 
bounded above by [(., and hence convergent. Accordingly., the Cauchy 
criterion applies to give 

0 === lim {E[X� + k] - E[X�] } 
N, k-+ oo 

=== lim E[Xi ] . (5 . 15) 
N, k-+ oo 

W c will use this in a minute . 
Let A be the event that {Xn} converges .  Explicitly., 

A === set of all realizations where lim I Xm - Xn l  � 0 
m, n-+ oo 

=-= set of realizations {Xn} for �Thich., for every e > 0., there 
exists N > 0 satisfying I XN + m - XN + n l  < e 

for all m., n > 1 .  
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From the triangle inequality 

\XN + m - XN + n l < j XN + m - XN I + IXN + n - XN \ � 
we see that A may be described equivalently in the terms 

A === {For every e > 0 there exists N > 0 
for which j XN + k - XN I < e for all k > 0} . 

Let B denote the complementary event to A consisting of the realizations 
where {Xn} does not converge . Then 

where 

B === {for some e > 0� for every N > 0� 
there exists k > 0 depending on e� N and the realization 
for which I XN + k - XN I > e} 

=== U {for every N > 0 there exists k > 0 
e > 0 

B N( e) === event described by the conditions 
{ IXN + k - XNI > e for some k === 0� 1 ,  . . . }. 

\ 

We wish to prove the equation Pr{ B} === 0 .  For this objective it suffices to 
establish 

lim Pr{ B N( e) } === 0,  for every e > 0� 
N -+ oo 

since in that case 

Pr{B} = PrL�o f\
BN(e)} 

=== lim Pr { n BN(e) } 
e t O N = O  

=== lim lim Pr { B N (e) } == 0 .  
e t O N -+ oo 

(5 . 16) 

To validate (5 . 16) we will employ the maximal inequality. Fix N and put 

and 

Xk === XN + k - XN � 
Yo === (Yo � · · · � YN) , 

k === O,  1 � · · · � 

k - 1 � 2,  . . . . 
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From Jensen�s inequality� or more specifically Schwarz� inequality� and 
with the stipulation of (5 . 14) � we obtain 

and 
E[ jXk i J < (E[Xi] ) 1 1 2 < VI( < co� 

E[Xk + t l  Yo � . . . , }\] === E[XN + k + l - XNI Yo � · · · � YN +k] 
=== XN + k - E[XN! Yo � . . .  , YN +k] 
=== XN + k - XN === Xk , 

so that {Xk} is a martingale with respect to {l\}. Again, Lemma 2 . 1  tells 
us that {Xi } is a submartingale � and the maximal inequality yields 

e2 Pre�::, I Xf l > e2 } < E[X,7] ,  
or 

c;2 Pr{ max jXN + k - XNI > e\J < E[X� ] . 
O < k 5: n 

But in (5 . 15) we showed that the right-hand side goes to zero as N� n � 00 .  
It follows that 

0 === lim lim Pr { max j XN + k - XNI > e } N-+ oo n-+ oo 0 5, k < n 

lim Pr{ sup IXN + k - XNI > e} N-+ co O <k < oo 
== lim Pr { B N( e) } . N-+ oo  

The preceding considerations complete the proof for the convergence of 
{Xn} with probability one. 

Let X co denote the limit random variable . It remains to verify that {Xn} 
eon verges to X co in mean square . This requires only justification of the 
second inequality in 

n-+ oo 

n-+ oo m-+ ct) 

n-+ oo  m-+ ct)  
'rhe last limit is zero� of course� owing to (5 . 15) . Fix n and let Zm === 

j .X 11 -- X111 1 2  � so that we want to prove 

lim E[Zm] > E l lim zm] . 
m -+ oo m-+ oo (5 . 17) 
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We begin with the representation 
00 

E[Zm] = f Pr{Zm > t} dt 
0 

00 ke 

= L: f Pr{Zm > t} dt 
k = 1 (k - 1 )e  

00 ke 

> L: J Pr{Zm > ke} dt 
k = 1 (k - 1 )e 

N 
> L 8 Pr{Zm > ke} � 

k = 1 

where 8 > 0, N > 0 are arbitrary . 

(5 .18) 

Remark 5 .2 recalled the property that convergence with probability 
one entails convergence in probability, whence, for b > 0, 

lim Pr{Zm > k8} > lim [Pr{Z > k8 + b} - Pr{! Zm - Zl > b}] m-+-oo m-+-oo 
=== Pr{Z > k8 + b}, 

where z == limm --+> 00 zm . 
Since b > 0 is arbitrary, 

lim Pr{Zm > ke} > Pr{Z > ke}. m-+ oo 
Now returning to (5 .18) , we have 

N 
lim E[Zm] > lim L e Pr{Zm > ke} m-+-oo m-+- oo k =  1 

N 
> L 8 Pr{ Z > ke} 

k = 1 

N 
> L 8 Pr{ Z > ke} - e 

k = O  

N (k + 1 ) e  

> L: J Pr{Z > t} dt - e 
k = O  ke 

(N + 1 )e 

> f Pr{Z > t} dt - 8 . 
0 

Keep 8 > 0 fixed� and let N � 00 to deduce 
00 

lim E[ Zm] > f Pr{ Z > t} dt - 8 == E[ Z] - 8. m-+ oo 0 
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Since e > 0 is arbitrary, (5 . 17) is verified, and {Xn} converges to X00 
in mean square . This implies convergence in the mean, by Schwarz' in­
equality, viz . ,  

And, in the same vein, we obtain 

0 < ! E[Xn] - E[XooJ I 
=== !E[Xn - XooJ I < E[ !Xn - Xoo i J � 0, 

as n� oo. 

as n�  oo ,  

so that E[Xn] �E [X00] But E[Xn] === E[X0] , for all n. Therefore, 

E[X0] === E[Xn] === E[Xoo] 
This completes the proof of the martingale mean square convergence 
theorem • 

6 :  Applications and Extensions of the Martingale Convergence 
Theorems 

Here are some sample implications of the convergence theorems of 
Section 5 .  
(a) Bounded Solutions of y = Py, where P === I I  P ij I I  is the Transition 
Matrix of an Irreducible Recurrent Markov Chain {Yn}· The martingale 
convergence theorem can be invoked to establish that every bounded 
solution y === {y(i) } to 

00 

y(i) === L Pij y(j) , for all i, is constant, 
j = O  

i . e . , y(i) == y(j) for all i, j. (Compare with Chapter 3 ,  Theorem 4. 1 . )  
Because Xn === y( Yn) is a bounded martingale [ cf. Example (d) of  Section 1 ] , 
we have limn� oo Xn === limn� oo y(Yn) exists with probability one. Since the 
•� hain is recurrent, all states are visited infinitely often (see Chapter 2) ,  
n nd so 

and { xn === y(j) }, 
u c -eessarily both occur for infinitely many n. However, limn� 00 �xn exists, 
H o  we must have y(i) === y(j) . 
( b) Solutions to f(y) == J f(y + z)p(z) dz. Let p(z) be a continuous proba­
b i l ity density function. Every constant function f(y) a is a solution 
I o the  integral equation 

f(y) = J f(y + z)p(z) dz, for all y. (6. 1 )  
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The martingale convergence theorem can be used to show that, in fact, 
the only bounded and continuous solutions to ( 6. 1 )  are constant functions . 
To see this, suppose f(y) is bounded, continuous, and solves (6. 1 ) .  Then, 
for every x, {f(x + Sn) } constitutes a martingale sequence, where {Sn} 
designates the sequence of partial sums generated by the independent 
identically distributed random variables X1 , X 2 , • • •  , whose common 
probability density function is p. Since f(y) is bounded, the conditions 
for the mean square convergence theorem are satisfied, and for each x 
we infer the existence of a random variable Ux satisfying 

Pr{ lim f(� + Sn) = ux} === 1 ,  n-+ oo 

and 

n -+ oo 
We prove first that Ux is not random, but a constant Ux === u(x) , and 
subsequently we will prove that u(x) is actually independent of x. 

It is a trivial fact that f(x + Sm - Sn) has the same distribution as 
f(x + Sm - n) for m > n. It is a more recondite property that the pair of 
random variables 

shares the identical j oint distribution as the pair 

m > n. 
(Why?) Using these facts ,  we have 

lim lim E[\ f(x + Sm) -f(x + Sm - Sn) \ 2 ] n�oo m�oo 

n-+ oo m-+ oo 
This is the crucial step, as will be seen imminently. 

On the basis of Schwarz' inequality, we have 

{E[U� -f(x + Sn) Ux]} 2 === { E[Ux{Ux -f(x + Sn) }]} 2 
< E[U�] · E[\ Ux -f(x + Sn) \ 2 ] . 

But the right-hand side goes to zero as n increases, implying 

n�oo 
Analogously, we deduce 

m�oo 

(6.2) 
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Putting these relations together, 

n-+-oo m-+ oo 

n-+ oo m-+ oo 

n-+ oo m-+ oo 
For the first term on the right, since S" and Sm - Sn are independent and 
E[f(x + Sn)] === E[Ux] for all n, by the martingale convergence theorem, 
we have 

Examining the second term, we employ Schwarz' inequality to obtain 

{E[f(x + Sn) {f(x + Sm) -f(x + Sm - Sn) }] }2 
< E[{f(x + Sn)}2] • E[!J(x + Sm) -J(x + Sm - Sn) j 2] ,  

and since f(y) is bounded, the last factor goes to zero as m � 00 ,  utilizing 
the crucial observation ( 6.2) . 

Combining all these relations leads to the equation 

which says that the variance of Ux is zero, and this means that Ux is a 
nonrandom constant, say u(x) . 

A martingale has a constant mean, and, because the martingale mean 
Hquare convergence theorem applies, this mean value is maintained for 
the limit random variable . Accordingly, 

f(x) === E[f(x + S0)] == E[Ux] == u(x) . 
A t  this stage we have established that, with probability one , 

lim f(x + Sn) == u(x) == f(x) . 
n-+ oo 

But we also necessarily have 

n-+ oo 
H O  that 

Pr{f(x) === f(x + X1 ) } == 1 , 
u r ad , by induction, 

Pr{f(x) == f(x + Sn) }  == 1 .  
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This fact in conjunction with the assumption that X1 is a continuous 
random variable having probability density function p(x) may be exploited 
to prove the identity f(x) == f(y) for all x, y. For example,  the desired 
inference is immediate if p(z) > 0 for all z, since 

0 === E[l f(x + X1 ) -f(x) \ ]  
= J I J(x + z) -f(x) lp(z) dz 

requires \ f(x + z) -f(x) l == 0 for all z .,  asf(x) is continuous., by hypothesis . 
It follows thatf(x) == a  for all x, and every bounded continuous solution 

to ( 6. 1) is constant. 
If f(x) is assumed to achieve its maximum at a point x0 , a much 

simpler proof is possible . With this added assumption, (6 . 1) gives 

0 = J {f(xo) -f(xo + y) }p(y) dy 
= J I J(xo) -f(xo + Y) lp(y) dy, 

which easily impliesf(x0 ) == f(x0 + y) for all y, when p(y) > 0 for all y. In 
contrast, such a simple proof is not possible in the general case . 
(c) An Urn Model . Consider the urn scheme of Example (i) , Section 1 ,  
where the urn contains n red balls and m green balls at stage 0 .  As b�fore., xk ' the fraction of red balls in the urn at stage k == 0., 1 .,  . . .  , determines a 
bounded martingale ., so th�t X oo === limk� oo Xk exists with probability one . 

The limit random variable X 00 has a Beta distribution . We will sketch 
the derivation. Let Yk == (n + m + k)Xk be the total number of red balls 
in the urn at stage k. A straightforward induction on k validates the 
formula 

P {y === .; } == (�-=- \ ) (�= i1- 1 ) r k "' (N - 1 ) ' n +m- 1  
n < i < n + k, 

Use Stirling's approximation M ! ,....__, e -MMM(2nM) 1 12 to show that 
(1) "'-' (M - j)ijj !  for M large and j fixed . Then 

Pr{Xk < x} === Pr{Yk < Nx} 
[Nx] 

=== � (i- 1 ) (N - i - 1 ) I (N - 1 ) i...J n - 1 m- 1 n + m - 1 i = O 
� (n + m - 1) !  [Nx] (i - n) n - 1 (k - i + n) m - 1 1 
- (n - 1) ! (m - 1) ! 6 k k k 

= ��=)�(:� �!k G - �r- 1  ( 1 - � + �r- 1 
A (�) .  

z/k - 0 -
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where A(i/k) == (i + 1)/k - ijk == 1/k. When N and k are large� n/k becomes 
negligible , and the sum is approximated by the integral in which z == ifk, 
dz � A(ifk) � and [Nx] fk � x . Thus� as k � co� 

Pr{Xk < x}-*��=)�(:� J zn - 1 (1 - z)m- l dz 

== Pr{Xoo < x} , for 0 < x < 1 .  
This is the Beta distribution� as asserted. 
(d) Branching Processes . Example (f) of Section 1 indicated that 
xn == m-nyn is a martingale� where m < 00 is the mean of the offspring 
distribution of a branching process {Yn}· The basic martingale convergence 
theorem� amplified by Remark 5 . 1 , tells us that Xoo === limn� oo Xn exists 
with probability one . Roughly speaking, Yn behaves asymptotically like 
X 00 m"� and it is remarkable that the entire asymptotic behavior is cap­
tured in the single random variable X 00 • 

In Chapter 8 we will show tha t whenever m < 1 �  Yn -0- 0 with probabi­
lity one . Since the possible values for Yn are {0 , 1 �  . . .  }, this means in 
almost every realization of the process, Yn == 0 for sufficiently large n� and 
therefore 

X == lim m-n y == 0 . oo n n� oo 
Thus� here is a case in which 

so that the sequence xn == m-nyn cannot be uniformly integrable when 
m <  1 .  

When m > 1 �  and the progeny distribution has a finite variance (J2 , 
from Section 2 of Chapter 8 we obtain the variance 

and use this to get 

(J2 (m2n _ mn) 
Var[Yn] === -

m m - 1 

E[X�] === {Var[Yn] + (E[Yn] ) 2}jm2" 

=== 
(J2 (1 - m - ")

+ 1 
m m - 1 

(J2 
< + 1 for all n. 
- m(m - 1) 

W •� s e e  that the conditions for the martingale mean square convergence 
l lu�orein arc satisfied.  Thus 1 === X0 === E[X 00] , and with positive proba­
hi  l i t y X CXl is strictly positive, and then Y n r--..,1 X 00 m" which shows that 
Y, a Hyrn ptotically grows exponentially fast at rate m. 
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(e) Split Times in Branching Processes . Consider a population of particles 
having independent random lifetimes� at the end of which each particle 
splits into a random number of new particles that independently exhibit 
the same life behavior as the parent. Suppose specifically that the life­
times are all independent exponentially distributed random variables with 
the same parameter a. 

Let X(t) be the number of particles in the population at time t. Let 'Ln 

be the time of the nth split in the population ( -r 0 == 0) . The random 
variable �n == X(-rn + 0) - X(-rn - 0) counts the number of progeny .con­
tributed at the nth split . Let 

X(O) == 1 

S i == X(-r i) == X(-r i + 0) == �1 + · · ·  + � i + 1 ,  

and define T i == -r i - -r i _ 1 as the time between the (i - 1)th and ith splits. 
We claim that the sequence of random variables 

n == 1� 2 ,  . . .  , 

is a martingale with respect to { ( -rn � �n) } . We need only check [ cf. Example 
(b) of Section 1] that 

E[ Tn - 51 <o , . . .  , <n - P  �o ' . . .  , �n - t ] == 0 .  (6 .3) a n - 1 

The memoryless character of the exponential distribution and the defini­
tions involved imply that Tn is the minimum of Sn _ 1  independent life· 
times� which are all exponentially distributed with parameter a� and thus T n is itself exponentially distributed with parameter aSn _ 1 ( cf. Elementary 
Problem 1 �  Chapter 4) . Equation (6.3) immediately ensues from these 
considerations. 

The next calculation also exploits the martingale character of the sum 
and the exponential distribution underlying each summand. We get 
¥0 === 0� and then 

n E[Y;] == L E[( Yk - yk - 1 ) 2] (see Prob.lem 3) 
k = 1 

= ��E[ ( Tk - aS:_ 1rJ 
= �E{E [( rk � as:_ ) 2 sk - J J } 
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= � E[ (as:_J z] 
< 1 { � 1 [( k ) 2] } - az 1 + k� k2 E Sk 

• 
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In a moment we will show that E[(k/Sk) 2] is uniformly bounded, say by 
C, and then 

n == 1 , 2,  . . .  , 

obtains, thereby verifying the conditions of the martingale mean square 
convergence theorem. 

To obtain the bound C, let Vk === �1 + �2 + · · ·  + �k , where 

� . === "" {0, 
l 1, 

if �i == 0, 
if � i > 1 . 

Then Vk has a binomial distribution with parameters k and p == Pr{ � i > 0} 
> 0, for which we know 

0 < s < 1 ,  

and 1 + vk < sk ' whence 

E[�] < kE [ 1 ] sk - 1 + vk 

N ole also that for 0 < c < 1 , 

1 
= k J [1 - p + ps ]k ds 

0 

== [k/(k + 1)] [1 - (1 - p)k + 1 ] /p 
<p- 1 < 00 .  

E[ k ] < 
1 E [ k ] c + e t + · · · + �k - c 1 + e1 + · · · + �k 

< (cp) - 1 < 00 .  
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Next, using the elementary inequality (a + b) 2 > 4ab, together with the 
independence of � 1 , � 2 , • • •  , we obtain 

E [ G�J 
2] = E [{ (t + �1 + . . . + �k) + �� + �k + 1 + . . .  + �2kJ] 

E [ k k J < t + �1 + . . . + �k 
. 
t + �k + 1 + . . . + �2k 

This bounds E[(n/Sn) 2] when n is even. When n is odd, 

E [ (�: 1
lf] < (n � lf E [ (;nf] 

< 4(;r . 

Thus E[(k/Sk) 2 ] < C for all k if we take C == 16jp2 • 
We apply the martingale mean square convergence theorem to con-

n 
elude Y 00 == limn� 00 Yn exists, with probability one . Since L Ti == �n , 

n - 1 � s- 1 y �n - a � i - 1 � 00 ., i = 1 
as n� 00 .  

i = 1 I 

(6.4) 

Further consequences can be drawn after we analyze the behavior of the 
n 

series L 1/(S i _ 1 ) . Let J1 == E[�J > 0 .  From the strong law of large i = 1 
numbers we know that 

as n� 00 .,  

with probability one . We write 

1 � 1 1 � 1 1 � 1 i  
log n fS S ; _ 1 

= log n i'S S ; _ 1 
+ log n GN i S ; "  

For any B > 0 we choose N so large that l ifS i - Jl- 1 1 < B for all i > N. On 
the other hand., for any fixed N, the first term on the right goes to zero 
as n � 00 . These estimates lead to the result 

1 
lim sup 1 n� oo 9g n  
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and since B is arbitrary, we infer 
n 1 

I . 
1 2 1 

liD - - , n � tXJ log n i = 1 s i - 1 J1 
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(6.5) 

with probability one . Combining the limits (6 .4) and (6.5) we find that 

log n 'tn - � Y tXJ ' aJl as n �  00 . 

Again, the limit is in the probability one sense. In contrast, it appears 
remarkable that 

't2n - 'tn ""--' (aJl) - 1 log 2 
is asymptotically constant . 
(f) Doob's Process . We will show that Doob's process [Example (k) of 
Section 1] is uniformly integrable and thus satisfies the full conditions of 
the basic martingale convergence theorem. Let Z, ¥0 ,  Y1 , • • •  be joint 
random variables with E[I ZI J < 00 . We have shown (see p .  246 ) that 

n === 0, 1 ,  . . .  , 
determines a martingale satisfying 

for all n. (6.6) 
The maximal inequality for martingales yields that 

Pr{ max IXk l > A } < A - 1 E[ I Xn i J < A  - 1 E[l ZI J , O � k < n 
and thus for U === supk > o iXk l  

Pr{ U > A} < A - 1 E[I ZI J . 
What is important is that 

lim Pr{ U > A} === O, (6.7) 

c · stablishing that U is a finite-valued random variable . Now as N � oo, 

E[ I Z/ ] > E[ I Z I I{O < U < N}] (concerning the notation 
I{ } see p .  279) 

N - 1 
=== L E[ I Z I I k < U < k + 1]Pr{k < U < k + 1 } k = O  

tX) 

-� L E[l Z l l k < U < k + 1] Pr{k < U < k + 1 }  k = O  
� E[ j Z/ ] , 
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implying that 

lim E[l ZI I{U >  N}] == o. (6 .8) 
N-+ oo 

We next verify the uniform integrability requirement of Remark 5 .3 .  
Consider 

\ E[Xn l{\Xn \ > c}] \ < E[(I{\Xn \ > c}) (E[ I ZI I Y0 , • • •  , Yn] )] 
< E[ \ ZI I{ IXn \ > c}] 
< E[ I ZI I{U > c}] � o, as c� co, r .  

by (6.8) . Thus, {Xn} is uniformly integrable, and we may conclude that 

for some random variable X 00 • Moreover, the relations 

and 

as n� co, 
also prevail. It i s  correct that 

, 

(6 .9) 

although the exact meaning of the conditional expectation in (6 .9) is 
beyond our present scope . (See Section 7 . ) 

For an application relevant to mathematical analysis , suppose W is a 
uniformly distributed random variable on [0, 1) , and define Yn by 

As noted in Example (1)  of Section 1, ¥0, • • •  , Yn determine the first n 

bits in the terminating binary expansion of W. 
Let f be an arbitrary function defined on [0 , 1] , for which 

1 J \ f(w) \ dw < oo .  
0 

Set Z = f( W) and observe that 

(k + l ) / 2" 
= 2" J f(w) dw, 

k/2n 
if kj2n < W < (k -t- 1 ) /2" . 
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From what we just proved about Doob's process, limn-+ oo  Xn == Xoo exists, 
and, since Y0 ., Y1 , Y 2 , . . . give the full binary expansion of W, it is 
natural to suppose 

X oo === E[ Zj Y0 ., Y1 ., • • •  ] 
=== E[f(W) I W] 
== f(W) . 

While this is well beyond our scope, it is indeed valid, provided one adds 
the qualification " with probability one ." We have then shown, with 
probability one, 

where 

f(W) == lim fn( W), n-+-oo 

[k(w) + l ]/ 2" 
fn(w) = 2" J f(z) dz, 

k(w)/2" 

in which k(w) is determined uniquely by the inequalities 

k(w) j2n < w < [k(w) + l] /2n . 
Each approximating function fn is a step function, constant on each 

interval [k/2n, (k + l)/2n) .  Thus we have shown that an arbitrary integrable 
function f can be approximated by a sequence of step functions fn in the 
sense that f(w) == limn -+ oofn (w) for " almost every " w, i .e . ,  for every w 
i n  a set having probability one . 

Finally the convergence E[ lf(W) -fn(W) I J � 0 gives 
1 

lim J if(z) -fn(z) l dz === 0. n-+- oo 0 

7 :  Martingales with Respect to (J-Fields 

Until now we have always considered conditional expectations to be 
• · x pectations computed under conditional distributions . This is mostly 
Hn t infactory for expressions of the form E[Xj Y0 ., • • •  , Yn] , where X, Y0 , 
. . .  ., Yn possess a joint continuous density or are jointly discrete random 
vu r iables . However, the analysis extended to the more complex expres­
t·donH like E[XI Y0 , Y1 ., • • •  ] or E[XI Y(u) , 0 < u < t] becomes more delicate. 

' l 'he alternative and more modern approach is to define and evaluate 
• 'o rulitional expectation, not with respect to a finite family of random 
vu r·iubles., as we have done so far, but with respect to certain collections, 
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called a-fields, of events . This suggests in a natural way a definition of a 
martingale with respect to a sequence of a-fields . We will now sketch this 
formulation, so pervasive in contemporary writing. 

R EVI EW O F  AXI O M ATI C P R O BA B I LITY T H E O RY 

For the most part, this book has studied random variables only through 
their distributions . For example , at the very outset we considered a 
stochastic process {X(t) ; t E T} to be defined once all the finite-dimensi_onal 
distributions 

F(x1 , • • •  , xn , t1 , • • •  , tn) === Pr{X(t1 ) < x1 , • • •  , X(tn) < xn} 
were specified . A little more precision and structure is now needed. 

Recall that the basic elements of probability theory are : 
(1 )  The sample space, a set Q whose elements w correspond to the 

possible outcomes of an experiment ; 
(2) The family of events , a collection !F of subsets A of Q. We say that 

the event A occurs if the outcome w of the experiment is an element of A ; 
and 

(3) The probability measure, a function P defined on ff and satisfying 

(a) 0 === P[0] < P[A] < P[Q] === 1 ,  for A E !F 
(0 == the empty set) , 

(b) P[A1 u A2] == P[A 1] + P[A2] - P[A 1 n A2] , 

, 

for A i E !F , i == l, 2 ,  (7 . 1 ) 

and 

if An E ff, are mutually disjoint (A i n A i === 0, i # j) .  

The triple (Q, !F, P) is called a probability space . 

Example. When there are only a denumerable number of possible out­
comes, say Q === {w1 , w2 , • • •  }, we may take !F to be the collection of all 
subsets of Q. If p 1 , p2 , • • •  are nonnegative numbers with L Pn === 1 ,  the 

assignment 

P[A] === L P i 
W i  E A 

determines a probability measure defined on !F .  

n 
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It is not always desirable� consistent� or feasible to take the family of 
events as the collection of all subsets of n. Indeed, when n is non­
denumerably infinite, it may not be possible to define a probability measure 
on the collection of all subsets maintaining the properties of (7 . 1) . In 
whatever way we prescribe !F such that (7 . la)-(7 . 1c) hold� the family of 
events !F should satisfy 

(a) 0 E /F� 0 E §'; 
(b) Ac E !F� whenever A E §', where Ac === {w E n; w � A} is the 

complement of A ; and (7 .2) 
00 

(c) U An E §', whenever An E §'� n === 1, 2 �  . . . . n = l 
A collection §' of subsets of a set n satisfying (7 .2a)-(7 .2c) is called a 
(J-.field. If !F is a (J-.field� then 

nolAn = (qA�rE �, 

whenever An E §'� n === 1 �  2� . . . .  Manifestly� as a consequence we find that 
finite unions and finite intersections of members of §' are maintained in §'. 

In this framework� a real random variable X is a real-valued function 
defined on n fulfilling certain " measurability � �  conditions given below. 
The distribution function of the random variable X is formally given by 

Pr{a < X< b} === P[{w : a < X(w) < b}] . (7 .3) 

In words� the probability that the random variable X takes a value in 
(a� b] is calculated as the probability of the set of outcomes w for which 
a < X(w) < b. If relation (7 . 3) is to have meaning, X cannot be an 
arbitrary function on n� but must satisfy the condition that 

{w : a <  X(w) < b} E !F� for all real a < b� 
r;ince !F embodies the only sets A for which P[A] is defined . In fact, by 
c · xploiting the properties (7 .2a)-(7 .2c) of the (J-field !F� it is enough to . rcqutre 

{w :  X(w) < x} E !F, for all x. 
I Je - t  .91 be any (J-field of subsets of n. We say that X is measurable with 
rt'.t.ipect to .91 � or more briefly .91 -measurable� if 

{w : X(w) < x} E d for all real x. 
' l ' h uH, every real random variable is by definition /F-measurable . There 
r nuy.,  i11 general, be smaller (J-fields with respect to which X is also 
l t a PUI'-\Urahle.  
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The ()-field generated by a random variable X is defined to be the 
smallest ()-field with respect to which X is measurable . It is denoted by 
§"(X) and consists exactly of those sets A that are in every ()-field .91 for 
which X is .91-measurable . For example� if X has only denumerably many 
possible values x1 � x2 � • • •  the sets 

form a countable partition of n� i .e . , 

and 

A . n A . === 0 l J 

i === 1 ,  2� . . .  

and then §"(X) includes precisely 0� n, and every set that is the union of 
some of the A /s .  

Example. For the reader completely unfamiliar with this framework� the 
following simple example will help set the concepts . The experiment con­
sists in tossing a nickel and a dime and observing " heads� ' or " tails .' ' 
we take n to be , 

n === {(H� H) � (H� T) � (T� H) , (T� T) }, 
where for example� (H� T) stand for the outcome " nickel == heads, and 
dime === tails .' � We will take the collection of all subsets of n as the family 
of events .  Assuming each outcome in n to be equally likely� we arrive at 
the probability measure : 

A E §" P[A] P[A] 

¢ 0 n 1 
{(H� H)} 1 {(H, T) , (T� H) , (T� T)} i 4 

{(H, T) }  1 {(H� H) � (T, H) � (T� T) } ! 4 

{(T� H)} 1 {(H� H) � (H� T) ,  (T� T)} ! 4 

{(T� T) } 1 {(H, H) � (H� T) � (T� H)} ! 4 

{(H, H) � (H , T)} 1 {(T, H) , (T, T)} 1 2 2 
{(H� H) , (T, H) }  1 {(H� T) ,  (T, T) } 1 2 
{(H, H) , (T, T) } 1 {(H, T) � (T, H) }  & 2 

The event " the nickel is heads ' � is {(H, H) , (H, T) }  and has, according tu 
the table , probability � ' as it should . 

-
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Let Xn be 1 if the nickel is heads � and 0 otherwise , let Xd be the 
corresponding random variable for the dime� and let z === xn + xd be the 
total number of heads . As functions on n� we have 

(H, H) 
(H, T) 
(T� H) 
(T� T) 

1 
1 
0 
0 

1 
0 
1 
0 

Z(ro) 
2 
1 
1 
0 

Finally, the ()-fields generated by Xn and Z are : 

and 
�(Xn) == ¢, Q� {(H� H) � (H, T) }, {(T, H) � (T, T)}, 

�(Z) == ¢,  Q� {(H, H)}� {(H, T) , (T, H)}� {(T, T) }, 
{(H, T) , (T, H) , (T, T) }, {(H, H) , (T, T) }, 
{(H, H) � (H� T) , (T, H) } . 

. �(Xn) contains 4 sets and �(Z) contains 8 .  Is Xn measurable with respect 
to � ( Z) � or vice versa? 

Every pair X� Y of random variables determines a ()-field called the 
()-field generated by X, Y. It is the smallest ()-field with respect to which 
both X and Y are measurable . This field comprises exactly those sets A 
t hat are in every ()-field d for which X and Y are both d-measurable . 
f f  both X and Y assume only denumerably many possible values� say 
x 1 � x2 , • • •  and y 1 ,  y 2 � • • •  � respectively� then the sets 

i� j === 1 , 2 , . . . , 
present a countable partition of Q and �(X� Y) consists precisely of 
</> ., Q� and every set that is the union of some of the A ij's .  Observe that X 
i s  measurable with respect to �(X, Y)� and thus �(X) c �(X� Y ) .  

More generally� let {X(t) ; t E T} be any family of random variables .  Then 
1 l u� ()-field generated by {X(t) ; t E T} is the smallest ()-field with respect 
1 o which every random variable X(t) � t E T� is measurable . It is denoted 
hy .!F {X(t) ; t E T}. 

A special role is played by a distinguished ()-field of sets of real numbers . 
' l 'he ()-field of Borel sets is the ()-field generated by the identity function 
.f' ( ;t) � x, for x E (- oo� oo) . Alternatively� the ()-field of Borel sets is the 
N l n allcst ()-field containing every interval of the form (a, b] � - oo< a <  
b · -1- oo .  A real-valued function of a real variable is said to be Borel 
lll t'nsurable if it is measurable with respect to the ()-field of Borel sets . 
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In n-dimensional Euclidean space � the ()-field of Borel sets is the 
()-field generated by the set of functions 

C O N D ITI O N A L  EXP ECTATI O N  WITH R ES P E CT TO A a- F I E L D  

While every random variable Y generates a ()-field .:F( Y) �  it is not true 
that every ()-field arises in this manner. Thus � the concept of conditional 
expectation with respect to a ()-field� our next topic� is a strict extension 
of the concept of conditional expectation "\\-ith respect to random variables . 

We begin with the formal definition .  

Definition 7.1. Let X be a random variable on a probability space (0� ff� P) 
for which E[ IX\ ] < oo.  Let P4 be a ()-field contained in ff� i.e . � every set 
B E f!JJ is also a member of ff. The conditional expectation of X with respect 
to f!JJ is defined to be any random variable E[ XI f!JJ] having the properties : 

(i) E[XI f!JJ] is a measurable function with respect to f!JJ ; and 
(ii) E[XIB] == E{E[X! f!JJ] IB}� for all B E  f!JJ � where IB is the indicator 

function for the event B. Alternatively� (ii) may be replaced by the eqlfivalent 
(ii ') E[X Z] == E{E[XI f!JJ] Z} for every bounded random variable Z that is 

f!JJ-measurable . 

Several remarks are in order. First� it can be shown that a random 
variable E[XI f!JJ] satisfying (i) and (ii) exists whenever E[ IXI J < 00� so 
that the definition is nonvoid . In fact� a meaningful definition results as 
long as not both E[X+ ] and E[X- ] are infinite . On the other hand, the 
definition is ambiguous in that there may be more than one conditional 
P-xpectation E[XI f!JJ] satisfying (i) and (ii) . Thus we speak of different 
" versions ' � of the conditional expectation. Fortunately� any two version� 
are equal, with probability one . That is� if E( l > [XI f!JJ] and E(2 ) [XI £11] 
satisfy (i) and (ii) � then 

Thus� in probability terms� the ambiguity causes no difficulty. Finally, 
let us mention the equivalence of (ii) and (ii ') .  Clearly (ii') implies (ii) , sin.<�n 
we may always take Z to be the bounded f!JJ-measurable function 

Z(w) = I B(w) = {�: if w E B, 
if w tf B. 
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The converse implication is validated by suitably approximating an 
arbitrary Z by step functions of the form 

n 

Zn(w) === L a in 1 B; (w) � 
i =  1 

where { B1 � • • • , Bn} is a finite partition of 0 with B i E PJJ . Then (ii ') holds 
for such Z11 � and by passing to the limit� we can infer (ii ') for arbitrary 
bounded PJJ-measurable random variables .  

In Chapter 1 we expressed the conditional expectation of  X given a ran­
dom variable Y == y as 

(I) Any func tion E[Xj Y === y] of .Y which satisfies 
(II) E[Xg(Y )] === J E[Xj Y === y]g(y) dF y(y) , for every bounded func­

tion g. 
One would hope that our current definition extends the earlier one� that is� 
coincides with it when PJJ == §"( Y) is the ()-field generated by the random 
variable Y. This is indeed the case . One can show that a random variable 
Z is measurable with respect to PJJ === �( Y ) if and only if one can write 
Z === f(Y) for some Borel measurable function f. (Problem 13 asks for a 
proof of this statement when PJJ is the ()-field of unions of some countable 
partition PJJ0 . ) Then (I) states that E[Xj Y] is measurable with respect 
t o  f!iJ == �(Y) and (II) yields (ii ' ) �  E[XZ] == E{E[Xj Y]Z} for all bounded 
Z === f(Y) . Thereby� Definition 7 . 1  extends the concept of conditional 
• ·xpectation with respect to a random variable . 

Last� let us work out what Definition 7 . 1  means in the case that 
n === {wl � (J)2 � • • •  } is denumerable �  � consists of all subsets of n� and p 
i s  evaluated by the formula 

P[A] == L Pi � 
(J.) j  E A 

A E �., (7 .4) 

\v here p 1  � p 2  � • • • are nonnegative numbers summing to one . The expecta-
1 i on of a random variable X is defined by 

00 

E[X] === L X(w1)p1 � 
j =  1 

p rovided the sum converges absolutely. Let PJJ0 == { B1 � B2 � • • •  } be a 
c i C ' HUmerable partition of Q�  and let PJJ be the ()-field consisting of ¢ �  Q 
a n d all possible unions of sets in PJJ 0 • For each B i in :!A 0 � define the 
• · l · · r nentary conditional expectation 

E[Xj Bi] == L X(wk) P[{wk}I Bi] � 
(JJI< E Bj 

w he re 
A E :F. (7 .5) 
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The definition breaks down when P[BJ = 0 � since then the right-hand 
side of (7 .5) is 0/0 . Arbitrarily set E[XjB1� == 17 whenever P[Bi] == O� 
which completes the definition and� incidentally., indicates where the 
lack of uniqueness in Definition 7 . 1  arises .  The next step is to make the 
collection of numbers E[ XI Bill 1 into a random variable E[ XI £16'] by 
the formula 

where 
if w E  Bj � 
if w tf B i . 

Then� the random variable E[XI £16'] � being constant on each of the sets 
B i � is 88-measurable . We check (ii) of Definition 7 . 1 .  Let B E  88 be 
prescribed� say B == Unoo 1 B� � where B� E 880 � n == 1 �  2 . . . .  On the one 
hand� 

while at the same time� 
00 

E{E[XI 88JIB} ==  L E[XI B�]P[B�] 
n = l  

The equality of the two right-hand sides verifies (ii) . 
Let us show that the elementary definition for E[ XI B i] can be recov­

ered from Definition 7 . 1 by taking B == B i � provided P[ B i] > 0 . Then (ii) 
becomes 

(7 . 6) 

Now E[XI 88] is £16'-measurable if and only if it has a constant value�  say 
a i � on each of the sets B i . Then (7 .6) becomes 

L X(wk)pk == ai P[Bi] � 
W I< E Bj 

and the constant value a i must be 

ai == L X(wk)Pk/P[Bi] 
Wk E Bj 

== E[XI Bj] �  
whenever P[Bi] > 0 . 
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Thus., one can recover our intuitive concept of conditional expectation 
from Definition 7 . 1  whenever PJJ is the ()-field of unions of a countable 
partition PJJ 0 • 

The definition of conditional expectation given a random variable was 
expectation computed under a conditional distribution. Conditional ex­
pectations with respect to ()-fields inherit most of the familiar properties., 
provided we interpret " equal ., ., as meaning " equal with probability one . ., ., 

For reference ., we list some of these properties., corresponding to ( 1 .6) ., 
(1 .7) .,  and ( 1 . 10)-(1 . 14) of Chapter 1 .  There is no satisfactory analog of 
( 1 .8) . We suppose X., X1 ., and X2 are random variables having finite 
expectations., a1 ., a2 real numbers., and .91 and PJJ are sub-(J-fields of !F. 
Then 

X > O  implies E[XI PJJ] > 0 ;  (7 .8) 

E[XZIPJJ] === ZE[X!PJJ] ., 
E[XZ] === E{ Z · E[XI PJJ] }., 
E[ Zl PJJ] === Z., 

for every bounded PJJ-measurable Z; (7 .9) 
for every bounded PJJ-measurable Z; (7 . 10) 

for every PJJ-measurable Z satisfying 

E[I ZI J < co ;  

E[XIdJ === E{E[XI PJJ] Id}., if d c PA ;  

E[X] === E{E[XI PJJ] } (the law of total probability) . 

(7 . 1 1) 

(7 . 12) 

(7 . 13) 

The style of proof used in validating these properties is typified by 
• ·xamining (7 .7) . We show that a1E[X1 1 PJJ] + a2 E[X2 1 PJJ] satisfies the 
defining conditions for E[ a1 X1 -t- a2 X 2 1 PJJ] .  First., it can be checked that a 
l i near combination of two PJJ-measurable random variables is also 
:!&-measurable . (Problem 14 requests a proof of this statement., where PJJ 
i s  the ()-fields of unions of a countable partition PJJ0 . ) Thus., a1E[X1 1 PJJ] 

I a2 E[X2 1 £16'] satisfies stipulation (i) of Definition 7 . 1 .  Substitute 
a 1 E[X1 I PJJ] + a2 E[X2 ! PJJ] into what is required., for E[a1X1 + a2 X2 ! PJJ] 
i 1 1  condition (ii ' )  and see if it is satisfied.  Consider any bounded PJJ-measur­
H hle Z. The justification of the succeeding steps is routine : 

E[ {a 1X1 + a2 X2}Z] === a1E[X1 Z] + a2 E[X2 Z] 
=== a1E{E[X1 1 PJJ]Z} + a2 E{E[X2 1 PJJ]Z} 
=== E{(a1E[X1 1 PJJ] + a2 E[X2 1 PJJ] ) Z}. 

f l ' h iH con1 pletes the validation of (7 .7) . 
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MA RTI N G A LES WITH R E S P E CT TO AN I N C R EASI N G  FA M I LY O F  a- F I E L D S 

Let {Xn}� be a sequence of real random variables on a probability 
space (0, !F, P) . Let {ffn} be a sequence of sub-(J-fields of !F with 

�0 c !F1 • · •  c /F11 c · · ·  c !F. 

We say that {Xn} is adapted to {!F n} if, for every n, Xn is !F 11-measurable . 
For example, suppose Y0 , Y1 , • • •  are also defined on (0, !F, P) and !F11 is 
the ()-field generated by {Y0 , Y1 , • • . , Y n} · Then 

§'n C /Fn + l C §', for all n, 
and if X" === gn( Y0 , • • •  , Yn) for a sequence of Borel measurable functions 
gn( · , . . .  , · ) , then {Xn} is adapted to {!F 11} . 

We again think of !F n as containing the information available at stage 
n, just as we did earlier with ( Y0 , • • • , Yn) · Then X" is measurable with 
respect to !F n == §'( Y0 , • • •  , Yn) if and only if, in our earlier usage� X" i s  
determined by ( Y0 , • . • , Yn) · 

The relation !F n c ff n + 1 expresses the increase in information as n 
progresses . 

Definition 7.2. Let {Xn} be a sequence of random variables defined on a 
probability space (0, ff, P) . Let { ff n} be a sequence of sub-()-fields of !F with 

ffn C ffn + l  C ff, for all n . 
Then {Xn} is called a submartingale with respect to {!F n} if: 

(i) {Xn} is adapted to {!F n} (that is each Xn is !F 11-measurable) , 
(ii) E[X; ] < co ,  for all n, and 
(iii) E[Xn + l l�n] > Xn , for all n. 

If {-X11} is a submartingale, then {Xn} is called a supermartingale . If both 
{Xn} and {-X11} are submartingales, then {Xn} is called a martingale with 
respect to {� 11}. 

A few remarks may be helpful . If {Xn} is a martingale , then 

The right-hand side, and hence the left, is ff 11-measurable by the defini­
tion of conditional expectation .  Hence the representation (7 . 14) implin� 
(i) for a martingale . Requirement (iii) can be stated in an equivalent for 1n 
by using the properties of conditional expectation . We get 

for all bounded !F11-meaHuruble Z :=> 0 . 
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To infer (iii ' )  from (iii) �  use the definition of conditional expectation with 
respect to a-fields and properties (7 .  7) and (7 .8) to obtain 

E[Xn + l Z] == E{E[Xn + l l .?n]Z} > E[Xn Z] . 

To deduce (iii) from (iii ' ) �  use 

to obtain 

for all bounded ffn-measurable Z > 0. 

Now Y = E[Xn + t l ffn] - Xn is .?n-measurable � and if E[YZ] > 0 for all 
bounded ffn-measurable Z > 0� then Y > 0 .  (Problem 15 asks for a 
verification of this statement� where !!I is the ()-field consisting of unions 
of sets in a denumerable partition !!I 0 • ) Of course� the relation 

is the desired (iii) . 
All of the results concerning martingales with respect to random 

variables that were developed earlier in this chapter carry over to 
rnartingales with respect to increasing ()-fields� with only technical modi­
fications required. More explicitly� once we produce a definition for a 
Markov time with respect to a sequence of ()-fields� the optional sampling 
theorems and the martingale convergence theorems will persist . We will 
not repeat the entire development� but only the early part of it in the 
rn artingale case � and this mainly for the pedagogical practice it provides 
i n  manipulating conditional expectations with respect to ()-fields . 

Proposition 7.1. Let {Xn} be a martingale with respect to {.? 11 }. Then 
Jt;[X11] === E[X0] for all n. 

/:.roof. Applying the law of total probability (7 . 13) in the form E[X] = 

Jt; { E[XI 88] }  to the martingale equality Xn = E[Xn + 1 l .?n] � we obtain 

E[Xn] = E{E[Xn + t l .?rl] } 
== E[Xn + t ] · 

A 1 1  induction completes the proof. • 

l ' •·ottosition 7 .2. Let {X n }  be a martingale with respect to { ff n}. If Z is a 
bo undtJd (�,- 1neasurable random variable� then 

E[ ZX, + k l ·o/P',,] = Z.Xn � n � 0� 1 �  . . .  ; k > l 
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Proof. We appeal to property (7 .9) � 

E[ZXn + k l�n] == ZE[Xn + k l�n] , for Z bounded and ffn·measurable . 
(7 . 15) 

Now on the basis of (7 . 12 ) �  we obtain 

E[Xn + k l�n] == E{E[Xn + k ,�n + k - l ] l�n} 
== E[Xn + k - l ,�n] �  

which continues by induction until 

This together with (7 .15 )  completes the proof. • 

Let {g-n} be a sequence of sub-(J-fields of � satisfying �" c �n + l c �' 
for all n. A random variable T taking values in {0� 1 ,  . . . � 00 } is called a 
Markov time with respect to {ffn }, if for every n == 0� 1 �  2 �  . .  · � the event 
{ T == n} is in g-n • Recall that every random variable is a function defined 
on the sample space n. Thus we require 

for all n. � (7 . 16) 

Alternatively� using the facts that each �n is a ()-field and !Fn c �n + l 
for all n� requirement (7 . 16) may be replaced by either of the equivalent 
conditions 

for all n� (7 . 17) 

or 

{w : T(w) > n} E �n � for all n. (7 . 18) 

For example� to conclude (7 . 17) from (7 . 16) , observe 
n 

{w; T(w) < n} == U {w ; T(w) === k } . 
k = O  

Now each {w : T(ro) == k } E � k c !F n � so the union belongs to !F, , and 
(7 . 17) is sati sfied . 

Alternatively, we can require that every indicator random variable 

I { 1 �  
{ T = n } - 0 

be measurable with respect to � n • 

if T == n � 
if T =I= n� 
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If ff n == ff( Y0 � Y1 � • • •  � Yn) is the ()-field generated by the random 
variables Y0 � • •  · � Yn � then I{ T= n} is measurable with respect to ffn if 
and only if 

J{ T = n} == gn( Yo � · · · � Yn) ,  

for some appropriately measurable function gn( · � . .  · � · ) .  Thus � the latest 
definition of Markov time is an extension of the earlier one . 

Every constant T n is a Markov time. If T and S are Markov times� 
so are T + S� T 1\ S = min{ T� S}� and T v  S = max{ T� S}. A sample 
proof is 

{w : T 1\ S > n} == {w : T > n} n {w : S > n } E �n . 

Lemma 7.1. Let {Xn} be a martingale and T a Markov time with respect to 
{ffn}· Then for all n > k� 

E[Xn l{ T= k}] == E[Xk l{ T= k}] . 

(I{ . } is the indicator function of the event described in { · }.) 
' 

Proof. We use the fact that I{ T= k} is ffk-measurable . Then� 

E[ Xn I{ T = k}] == E{E[Xn I{ T = k } ,ffk] } 
= E{I{T = k} E[Xn lffk] } 
== E[Xk l{ T= k }] . • 

(by the law of total probability) 
[by (7 . 10)] 

From this point on� the study of martingales with respect to ()-fields 
paraphrases that carried out in Sections 1-6� for example� as in the 
following lemma. 

Lemma 7.2. Let {Xn} be a martingale and T a Markov time with respect 
to {ffn }· Then for all n == 0� 1� . .  · � 

E[X0] == E[Xr 1\ n] == E[Xn] · 

l)roof. As in Lemma 3 .2 �  mutatis mutandis �  relying on Lemma 7. 1 
rather th-an Lemma 3 . 1 .  • 

The crossings inequality� maximal inequality� optional sampling theorems� 
and  martingale convergence theorems all follow from Lemma 7.2 just as they 
tlid (Jarlier from Lemma 3 .2 .  We proceed to an example . 

Extunple. Let {Yn} be random variables on some probability space 
( !t  '�"� P)� and for each n let ffn be the ()-field generated by ( Y0 � • •  · � Yn) · 
I r z Ha tis fies E[ l ZI J  < 00� we pointed out in Example (k) of Section 1 that 

n == 0� 1 �  . . .  � 
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eonstitutes a martingale , and we established in Example (f) of Section 6 
that this martingale was uniformly integrable . The martingale conver­
gence theorem affirms that 

lim xn == xoo n� oo 
exists ,  with probability one and, moreover, 

n -+ oo 
holds . We mentioned that X00 could be represented as 

Now interpreting the right-hand side as an expectation of Z under a 
conditional distribution is rather delicate . However, if we prescribe !F 00 
as the a-field generated by ( Y0 , Y1 , • • •  ) it is not hard to motivate the 
formula 

In accordance with Definition 7 . 1 ,  we need to show first that X 00 is 
!F 00-measurable and second that for every bounded g; 00-measurable 
random variable W, the equation 

E[Xoo W] == E[ZW] , (7 . 19) 

obtains . Each Xn is !F n·measurable, and hence !F 00-measurable, since 
!F n c !F oo for all n. It follows that X oo == limn-+ oo Xn is !F 00-measurable . 
Another way to view this is that each Xn == E[ Zl Y0 , • • •  , Yn] is a function 
of ¥0 ,  • • •  , Yn , so that X00 == lim Xn is an appropriately measurable 
function of the entire sequence Y0 , Y1 , • • •  , and hence measurable with 
respect to !F 00 • 

To prove (7 . 19), it suffices to consider a bounded !F m-measurable Wm 
for arbitary m .  The general case follows by suitably approximating the 
!F 00-measurable W hy random variables Wm with m increasing. But if W,,1 
is g; m·measurable, 

E[Xn Wm] == E{E[ZI:Fn]Wm} 
== E{E[ZWm\!Fn] } if n > m 

Passing to the limit with n yields 

n-+ oo 
and (7 . 19) is proved. 

(since wm is g; m c !Fn 
measurable) 
(by the law of total 
probabilities) . 
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We pause in the example to bring out an observation. Since X 00 === 

limn� oo xn is � oo·measurable� we know from (7 . 1 1) 

On the other hand, we have just validated the representation 

and by virtue of property (7 . 12) and the fact of �n c !F 00 ,  we have 

xn === E[ZI�n] 
=== E{E[Zjff cxJ I.:Fn} 
=== E[Xoo l �n] • 

That is, Xn === E[Xoo i !Fn] � where Xoo === limn � oo  Xn . That this is correct for 
every uniformly integrable Inartingale is worth highlighting as a lemma. 

Lemma 7.3. Let {Xn} be a uniformly integrable martingale (see p. 258) 
with respect to {�n) · Then 

where 

Proof. The basic martingale convergence theorem guarantees the 
existence of X oo === limn� oo Xn and the fact of 

(7 .20) 
n� oo 

We now show that Xn possesses the properties required of E[Xoo i!Fn] in 
l i ne with Definition 7 . 1 .  Note� first� since {Xn} is a martingale that Xn 
i H  .�n-measurable . Let W be a bounded �n-measurable random variable . 
' rhcn 

E[Xoo W] == E [ lim Xm w] m� oo 

=== lim E[Xm W] 
m � oo 

== E[X, W] . 

(the justification of 
interchange of limit 
and expectation is 
given below) 
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That is � Xn satisfies the requirements for E[Xoo l§"n] · The interchange of 
limits is legitimate in view of the inequalities 

I E[Xoo W] - E[Xn W] l  < E[ IXOO W - xn WI ] 
< AE[IXn - Xoo l ] , 

where A < 00 is such that I WI < A , and now appeal to {7 .20) . • 
We have established the important result that every uniformly inte­

grable martingale {Xn} has the form of a Doob�s process Xn == E[ZI§"n] for 
z == xoo == limn� oo xn . 

An Application to Mathematical Analysis. Let f be a real-valued function 
on [0, 1 ] that is Lipschitz continuous , i .e . ,  f satisfies 

l f(x) -
f(y) l < Clx - yl , for all x� y E [0, 1] , 

where C < 00 is a constant. For n == 1 �  2 � . . . , specify [1JJ n as the partition 
of [0� 1) given by 

[1jJ n == {[k/2n � [k + 1] /2n) ;  k == 0� . . . � 2n - 1 }. 
Determine §" n as the ()-field consisting of ¢�  n == [0, 1) and unions of sets 
in [1JJ n • , 

Let Z have a uniform distribution on [0� 1) and define the sequence 

Then {Xn} is a martingale with respect to {§" n}· In fact� §" n is the ()-field 
generated by ¥0 � • • • , Yn � where 

for k satisfying kj2n < Z < (k + 1) /2n , 
and we verified the martingale property in Example (I) of Section 1 . 

Observe that Xn is approximately the derivative off at the (randomly 
chosen) point Z. Of course� f may not be differentiable , but being 
Lipschitz continuous , I Xn l < C for all n� hence {Xn} is uniformly integrable, 
and consequently 

xoo == lim xn n�oo 
exists for a set of Z E [0� 1) having probability one . By Lemma 7 .3 ,  we 
have 

(7 .21 )  
We make explicit the fact that X 00 is some function g of the randorn 
variable Z, by writing X00 == g(Z) .  
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Take B == [0� k/2n) E !Fn . Then from (7 .21) , 
E[Xn I B] == f(kj2n) -f(O) 

== E[X00 JB] 
k/2n 

= I g(x) dx. 
0 

31 3 

By passing to the limit in a sequence of binary rationals converging to 
an arbitrary z E [0� 1) , it follows that 

z 

f(z) -f(O) = I g(x) dx. 
0 

In this sense� g is a derivative of f, the so-called Radon-Nikodym 
derivative . 

8 :  Other Martingales 

The martingale concept requires only that the index set T of the 
process {X(t) ; t E T} have some notion of ordering. In particular, T may 
be any subset of the real line . 

Definition 8.1. Let T be a set in (- co, +co) , and let {X(t) ; t E T} be a 
stochastic process defined on a probability space (0, !F, P) . For each t E T, 
suppose ff t is a sub-(J-.field of� and 

if t < s� t, s E T. 
Then {X(t) } is called a submartingale with respect to {�t} if for all t E T, 

(i) X(t) is !Ft·measurable, 
(ii) E[X(t) + ] < oo� and 

(iii) E[X(t + u) I:F,] > X(t) � u > 0� t + u E T. 
'fo continue� {X(t) } is called a supermartingale if {-X(t) } is a submar­
t ingale� and a martingale if it is both a supermartingale and a submartingale . 

A number of cases commonly arise : 

T === { . . .  , -2� - 1, 0}, 
T === { . . . � - 1, 0� 1, . . . }, 
T === [0 , co) , 
T == (-co, co), 

u nd even 
T= Q, 

the set of negative integers � 
the set of all integers � 
the positive real line, 
the total real line , 

the set of rational numbers . 
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BAC KWA R D  MARTI N G A LES 

Let {Xn ; n == O, -1 , -2, . . . } be a submartingale with respect to 
{�n ; n == 0, - 1 ,  -2, . . .  } . For a concrete example , one might suppose ffn 
to be the ()-field generated by some jointly distributed random variables 
{Yn , Yn _ 1 , Yn _ 2, • • •  }, but other situations are, of course , possible . 

The maximal inequality, Lemma 3 . 1 , becomes 

A Pr { max Xk > A.} < E[�Y0] , 
n <k <O 

A > O, (8. 1) 

provided every xn > 0, and, in view of the independence of the right­
hand side on n, 

A Pr{ sup Xk > A )J < E[X0] , 
k < O  

A > O . 

We discover the same improvement in the upcrossings inequality (4 . 1 1 ) 
of Section 4 . Given real numbers a < b and a negative integer N, define 
Va b (N) to be the number of pairs (i , j) , N < i <j < 0, for which the in-, 
equalities Xi < a, a < Xk < b, for i < k <j, and Xi > b take place. That 
is, Va b (N) counts the number of times Xn upcrosses the interval (a, b) for 

' 

N < n <; 0, with n traversing from N to 0 . Then from Eq. (4 . 1 1 ) , 

E[Va,b(N)] < (b - a) - 1 {E[(X0 - a) + ] - E[(XN - a) + ] } 
< (b - a) - 1 E[(X0 - a) + ] .  

Again, the right-hand side does not depend on N, so that 

where va b == va b(- 00) is the number of upcrossings of (a, b) by xn for 
' ' 

all n < 0 . 
As a consequence of these strengthened inequalities ,  a martingale {Xn} 

whose index set is { . . .  , -2, -1 , 0} always possesses a limit as n � - 00 : 
needing no additional assumptions, 

x_ oo == lim xn 
n-+ - oo 

exists with probability one . But even more is true . If 

{Xn ; n == 0, - 1, -2, . . . } 
is a martingale, { IXn l } is a submartingale , and by (8 . 1 ) 

Pr{W> A}� o, as A� OO, 
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where W === sup JXn l · Using the submartingale property, in the form 
E[ ! Xn l l(An)] < E[ IX0 J I(An)J for any event An that is ffn-measurable, to 
justify the first inequality, we get 

sup E[IXn i i{IXn l > c}] < sup E[IXo i i{ IXn J > c}] n � O n � O 
< E[JX0 I I{W> c}] . 

The same reasoning as in Eq. (6 . 8) shows that the last term goes to zero 
as c� oo. Thus, the martingale {Xn ; n == 0, - 1, -2 . . .  } is uniformly in­
tegrable, and 

n-+ - oo 

Naturally, this reasoning applies instantly to a martingale 

{Xn ; n == . . . , - 1, 0, +1, . . .  } 
indexed by the set of all integers . For such a martingale, 

X_ oo === lim Xn n -+ - oo 
always exists, 

E[ IXn - X- oo i J � O, as n � - 00, 

and, furthermore, 

for all n .  

In striking contrast, following the basic martingale convergence theorem, 
something additional, say, 

sup E[X,; ] < oo, n > O 
i H  essential in order to secure the existence of 

X+ oo == lim Xn , 
n-+ + oo 

a nd the equation 

E[X+ oo] === E[X0] 
requires even more hypotheses, e .g . ,  that the sequence {Xn ; n > 0} be 
1 1  ni formly integrable . 

Let { Z11 ; n == 0, 1 ,  . . .  } be random variables on a probability space 
(fl, .�, P) and let { qj n ; n === 0, 1 ,  . . .  } be a decreasing sequence of sub-(J-fields 
o f .rF, viz . ,  

m: ((I «1 .T :=> 9, :=> 9n + 1 '  for all n. 
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Then { Zn} is called a backward martingale with respect to { qj n} if for 
n === 0, 1 , . . .  

(i) zn is qj n·measurable, 
(ii) E[l Zni J < CO, and 

(iii) E[ Zn \ qJ n + 1 ] == Zn + 1 · 
Thus { Zn} is a backward martingale , if and only if 

n === 0, - 1 , -2, . . .  , 

forms a martingale with respect to 

!J'n === qj - n ., n === 0, - 1 , -2 ., . . . . 

On the basis of our preceding disucssion., the following backward mar­
tingale convergence theorem is established. 

Theorem 8.1. Let { Zn} be a backward martingale with respect to a decreasing 
sequence of (J-Jields { qj n} .  Then with probability one 

z == lim zn n-+ oo 

exists , 
, 

n -+ oo 

and 
for all n. 

Example : The Law of Large Numbers . Let X1 ., X2 ., • • •  be independent 
identically distributed random variables for which E[ IX1 \ ]  < co .  Let 
J1 == E[X1] ., 80 == 0., and introduce the partial sum Sn === X1 + · · · + Xn for 
n > 1 . Let qJ n be the (J-field generated by {Sn ., Sn + 1 , • • •  }. We will derive 
the strong law of large numbers from the observation that 

forms a backward martingale with respect to qjn . Clearly, E[I Zn \ ]  < 00 

and zn is qj n-measurable . 
We start with the trivial identity 

n 
== L E[Xk \ qjn] k = 1 

1 < k <  n ,  
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the last equality resulting in view of the symmetry of the summands .  It 
is convenient to write this relation in the form 

1 < k <  n. 
It follows that 

n - 1 
== (n - 1) - 1 L E[Xk l �n] k = 1 

which verifies the backward martingale property. [The full independence 
is not required in order that { Zn} be a backward martingale . A weaker 
sufficient condition is that { Xk} be exchangeable (also called symmetric or 
interchangeable) random variables� meaning that (X1 � • • •  � Xn) have the 
same j oint distribution as (Xao > � • • .  � Xa<n >) for every integer n > 0 and 
every permutation (J of the indices (1 � . . . � n) into themselves .] 

Invoking the backward martingale convergence theorem� we find that 

z == lim zn exists with probability one , n -+ oo 

and E[Z] == E[Zn] == Jl· The independence of Xu X2 � • • • is vital in order 
to conclude that Z is nonrandom� so that, in fact� Z Jl· The proof 
follows .  For any m == 1 �  2� . . .  � 

Z I • Xm +Xm + 1 + · · · + Xn+m 
- liD ---------------------- ' n -+ oo n 

since any finite number of terms bears no influence in the limit. It follows 
that z and zm == m-

1sm are independent for any finite m == 1 , 2 ,  . . . . 
I I  ence� for any real a� 

and 

Pr{Z> a ah.d Zm > a} ==  Pr{Z > a} Pr{Zm > a}, 
Pr{ Z>  a and max Zk > a} == Pr{Z> a} Pr{ max Zk > a} , n �k �m n �k <m 

Pr{ Z > a and lim sup Zn > a} === Pr{ Z > a} Pr{lim sup Zn > a}. 
B u t  Z === lim Zn === lim sup Zn � and therefore 

Pr{Z > a} === [Pr{Z> a}] 2 • 
I L follows that Pr{ Z > a} can only attain the values 0 or 1 , for every real 
a ,  und thiH property implies that Z is constant (why?) . Moreover� in view 
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of E[ Z] == Jl, the constant value of Z must be Jl · We have completed the 
proof of the strong law of large numbers 

lim n
- 1 S n == J1 

n -+ oo 

with probability one . 

C O NTI N U O U S  PAR A M ET E R  M A RTI N G ALES 

Let {X(t) ; t >  0} be a continuous parameter stochastic process on a 
probability space (0, ff-; P) .  For each t > 0, let fft be a sub-(J-field of ff 
with 

if s < t . 
A random variable T") having possible values in [0, oo] o; is called a 

Markov time relative to {fft} if, for every t > 0") the event { T < t} is in fft . 
We may think of fft as the information available up to time t. From this 
viewpoint, the event that a Markov time is less than or equal to t is com­
pletely decidable by the information available up to time t . 

Since a ()-field includes the complement set of each of its members") an 
equivalent requirement is 

for all t > 0. (8.2) 
For continuous parameter processes, it is not sufficient to require { T =z= t} to 
be an event in fft for each t. However, as before -; every constant time 
T -r is a Markov time, and if S and T are Markov times ")  so are 

S + T") S A T == min{S, T}, and S v T == max{S, T} . 

Thus-; if T is a Markov time-; so is T 1\ t == min { T, t} for every fixed t > 0. 
Of fundamental importance are the times Ta where the process values 

first reach a given level a or beyond") 
Ta == inf{t > 0 ; X(t) > a} . 

�et us suppose that every path X(t) is a continuous function of t. ThiR 
will be the case-; for example ") if X( t) is Brownian motion. Let ff t == ff(X(s) ; 
0 < s < t) be the ()-field generated by {X(s) ; 0 < s < t} . Then each X(s) 
is ff8·measurable and ffs c fft for s < t. In this context-; Ta is a Markov 
time with respect to {ff t} · To verify (8 .2 ) ") observe that") X(t) being 
continuous, { T > t} is synonymous with the occurrence, ·for sorru� 
k == 1 ,  2 . . .  , of the event {mino < u� t (a - X(u)) > 1/k}o; which-; again using 
the continuity, is equivalent to the simultaneous occurrence of 
{(a - X(r)) > 1 /k} for every rational r") 0 < r < t . That is") 

00 
{ T > t} == U  n {(a - X(r)) > 1 /k}. 

k = 1 r, rat ional  
0 ::;; r ::;; t 
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Each event {(a - X(r) ) > 1/k} E :Fr as r < t. Since :Ft is a ()-field� and 
there are only denumerably many rationals r in [0� t] . 

n {(a - X(r) ) > l/k} E §'t . 
0 <r � t 

Again the union of denumerably many sets in :Ft is itself in :Ft , and thus 
{ T > t} E :F t as we wished to show. 

Let A be a closed set and define T(A) , the entry time to A� to be the 
random time 

T(A) === inf{t > 0 ;  X(t) E A}. 
The parallel reasoning reveals that T(A) is a Markov time with respect to 
:Ft === :F(X(u) ; 0 < u < t) � provided X(t) is a continuous function of t. 

Unfortunately� for several technical reasons� the entry time to a set A 
is not necessarily a Markov time with respect to {:Ft } if X(t) is not con­
tinuous or A not closed. It is possible to repair this defect however� by 
enlarging the ()-fields :Ft . Suppose that every realization X(t) � as a func­
tion of t� is continuous from the right and possesses a limit from the left. 
That is , suppose 

' 

X(t) === lim X(s) � 
s ! t 

and 

for all t > 0, 

X(t- )  == lim X(s) exists for all t > 0 .  
s f t 

Continuing with �t == :F(X(u) ; 0 < u < t) � let :Ft+ consist exactly of 
those events that are in every ()-field :Ft + e for every e > 0. In set­
theoretic terms� � t + is the intersection 

:Ft+ == n :Ft +e . 
e > O 

Each !Ft + is a ()-field� each X(t) is :Ft + -measurable, and 

if s < t . 
Finally� let � t + be the smallest ()-field containing every set in :F t + to­
�ethcr with every set in n that is a subset of a set A E !F for which 
I)[ A] == 0. Roughly speaking, �t+ consists of all events that are proba­
h i l iRtically equivalent to events in �t + • 

rrhcn for every Borel set A �  the entry time 

T(A ) == 
{ inf{t > 0 :  X(t) E A}� 

00 ,  
if  X(t) E A  
if X(t) � A  

i �o�  u Markov time with respect to {.� 1 + }. 

for some t > 0� 
for all t� 
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Both the martingale optional sampling and convergence theorems are 
valid in continuous time . If {X(t) ; t > 0} is a submartingale with respect 
to {ff r} , then 

E[X(O)] < E[X( T A t) ] < E[X(t) ] , t >  0, (8.3) 

for all Markov times T. The inequalities are reversed for a supermartingale 
and equality obtains for a martingale . If Pr{ T < 00} = 1 , then 

X( T A t) �X( T) , as  t� oo . 

The optional sampling theorem results when we justify the interchange 
of this limit with the expectation in (8 .3) . 

Theorem 8.1. Let {X(t) ; t > 0} be a submartingale and T a Markov time 
with respect to {fft}· If Pr{ T < 00} = 1 and the random variables 
{X( t 1\ T) + ; t > 0} are uniformly integrable, then 

E[X(O)] < E[X( T)] . 

Corollary 8.1. Let {X(t) ; t > 0} be a martingale and T a Markov time. If 
Pr{ T < 00} = 1 and E[ supt � 0 \X(t) \ ]  < 00, then , 

E[X(O)] == E[X( T)] . 

We use these results to derive a number of important properties of 
Brownian motion in Chapter 7. If {X(t) ;  t > 0} is a Brownian motion 
process with mean zer<? and variance parameter (J2 , then all of 

(i) X(t) , 
(ii) Y(t) === X2 (t) - (J2t, and 
(iii) Z(t) === exp{BX(t) - �e2 (J2t}, real e, 

are martingales with respect to fft == ff (X(u) ; 0 < u < t) . This is proverl 
in Section 5 of Chapter 7 where these martingales are used to derive a 
number of probabilistic quantities associated with Brownian motion. 

It is also true, but much more difficult to show, that 

2 t 
W(t) = exp{Of[X(t)] - � f {02 (f' [X(u)] ) Z + Of"[X(u)] } du} 

0 
is a martingale for every real e and every strictly increasing function .f 
having continuous first and second derivatives f' and f'' ,  respectively, 
provided, as usual, E[W(t)] < 00. 
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Poisson Processes 
If {X(t) ; t > 0} is a Poisson process with parameter A, then all of 

and 

Y(t) === X(t) - At 
U(t) == Y 2 (t) - At, 

V(t) === exp{- BX(t) + At(l - e - 0) }, - oo < e < oo, 
are martingales [with respect to !Ft === ff(X(u) ; 0 < u < t) ] .  

321 

(8.4) 

(8 .5 ) 

(8 .6) 

Fix a positive integer a and let Ta be the first time X(t) reaches a. 
Applying the optional sampling theorem to (8.4)-(8 .6) under the assump­
tion X(O) = 0 and with the observation X( Ta) === a (since a Poisson 
process varies by unit jumps) , we obtain a === AE[ T  a)], 

and with 

or 

or variance( Ta) == ajA2 , 

{3 === -A(l - e- 0) ,  
e0a === E[ exp{-{3 Ta}] , 

E[exp{-f3 Ta}] == ( A ) a
· A + /3 

This last expression is the Laplace transform of the distribution of Ta . 
It shows, as we already knew, that Ta has a gamma distribution with 
parameters a and A . 

�irth l?rocesses 
Suppose {X(t) ; t > 0} is a pure birth process having birth parameters 

A(i) > 0 for i > 0 .  Assume, for convenience only, X(O) === 0. We claim that 
t 

Y (t) === X(t) - I A [X(u)] du, 
0 

and 
t 

V(t) = exp { OX(t) + [1 - e11] I A[X(u)] du} , 
0 

(8.7) 

w lt t� re 0 is fixed, are both martingales ,  provided their expectations are 
f i nite . There are a number of ways to verify these assertions . One of the 
I H �Rt is to reduce the problem to an equivalent assertion concerning 
PoiHBon processes . 
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Let -r 0 , -r 1 ,  • • • denote the times between successive births in the given 
process . The -r i' s are independent, and -rk has an exponential distribution 
with parameter A.(k) . The variables (Jk === A.(k)-rk , k === 0, 1 ,  . . .  , remain in­
dependent and in addition have a common exponential distribution with 
parameter one . They can serve as interoccurrence times in a standard 
Poisson process {N(t) , t > 0}. The relation between X(t) and N(t) is 
illustrated in Fig. 1 .  

From what was stated earlier, 

W( T) == exp{ 8N( T) + T(1 - e0) }, T> O, 

X(t) 

3 

2 

1 , 

t 
0 

To r l r 2 r 3  t 

N(t) \ \ \ \ I 
\ \ \ I I 

I 

\ I \ \ \ 4 I I 3 \ \ \ I 2 \ � \ \ 1 I I 

0 
O'o 0'2 i 0'3 0'4 T 

T = J� A(X(s)) ds 

FIG. 1 .  The interoccunence times (Jk = A(k)-rk all have mean o ne, 
and thus define a Poisson process . 
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is a martingale with respect to q}T === :F(N(u) ; 0 < u < T) . Thus for T> S, 
E[W( T) !N(u) ; 0 < u < S] === W(S) . 

Fix a point t and let T = T(t) be the corresponding point on the T 
scale . The relation is 

t 

T = T(t) = J A[X(u)] du; (8.8) 
0 

and 
N( T) === X(t) . (8.9) 

Fix a point s < t and let S === S(s) correspond to it in a similar manner. 
Conditioning with respect to {N(u) ; 0 < u < S} is equivalent to condi­
tioning with respect to {X(u) ; 0 < u < s} . Thus 

E[W( T) jX(u) ; 0 < u < s] === W(S) . (8 . 10) 

But W( T) === V(t) and W(S) === V(s) , through the substitution of (8 .8) and 
(8. 9) . Thus 

E[V(t) l§'s] = V(s) , 
where .!Fs === §'(X(u) ; 0 < u < s) and {V(t) } is a martingale . 

The cautious reader will have noted a lacuna in our argument. For a 
fixed t, T === T(t) is not fixed, but is random.  However, T is a Markov time 
with respect to { qj T }, and an application of an extended version of the 
optional sampling theorem works to verify (8 . 10) . 

Formally, we may show that Y (t) === X(t) - J� A[X(u)] du is a martin­
gale by letting 8 vanish in the martingale 

e- 1 [V(t) - 1] === Y (t) + o(8) , 
where o (8) are (random) remainder terms . The left-hand side is a martin­
gale for every () # 0 ;  hence Y (t) i -J a martingale . 

Birth and Death Processes 
Let {X(t) ; t > 0} be a birth and death process with birth parameters 

A; === A(i) , i > 0, and death parameters Jli = Jl(i) , i > 1 .  Assume A(O) === 0, 
Ko that 0 is an absorbing state , but suppose A.(i) > 0 for i > 1 .  Define 

f(O) === 0, f(1) === 1 ,  

und 
for j > 2 .  (8 . 1 1 ) 
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Then Z(t) === f[X(t)] is a martingale whenever its mean is finite . (Compare 
to Elementary Problem 25) . To see this � fix s < t and a state i > 1 � and 
consider 

gi(t) === E[Z(t) IX(u) ; o < u < s� X(s) === i] 
=== E[ Z(t) l X( s) === i] �  

the last equation resulting by the Markov property. Then for small h > 0, 
on examining the transitions that can occur over the time interval 
(t� t +h) , we obtain the equation 

00 

gi(t + h) === L E[Z(t + h) IX(t) === k] Pr{X(t) === k!X(s) === i} 
k = O  

00 

== gi(t) + h L {Ak [f(k + 1 )  -f(k)] - Jlk[f(k) -f(k - 1)1 } 
k = O  

· Pr{X(t) === kiX(s) == i} + o(h) . 
Thus 

' (t) - I· g i(t + h) - gi(t) g . - Im -----z h � O h 
00 

=== L {Ak [f(k + 1) -f(k)] - Jlk[f(k) -f(k - 1)]}Pr{X(t) === k!X(s') === i} 
k = O  
00 { [ 111 . . . J1 k] [111 . . . J1 k 1 J } === L Ak A - Ilk A 

- Pr{X(t) == k!X(s) === i} === 0. 
k = o 1 • • • Ak 1 • • • Ak - 1 , 

Since g�(t) === 0� g i(t) === E[Z(t) IX(s) === i] is a constant function of t, for t >  s . 

Letting t -} s � we conclude 
g i(s) === E[Z(s) IX(s) === i] 

=== g i(t) === E[ Z(t) l X(s) === i] , 
and Z(t) is a martingale . 

Fix states i < m and let v(i) be the probability that the process is 
absorbed at 0 before reaching state m conditioned on X(O) _} i. Formally, 

To,m === inf{t > 0 : X(t) == 0 or X(t) === m } . 
We apply the optional sampling theorem to conclude that 

f(i) === E[Z(To ,m)] === v(i) · 0 + (1 - v(i) )f(m) �  
and subsequently 

( .) _ 
f(m) -f(i) v 

� 
- f(m) � 

where f is given in (8 . 1 1) .  
A different approach produced a similar result in Theorem 7 . 1  of 

Chapter 4 .  
There are numerous other martingales associated with a birth and death 

process .  We mention two : 
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{a) Let g(i) o; i === 0, 1 -;  . . · -; be arbitrary-; provided the expectation of 
t 

Y (t) === g[X(t)] - f {A[X(u)] [g(X(u) + 1 ) - g(X(u))] 
0 

- Jl[X(u)] [g(X(u)) - g(X(u) - 1)] } duo; 

is finite . Then {Y (t) } is a martingale . 
Observe that the integral greatly simplifies when g( i) is a solution to 

A(i) [g(i + 1) - g(i)] - Jl(i)[g(i) - g(i - 1)] _ 
1") i > 1 .  

(b) Let g(i) o; i === 0 ")  1 -;  . . .  ") be arbitrary provided the expectation of 
t 

V(t) = exp (- 8g[X(t)] - J [A(X(u)) {l - e- O[g(X(u) + l ) - g(X(u ) )J }  
o 

+ ,u(X(u)) {l - e+ O[g(X(u ) ) - g(X (u ) - 1 )]} ] du) 
is finite for some fixed real parameter e. Then { V ( t)} is a martingale . 

Elementary Problems 

I. Consider a random walk on the integer lattice of the positive quadrant in 
t'vo dimensions . If at any step the process is at (m o; n) o; it moves at the next step 
to (m + l o; n)  or (mo; n + 1)  with probability � each. Let the process start at 
(0") 0) .  Let r be any curve connecting neighboring lattice points (extending 
fron1 the Y axis to the X axis) in the first quadrant. Show that EY1 = E¥2 ") 
where Y1 and ¥2 denote the number of steps to the right and up-; respectively-; 
before hitting the boundary r. The diagram describes an example of r. 
f-{ int : Use an optional stopping theorem for partial sums to show E[ Y1 ] == 
E[¥2] = �E[ T] ")  where T is the number of steps it takes to  reach the boundary. 

- r 

.-
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2. Consider the following discrete time Markov process with the unit interval 
as state space . If the process is at p (0 < p < 1) at the present, it will jump to 
a +  {Jp with probability p and to {Jp with probability 1 -p  after the next trial, 
where a, fJ > 0 and a + fJ == 1 .  In symbols, the process is defined by the trans­
formation law 

_ {a + {3X n , with probability X n , 
X

11 + 1 - f3Xn , with probability 1 - X11 • 

Show that this process is a martingale . 

3. Let W(n) be a branching process with immigration : 

where yn is the immigration in generation n and xn , j is the number of offspring 
of the jth individual in generation n, all independent. Suppose E[Yn] == A 
and E[X11 , j] === m =I- 1 .  Show that 

is a martingale. 

4. Let X11 be the number of males and Yn the number of females in the nth 
generation of a population. Permanent pairs are formed. Thus .. Z11 === 

min{X11 ,  Yn} pairs produce offspring, and they do so independently according 
to the generating function g(t, s) = E[tc!s11] , where � is the number of male, and 11 
the number of female offspring of a single parental pair. Show that Z11 is a 
supermartingale if either E[�] < 1 or E[17] < 1 holds . 

5. Assume Y1 , ¥2 , • • • are independent and identically distributed with 
Pr{Y1 == + 1} == p, and Pr{ Y1 == -1} == q == 1 - p. Fix positive integers a and 
b. With S0 == 0, and S11 == Y1 + · · ·  + Yn , n > 1 ,  let 

T == min{n : S11 == - a  or 811 = b} . 

Establish the formula 

b a +  b 1 - (pfq)b 
E[T] - -

·
---- p - q p - q 1 - (pjq)a+ b  when p -=1= q. 

(The equation E[ T] = ab when p == q = � was derived in Example (a) of 
Section 4. ) 
6. Let Y1 , ¥2 , • • •  be the independent and identically distributed with Pr{ Y1 -::-.; 

+1} = p, and Pr{ Y1 == - 1} == q == 1 - p. Suppose p > t > q. With S0 == 0 
and S 11 == Y 1 + · · · + Y 11 for n > 1 let 

T == min{n : Sn > �} 
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for some fixed positive integer b.  Deduce the generating function 

T (1 - {1 - 4pqs2}1 /2) b 
E[s ] == 

2 
, qs 

Hint : Use Wald's identity. 

0 < s <  1 , 
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7. Under the conditions of Elementary Problem 6., derive the mean E[ T] == 

bf (p - q) and the variance Var[ T] == b[1 - (p - q)2] j(p - q)3 • 

8. Let Y(O) , Y(1 ) , . . .  be the success -runs Markov chain in which P00 == 1 ., so 
0 is an absorbing state, and Pi. i + 1 == p, P iO  === q = 1 -p for i === 1 ., 2, . . . . Let a 

and b be arbitrary real constants. Show that 

X ==  n 

is a martingale. 

b 

a -
+ b 1 - -

(1) Y(n) - 1 [ (1) Y(n) - 1 ] 
p p 

if Y(n) == 0, 

' if Y(n) > 0 

9. Consider a family of r.v. 's {Xn}g:' , each having finite absolute expectation 
and satisfying 

n > 0, 

with a > 0., {J > 0, and a + fJ == 1 . Find an appropriate value of a such that 
the sequence 

eonstitutes a martingale with respect to {Xn} · 
10. Let {Xn ;  n > 0} be a martingale with respect to {Yn} · Prove for any set of 
i ntegers k < l < m that the difference Xm -Xz is uncorrelated with Xk , that is , 

I I  int : Evaluate the expectation by conditioning on Y1 , • • •  , Yk .  
I I . Let { 

�
i} be a sequence of r.v. 's such that the partial sums 

xll == 
�
0 
+ �1 + . . .  

+ �n ' n >  1 , 
c l c · termine a martingale . Show that the summands are mutually uncorrelated, 
i . � · . ,  E[ 

� 
i 
�
j] === 0 for i =J= j. 

1 2. Let Sn == X1 
+ 

· · ·  + Xn be a martingale satisfying E[X�] < K < oo ,  for all 
k .  Show that Sn obeys the weak law of large numbers : 

as n �  oo , 

fo r uny posi tive c; .  

I I i nt : Use the 1naximal inequality and the orthogonality result of Elementary 
P r·u hle rn 1 1 . 
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13. Let { 
� 

Jr= 0 be a sequence of real valued jointly distributed random variables 
that satisfy E[

�
i l
�
o , 

�
1 , • • •  , 

�
i - 1 ] = 0, i = 1 , 2, . . . .  Define 

n x
n + 1 == L 

�
i+ 1

f
i(
�
o , 
�
1 ' . . .  , 

�
i) , i = 0 

where 
f
i are a prescribed sequence of functions of i + 1 real variables . Show that 

{Xn} form a martingale . 

14. Consider a game of tossing repeatedly and independently a fair coin where 
the result 

�
k at round k has Pr{�k == 1} == Pr{�k = -1} == � - Suppose a player 

stakes in the first round a unit and doubles the stake each time he loses and 
returns to the unit stake each time he wins . Assume the player has unlimited 
funds (or credit) . Let X n be the net gain after the nth round. Show that {X n} f 
determines a martingale with respect to {

�
n}r . 

Hint : Estab1ish that Xn can he represented in the form 
n 

X n == L 
� 
k
f
k ( 
� 
1 ' · · · ' 

� 
k - 1 ) k = 1 

for suitable 
f
k , and consult Elementary Problem 13 .  

15. (a) Consider a Markov chain {Xn ; n > 0} on the state space {0, 1 ,  2, . . .  , N} 
with transition probability matrix 

(*) 
(N) ( · ) i ( · ) N - i 

Pii = j � 1 - � . 
{ Xn(N- Xn) 

Establish that {Xn ;  n > 0} and Vn 
== ( 1  _ N- 1 )n , 

martingales with respect to {X n 
1
· 

(b ) Replace (*) by 

(**) 
( �i) ( 2z = 1 i ) p

ij = (�) . 
In this case determine A such that 

is a martingale with respect to {Xn} · 

n > O, 

n > 0} constitute 

16. Suppose ¥0 is uniformly distributed on (0, 1 ] ,  and given Yn , suppoRn 
Yn+ l is uniformly distributed on ( 1 - Yn , 1 ] . Show X0 == ¥0 , and 

n == 1 ,  2,  . . .  

is a martingale. 
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17. From an urn that initially contains one red and one green ball, a ball i s  
drawn at random and it  and one more of the same color are returned. This 
process i s  repeated indefinitely. Let Xn he the fraction of red balls at stage n.  
( a) Use the maximal inequality to show Pr{Xn > 3/4 for some n == 1,  2, . . .  }< 
2/3.  In words, there is 2/3 or less chance of ever there being more than 3/4 of 
the ba1ls red. (b) Using the limit distribution found in Example (g) of Section 6, 
show limn�oo Pr{Xn > 3/4} == 1/4 .  In words, the ' probability is 1/4 that, in the 
limit, 3/4 or more of the balls will be red. 

18. Let Pij == e - ii1 jj ! ,  i, j == 0, 1, . . .  be the transition probabilities for a 
Markov chain Xn . We consider P00 == 1 .  (a) Verify that Xn is a martingale. 
(b) Derive the inequality 

Pr{ max Xn > aiX0 == i} <\if a 
O s n < oo 

for i ,  a == 1 ,  2, . .  . . (c) Prove that limn � oo Xn == 0 with probability one . 

Hint : Apply the optional sampling theorem with T being the first time n that 
xn == 0 or xn > a. 

19. Let Xn be a Markov chain whose transition probabilities are Pi . i == 1/ 
[ e(j - i) !] for i == 0, 1, . . .  and j == i, i + 1, . . . . 

Verify the martingale property for: 

(a) yn == xn - n ; 
(b) Un == Y,; - n; 
(c) Vn == exp{Xn - n(e - 1)}. 

20. Let {Xn}1 be a submartingale. Show that the sequence 
n 

Un == I {E [ Xi iX1 , x2 , x3 , . . . , xi - 1 ] - Xi - 1 }, 
i = 2 

i H  an increasing process, i .e . ,  un > un- 1 • 

n > 2, 

2 1 . Consider a Markov chain {Xn ; n > 0} on the state space of the non­
nc ·gative integers with transition probability matrix P === I I Pij l l · Let u(i, n) 
I w a function defined on the integers i, n > 0 and satisfying the functional 
c · q uation 

00 
u(i, n) == I u(k, n + m)Pf;:> k = 0 

w h �'rc P:;:' J is the m step transition probability from state i to k. Show that 

Un == u(Xn , n) 

i ""  n ntartingale with respect to {Xn}· 

22. ConHider a Markov chain {X n ; n > 0} involving N states whose possible 
M l  u t t' values are x0 < x1 < · · · < xN with transition possibility matrix Pij == 
p,.{ ,\' ,, + 1 -:::_· xJ IXn == X;}· Suppose { X,J is also a martingale. Show that states 
'u uud xN art� ubsorhing, i .e  . ., P0 , 0 == PN,N ::::::: 1 .  
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23. Consider a Markov chain {Xn ; n > 0} of N states {0, 1 ,  2, . . .  N} and 
transition probabilities 

where 

1 - 8- 2aifN 
ni == 1 - 2a • 

- e 

Show that Z n == e - 2aXn is a Martingale . 

24. Let {Xn , n > 0} describe a transient Markov chain on the non-negative 
integers with transition probability matrix P == I I  Pij l l · Define 

00 

u(i) == L Pf3) . n= O  

Show that 

U n == u(Xn) is a submartingale . 
i 

25. Consider a finite birth and death process {X(t) , t > 0} with infinitesimal 
parameters Ai and l1i , 0 < i < N ( 11o == 0). The infinitesimal matrix is 

-Ao Ao 0 0 0 

111 - (A1 + 111 )  ,11 0 0 
A ==  0 112 - (,12 + 112 ) A2 0 

. • 

. . 
• • • AN -AN 

Consider any solution y == (y0 ,  y1 , • • •  ) of the linear system 

Ay == 0. 

Establish that Y(t) == Yx(t)' t > 0, is a martingale with resp�ct to g-t == 
a(X(u) ; u < t) . 

Hint : Show that if Ay == 0, then 

N Yi == L Pij(t)yj '  j = O  
i == 0, 1 ,  . . .  , N, 

holds for all t > 0, where Pij(t) represents the transition probability matrix of 
the process {X(t), t > 0} . · 

� Problems 

1. Prove : if {Xn} is a submartingale and cp(x) is a convex, increasing funct ion ,_ 
then {cp(Xn)} i s  a submartingale whenever E!cp! (Xn) l  < 00 for aU n (cf. Lenut Ul  
2 .2) .  
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2. Suppose P == I I· Pij l l is the transition probability matrix of an irreducible 
recurrent Markov chain {Xn}· Use the supermartingale convergence theorem 
(see Remark 5 . 1 )  to show that every nonnegative solution y == {y( i)} to the 
system of inequalities 

00 

y( i) > I Pijy(j), for all i, 
j = O 

is constant. 

Hint : Paraphrase Example (a) of Section 6. 

3. Let { Un} and { Vn} he martingales with respect to the same process { Yn} · 
Suppose U0 == V0 == 0 and .E[ U;] < 00, E[ V;] < 00 for all n. Show 

As a special case , 

n 

E[Un Vn] == L E[( Uk - uk- 1 ) ( Vk - vk- 1 )] . k = 1 

n 
E[u;] == L E[( Uk - uk_ 1 ) 2] . k = 1 

Hint : Because un vn == Ik� l ( Uk vk - uk- 1 vk- 1 ) , it is enough to show 
E[ Uk Vk - Uk_ 1 Vk _ 1 ]  == E[( Uk - Uk_ 1 ) ( Vk - Vk _ 1 )] . But E[( Uk - Uk_ 1 ) 
( Vk - Vk _ 1 )] == E[Uk Vk] - E[Uk _ 1 Vk] - E[( Uk - Uk_ 1 ) Vk _ 1 ] .  Now evaluate 
the last two expectations by first conditioning on ¥0 , • • •  , Yk _ 1 and using the 
martingale property. 

4. Suppose {Xn} is a martingale satisfying, for some a > 1 ,  

for all n. 

Show 

/ l int : E[max0 :S:k s n iXk i J  == fo Pr{maxo =::;; k =::;; n i Xk l > t} dt. Now use the 
r nal inequality on the submartingale IXn l a· 

. maxi-

5. Let {Xn} be a submartingale. Strengthen the maximal inequality, Lemma 
r. . I . , to 

A. > 0. 

( Note : Lemma 5 . 1  requires Xk > 0 for all k. The above does not . )  
CuuHequently, for a martingale {Xn} , 

,1 > 0. 
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6. The result of Problem 5 can be used to strengthen the inequality in Problem 4 
to the form 

Prove this when a == 2. 

7. Extinction of populations. Consider a population of organisms living in 
some bounded environment, say the Earth. Let Xn be the number of organisms 
alive at time n and observe that {0} is an absorbing state , xn == 0 implies 
Xn +m === 0 for all m. It is reasonable to suppose that for every N there exists b > 0 satisfying 

if Xn < N, 

n == 1 , 2,  . . . . Let tff be the event of eventual extinction 

tff == {Xk == 0 for some k = 1, 2, . . .  } . 

Show that with probability one., either C occurs or else Xn� oo as n� oo. Since 
the latter cannot occur in a bounded environment, eventual extinction is 
certain. 

8. Let Z, Y0 , Yl ' . . .  be jointly distributed random variables and assume 
E[ I Z I 2 ] < oo. Show that Xn = E[Z I Y0 , • • •  , Yn] satisfies the condition§ for the 
martingale mean square convergence theorem. 

9. Let {Xn} be a martingale satisfying E[X;] < K < 00 for all n. Suppose 

lim sup iE[XnXn + mJ - E[Xn]E[Xn +mJ I == 0. 
n-+ oo m > 1 

Show that X ==  limn-+ oo Xn is a constant, i .e . ,  nonrandom. 

10. Let {Xn} be a martingale for which E[Xn] = 0 and E[X;] <oo for all n .  

Show that 

{ } E[X;] 
Pr or:::.. Xk > A 

< E[X; ] + ;,z , A > 0. 

Hint : For every c > 0, (Xn + c)2 is a submartingale , and for A > 0 we may 
apply the maximal inequality to get 

PrLr::::n xk > A} 
< 

PrLr:::n (Xk + c)2 > (A + c)2 } 
E[(Xn + c) 2] 

< (A + c)2 ' for all c > 0. 

Now determine the value c which gives the best bound, i .e . ,  Ininitnizcs L i t" 
right-hand side. 
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II. Let {Xn} be a submartingale. Show that 

A Pr { min Xk < -A} < E[X,; ] - E[X0] , O s k s n  A > 0. 

I2. Prove : If {Xn} is  a nonnegative supermartingale, then 

A Pr{ max Xk > A} < E[X0], A > 0. O <k s n  
(Cf. Lemma 5 .2.) 
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Problems 13-16 all occur in the same context. Let PJJ0 == { B1 , B2 , • • •  } be a 
denumerable partition of a set n. That is, 0 == U� 1 Bn and B i n B i == 0 if 
i #-j. Let PJJ be the ()-field consisting of 0, 0 and all sets that are unions of 
sets in PJJ 0 , i .e . , of the form 

j 
B = U Bn(k) ' 1 <j < 00 ,  with Bn(k) E f!A0 • k = l 

I3. Suppose PJJ is the ()-field generated by some random variable Y (having, 
then, at most a denumerable number of possible values) .  Show that a random 
variable X is PJJ-measurable if and only if X ==  f( Y) for some real-valued 
function f. 
I4. S:uppose X1 and X2 are PJJ-measurable random variables. Show that 
a1 xl + Uz Xz is .16'-measurable for all real al ' az . 

I5. Suppose Y is PJJ-measurable, and E[l YI J < oo .  Show that E[ YZ] > 0 
for all bounded nonnegative PJJ-measurable random variables Z implies 
P[{w : Y(w) > 0}] = 1 .  

I6. Show that X is PJJ-measurable if and only if 
00 X(w) ==  L ak iBk(w), k = l 

for some real sequence { ak}, where 

if w E Bj ' 
if w ¢ Bi . 

In particular, observe that X(w) is constant on each of the sets Bi . 

1 7. Fix A >  0. Suppose X1 , X 2 ,  • • •  are j ointly distributed random variables 
whose joint distributions satisfy 

E[exp{AXn + 1 } IX1 , • • •  , Xn] < 1 ,  

l �( · t  Sn == X1 + · · · + Xn (S0 == 0). Establish 

Pr{ sup (x + Sn) > z} < e- A-<L - x) , n � o 

for all n .  

for x < l. 

I I i  nt : Use an optional sampling theorem on the nonnegative supermartingale 
c • xp {  -A(l - X - S,.) } .  
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18. Let X be a random variable for which 

Pr{ -c; < X < + e} = L, 

and 

E[X] < -pe, 

where e > 0 and p > 0 are given. Show that 

E[e;.x] < 1 ,  

for A, == e-1  log[( 1 + p)/(1 - p)] . Apply the result of Problem 17 to  bound 

Pr{sup (x + Sn) > z) , 
n ;::: 0 

for x < l, 

(A) 

(B) 

where S, == X 1 + · · · + X n , and the conditional distribution of X n + 1 given 
X1 , • • •  , Xn satisfies (A) and (B).  

19. Let X be a random variable satisfying 

(a) E[X] < m < 0, and 
(b) Pr{-1 < X < + I} == 1. 

Suppose X1 , X2 , • • •  are jointly distributed random variables for which the 
conditional distribution of xn + 1 given x1 '  . . .  , xn always satisfies (a) and (b) .  
Let sn == x1 + . . . + xn (So == 0) and for a <  X let 

Ta == min{n : X + sn < a} .  

Establish the inequality 

E[Ta] < (1  + X - a)/ lm l ,  a <x. 

20. Let T, Y0 , Yp . . .  be  random variables .  Suppose the possib1e values for 
T are {0, 1 ,  . . .  } and, for every n > 0, the event { T > n} is determined hy 
( Y0 ,  • • •  , Yn) ·  Is T necessarily a Markov time with respect to {Yn}? Providn 
a proof or counterexample to support your claim. 

21. Let Sn == � 1 + · · · + �n , where {�k} are independent identically distributed 
positive random variables (Pr{�k > 0} == 1) .  Prove that 

sup E[ n 
S ] < oo ,  for any a >  0. 

n 2 1 a + n 

[The case where �k assumes only integer values was treated in Exan1ple ( c· ) 
of Section 6] . 

22. Let Y1 , Y2 , • • • be independent random variables with Pr{ Yk == -1�� 1} 
Pr{ Yk == - 1} == 1/2 .  Put Sk == Y1 + · ·  · + Yk . Show that 

a 
for all k == 1 ,  . . .  , �ISN == a} == 1 - N' · 
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23. IJet � n be nonnegative random variables satisfying 

00 

where bn > 0 are constants and A= L bn < oo .  Show that with probability n =  1 
one , �n converges to a finite random variable � as n � oo .  

24. The Haar functions on [0, 1) are defined by 

n ==  1 ,  2, . . .  , 
0, otherwise., 

It helps to plot the first five . 

j == 1 ,  . · . . , 2". 

Let f (z) be an arbitrary function on [0., 1] but satisfying 

1 
I lf(z) l dz < oo. 
0 

l)efine ak == Jb f(t)Hk (t) dt. Let Z be uniformly distributed on [0, 1 ] .  Show that 

nnd 

n 
f( Z) == lim L ak Hk( Z) with probability one , 

n -+ oo  k =:  1 
1 

lim I f(t) - f. ak Hk(t) dt==O. 
n-+ oo  0 k =  1 

25. Suppose Xp X2 , • • • are independent random variables having finite 
n 

r n o rucnt generating functions <pk (t) == E[exp{tXk}] . Sho-w·., if <l>n (t0 ) == [1 cpk(t0) � k ;;;;; 1 ( I ) ( to ) as n �  oo .,  to * 0 and 0 < <I>(to ) < 00 ,  then sn == x1 + . . .  + xn converges 
w i 1 h probability one . 

2(». I�ct 0 be an absorbing state in a success runs Markov chain {Xn} having 
l r·u nf-l i tion probabilities P00 == 1 and Pi, i+ 1 = P i == 1 - Pi , 0 for i == 1 .,  2 ,  . . . .  
S u ppose Pi > P i + 1 > . . . , and let a be the unique value for which apa _ 1 f (a - 1) > 
I · (a -1- 1)pafa. Define 

0., 
f(i) == ap ;Pi + 1 • . .  Pa- 1 '  

for i == 0, 
for 1 < i < a, 
for i :2: a. 
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(a) Show that f(i) > i for all i == 0� 1 �  . . . .  
(b) Show that f(i) > E[f(Xn + t ) IXn == i] for all i� so that {f(Xn)} is a non­

negative supermartingale . 
(c) Use (a) and (b) to verify that f(i) > E[Xr1X0 == i] for all Markov times T. 
(d) Prove f(i) == E[Xr* IXo == i] � where T* == min{ n > 0:  XII > a or xn == 0} . 

Thus� T* maximizes E[Xr iX0 == i] over all Markov times T. 

27. Let n = { W p  w2 ' . . .  } be a countable set and !F the ()-field of all subsets 
of n. For a fixed N, let Xo � x1 ' . . . , XN be random variables defined on n and let 
T be a Markov time with respect to {X n} satisfying 0 < T < N. Let !F n be the 
()-field generated by X0 , X 1 , • • •  � X n and define !F T to be the collection of sets A 
in !F for which A n { T == n} is in !F n for n == 0, . .  · �  N. That is ,  

!Fr = {A : A E !F  and A n { T = n}E!Fn � n == O, . . .  , N}. 

Show: 

(a) !F T is a ()-field� 
(b) T is measurable with respect to !F T , 
(c) !F T is the ()-field generated by {X0 , • • •  , Xy}, where {X0 � • •  · �  Xr} is 

considered to be a variable-dimensional vector-valued function defined on n. 
28. Suppose S,� == X1 + · · · -!- Xn is a zero-mean n1artingale for which E[X�] 
< oo for all n. Show that Snfbn � 0 with probability one for any monotonic 

00 
real sequence b1 < · · ·<bn < bn + 1 t oo�  provided L E[X�]Jb; < oo. 

n = 1 

29. Let X" be the total assets of an insurance company at the end of year n .  
In each year, n, premiums totaling b > 0 are received, and claims An are paid, 
so X 1 1  + 1 == X n -+- b - .. A 11 • Assume A 1 , A 2 � • • •  are independent random variables, 
each normally distributed with mean J1 < b and variance ()2 • The company is  
ruined if its assets ever drop to zero or less. Sho'v 

Pr{ruin} < exp{ -2(b - Jl)X0j()2} .  

30. Let Y1 � ¥2 � • • •  be independent identically distributed positive rando1.n 
variables having finite mean Jl· For fixed 0 < {J < 1 ,  let a be the smallest value� 
u for which u > {JE[u V Y1]  == {JE[max{u, Y1 }] . Set f(x) == a  V x. Show 
that {f3"f(Mn)1 is a nonegative supermartingale, where Mn = max{ Yp . . .  � Yn} 
whence a =  f(O) > E[{JT f(M1,)] for all Markov times T. Finally establish thnt 
a =  E[{JT:'Mr*] for T* = min{n > 1 :  Yn > a}.  Thus, T* maximizes E[[JT_M'/' 1 
over all Markov times T. 

31. Let X� x1 � x2 � . . .  be independent identically distributed random variab iP H  
having negative mean J1 and finite variance (j2 • With S0 == 0 and Sn =- X  1 I 
· ·  · + Xn � set M = maxn 2 o  Sn . In view of J1 < 0, we know that M < oo. A s � u nu� 
E[M] < oo .  (In fact� it can be shown that this is  a consequence of ()2 < CX:> . )  
Define r(x) == x+ == max{x, 0 }  and f(x) == E[(x +M - E[M]) + ] . 

(a) Show f(x) > r(x) for all x. 
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(b) Show f(x) > E[f(x + X)] for all x, so that {f(x + Sn)} is a nonnegative 
supermartingale [Hint : Verify and use the fact that M and (X + M) +  have the 
same distribution.] 

(c) Use (a) and (b) to show f(x) > E[(x + Sr) + ]  for all Markov times 
T. [(x + 800) + == limn � oo (X + Sn) + == 0.] 

32. (Continuation). Let T* be the Markov time 

T* 
= {min{n > 0 :  X + sn > E[M] } , 

00 ,  
if X + sn > E[M] for some n, 
if X + sn < E[M] ,  for all n. 

Show that f(x) ==E[(x + Sr*) + ] ,  so that T* maximizes E[r( S r)] over all Markov 
tiines T. 

33. Let {Xn} be a success runs Markov chain having transition probabilities 
Pi ,  i + l = P i = 1 - Pi , 0 , for i == 0, 1 , . . . . Suppose 0 <pi < 1 and Pi > P i+ 1  
> · ·  · . Fix 0 < fJ < 1 ,  and let a be the unique value for which af3pa_ 1 j(a - 1) 
> 1 > (a + 1)f3Pafa. Define 

f(i) == � Pi · P i + 1  . . .  Pa- 1 '  { {Ja - i 

z,, 

(a) Show that f(i) > i for all i. 

for 
for 

i < a, 
i > a. 

(b) Show that f(i) > f3E[f(Xn) 1Xn- l == i] ,  so that {{Jnf(Xn)} is a nonnegative 
su permartingale. 

(c) Use (a) and (b ) to verify that f (i) > E[[JTXriX0 = i] for all Markov 
times T. 

(d) Finally, prove f(i) == E[f3T*Xr* IX0 == i] , where T* = min{ n > 0 :  Xn > a}. 
Thus, T* maximizes E[f3TXr 1X0 == i] over all Markov times T. 

34. Let Zn be a Markov chain having t�ansition matrix P(i, j) .  Let f(i) be a 
hounded function and define F(i) == Li P(i, j)f(j) - f(i) for all i. Show that 

F(Z1 ) + · · ·  + F(Zn ) 
-------- ---+ 0, as n ---+ oo ,  

n 
"\Vith probability one . 

/ lint :  Use the results of Problem 28. 

:15. Let {Xn} be a martingale satisfying supn E[IXn i J < 00 .  Derive the re­
p resentation Xn == X� 1 > - X�2 >, where {X�i)} are nonnegative martingales 
having bounded means . 

/ l int : z� == E[ IXN + 1 1 I Yo ' . . .  , YIJ] is increasing in N, so ZIJ == limN� oo z� 
t • xis ts, i s  nonnegative, and E[I Z11 j ]  < supn E[IXn i J < 00 .  Prove that {Zn} is a 
t n artingale, and then use xc�> == Z11 and X<� > == Zn - Xn .  
:16. Le t {X11} be a submartingalc having a finite mean and for which X0 == 0. I ) c · rive the representation X n == X� + X� , where {X�} is a martingale and 
\, " - �  X " . d . 
. , �-> n + 1 I S a non ecreastng process.  

I I  in.t : See Elc1nentary Problem 20. 
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37. Let {Xn} be a Inartingale for which Y == supn iXn + 1 - Xn l  has a finite 
mean. Let A1 be the event that {Xn} converges and A2  the event that 
lim sup Xn == + oo and lim inf Xn == - oo .  Show that Pr{A1} + Pr{A2} == 1 .  In 
words, { Xn} either converges , or oscillates very greatly indeed. 

Hint : For every k, Xn == Xr " n converges ,  where T == min{n : Xn > k}, 

because Xn< k + Y, so supn E[Xn] < 00 .  Thus the alternative to {Xn} con­
verging is included in the event lim sup Xn > k for every k. The same analysis 
applies to {-Xn} · 
38. Let cp( �) be a symmetric function, nondecreasing in I �  I ,  with cp(O) = 0, 
and such that {<p( Yj)}j = o is a submartingale . Fix 0 == u0 < u1 < · · ·  < u, . 
Show that 

P { I Y · l . · 1 <  . } > 1 -
� E[cp( Yi�] - E[cp( Yi- 1 )] 

r 1 < u1 , _ ] < n 
_ � ( ) . j = 1 <p uj 

(If <p(�) == �2 , u1 == • · • ==un == A, 've obtain Kolmogorov's inequality. ) 

Hint : Let Ij be 1 if { I Yj l < uj} and 0 otherwise. Then 
n 

Pr{ l Yi l < ui ; 1 < j < n} == E [n Ii] 
J = 1 

n - 1 
> E [n Ii (1 - cp( Yn - 1 )) ] _ E[cp( Yn)] - E[cp( Yn- 1 )] , 

j = 1 <p(un- 1 ) cp(un) 

using successively that { <p( Yn)} is a sub martingale , and { un} increasing. Repeat. 

39. Let { Yn} he a nonnegative submartingale and suppose bn is a nonincreasing 
sequence of positive numbers . Suppose L:= 1 (bn - bn + 1 )E[Yn] < oo .  Prove that 

00 

A Pr{ sup bk Yk > A} < L (bk - bk + 1 )E[Yk] .  k � 1 k = 1 

40. Let {Xn} be a family of r.v. 's and let <p(�) be a positive function defined for 
� > 0 satisfying 

as � � oo .  

Suppose that 

sup E[cp( IXml )] < K < oo .  
m � 1 

Show that {Xn} is uniformly integrable . 
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41. Let Rk(x) be a Rademacher functions Rk (x) ==- sign sin(2
k 
+ 

1 
nx). Define 

, 

L,(x) = 0 ( 1  + ak Rk(x)) 
k = 1 

where ak are constants . 

for 0 < x < 1 �  

339 

Let $P n � n = 0� 1 �  . . . be the field of sets induced by the partition of the 
unit interval� viz . � 

k == 0 � 1 � . . .  � 211 + 
1 

• 

Let p( dx) be a probability measure which assigns probability 1/2" + 
1 

to each 
basic subinterval of � n . Show that 

(1 )  L, is a r.v. measurable �n . 
(2 )  L,, is a martingale adapted to the ()-fields �n · 

N OTES 

Doob [1] developed martingale theory and demonstrated the broad 
usefulness of the concept .  
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Chapter 7 

B R O W NIA N  M O TI O N  

R. Brown� in 1827 � observed that small particles immersed in a liquid 
exhibit ceaseless irregular motions . Historically� the Bro"\vnian motion 
process that is the subject of this chapter arose as an early attempt to 
explain this phenomenon. Today� the Brownian motion process and its 
many generalizations and extensions arise in numerous and diverse areas 
of pure and applied science such as economics�  communication theory� 
biology� management science� and mathematical statistics . 

The first four sections of this chapter provide an introduction that 
should be included in every first course in stochastic processes .  The next 
section uses martingale methods to compute a number of expectations 
and probabilities associated with Brownian motion. It requires Section 5 
of Chapter 6 as a prerequisite . The last sections treat mOJ:e specialized 
topics . 

1 : Background Material 

Certain special classes of stochastic processes have undergone extensive 
mathematical development. The Brownian motion process is the most 
renowned and historically the first which was thoroughly investigated. We 
will present a bare introduction to some of its salient features and hope 
thereby to whet the appetite of the reader for the elegant and elaborate 
theory of this process . 

As a physical phenomenon the Brownian motion was discovered by the 
English botanist Brown in 1827 .  A mathematical description of this 
phenomenon was first derived from the laws of physics by Einstein in 
1905 . Since then the subject has made considerable progress . The physical 
theory was further perfected by Smoluchowski� Fokker� Planck, Burger, 
Furth� Ornstein� Uhlenbeck� Chandrasekhar� Kramers� and others . The 
mathematical theory was slower in developing because the exact mathe­
matical description of the model posed difficulties� whereas some of the 
questions to which the physicists sought answers on the basis of this 
model were quite simple and intuitive . Many of the answers were obtained 
in a heuristic way by Bachelier in his 1900 dissertation 1 whereas the fi r·Rt 

1 Louis Bachelier, " Theorie de la speculation " (doctoral dissertation in mathematics, Uni vc� r­
sity of Paris, March 29,  1 900) , Annales de l'Ec?le Normale Superieurc , Ser. 3 ,  17, 2 1 -86 (1 ()00) . 
English translation : pp. 1 7-75 of P. H. Cootner (ed .) The Randon1 Character of Stock Murkt't 
Prices, MIT Press, Cambridge, Massachusetts, 1 961 . .  

340 
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concise mathematical formulation of the theory was given by Wiener in 
his 1918 dissertation and later papers . (See the References at the close 
of the chapter. )  

In terms of our general framework of stochastic processes� the Brownian 
motion process is an example of a continuous time� continuous state space, 
Markov process . 

Let X(t) be the x component (as a function of time) of a particle in 
Brownian motion (cf. p. 21) . Let x0 be the position of the particle at time 
t0 � i .e . � X(t0) == x0 • Let p(x� t l x0) represent the conditional probability 
density of X(t + t0) � given that X(t0) == x0 • We postulate that the 
probability law governing the transitions is stationary in time and there­
fore p(x� t l x0) does not depend on the initial time t0 • 

Since p(x� t l x0) is a density function in x� we have the properties 
00 

J p(x, tl x0) dx = I .  ( 1 . 1) 
- oo  

Further� we stipulate that� for small t� X(t + t0) is likely to be near 
X(t0) == x0 • This is done formally by requiring 

lim p(x� t l x0) = 0� for x # x0 • ( 1 . 2) 
t --+- 0 

From physical principles Einstein showed that p(x� t l x0) must satisfy 
the partial differential equation 

(1 .3) 

This is called the diffusion equation� and D is the diffusion coefficient. 
Srnall particles execute Brownian motion owing to collisions with the 
rnolecules in the gas or liquid in which they are suspended. The evaluation 
o f  D is based on the formula D == 2R Tf Nh where R is the gas constant� 
T' is the temperature � N is Avogadro�s number� and f is a coefficient of 
friction. By choosing the proper scale we may take D = � · Then we can 
verify directly that 

( 1 .4) 

i:-� a �olution of ( 1 . 3) � in fact� the unique solution under the boundary con­
d i l  i ons ( 1 . 1 ) and ( 1 .2) . (The problem of the uniqueness of solutions of ( 1 .3) 
ucc �d s to be formulated precisely and its analysis entails considerable care 
I H �  yond the scope of this book. 
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Another approach to ( 1 .3) is an approximation by means of a discrete 
random walk. Consider the symmetric random .walk on the integers (see 
Example B �  Section 2 of Chapter 2) . Let pk(n) be the probability that a 
particle in this random walk finds itself k steps to the right of its starting 
point at time n. The Chapman-Kolmogorov relation [formula (3 .2) of 
Chapter 2] for this process becomes 

Pk(n + 1) == lPk + l (n) + lPk - l (n) � 
which we may write as 

We recognize on the left the discrete version of the time derivative and on 
the right one half of the discrete version of the second derivative in the 
spatial variable . By an appropriate limiting process where the time be· 
tween transitions shrinks to zero and simultaneously the size of the steps 
contracts appropriately to zero we may pass from (1 .5) to ( 1 . 3) . 

Specifically� let the length of time between transitions be �� and the 
length of each step 11 · Then the analog of (1 .5) is 

Pk11( (n + 1)�) - Pk,(n�) 
A 

![p(k + l ),(nA) - 2pk11(n�) + P(k - 1 )11 (nA)] 
A 

(1 .6) 

Now let � and 11 shrink to zero � preserving the relationship � === 112 � and 
at the same time let n and k increase to 00 so that k11 --)o- x while nA--)-- t. 
Then pk11(n�) � p(x� t i O) and (1 .6) passes formally into (1 .3) . 

We will not attempt to rigorize this procedure . It is simple in concept, 
but requires rather delicate analysis to make it precise . 

Another kind of limiting process for pk(n) requires the central limit 
theorem. We write 

where {Xi} represent the successive outcomes of tossing a fair coin� (i .e . ,  
xi === 1 if  heads and xi === - 1 if tails� each occurring with probability !) . 
By the central limit theorem (see Section 1 �  Chapter 1) . 

Jnx 1 x 
lim L Pk(n) = � J exp(-u2 /2) du. n� oo k = - oo  2n - oo 

(1 .7) 

The limiting relation of (1 .6) and that of (1 .  7) are essentially the sarn� 
and are connected by the " in variance principle of stochastic processes ." 
These heuristics can be made precise but are beyond the scope of this 
book. 
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2: ]oint Probabilities for Brownian Motion 

The transition probability density function (1 .4) gives merely the prob­
ability distribution of X(t) - X(O) . The complete description of the 
Brownian motion process is furnished by the following definition. 

Definition 2.1. Brownian motion is a stochastic process {X(t) ; t > 0} with 
the following properties : 

(a) Every increment X(t + s) - X(s) is normally distributed with mean 0 
and variance (J2t; (J is a fixed parameter. 

(b) For every pair of disjoint time intervals [t1 � t2] � [t3 , t4] � say 
t1 < t2 < t3 < t4 � the increments X(t4) - X(t3) and X(t2) - X(t1 ) are in­
dependent random variables with distributions given in (a) � and similarly for 
n disjoint time intervals where n is an arbitrary positive integer. 

(c) X(O) === 0 and X(t) is continuous at t === 0 .  

This means that we postulate that a displacement X(t + s) - X(s) is 
independent of the past� or alternatively� if we know X(s) === x0 � then no 
further knowledge of the values of X(-r) for -r < s has any effect on our 
knowledge of the probability law governing X(t + s) - X(s) . Written 
formally� this says that if t > t0 > t 1 > · · · > tn � 

Pr[X(t) < x)X(t0) === x0 � X(t1 ) === x1 � · 
• · � X(tn) == xn] (2 . 1) 

=== Pr[X(t) < x!X(t0 ) === x0] . 

This is a statement of the Markov character of the process .  We empha­
:·dze � however� that the independent increment assumption (b) is actually 
rnore restrictive than the Markov property. 

Under the condition that X(O) == 0�  the variance of X(t) is (J2t. Hence 
(J2 is sometimes called the variance parameter of the process . The process 
.\' ( t) === X(t) /(J is a Brownian motion process having a variance parameter 
o f  one � called standard Brownian motion . By this device we may always 
r•�duce an arbitrary Brownian motion to a standard Brownian motion; 
for the most part we derive results only for the latter. 

13y part (a) of the definition with (J2 === 1� we have 

Pr[X(t) < x!X(t0) === x0] === Pr[X(t) - X(t0) < x - x0] 

(2 .2) 
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The consistency of part (b) of the definition with part (a) follows from 
well-known properties of the normal distribution� e .g . �  if t 1 < t2 < t3 then 

On the right we have independent normal random variables with means 0 
and variances t3 - t2 and t2 - t1 � respectively. Hence their sum is normal 
with mean 0 and variance t3 - t1 as it should be . 

It is not difficult using (2 . 1) and (2 .2) to derive the j oint density of 
X(t1 ) �  X(t2) � • •  · � X(tn) (t 1 < t2 < · · · < tn) subject to the condition X(O) == 0. 
Indeed� we only have to know the probability density of X1 == X(t1 )  == x1 , 
of X2 - X1 = Xz - X1 � etc . �  and finally that of Xn - Xn _ 1 == Xn - Xn - 1 •  
By part (b) of the definition we get at once the following expression for 
the density function : 

f(x1 � · · · � xn) === p(x1 � t 1 )p(Xz - X1 �  tz - t1 ) . . . . . p(xn - Xn - 1 � tn - tn - 1 ) � 

where 

1 2 p(x, t) = v- exp(-x /2t) . 
2nt 

(2 .3) 

(2 .4) 

With the explicit formula (2 .3) in hand we can compute in principle 
any set of conditional probabilities desired. 

According to the Markov property� we know that� if t 1 < t2 < t3 � the 
conditional density of X(t3) �  given X(t 1 )  and X(t2) �  is the same as that of 
X(t3 ) given just X(t2) . 

However� the density of X{t2) given X(t1 ) and X(t3) is also of interest . 
Suppose � for definiteness� X(t1 ) === X(t3) == 0 and say specifically that 
t1 === 0� t 3 === 1 � and t2 === t(O < t < 1) . 

By (2 . 3) the joint density of X(t) and X(1) is 
1 l 1 {x2 ( y - x) 2 } ]  f(x, y) = 

2nVt(l - t) exp 
- 2 t + 1 - t . 

It follows that the conditional density of X(t) given X(O) == X(l ) == 0., 

denoted by ft(x iX(O) === X(1) === 0) is 
1 exp

l- 1 x2 ] 
V2nt{1 - t) 2 t(1 - t) -oo  < x < oo. 

In particular Ec(X(t) ) == 0 and Ec(X2 (t) ) === t(1 - t) � where Ec refers to 

expectations taken under the conditions X(O) === X(l)  = 0 . The s a nte 
methods yield the more general interpolation result. 



3 .  C O N T I N U I T Y O F  P A T H S  A N D T H E M A X I M U M  V A R I A B L E S  345 

Theorem 2.1. The conditional density of X(t) for t1 < t < t2 given X(t1 ) == A 
and X(t2) == B is a normal density with mean 

and variance (t2 - t) (t - t1 ) 
tz - tl 

This can be reduced to the preceding case as follows . The conditional 
random variable X(t) as indicated� i . e . �  the r.v. X{t) subj ect to the con­
ditions X(t1 ) == A  and X(t2) == B� has the same density as the random 
variable A + X(t - t1 ) under the condition X(O) == 0 � X(t2 - t1 ) = B - A .  
This clearly has the same density as the random variable 

(t - t )  
A + X(t - t1 ) + 

1 (B - A) tz - t1 
under the conditions X(O) = 0 and X(t2 - t1 ) = 0 . 

3 .· Continuity of Paths and the Maximum Variables 

The physical origins of the Brownian motion process suggest that the 
possible realizations X(t) �  as the graphs of the x coordinate of the position 
of a particle (i.e . �  the sample paths) whose movements result from con­
tinuous collisions in the surrounding medium are continuous functions . 
This fact is correct but a rigorous proof requires rather delicate analysis 
and is deferred until Section 7 .  

The sample paths X(t) � although continuous� are very kinky and their 
derivative exists nowhere . This fact is also rather deep . A complete 
description of the path structure of the Brownian motion process can be 
found in P. Levy and in Ito and McKean (see References at the end of 
this chapter) . 

Using the property of the continuity of paths we will show how to cal­
eulate various interesting probability expressions of the Brownian motion. 
r l 'he first computation illustrates the use of the so-called reflection principle. 

Bearing in mind the continuity of X(t) � we consider the collection of 
Kample paths X(t) � 0 < t < T� X(O) == 0� with the property that X( T) > a 
(a > 0) . Since X(t) is continuous and X(O) = 0 there exists a time -r (itself 
a random variable depending on the particular sample path) at which 
.\ (t) first attains the value a. 

li'or t > -r � we reflect X( t) about the line x == a to obtain 

{X(t) X(t) == a - [X(t) - a] 
for t < -r� 
for t > r 
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X(t) 

a 

FIG. 1 

(see Fig . 1) . Note that X( T) < a  since X( T) > a. Because the probability 
law of the path for t > -r ,  given X(r) == a, is symmetrical with respect to 
the values x > a  and x < a  and independent of the history prior to time r , 
the reflection argument displays for every sample path with X( T) > a  two 
sample paths X(t) and X(t) with the same probability of occurrence such 
that 

max X(u) > a and max X(u) > a. 
0 =::; u =::; T O =::; u � T  

Conversely, by the nature of this correspondence every sample function 
X(t) for which max0 <u < T X(u) > a  results from either of two sample 
functions X(t) with equal probability, one of which is such that X( T) > a, 
unless X( T) === a. But Pr{X( T) == a} ==  0 . Thus, we may conclude, under 
the condition X(O) === 0, that 

Pr{ max X(u) > a} = 2 Pr{X( T) > a} =  v' 2 J exp(-x2 /2 T) dx. 
O s:. u < T 2n T a (3 .1 )  

The above argument cannot be considered complete although tht� 
method is typical of a great deal of the analysis underlying the study of 
Markov processes with continuous paths . (Such processes are called 
diffusion processes . )  A rigorous treatment would involve using the strong 
Markov property on the Markov time (see Section 4, Chapter 14·) corres· 
ponding to the event of first passage from the value 0 to the value a. 
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With the help of (3 .1) we may determine the distribution of the first 
time of reaching a > 0 subject to the condition X(O) === 0 .  Let Ta denote the 
time at which X(t) first attains the value a where X(O) === 0. Then clearly 

Pr{ Ta < t} === Pr{ max X(u) > a !X(O) === o} . 
O � u < t  

(3 .2) 

But according to (3 . 1) 

Pr{ max X(u) > a !X(0) === 0} = 2 Pr{X(t) > a} = ; Jao exp (-
1 x2 ] dx 

O � u < t  2nt a 2 t 

and so 

J2 00 [ 1 2 ] Pr{ Ta < t} = nt 
f exp _ - ; � dx. 

The change of variable x === yVt leads to 

Pr{ Ta < t} = J� r exp (-�2] dy. 
aj-..1 t 

(3 .3) 

The density function of the random variable Ta is obtained by differ­
entiating (3 .3) with respect to t. Thus 

a [ a2] fdtJX(O) = 0) dt = V2n r 3'2 exp - 2t 
dt. (3 .4) 

Because of the symmetry and spatial homogeneity of the Brownian 
motion process we infer for the distribution (3 .4) that 

Pr{ min X(u) < O ! X(O) === a} 
O < u � t  

=== Pr{ max X(u) > O !X(O) === -a} 
O � u < t 

(by symmetry) 

== Pr{ max X(u) > a jX(O) = o\J === Pr{ Ta < t} (by homogeneity) 
O � u � t  

=== 
a_ Jt 

u- 3 / 2 exp (- a2 ] du, 
V2n 0 2u 

a > 0 .  (3 .5) 

Another way to express the result of (3 .5) is as follows : If X(t0) === a then 
t h e� probability P(a) that X(t) has at least one zero between t0 and t1 is 

I I t 1 - to 2 P( _ 
a J [ a ] - 3 12 a) - V2� exp - 2u 

u du. 
0 

(3 .6) 
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With this in hand we can calculate the probability a that if X(O) === 0 
then X(t) vanishes at least once in the interval (t0 ,  t1 ) .  

In fact, we condition on the possible values of X(t0) . Thus , if X(t0) === a 
then the probability that X(t) vanishes in the interv al (t0 , t1 ) is P(a) . By 
the law of total probabilities 

00 J� 00 [ 2 ] rx === J P(a) Pr{JX(t0) l === a X(O) === 0} da === - J P(a) exp - � da. nt0 2t0 0 0 
(3 .7) 

Substituting from (3 .6) and then interchanging the order of integration 
yields 

� = J �0 I exp [- ;t] Va2� cro 
exp [- ;:] u- 3 1 2 du) da 

1 t t - to ( 00 [ a2 1 1 ) J ) 
nVto f u- 3 / 2 f a exp 

- 2 (u + to da du. (3 .8) 

The inner integral can be integrated exactly and after simplifying we get 

Vto t t - to du 
� = n f (t0 + u)Vu 

The change of variables u ::=::: t0 v2 produces 

2 ../(t l - to)/to dv 2 Jtl - to 
rx === - J 2 == - arctan , n 0 1 + v n t0 

which we may write by virtue of some standard trigonometric relations in 
the form 

Jto == cos na 
tl 2 or J

-

2 t0 
a === - arccos - . 

n t 1 
To sum up, we have 

Theorem 3.1. The probability that X(t) has at least one zero in the interval 
(t0 , t1 ) , given X(O) === 0, is 

2 Jto 
rx == - arccos - . n t1 

With the aid of the same " reflection principle " we now solve the 
following problem : Determine 

At(x, y) ::=::: Pr{X(t) > y, min X(u) > OJX(O) == x} (3 .9) 
O � u ::;; t 
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for x > 0 and y >  0. To determine (3 .9) , we start with the obvious relation 

Pr{X(t) > yi X(O) === x} 

=== At(x, y) + Pr {X(t) > y, min X(u) < O jX(O) = x'
J · 

O � u < t 

(3 . 10) 

The reflection principle is applied to the last term. 
Figure 2 is the appropriate picture to guide the analysis ; we may 

deduce that 

Pr{X(t) > y, min X(u) < OJX(O) == x} 
0 :::; u :::; t 

= Pr{ X(t) < -y,
0r:�tX(u) < O jX(O) = x} (3 . 1 1) 

=== Pr{X(t) < -yi X(O) === x}. 

The reasoning behind (3 . 1 1) goes as follows : Consider a path starting at 
x > 0 satisfying X(t) > y which reaches 0 at some intermediate time -r .  

y 

X 

y 

FIG. 2 

\ t 
' 
' 
\ 
\ 

'- \ \ 
\ 
\ 

\ 
\ 

t 
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By reflecting such a path about zero after time -r we obtain a path starting 
from x and reaching a value smaller than -y at time t. This implies the 
equality of the first two terms of (3 . 1 1) . The equality of the last two terms 
is clear from their meaning since the condition min0 :S: u s: t X(u) < 0 is 
superfluous in view of the requirement X(t) < -y (y > 0) . Inserting 
(3 . 1 1) in (3 . 10) yields 

A t(x� y) === Pr{X(t) > y! X(O) === x} - Pr{X(t) < -y! X(O) === x} 

=== Pr{X(t) > y - xi X(O) === 0} - Pr{X(t) < -(y + x) I X(O) === 0} 
(by spatial homogeneity) 

=== Pr{X(t) > y - xi X(O) === 0} - Pr{X(t) > y + x! X(O) === 0} 
(by symmetry) 

y + x  

= J p(u, t) du, 
y - x  

(3 . 12) 

where p(u, t) === (2nt) - l / Z exp{-u2 /2t} is the transition probability density 
function for the Brownian motion process. 

As a final application of the reflection principle we now derive the j oint 
probability density function for 

M(t) === max X(u), and Y(t) == M(t) - X{t) . 
O s; u =:;; t 

The reflection principle , with Fig. 3 as an aid� implies 

Pr{M(t) > m, X(t) < x} === Pr{X(t) > 2m - x} 

- 1 - <1> � 
_ (2m - x) 

vt m > 0, m > x, 

where <l>(x) is the distribution function of the standard normal density 
cp(x) === (1 /V2n) exp(-x2 /2) . Differentiate with respect to x and then with 
respect to m, changing the sign, to get the joint density function for 
M(t) and X(t) . 

The calculations are : 

_ _!__ !!__ { 1 - <1>(2m - x) } === _ _!__ {� ¢ (2m - x) } dm dx vt dm v t vt 
_ 2m - x  2_ (2m - x) 
- t Vt c/J Vt ' 

using the elementary relation 

d 
- ¢(x) == -x¢ (x) . 
dx 
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Denoting this joint density by f(m, x) , we have explicitly 

f(m, x) � J_; (2m - x) exp[-(2m - x) 2 j2t] , nt 
{0 < m, 
x <m. 
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(3 . 1 3) 

To obtain the j oint density g(m, y) of M(t) , Y(t) === M(t) - X(t) , we have 

Pr{M(t) < a, Y(t) < b} = I I f(m, m - y) dy dm, 
m s; a  y < b  

so the desired j oint density is g(m, y) === f(m, m - y) or 

g(m, y) � J_; (m + y) exp[- (m + y) 2 j2t] , m > 0, y > 0. (3 . 14) nt 

FIG. 3 
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4 : Variations and Extensions 

,.I , 
I 

I 

� 
�� 

,� , I 
I' 

,...� 2m - x I 
"'-/ 

X 

m - x  

We claim that if X(t) is a standard Brownian motion process, then the 
processes 

n n d  

for fixed c > 0, 
for t > 0, 
for t === 0, 

X3 (t) == X(t -1- h) - X( h) , for fixed h > 0 . 
u 1·c �  each a version of standard Brownian motion . 
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We check the requirements of Definition 2 . 1 . Manifestly� every incre­
ment Xi(t + s) - Xi(t) in these processes is normally distributed with 
zero mean� and the increments over disj oint time intervals manifestly 
determine independent r.v�s .  To continue the verification that these are 
Brownian motions we need the variance E[ {Xi( s + t ) - Xi( s)} 2] in each 
case . We have 

E[{X1 (t + s) - X1 (s) }2] == c2E[{X((t + s) fc2 ) - X(sfc2 ) }2] 
=== c2 {(t + s)fc2 - sfc2 } � t, 

E[{X2 (t + s) - Xz(s}Y] = E[ {sxG) - (t + s)Xc � s) rJ 

and 

= s2E[{xG) - xC � s) f] + t2E[{xC � s) rJ 

2 {
1 1 } 2 1 == s ; - t + s + t t + s 

=== t ' 

E[{X3(t + s) - X3(s) }2 ] = E[ {X(t + h + s) - X(h + s) }2] === t. 
To complete the analysis, it is necessary to check that each Xi(t) is 

continuous at the origin. This property is obvious for X1 (t) and X3(t) but 
needs some arguments for X2 (t) . Equivalently, in the latter case it is 
enough to show that 

{ 
X(t) } Pr lim � O JX(O) === 0 . 

t -+  00 t 
(See Problems 14 and 15 . ) 

Other modifications of  Brownian motion lead to new and important 
stochastic processes .  Here are some examples .  

A. B R O W N IAN M OTI O N  R E F L E CTED AT TH E O R I G I N  

Let {X(t) , t > 0} be a Brownian motion process . A stochastic proceAS 
having the distribution of 

�(t) === IX(t) j , 
� 

{ 
X(t) � 

-X(t) , 

t >  0 
if X(t) > 0, 
if X(t) < 0, 

is called Brownian motion reflected at the origin, which we abbreviate to 

reflected Brownian motion. 
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Because of the spatial symmetry of Brownian motion, reflected 
Brownian motion is Markov. Indeed, in the case of standard Brownian 
motion ( (J2 === 1 ) , 

Pr{Y(tn + s) < z ! Y(to) === Xo , . . .  , Y(tn) = xn} 

where 

=== Pr{-z < X(tn + s) < +ziX(t0) === ±x0 , • • • , X(tn) = ±xn} 
=== Pr{-z < X(tn + s) < +z!X(t0) === x0 , • • • , X(tn) === xn} 

+ z 

= J p(y - xn , s) dy, 
- z  

p(x, t) = )- exp {-x2 /2t} , 
2nt 

by symmetry 

(4 . 1) 

(4 .2) 

and 0 < t0 < t1 < · · · < tn , s > 0. Thus reflected Brownian motion 
furnishes an example of another continuous time Markov process whose 
sample paths Y(t) are continuous . The state space consists of the set of 
nonnegative real numbers . 

Since the moments of Y(t) are the same as the moments of IX(t) l ,  the 
mean and variance of reflected Brownian motion may be computed easily. 
Under the condition Y(O) === 0, for example ., we have , 

+ oo  

E[Y(t)] = J j xjp(x, t) dx 
- oo  

00 

= 2 f vx_ exp{-x2/2t} dx 
0 2nt 

= J� . 

' I '  he integral was evaluated through the change of variable y = xjv't. 
;\ I  so, 

variance of Y(t) === E[Y(t) 2] - E[Y(t)] 2 
=== E[ !X(t) l 2] - 2t/n 
=== (1 - 2/n)t . 
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By changing variables in (4 . 1) it is easily seen that� for t > 0� Y(t) is a 
continuous random variable with transition probability density function 

Pt(x� y) === p(y - x� t) + p(y + x� t) , (4 .3) 
for which 

p 

Pr{oc < Y(t) < P I Y(O) = x} = J Pt(x, y) dy , 
(X 

where p (x, t) is given in ( 4 .2) . 

B .  B R O WN I A N  M OTI O N  A B S O R B E D  AT TH E O R I G I N  

Suppose the initial value X(O) === x of  a Brownian motion process is 
positivet and let -r be the first time the process reaches zero . A stochastic 
process having the distribution of 

Z(t) = {;(t) , for t < -r� 
for t > -r, 

(4 .4) 
is called Brownian motion absorbed at the origin� which we will shorten to 
absorbed Brownian motion. 

Again, absorbed Brownian motion is a continuous time Markov process. 
We verify the Markov property in the form, 

Pr{ Z(tn + s) > Yl Z(t0) === x0 , • • •  , Z(tn _ 1 ) === Xn _ 1  � Z(tn) === X} 
=== Pr{ Z(tn + s) > z j Z(tn) === X}, 

where x > 0 and 0 < t0 < · · · < tn , s > 0. (The easier case , when x === 0 
is left to the reader. ) We compute this by way of a Brownian motion 
process X(t) related to Z(t) as in (4 . 1) . The condition x > 0 entails 

min X(u) > 0. 
Hence 

Pr{ Z(tn + t) > Y! Z(t0) = x0 , • • • , Z(tn _ 1 ) === Xn _ 1  � Z(tn) === X} 
=== Pr{Z(tn + t) > Y! Z(to) === x0 � · · · � Z(tn _ 1 ) === Xn - 1 � Z(tn) 

=== x, min X(u) > 0} 

=== Pr{X(tn + t) > y, min X(tn + u) > O I X(t0) === x0 , • • •  , X(tn _ 1 ) 
O ::;; u =:; t  

=== Xn _ 1 , X(tn) === x} 
=== Pr{X(t) > Y� min X(u) > O I X(O) === x} 

O =:; u < t  

t To define Brownian motion conditioned on X(O) = x ,  or " Brownian motion star ting frmn x," 

replace " X(O) = 0 "  by " X(O) = x" in Part (c) of Definition 2 . 1 .  
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where At(x., y) was defined in (3 .9) and computed in (3 . 12) to be 
00 

A1 (x, y) = I [p(u - x., t) - p(u + x., t)] du 
y 

y + 2x 

= J p(u - x., t) du. 
y 
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Under the condition Z(O) === x > 0., Z(t) is a random variable whose 
distribution has both discrete and continuous parts . The discrete part is 

Pr{ Z( t) === O l Z(O) === x} === 1 - At(x, 0) 
2x 

=== 1 _ I p(u - x, t) du . 
0 

X 

=== 1 - I p(u, t) du 
- x  

00 

= 2 I p(u, t) du 
X 

00 

= 2 I p(u + x, t) du. 
0 

In the region z > 0., Z(t) is a continuous random variable and for 0 < a < b 
Pr{a < Z(t) < b l Z(O) === x} === At(x, a) - At(x., b) 

b 

= I [p(u - x, t) -p(u + x., t)] du. 
a 

'.l'hus the transition probability density function for the continuous part 
of absorbed Brownian motion is 

Pt(x, y) === p(y - x, t) - p(y + x., t) . 

C .  B R OW N IAN M OTI O N WITH D R I FT 

.Let {X(t) ., t > 0} be a Brownian motion process .  Brownian motion with 
drift is a stochastic process having the distribution of 

X(t) === X(t) + pt , t > O., 
w h c� rc Jl is a constant., called the drift parameter . Alternatively., we may 
c i • · Herihe Brownian motion with drift in a manner that parallels Defini­
l i o n  2 . 1 . 
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Definition 4.1. Brownian motion with drift is a stochastic process 
{X(t) ; t > 0} with the following properties : 

(a) Every increment X(t + s) - X(s) is normally distributed with mean 
jlt and variance (J2t ; Jl, (J being fixed constants . 

(b) For every pair of disjoint time intervals [t 1 , t2] �  [t3 � t4] �  say, 
t1 < t2 < t3 < t4 , the increments X(t4) - X(t3) and X(t2) - X(t1 ) are 
independent random variables with distributions given in (a) ,  and similarly 
for n disjoint time intervals, where n is an arbitrary positive integer. 

(c) X(O) === 0 and X(t) is continuous at t === 0. 

As before , it follows that a displacement X(t + s) - X(s) is independent 
of the past , or alternatively� if we know X(s) = x0 , then no further 
knowledge of the values of X(-r) for -r < s affects the conditional proba­
bility law governing X(t + s) - X(s) . Written formally, this says that if 
t > t0 > t 1 > · · · > tn , 

Pr{X(t) < xl X(t0) == x0 , X(t 1 ) === x1 � • • •  � X(tn) === xn} ( 4.5) 
=== Pr{X(t) < x!X(t0) = x0}. 

This is a statement of the Markov character of the process . We em­
phasize , however, that the independent increment assumption (b) is 
actually more restrictive than the Markov property. By part (a) of the 
definition� we have 

Pr{X(t) < x!X(t0) === x0 } = Pr {X(t) - X(t0) < x - x0 } 

where 

x -xo 

= f 
- oo  

1 { (y - Jl (t - t0)) 2 } d ����=- exp - 2 y V2n(t - t0) (J 2(t - t0) (J 
{x - xo - Jl(t - to ) }/a J p(t - to � Y) dy, 

- oo  

p(t, x) = v�- exp{-x2 /2t}. 
2nt 

When J1 -::f- 0� the process is no longer symmetric� and the reflection 
argument may not be used to compute the distribution of the maxin1un1 
of the process . We will compute this distribution in the next section usin g 
facts of martingale theory. 
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D. G E O M ET R I C  B R OW N I AN M OTI O N  

Let {X(t) , t > 0} be a Brownian motion process with drift J1 and 
diffusion coefficient (J2 • The process defined by 

t > 0, 
is sometimes called geometric Brownian motion. The state space is the 
interval ( 0, 00) .  

Since Y(t) === Y(O)eX( t ) - X(O ) , using the characteristic function for the 
normal distribution, we compute 

E[Y(t) l Y(O) = y] == yE[eX(t ) - X(O )] 
=== y exp{t(J1 + i(J2) }, 

and 

E[Y(t) 2 1 Y(O) === y] === y2 E[e2[X(t ) - X(O )]] 
=== y2 exp{t [2p + �4(J2] }, 

so that the variance of Y(t) is 

Var[Y(t) l Y(O) === y] === E[Y(t) 2 1 Y(O) === y] - {E[Y(t) l Y(O) === y] }2 
=== y2 { exp[2t(J1 + � 2 (J2 )] - exp[2t(p + � (J2 )] } 
== y2 exp[2t(p + �(J2 )] [exp(t(J2 ) - 1] . 

5 :  Com-puting Som-e Functionals of Brownian Motion by 
Martingale Methods 

A number of important quantities can be expeditiously calculated 
hy applying the optional sampling theorem to martingales associated 
with Brownian motion . We remarked in Chapter 1 that a standard 
Brownian motion process {X(t) ; t > 0 } is a martingale , but this is by no 
1neans the only martingale of interest in this context .  Both of the 
processes 

U(t) === X2 (t) - t., 

a 1 ul (5 . 1) 
V(t) === exp{AX(t) - �A 2 t}., 

'" h c · r·c · A is a n  arbitrary real constant., are martingales with respect to 
H I  u u d ard lJrown ian Tnotion {X(t)}. We present direct validation . Indeed., 
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we have , for 0 < t 1 < · · · < t n === t, and s > 0, 

E[U(t + s) IX(t1 ) ,  • • •  , X(t")] === E[X2 (t + s) IX(t) ] - (t + s) 
= E[{X(t + s) - X(t) }2 IX(t)] 

+ 2E[X(t) {X(t + s) - X(t) } IX(t)] 
+ E[X2(t) IX(t)] - (t + s) 

=== s + 2 X 0 + X2(t) - (t + s) 
= U(t) . 

Similarly, 

E[V(t + s) IX(t1 ) ,  • • •  , X(tn)] = V(t) X E[exp{A[X(t + s) - X(t)] - �A2s }] 
=== V(t) . 

Digression. It is useful to place the martingale examples of (5 . 1) in a 
more facile framework. A general construction of martingales associated 
with a Markov process {X(t) ;  t > 0} having stationary transition proba-
bility density · 

p(t, x ly) dx == Pr{x < X(t) < x + dx iX(O) === y} 
runs as follows . Let u(x, t) solve the functional equation 

u(x, s) = J p(t, � l x)u(�, t + s) d�, s, t > 0 .  (5 .2) 

We claim that Z(t) = u(X(t) , t) determines a martingale adapted to the 
sigma fields §'t = (j{X(u) ; 0 < u < t} generated by the history of X(t) 
up to time t, provided E[ l Z(t) l ]  < co .  

Proof. We compute 

E[Z(t + s) l$7(s)] == E[Z(t + s) IX(s)] (by the Markov property) 
== E[u(X(t + s) , t + s) IX(s)] 
= J p(t, � IX(s) )u(�, t + s)d� 
=== u(X(s) , s) (using the functional equation) 
=== Z(s) . 

Thus, the martingale property for { Z(t)} is fully corroborated .  
A direct calculation reveals that 

u(x, t) === x2 - t and · v(x, t) === exp{A.x - iA.2 t} 
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obey the functional relation (5 .2) with 

1 p(t, xJy) = v- exp{- (x -y)2/2t}. 
2nt 
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In the case of the Brownian motion process it can be shown further that 
if u(x� t) is sufficiently differentiable and fulfills the relation (5 .2) � then 
u(x, t) also satisfies 

(5 .3) 

In Chapter 15 on diffusion processes we provide a fuller proof of this 
last assertion. The converse is also correct� affirming that where (5 . 3) 
prevails, (5 .2) also ensues .  

Here are some sample calculations involving the martingales of (5 . 1) .  
Let a < 0 < b be given and let T === Tab be the first time the process 
reaches a or b :  

Tab === inf{t > 0 : X(t) === a or X(t) = b}, 
and let T A n === min{ T, n }. 

Since {U(t) } is a martingale , E[U( T A n)] === E[U(O) ] = 0� which gives 

E[T A n] === E[X2 ( T  A n)] < ( I a ! + b) 2 • 
Thus 

n 

E[T] = lim J Pr{ T  > t} dt 
n -+ oo 0 

=== lim E[T A n] < ( ! a l + b) 2 • 
n -+ oo 

'L'he important point is that T === Tab is finite . Even more , Tab has a finite 
rnean.  

Let u be the probability that the {X(t) } process reaches b before it 
reaches a� or 

u === Pr{X( Tab) === b }. 
Now {X(t) } is a martingale , T === Tab is finite , and {X(t A T) } is bounded .  
' l_'lhus the optional stopping theorem applies and 

HO that 

0 === E[X( T)] 
== a Pr{X( T) === a} + b Pr{X( T) === b} 
=== a[1 - u] + bu, 
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We now return to the martingale {U(t) }� noticing E[U( T)] === 0, to 
compute 

E[ Tab] === E[X2( Tab)] 
=== a2 [1 - u] + b2u 

= a2 b + b2 l a l 
! a l + b ! a l + b 

=== ! a l b . 
By changing the origin and scale of a given process we may compute 

analogous quantities for a Brownian motion with variance parameter (J2 
and starting position X(O) == x. The result is : 

Theorem 5.1. Let {X(t) ; t > 0} be a Brownian motion process with variance 
(J2 and X(O) = x. Let a, b with a < x < b be given, and let T be the first time 
the process reaches a or b . Then 

and 
Pr{X( T) === b iX(O) === x} == (x - a) f(b - a) , 

I 
1 E[T X(O) === x] == 2 (b - x) (x - a) . (J 

Let us turn to a Brownian motion process {X(t) ; t > 0} with drift J1 =/= 0 
and variance (J2 • Then, for any real A, 

defines a martingale . Let us choose 

Ao === -2J1/(J2 ' 

(5 .4) 

so that the second term in the exponent of (5 .4) vanishes . Then V0(t) = 

exp{ A,0 X(t) } is a martingale . We apply the optional stopping theorein , 
with Tab being the first time the process reaches a < 0 or b > 0� to learn 

1 === E[V0( Tab)] 
=== Pr{X( Tab) == a} exp{ A0 a} + Pr{X( Tab) === b} exp{ A0 b h 

and 
1 - exp{A.0 a} Pr{X( Tab) = b} = {A b} {A } ' exp 0 - exp 0 a 

where ,1,0 === -2J1/(J2 • Again, we may translate the origin to treat the <�U H c '  
X(O) === x. 
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Theorem 5.2. Let {X(t) ; t > 0} be a Brownian motion process with drift 
J1 #- 0 and variance (J2 ,  and suppose X(O) === x. The probability that the 
process reaches the level b > x before hitting a < x is given by 

Pr{X( T b) = b iX(O) = x} = 
exp(-2J1X/(J2) - exp( -2J1a/(J2 ) . a exp(-2J1b/(J2) - exp(-2J1a/(J2) 

Corollary 5.1. Let X(t) be a Brownian motion process with drift J1 < 0. Let 
W === max X(t) - X(O) . 

O s t < oo 

Then W has the exponential distribution 
Pr{W > w} === e- lw , 

Proof. We let a -0- - 00 in the formula of Theorem 5 .2 .  Since J1 < 0, 
exp(- J1a/(J2) -0-0. Thus 

lim Pr{X( Tab) === b iX(O) === x} === exp[2J1(b - x) j(J2] . 
a-+ - oo 

But as a -0- - OOo; the left-hand side becomes the probability that the 
process ever reaches b, that is , the probability that the maximum of the 
process ever exceeds b . Thus, for w === b - x, 

Pr{W > w} === Pr{ max X(t) > b iX(O) === x} 
O =:::; t <  oo 

- ). w === e ") 

w ith A === 2 1 11 1 / (J2 ") as claimed. • 

As a last example , we calculate the Laplace transform of the first 
1 , a s  sage time to a single barrier. We let z > 0 be fixed and T === Tz be the 
f i rst  time") if any-; the process reaches the level z :  

T === T === {inf{t : X(t) > z }") 
z oo, 

if X(t) > Z o;  for some t > 0") 
if X(t) < z") for all t > 0 . 

S4 � t  0 === AJ1 + iA2 (J2 • Then V(t) === exp {AX(t) - Bt} is a martingale , and, if 
.\ (0) === 0") 

1 = E[V( T  A t)] ,  
u r· 

1 === E[exp{AX( T A t) - O( T A t) }] .  
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Let us suppose A >  0 is sufficiently large to ensure e > 0 .  Then 

O < V( T A t) < e).z, 
so that, using Lemma 3 .3 of Chapter 6,  we may pass to the limit as t� oo.  
We obtain 

so that 

or 

I . V( T) {exp{ AZ - e T}, 
Ill t A === O t -+ oo ' 

1 === lim E[V( T A t)] 
t -+  00 

E[ - OT] _ - ).z e - e . 

It remains only to relate e and A .  We have 

or 

We require A >  0, which implies 

if T < oo ,  
if T === co ,  

When Jl < 0, T has a defective probability distribution, that is , T is in· 
finite with positive probability, and 

Pr{ T < 00} === lim E[e- or] 
0 -+ 0  

=== exp{-2z i Jl i /(J2 ) ,  

which agrees with Corollary 5 . 1 .  When Jl > 0 ,  T < 00 with certainty, and 
the Laplace transform is 

(5 ,!1 )  
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For Brownian motion with drift J1 > 0� it is possible to invert the 
transform (5 .5) and obtain an explicit expression for the probability 
density function of Tz . We satisfy ourselves with quoting the result . 

Theorem 5.3. Let X(t) be a Brownian motion with drift 11 > 0 .  Let 
z > X(O) === x be given and let Tz be the first time the process reaches the 
level z. Conditioned on X(O) === x, Tz has the probability density function 

(z - x) [ (z - x - pt) 2] f(t ; x, z) = v' exp - 2 2 
, 

(J 2nt3 (J t t > 0.  

Example. Geometric Brownian motion (Example D of Section 4) is often 
used to model prices of assets , say shares of stock, that are traded in a 
perfect market . Such prices are nonnegative and usually exhibit oscil­
latory behavior comprised of exponential growth intermittent with expo­
nential decay over the long run� two properties possessed by geometric 
Brownian motion . More importantly, if t0 < t1 < · · · < t n are time points, 
the successive ratios 

are independent random variables ,  so that, crudely speaking� the per­
centage changes over nonoverlapping time intervals are independent . 
1-Iere , in a rough form, is the reasoning that supports the geometric 
Brownian motion as an appropriate model in a perfect market . If a ratio 
Y(t + s) / Y(t) of a future price to a current price could be anticipated or 
predicted as being favorable , a number of buyers would enter the market� 
and their demand would tend to raise the current price Y(t) . Similarly� if 
the ratio Y(t + s) / Y(t) could be predicted as being unfavorable� a number 
o f  sellers would appear and tend to depress the current price . Equilibrium 
obtains where the ratio cannot be predicted as being either favorable or 
unfavorable � that is, where price ratios over nonoverlapping time intervals 
are independent. 

We will give an example in which the geometric Brownian motion 
rnodel is used to evaluate the worth of a perpetual warrant in a stock. A 
warrant is an option to buy a fixed number of shares in a given stock at a 
H l .ated price at any time during a specified time period.  The profit to a 
holder of such an option is the excess of the market price over the option 
p rice .  The assumption is that the holder can purchase at the stated price 
n u d  resell at the market price and thus realize the potential profit . 

We consider only perpetual warrants , options having no expiration 
d u tes . For such a warrant, a reasonable strategy would be to exercise the 
o pti.on the first time the stock price reaches some specified level we will 
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denote by a. By an appropriate choice of units , we may assume that the 
stated price in the warrant is one , so that the potential profit upon exercis­
ing the option at a market price of a is a - 1 .  Of course , we need only 
consider a > 1 ,  s�nce one would not purchase at the stated price of one 
if the current market price were lower. 

In owning such an option, one is foregoing, in part at least, direct 
ownership of the stock, which is increasing at a rate of rx === 11 + �()2 per 
unit time , since 

<� E[Y(t) l Y(O) === y] === y exp{t(Jl + �()2) } .  

One requires a higher rate of return, e > a, from the option, or equiva­
lently, discounts the potential profit of (a - 1) at a rate of - e  per 
unit time . 

Let T(a) be the first time the stock price reaches the level a. Then the 
discounted potential profit to the option holder is 

e- OT(a) [Y( T(a)) - 1] === e - OT(a) (a - 1) . 

We want to compute the expected discounted profit and then choose a 
to maximize this expected profit. In terms of the Brownian motion, T(a) 
is the first time that X(t) === In Y(t) reaches the level In a. We computed 
the probability density function for T(a) in Theorem 5 .3 , and the Laplace 
transform in Eq. (5 .5) . Using (5 .5) with z === In a and x === In y, we have 
(see Fig .  4) 

Stock 
pnce 

E[e - OT(a) i Y(O) = y] = (;f, 

Y(t) 
a �--------

Profit 

1 
T(a) 

FIG. 4. 

f 
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where 

Letting g(y� a) be the expected discounted profit� we have 
g(y� a) = (a - 1)E[e - OT(a) l Y{O) === y] 

=== (a - l) (;f. 
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We differentiate with respect to a and equate to zero to find the profit 
maximizing level a === a* : 

and 

ag (Y ) p + 1 1 ( y ) P - === 0 === -p(a* - 1) - - + - , oa a* y a* 

a* === p 
p - 1 

The condition e > J1 + �(J2 ensures 1 < a* < 00 .  Given a current stock 
price y, the warrant has value 

g(y, a*) === (a* - 1) (y/a*)P 

== 
1 [y(p - 1)] p .  

p - 1 p 

6 :  Multidim-ensional Brownian Motion 

Let {X1 (t) ; t > 0}, . .  - �  {XN(t) ; t > 0}� be standard Brownian motion 
1 )rocesses� statistically independent of one another in the sense that, for 
any finite set of time points 

I. I a  c N vectors 

t 1 1 � t1 2 � · · · � t 1 , n t ' 
t2 1 � t2 2 ' · • . , t2 , n2 '  

• 

tN 1 ' t N 2 ' • • • ' t N n ' ' ' ' N 

Xt  == (X1 (t1 1 ) � . . .  , X1 (t 1 , n 1 ) ) , 
X 2 = (X 2 ( t 2 1 ) , · · · , X 2 ( t 2 , n 2)) , 
• 
• 

XN == (XN(tN . ) ,  · . .  , XN(tN , nN) ) , 
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are independent . The vector-valued process defined by 

t > 0, 
is called N-dimensional Brownian motion. The motion of a particle 
undergoing Brownian motion in the plane and in space are described by 
two-dimensional and three-dimensional Brownian motions ,  respectively. 

Consider a two-dimensional Brownian motion X(t) == (X1 (t) , X2 (t) ) , and 
let us compute the distribution of the second coordinate at the random 
time the first coordinate first reaches a given level z > 0 .  We let Tz be the 
first time t at which xl (t) == z, and we then want the distribution of 
Y(z) == X2( Tz) · 

Figure 5 describes the path traced in the plane by the two-dimensional 
Brownian motion and displays the value Y(z) === X2( Tz) · 

z 

FI G. 5. Two-dimensional Brownian motion. 

Fix z > 0 .  We will compute the characteristic function ¢(u) � 

E[exp{iuY(z) }] . Since T is determined by the X1 process, T and the X2  
process are independent . Hence , by the law of total probability 

00 

</>(u) = J E[exp{iuX2(t) }] dF(t) , 
0 

where 
F(t) === Pr{ Tz < t} 
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is the cumulative distribution function of Tz � computed explicitly just 
prior to Eq. (3 .3) . Since X2(t) is normally distributed with mean zero and 
variance t� 

E[exp{iuX2 (t) }] === exp(- �u2t) . 
Clearly 

00 

<f>(u) = J exp(- �u2t) dF(t) 
0 

=== E[ exp ( - iu2 Tz) ] 
=== exp (- l u ! z) ,  - oo < u < oo. 

using (5 .5) ,  the Laplace transform for Tz , with () === �u2 , 11 === 0, and 
(J2 == 1 .  

This is the characteristic function of the Cauchy probability density 
function 

1 
p(x) = nz[l + (xfz) 2] ' 

-oo < x < oo. 

Even more can be said. Elementary Problem 5 is the first step in proving 
that the stochastic process { Tz ;  z > 0} has stationary independent incre­
ments . From this it follows that 

(6 . 1) 

also has stationary independent increments. In general , given any Markov 
process {X(t) , t > 0} and a process { Tz ; z > 0} having stationary inde­
pendent increments and increasing sample paths, with T0 === 0, it is pos­
sible to derive a new process 

Y(z) === X[ Tz] , z >  0. 
' l ,he process of forming Y from X i s  called subordination, and the process 
{ Tz ; z > 0} is called the subordinator. Under the conditions given, 
{ Y(z) ; z > 0} will be a Markov process .  If� in addition, {X(t) ; t > 0} has 
H tationary independent increments� then so will {Y(z) ;  z > 0} . 

ltudial Brownian Motion. 
Let {X(t) ; t > 0} be an N-dimensional Brownian motion process . The 

H t.ochastic process defined by 

t > 0, 
i r�  ealled Radial Brownian motion or the Bessel process with parameter 
& N � =- 1 .  I t  is a Markov process having continuous sample paths in the 
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state space [0, oo) . The transition probability density function from x 
to y is 

- 1 { x2 +Y2 } ( ) 1 - (N/2 )J (xy) N- 1 Pr(x, y) === t exp - 2t xy (N/2 ) - 1 -t Y , 

t > 0, x, y > 0, ( 6.2) 

where Iv(z) is the modified Bessel function 
oo (z/2) 2k + v Iv(z) = 6 k ! r(k + V + 1)

. 

For N === 1 ,  we use 

to get 

I - 1 12 (z) === J 2 cosh z nz 

J 2 { x2 +y2} (xy) Pr(x, y) === nt 
exp - 2t 

cosh 
,
-t 

. 

(6.3) 

Comparison of this formula with (4 .3) reveals that the Bessel process for 
N === 1 reduces to reflected Brownian motion. 

We will investigate the case N === 2 shortly. When N === 3 ,  the relation 

produces 
J-2 . I1 12 (z) === - sinh z nz 

J 2 { x2 +y2 } y . (xy) Pr(x, y) === nt exp -
2t x Sinh t . 

We obtain the density corresponding to x === 0 through continuity, letting 
x -0- 0. This gives 

Pr(O, y) === J_; y2 exp(-y2 /2t) , nt 

the marginal density of R(t) when N === 3 and R(O) === 0. 
Let us now consider the case N === 2 , showing that the correspondinp: 

Bessel process is Markov and computing the transition density. We changt� 
to polar coordinates by defining 

R(t) === VX1 (t) 2 + X2(t) 2 '  
E>(t) === arctan[X2(t) /X1 (t)] . 
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Since Brownian motion is Markov, 

Pr{R(tn + t) < bl X(t0) === x0 , o o  o ' X(tn _ 1 ) === Xn _ 1 , X(tn) === x} 

=== Pr{R(tn + t) < b !X(tn) === x} === Pr{R(t) < b !X(O) === x}, (6.4) 

where 0 < t0 < · · ·  < tn , t > 0, and x 1 , o o o ' xn are arbitrary points in the 
plane , x === (x1 , x2) o Then 

Jb [ 2Jn 1 { (r sin 8 - x1 )2 + (r cos 8 - Xz)2} d J d === - exp - 8 r r 2nt 2t ' 
0 0 

where we have changed variables according to y1 === r sinO, y2 === r cosO, 
recalling from advanced calculus that dy1dy2 === r dr d8o Since 

(r sin 8 - x1 )2 + (r cos 8 - x2)2 === r2 - 2r(x1 sin() + x2 cosO) + l lx l l 2 

where l lx l l 2 === xi +  x� , 

where 

Jb r {r2 + l lx l l 2} Pr{R(t) < b iX(O) = x} = 
0 
2nt exp 2t l(r, x) dr 

2n {r } l(r, x) = J exp f (x1 sin(} + x2 cos(}) d(}. 
0 

Define an angle ¢ by writing 

where l lx l l === V xi + x� o Using the trigonometric identity sin¢ sinO + 
cos¢ cosO = cos(¢ + 8) , 

Zn {r l lx I I  } l(r, x) = J exp t cos(¢ + 8) d(} 
0 
Zn {r l lx l l  

= J exp t cos e} d(}, 
0 
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since the integral is over the interval 8 E [0, 2n] , over which, cos(¢ +8) is 
periodic . Now 

But 

21t 

21t 21t 00 ( ll)k f f ""' r:t cos (7 
exp{a cos 8} d() == L k !  

d() 
0 0 k = O 

0, 

00 k 21t 
= 2 � ! 

f cosk e de . 
k = O 0 

if k == 1 ' 3 ' . .  0 ' 
J cosk e de = 
0 

k ! 2n 
if k == 0, 2 ,  0 0 0 0 

Thus, in terms of the modified Bessel function, 

We have computed, then, 

fb r {'2 + ! lx 1 1 2 } {' l lx "} Pr{R(t) < b jX(O) ==x} ==  - exp 2nl0 dr - 2nt 2t t 0 
b 

= J p1( [ [x [ [ , r) dr , 
0 

where we take N === 2 in Eqo (6 .2) defining p1 o We have thus shown 
b 

(6 .5) 

Pr{R(tn + t) < b \X(t0) = x0 , . . .  , X(tn) = x} = J p1( [ [x [ [ , r) dr. (6 .6) 
0 

Let ri === (xii + x�j) 1 / 2 ,  j === 0, o o o ' n, where xi === (x1 i , x2i) o  Similarly, let 
8 i == arctan(x2j/x1 j) o The conditions X(t0) === x0 , o o o ' X(tn) == xn , a re 
equivalent to the conditions R( t0) === r 0 , 8( t0) == 8 0 , • o o ,  R( t11) = r n , 
E>(tn) === 8n o Using this in (6 o6) , we will establish both the Markov proper ty 
and determine the transition density function for {R(t) , t > O} o Beginning 
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with the law of total probability, where p(eo ' . . .  , en) is the joint proba­
bility density function for (E>(t0) , • • •  , E>(tn) ) ,  we have 

21t 21t 
= J · · ·  J Pr{R(tn + t) < b i R(t0) = r0 , 0(t0) = 00 , • • • , 

0 0 

R(tn) === rn , E>(tn) === en}p(e0 , • • •  , en) de0 , • • •  , den 
21t 21t b 

= f · · · f { f P t(r n , r) dr k< 00 , . • • , On) d00 , • • • , dOn 
0 0 0 
b 

= J Pt(rn ' r) dr. 
0 

This verifies the Markov property and establishes (6 .2) as the transition 
density for the two-dimensional Bessel process . 

7:  Brownian Paths 

Considered as randomly chosen functions (as opposed to collections of 
random variables) the trajectories or sample paths of Brownian motion 
are quite remarkable . Were you asked to exhibit a continuous function 
that was nowhere differentiable , you might expend a considerable amount 
of effort to discover an example . Yet a Brownian path is " certain " 
(meaning the probability is one) to be such a function ! This is but one 
example of numerous striking features of Brownian paths . 

A. C O NTI N U ITY O F  PAT H S  

There are several ways in which a stochastic process X(t) , whose index 
set is a real interval, can be considered continuous . Three of these corres­
pond to the different notions of limit for random sequences introduced in 
Chapter 1 .  We say {X(t) } is : 

(a) Continuous in mean square if, for every t, 

lim E[ IX(s) - X(t) l 2 ] === 0 . 
s -+ t  

(h) Continuous in probability if, for every t and positive e, 

lim Pr{ I X(s) - X(t) l > e} === O .  
s -� t 
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(c) Continuous almost surely if, for every t, 

Pr{ lim X(s) === X(t) } === 1 . 
s-+ t 

The first two of these notions are decidable in terms of the finite­
dimensional distributions of the process. Indeed, a process whose second 
moments are finite is continuous in mean square if and only if the mean 
value function m(t) === E[X(t)] is continuous and the covariance function 
r(s, t) == E[{X(s) - m(s) }{X(t) - m(t) }] is continuous at the diagonal t === s ,  
as can be discerned readily from the expansion 

E[ \X(s) - X(t) \ 2 ] === r(s, s) - 2r(s, t) + r(t, t) + [ m(s) - m(t)] 2 • 
Chebyshev's inequality in the form 

1 Pr{\X(s) - X(t) l > e} < 2 E[IX(s) - X(t) \ 2 ] ,  e e > 0, 

shows that every mean square continuous process is continuous in 
probability. 

Although these are reasonable , and quite useful, concepts of continuity 
for many contexts, they are not adequate for all situations . Indeed, a 
Poisson process N(t) is continuous according to all three criteria . In fact, 
note first that the mean value function m(t) == .At and covariance r(s, t) === 
.A min{s, t}, are manifestly continuous . Moreover, for every fixed t, the 
event lims-+ t X(s) -=F X(t) occurs only if one of the jump times of the pro­
cess is at t. Since these jump times have a continuous (gamma) distribu­
tion, this event has zero probability. Thus, for every t > 0, 

Pr{lim N(s) === N(t)} === 1 , 
s-+ t 

and a Poisson process is , according to our definition, continuous almost 
surely at every specified t. 

But one never sees a graph of a Poisson process that shows it as a 
continuous function ! Clearly, a more stringent criterion for continuity of 
random functions is called for. We say that a stochastic process X(t) 
almost surely has continuous paths if, with probability one , X(t) is a 
continuous function of t. A number of technical difficulties arise with this 
definition . In Chapter 1 we defined a stochastic process by specifying all 
its finite-dimensional distributions . Whether or not a process almost 
surely has continuous paths cannot be answered in terms of these distri­
butions alone . Indeed, if X(t) almost surely has continuous paths, and w� 
define 

X(t) === {X(t) , 
0 ,  

if t -=F 1: '  
if t === 1: '  



7 .  B R O W N I A N  P A T H S  373 

for some random variable -r� then� typically X(t) does not exhibit con­
tinuous paths . Yet X(t) and X(t) have the same finite-dimensional distri­
butions whenever -r has a continuous distribution and is independent of 
{X( t) } . Thus we weaken our requirement. We will say that a stochastic 
process, defined through its finite-dimensional distributions, almost 
surely has continuous paths if there is a concrete representation {X(t) } 
of the process that is certain (with probability one) to be a continuous 
function of t. 

We will now give such a representation for Brownian motion 
{X( t) ; 0 < t < 1} . Note that only time indices t in [0� 1] are considered .  

The Haar functions on [0� 1] are defined by 

H1 (t) === 1 ,  

H2 (t) = {- � : 
0 < t < 1 ,  

0 < t < � '  
� < t < 1 ,  

O < t < 2- (n + 1 ) - � 
2 - (n + 1 ) < t < 2 - n 

- - � 
otherwise .  

The first six are shown in Fig . 6. 

j === 1 ,  . . .  , 2n . 

The Schauder functions are the integrals of the Haar functions� 
Sk(t) === Jf> Hk(-r) d-r . Their graphs are little tents� and if they are drawn, 
one can see 

and 

max S zn + j ( t) === ( � ) (n + 2 )/2 � 
O s t <  1 

n === 0, 1 ,  . . .  , O <j < 2n - 1� (7 . 1) 

(7 .2) 

Now let a(j)� j == 1 �  2 ,  . . .  � be a real sequence, and set 

(7 .3) 

We claim the following fact . If 
00 

� bn( �} n / 2  < 00� (7 .4) 
n = O 

t hen the series 
00 

x(t) = L a(k)Sk(t) 
k = l 
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I t �  

j2 

t� 

1 t� 

converges uniformly to a continuous function of t. To validate this claiin, 
it suffices to check the condition 

m + n  
lim I a(k) max Sk(t) === 0. 

m, n -+ oo k = m 0 s t 5: 1 

Now (7 . 1)-(7 .3) tell us 

21 +  1 

L a(k) max Sk(t) < b i 2- U+ 2 ) /2 , 
k = 2i +  1 0 5, t 5,  1 

(7 .5) 

(7 .6) 
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so by grouping the summands in (7 .5) according to indices k == 2i� 
2i + 1 �  . · · � 2i + \ we see that whenever m > 2N� the Cauchy sum in (7 .5) is 

00 

smaller than I b i 2 - U + 2 )  I 2 ,  which con verges to zero under ( 7 .4) . Then 
j =N 

x( t) is a continuous function of t whenever the coefficients satisfy ( 7 .4 ) � 
as claimed. 

Now let A 1 � A 2 , A 3 � • • • be independent normally distributed random 
variables having zero means and unit variances .  Let 

(7 .7) 
Then 

00 
X(t) == L Ak Sk(t) (7 .8) 

k = l 
00 

is a continuous function of t whenever L Bn( � )n /2 < oo .  We clai-m 
n = O  

so that, with " certainty, ' � (7 .8) defines a continuous function. To 
validate this claim, we first implement integration by parts on the normal 
integral to get 

= 2 {exp(-x2/2) 
_ Joo exp(- u2/2) du} 

� x u2 
X 

2 exp(-x2 /2) < 
V2-n x 

w l u�re J( is a constant . The sum on the right converges ,  so the Borel­
Cantclli lemma (Chapter 1) implies that only finitely many values of !An i  
c · xeeed 2Vlog n. This means� that only finitely many values of 
ll .l -� rnax{ IAn l : 2i < n < 2i + l } exceed 2\/log 2V]. Since L V]( �)i12 < oo� 
I h iH verifies the convergence � with probability one� of L Bn( i)n 12 ,  and 
c ·o u Hequcntly the continuity of X(t) == L Ak Sk (t) . 
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We have yet to show that X( t) is Brownian motion . If every finite­
dimensional vector {X(t 1 ) � • •  · � X(tk) } of a process has a multivariate 
normal distribution� we call the process Gaussian . A Gaussian process is 
deter1nined by its mean value and covariance functions� because these 
parameters uniquely specify all the finite-dimensional multivariate 
normal distributions . Thus� to complete our endeavor� we need only show 
that : (1 )  X(t) is Gaussian ; (2) E[X(t)] === 0 ;  and (3) E[X(t)X(s)] == 

min{s, t}. 
The first two properties are easy to check. Each partial sum Xn(t) = n 

L Ak Sk(t) is Gaussian (why?) � and this property is preserved in the k = O  
limit . Indeed, it is easy to ascertain that Xn(t) converges to X(t) in mean 
square � which will justify the interchange of limit and expectation in 

n 
E[X(t)] === lim L E[Ak]Sk (t) === 0.  n-+ oo  k = 1 

All that remains is to determine the covariance between X(t) and X(s) 
and see if it is identical with the covariance of standard Brownian motion, 
namely min{s, t} . That is �  we wish to verify the equation 

min{s� t} ? E[X(s)X(t)] 
00 00 

== L I E[AiAk]Si(s)Sk(t) j = 1 k = 1 
00 

== L Sk(s)Sk(t) . k = 1 
This is a question purely in classical analysis . But to keep our treatment 
self-contained, and to demonstrate the power of our methods and the 
content of our theorems , we will use a martingale argument . In Problem 
24 of Chapter 6, we asserted 

n 
L ak Hk(Z) == E[f(Z) I Y1 � · · · � Yn] , 

k = 1 
where f(-r) was an arbitrary function satisfying 

1 1 J l f(r) l dr < oo, ak = J f(r)Hk{r) dr, and 
0 0 

for Z uniformly distributed on [0� 1 ] .  Thus these partial sums form n 
Doob� s martingale that converges .  If JJ l f(-r) l 2 d-r < 00 ,  the martingale i �  
actually square integrable and 

n 
L ak Hk( Z) � E[f( Z) l Y1 , Y 2 � . • . 

] === f( Z) � k = 1 
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the convergence occurring in mean square as n � oo.  The last equality is 
a consequence of Z being determined by the infinite sequence Y1 , Y 2 , • • • •  

Evaluate the mean square to see 
1 

n 1 n 1 I l f(r) - � ak Hk(r) i l dr = I {f(rW dr - 2 L ak I f(r)Hk(r) dr 
0 k - 1 0 k = 1  0 

1 2 

+ j Lt1 
ak Hk(r) } dr 

1 n 
= I {f(r)}2 dr - I af . 

0 k =  1 

00 

Since this converges to zero as n � 00 -;  we deduce J6 {f( -r) }2 dr === I ai . k = 1  
Applying this formula first to [f(r) + g(r)] and then to f(-r) and g(r) and 
subtracting leads to the (so-called) Parse val relation 

and 

1 00 I f(r)g(r) dr = L ak bk ,  
0 k = 1 

f(r) = { 1 ,  0 < r < s, 
0, s < r < 1") 

g( r) = { 1 ,  0 < r < t ,  
0,  t < r < 1 .  

(7 .9) 

Then ak === J6 f( r)Hk( r) dr === Sk( s) o; and bk === Sk(t) , while J6 f( r)g( r) dr === s 
00 

whenever s < t. Substitution into (7 .9) gives s === I Sk(s)Sk(t) . The same 
k = O  

argument works when t < s to give our desired 
00 

min{so; t} === L Sk(s)Sk(t) . k = 1 
00 

This completes our proof that X(t) === L Ak Sk (t) is a Brownian motion 
k = 1 

process whose paths are continuous functions of t with probability one . 
If a Brownian motion B(t) whose index set is 0 < t < oo is desired, first 

He t W(t) === tX(1/t) o; for 1 < t < 00 ,  and then set B(t) === W(1 + t) - W(1) , 
t => 0.  We leave it to the reader to check that this is indeed the desired 
process .  (It is Gaussian and has the required mean and covariance 
functions .) 
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A final curiosity that emanates from the construction : Array the digits 
in the decimal expansion of a uniform (0, 1) random variable U = 
zl z2 z3 . . .  diagonally in an infinite matrix as shown : 

�z3 

Zz Zs 

z4 

z7 . . .  

The rows give the decimal expansion for 

ul == . zl z3 z6 Zl o · · · , 

Uz = . Zz Zs Zg Zt 4 · · · , 

U3 == · Z4 Zs Z1 3 z1 9 · · · , 

which are independent and also uniformly distributed over (0, 1 ) .  Let 
<D- 1 be the inverse function to the normal integral 

1 X 

<D(x) = v- f exp(-t2 /2) dt, 
2n _ 00 

and set Ak == <D- 1 ( Uk) . These random variables are independent and, 
being inverse probability transforms,  are normally distributed with zero 
means and unit variances .  Use them in formula (7 .8) to construct a 
Brownian motion process .  We have then formed an entire Brownian 
motion process using 'as our sole source of " randomness " a single uniform 
random variable U !  In this sense , Brownian motion has no more " ran­
domness " than the experiment of drawing a single number by chance ! 

B .  TH E S Q U A R E D  VAR IATI O N  

Let X(t) be a standard Brownian motion . We will not show that X(t) 
is nowhere differentiable, although, as mentioned earlier, this is indeed 
true . What we will do, however, will lend support to this conclusion . We 
will establish that, for every fixed t > 0, 

2" [ (k ) (k - 1 ) ] 2 

n}�r: 6 X 2n t - X 2n t == t .  (7 . 10) 

This convergence takes place both in mean square and with probability 
one, or almost surely . 
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An elementary calculus approach to the limit on the left suggests the 
formula 

t t J [dX(r}P = t = J dr . 
0 0 

The same formula expressed in differentials reads [dX(t) ] 2 = dt ! A typical 
feeling on seeing this for the first time is disbelief accompanied by a 
strong desire to check the analysis carefully and preclude the possibility 
of error . No error has been made, as we invite you to check for yourself 
shortly. In fact, the differential formula dX(t) 2 = dt can be endowed with 
a precise meaning in which it is not only true, but highly useful, but this 
development is deferred to Chapter 15 on diffusion processes .  

Before proceeding to the proof, let us draw an easy corollary of (7 . 10) : 
2" ( k ) (k - 1 ) !�r: 6 X 

2" t - X 
2n t = oo. (7 . 1 1) 

In words, the total variation of a Brownian path is infinite (with proba­
bility one) . This suggests ,  but does not imply, the nondifferentiable nature 
of the paths mentioned earlier . The infinite total variation results from 
the inequality 

2." 2 

X - t - X t > _k_-_1 _�---------
2n 2n - ( · ( · - 1 · 

k = 1 max X 
2
1
n t
) 

- X ] 2n
- t
) 

" - 1 2" J - ' . .  0 '  

The numerator on the right converges to t ,  while the denominator vanishes 
because Brownian paths are continuous and thus uniformly continuous 
over bounded intervals .  Thus the left hand side must become infinite 
which validates (7 . 1 1) .  

The proof of the squared variation formula is greatly eased if we intro­
duce some briefer notation. Let 

k = 1 ,  . . .  , 2n ,  

and k = 1 ,  . . . , 2n . 
2 "  2 " We wish to show that L L\;k -0- t, or what is the same , L wnk -0- 0. For 

k = 1 
each n, the random variables in { Wnk}�" 1 
( l i Htrihuted, and 

E[ W ] == E[L\2 ] - t/2" = 0 nk Ilk ' 

k = 1 
are independent, identically 
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The last computation is the fourth moment of the normally distributed 
!).nk • In fact, if /). is normally distributed with mean zero and variance 
(J2 , then E[!).2m] === 1 . 3 · · · (2m - 1)(J2m, which is readily confirmed induc­
tively by differentiating the normal characteristic function . Then<) 
E[Wkn  Win] === 0 if j -=F k") and squaring the sum leads to [ { 2" } 2] 2 "  

E kJ.;t Wkn = 

k
�

t 
E[ Wn�] = 2n+ t t2 /4n 

= 2t2 /2n . 

Since 2t2 /2n --+ 0 as n -0- 00 ,  this immediately shows our desired squared 
variation formula holds when the limit is understood in the mean square 
sense . To get convergence with probability one let e > 0 be given and 
apply Chebyshev's inequality to see { 2 "  } 2t2 (1) n 

Pr � Wnk > e < e2 2 
. 

2 "  

Since L (i) n < 00 ,  the Borel-Cantelli lemma implies that I wnk > e k = l 
can occur for only finitely many values of n .  Since e > 0 is arbitrary-; we 
must have (with probability one) 

zn 
lim L wnk === o . n -+ oo  k =  1 

This is equivalent to the squared variation relation (7 . 10) . 
While X(t) is not differentiable-; in Section 8 of Chapter 9 we will attach 

a meaning to expressions like Jb f(t:) dX( r) by defining the integral to be 
the mean square limit of the approximating sums . A more general 
stochastic integral will be developed in Chapter 15 . 

C .  TH E LAW O F  T H E ITERAT E D  LO G A R ITH M 

The principal form of the celebrated law of the iterated logarithm for 
Brownian motion X(t) states that 

X(t) lim sup == 1 
t ! O V2t log log(1 /t) 

(7 . 12) 

is a certain event oro; equivalently-; is an event of probability one . There 
are many variations and generalizations . For example , since tX(l/t) is 
also a Brownian motion") we have 

I . tX(l /t) 
1m sup === 1 ")  

t ! O  V2t log log(l/t) 
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or, with s === 1/t") 

. )((s) 
l1m sup === 1 . 

s t  oo V2s log log s 

381 

Given a positive e o; on the one hand this means that no matter how 
large a value s we take -; there are values t > s for which 

1 
Vt X(t) > ( 1 - e)V2 log log t, 

while on the other hand-; we may guarantee for each sample path 

1 Vt X(t) < ( 1  + e)V2 log log t, for all t > s, 

by choosing s sufficiently large . In this form, we see that the law of the 
iterated logarithm furnishes a remarkable answer to what is basically a 
simple question . For any fixed t, )((t) jv't is normally distributed with mean 
zero and variance one -; and so 

Pr{� X(t) > KV2 log log t} = 1 - <D(I<V2 log log t) , 

where <I>(x) is the normal integral . For J( === 1 and t === 10 1 0 ") this proba­
bility is quite small , approximately 0 .006. On the other hand, it is con­
ceivable that the probability of 

1 Vt X(t) > KV2 log log t ,  

for some t > 10 1 0  could be much larger. The law of the iterated logarithm 
says " no ") ' if J( > 1 but " yes-;" with the probability approaching one, if 
J( < 1 .  

We content ourselves with proving only half of the law") namely 

. X {t) hm sup < 1, 
t ! O  V2t log log(1 /t) - (7 . 13) 

w i th probability one . We begin by applying the maximal inequality to the 
nonncgati ve martingale 

Z(s) == cxp{ctX(s) - }ct2s }, ct > 0, 



382 7 .  B R O W N I A N  M O T I O N  

to deduce, for a > 0, fJ > 0, 

Pr{ max exp{ctx( � t) -

1 IX2 � t} > erxP} < e - rxPE[ Z(t) ] 
k = 1 , • • . , 2" 2 2 2 

=== e - rxP E[ Z(O)] 
=== e - rxP . 

This holds for every n === 1 ,  2 , . . .  , and since the paths of X(s) are con­
tinuous, we may let n --*  oo to see 

e - rxp > Pr{ sup exp{ctX(s) - �a2s} > erxP} 
O � s � t  

=== Pr { sup {X(s) - �as} >  p } , ct > 0 .  
O � s � t 

Fix a value e, with 0 < e < 1 , set 

h( t) === V 2t log log( 1 /t) , 
and for c; > 0, choose 

a === C(n = { 1 + 2 e) e- n h( en) ,  
We get 

a{J == (1 + 2e) log log e - n == ( 1  + 2e) log nc, for c === log(1je) > 0. 
00 

Thus e - rxp == (nc) - ( 1 + Ze) . Since L (nc) - ( 1 + Ze) < 00 ,  the Borel-Cantelli 
n = 1 

lemma applies ,  and we conclude that 

(7 . 14) 
O � s � t  

holds for all but finitely many values of n .  In particular, we may assume 
there is some int�ger N, random since it depends on the particular path 
being studied, but for which (7 . 14) holds whenever n > N. If t < eN, then 
when covered by the interval en < t < en - 1 , we have n > N, so that 

and 

Pn > sup {X(s) - �an s} 
O � s � t  

X(t) < �C(n t + fJn 
< .la en - 1 + fJ - 2 n n 

== !( 1 + 2c;) e- 1 h( e") + �h( e") 

= 
� { 1 � 2e + 1}h(O") .  
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Since h( t) is an increasing function for t near zero� h( en) < h( t) � and 
1 { 1 + 2e } 

X(t) < 
2 () + 1 h(t) . 

This inequality holds for all t sufficiently near the origin . To be precise, 
it holds for all t < ()N. Thus, with probability one , 

X(t) 1 { 1 + 2e } 
lim sup < - + 1 . 

t � 0 h( t) - 2 () 

Since we have placed no restrictions on () other than 0 < () < 1 ,  let () -0- 1  
to conclude 

X(t) 
lim sup 

h( ) 
< 1 + e, 

t !  0 t 

with probability one . 
Since e is an arbitrary positive number� we have proved the half of the 

law of the iterated logarithm that is stated in (7 . 13) .  

Elementary Problems 

In these problems� X(t) is standard Brownian motion. 

I. Let T0 be the largest zero of X( r) not exceeding t. Establish the formula 

2 ... ; -Pr{ T0 < t0} === - arcsin-v t0jt . 
n 

Hint : Use Theorem 3. 1 .  

2. Let T1 be  the smallest zero of X(r) exceeding t. Show that : 

3. Verify that E(X(t)X(s) I X(O) === 0) === min(t� s) . 

4. Show that the density 

1 
p(t� x, y) === 

V 
exp [ - (x -y)2 j2t] 

2nt 
Hutis fics the heat equation 

op 1 a2p 
- - - -at - 2 ax2 • 
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5. Let T(A) be the first passage time for reaching A >  0 when X(O) == 0. Prove 
that the distribution of T(,1 1 + ,12 ) is the same as the distribution of the sum of 
T(A1 ) and T(,12 ),  where T(,11 ) and T(A2 ) are regarded as independent random 
variables, A1 , A2 > 0. 
Hint : Verify ¢;. 1 + ;.2(8) == ¢;. 1 (8)¢;.2(8) , where ¢;.(8) is the Laplace transform 
of T(A) � given in Eq. (5 .3) .  

6.  Determine the covariance functions for 

and 

V(t) == X(t) - tX(1  ) � 
Solution :  

t > 0� 

O <  t <  1 .  
- -

E[U(t) U(s)] == exp{- \ t - s \ }� 
and 

E[V(t) V(s)] === t(1 - s) , for t <  s .  

7. For a standard Brownian motion X(t ) and constants r:t > 0, {J > 0, establish 

Pr{ X(t) < r:tt + fJ for all t >  0\X(O) = w} == 1 - e- 2�(P -w>, for w < [J. 

Hint : Apply Corollary 5 . 1  to the Brownian motion with drift W(t) === X(t) ­
r:tt - w .  

8. Let W == f� X(s) ds . Verify that E[W] == 0 and E[W2] == t3 f3. 

Hint :  Validate and complete the computation 

t 2 
E[W2] = E [ { f X(s) ds } ] 

0 

= E[{ f X(u) du} { f X(v) dv}] 
0 0 

t t 

= J J E[X(u)X(v)] du dv 
0 0  

9. Derive the conditional distribution of W = f� X(s) ds given that X(t) = x. 

Hint : W and X(t) have a joint normal distribution. 

Solution : Given X(t) == x� W is normally distributed with mean E[WjX(t) -

x] == !tx and variance E[( W - ltx)2 IX(t) === x] === t3 / 12 .  
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IO. Let T be the first time the Brownian motion process crosses the line l(t) == 

a + {Jt, (a > 0� {J > 0) . Determine the Laplace transform of T. 

Hint : Use the second martingale of ( 5 . 1 )  yielding 

E[exp{A(ct ·+ {J T) - !,12 T}l == 1 

and then a change of variable ,1{3 - �,12 == z. 

II. Let Y(t) == eX(t) be geometric Brownian motion. Determine the diffusion 
coefficients 

and 

. E[Y(t + h) - Y(t) j Y(t) == y] hm h == b(y) , 

h.J.. O 

. E[{Y(t + h) - Y(t)}2 1 Y(t) == y] hm h == a(y)� 
h .J, O  

0 <y < 00� 

O < y < oo. 

I2. Use relation (5 .5) to evaluate the integrals 

I �t exp {- (at + �) }dt, a, b > 0; 

I t 3�2 exp { - (at + �) } dt. 
0 

I3. Prove that Pr{ M(t) > � j X(t) == M(t)} == exp( -�2/2t) � where M(t) == 

rnax0 s u  < t X(u) . 

l-Iint : Let Y(t) == M(t) - X(t) . Find the conditional distribution of M(t) 
given Y(t) = 0. 

14. Validate the identities 

(i) 

and 

(ii) 

t 
E[exp{A J X(s) ds}] = exp(A2t3J6) ,  

0 

t 
E[exp{A J sX(s) ds}] = exp(A2t5 Jl5), 

0 

- oo  < A- < oo,  

- oo < A < oo.  

1 5. Let R(t) = [X1 (t)2 + · · ·  + Xm(t)2] 1 12 be  the radial Brownian motion or 
Bt ·Hsel process in m dimensions. (a) Validate that R(t)2 - mt is a martingale . ( h )  lf se the martingale optional sampling theorem to establish that E[ T] == r2Jm, 
w hc �n � 7, :=.:;: inf{t > 0;  R(t) > r} is the first time the m-dimensional Brownian n aot ion [X 1 (t), • • .  , X111 (t)] reaches a distance r from the origin. 
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Problems 

We use the notation 

M(t) == max X(u), 
O :::;; u =:; t  

and 

Y(t) == M(t) - X(t) , 
where X(t) is standard Brownian motion. 

1. Prove that Y(t) == M(t) - X(t) is a continuous-time Markov process . 

Hint : Note that for t' < to; 
Y(t) == max{maxt' s u =:; t  (X(u) - X(t' )) , Y(t')} - (X(t) - X(t' )) . 

2. Show that the stochastic process Y(t) == M(t) - X(t) and the stochastic 
process jX(t) l are equivalent . (Two processes are said to be equivalent if the 
finite-dimensional distributions are the same .)  

Hint : Since jX(t) l and Y(t) are both Markov processes , it is enough to prove 
that the density functions of 

Pr{Y(t) <yl Y(t0) = y0 ") t0 < t} 
are identical. 

and Pr{ jX(t) l <y 
I I
X(t0) l . Yo , t0 < t} 

To compute the left-hand side, use the representation of Y(t) in Problem 1 . 

3. Prove that the probability of at least one zero of Y(t) in the interval (t0 -; t1 ) 
is (2/n) arccosV t0 /t

�
. 

4. Let Ti( T�) be the smallest (largest) zero of Y('r) == M(-r) - X(r) exceeding 
(not exceeding) t . Show that T� and TI possess the same distribution as T 0 
and T1 , respectively-; as defined in Elementary Problems 1 and 2 . 

5. For a · b > 0, prove 

Pr{X(r) is not zero in (0-; t) jX(O) = a-; X(t) == b} == 1 - e - Zabft
. 

Hint : Use the function At(x, y) of (3 .9) .  

6. Prove that, for a-; {3 > 0-; 
Pr{X(u) < au +  {Jo; 0 < u < l jX(O) == X(1) == 0} == 1 - e- 2P<P + rx.) .  

Hint : Use Theorem 2 . 1 to establish the identity 

Pr{X(u) < au + {Jo; 0 < u < 1 jX(O) == X(1) = 0} 
= Pr{X(u) < 0") 0 < u < 1 jX(O) == -{Jo; X(1) == -{J - a}, 

and then consult Problem 5.  
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7. Find the conditional probability that X(t) is not zero in the interval (t0 , t2 ) ,  
given that it is not zero in the interval (t0 , t 1 ) , 0 < t0 < t1 < t2 • 
Answer :  

arcsin vi-;;;t;_ 
arcsinV t0jt1 

• 

8. Show that the probability that X(t) is not zero in (0, t2 ) , given that it is not 
zero in the interval (0, t1 ) , 0 < t 1 < t2 , is Vt1 /t2 • 
Hint : Compute 

and then let t0 --* 0. 

9. Show that the probability of the event IX(t1 ) - X(t0) 1 > �' given that X(t) 
takes on an extreme value [X(t) has two extreme values] over the interval 
(t0 , t1 ) at either t0 or t1 , is exp ( - �2/2(t1 - t0 )) , t0 > 0. 

Hint : Prove the following statements : 

(i) The event of the problem can take place in any one of four ways : 
(A) X(t0 )  is a minimum, (B) X(t0 )  is a maximum, (C) X(t1 ) is a minimum, 
(D) X(t1 ) is a maximum. 

(ii) The conditional probability, given any one of (A), (B) ,  (C), (D) that any 
other one of (A) , (B) ,  (C) ,  (D) occurs is zero . 

(iii) 
Pr{ IX(t1 ) - X(t0) 1 > � I (A) ,  (B) ,  (C), or (D) occurs} 

L Pr{ IX(t1 ) - X(t0) 1 > � I a} 
1X = (A) ,  ( B ) ,  (C) ,  (D)  

X Pr{a i (A) , (B),  (C) , or (D) occurs} 
= exp[-�2/2(t1 - t0)] . 

( Use Elementary Problem 13 and the reflection principle . )  

1.0. Prove that 

Pr{X('r) :f= 0 in 0 < t < r < u < l iX(O) == X(l) == 0} 

2 J u - t 
== 

n 
arccos u( l _ t) . 

I I  int : Compute the quantity 
00 1 

2 I I Pr{X(t) = ()(, T(()() = r - t� X(l - r) == O IX(O) == 0} 
�X = O t = u  

X [Pr{X( l )  :::-: O IX(O) -- 0}] - l da dr, 
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where T((X) denotes the time at which the Brownian particle first becomes 0 
starting from X(O) == (X [see (3 .7)] � and 

d [2 J u - t J du n 
arccos u( 1 - t) 

2 1 ( 1 ) t 
=

- n v/1 -- (u - t)fu( 1 - t) v/1 - t 2V1 - (tfu)u2 

Vr 1 
- -- -;----;::=====--�====--n (v/1 - u) (v/u - t)u ' 

which proves the result . 

11. Establish the identity 

for any continuous function f(s) ,  0 < s < oo .  

- OO < A < OO  

12. Prove that Pr{X(1) < x!X(u) > 0� 0 < u < 1} === 1 -exp(-x2f2) . 

Hint : X'(t) = X(1) - X(1 - t) is also a Brownian motion. The desired prob­
ability, in terms of X'(t), is 

Pr{X'( 1 )  < x!M'(1 )  == X' (1 ) }� 
where M'(t) = maxo s x s t  X'(x) . Now consult Elementary Problem 13 .  

13. For a > 0� b < a, show 

Pr{sup 
b + X(t) > a} == e - 2a(a - b) . 

t � O  1 + t 
Then show that the left-hand side, hence also the right� equals 

Pr{ sup X(u) > a !X(1) == b ) . 
O ::;; u =:;  1 

14. Prove Kolmogorov's inequality for Brownian motion : 

Pr{ sup I X(u) l > e} < t/e2, 
0 :::; u :::; t 

e > 0. 

15. (Continuation) . Use Kolmogorov's inequality to show 

1 
lim - X(t) == 0. 
t -+ 00 t 

Hint : Set e == 22"13 and t == 2"� and apply the Borel-Cantelli lcmrna. 
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16. For n == 1 .,  2.,  . . . and k = 1 .,  . . .  ., 2"., set 

. 
where X(t) is standard Brownian motion. 

zn 
Show E[Sn + 1 1Sn] === � (Sn + 1) , where sn == L L\;k . 

Hint : Use Theorem 2 . 1  to establish 

E[A;+ 1 ,  zk- 1 + L\;+ 1 ,  zk iX(j/2") ., 

Then sum both sides .  

k = 1 

j == 1.,  . . .  ., 2"] == �(L\;/c + 1 ) . 

17. Using the notation of Problem 16., show E[Sn iSn + 1] = Sn + 1 .  
Hint : Use symmetry to argue 

E[L\; k it\;+ 1 ,  zk - 1 " L\; + 1 ,  zk] 
== E[ ( L\n + 1 , 2k - 1 + L\n + 1 , 2k) 2 1 L\; + 1 , 2k - 1 ., L\; + 1 ,  2k] 
== � (L\n + 1 , 2k - 1  + L\n + l ,  2k)2 + i(L\n + 1 ,  2k- 1 - L\n + l ,  2k) 2 
== L\;+ 1 ,  2k- 1 + L\;+ 1 ,  2k . 
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18. Let X(t) be standard Brownian motion., and for e > 0 and T > 1 let 
ge , r(x) be the conditional probability density for X(1 ) .,  given X(t) > - e for all 
t < T. Show 

lim ge, r(x) == J2 
x2 exp( -x2f2) . e � O n T-+ oo 

Remark : This is the distribution of R( 1 ) in a 3-dimensional Bessel process . 

19. {fo(X(t), t)} is a martingale for any real parameter 8., where f0(x., t) == 
exp{8x - �82t} . Use the martingale f0(X(t)., t )  + f_ 0(X(t) ., t) ., where 8 == V2,1 to 
show 

E[e- lT] == 1 _ ' 
cosh(V2,1 a) 

where T == min{t : X(t) == +a or X(t) == -a}.  

20. Set 
1 

2 p(x, t) = Vt exp (x J2t), 

Show that p(X(t)., a + t) is a martingale for a >  0. 

II int : Verify 

t > 0. 

+ 00 1 
p(x, t) = _[ V2n: f8(x, t) dO, 

wht � re fo(x., t) =--= exp{Ox - !02t} . Consult also (5 .2) . 
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21. Use the martingale in Problem 20 and the maximal inequality for martin­
gales to show 

Pr{ IX(t) l > V 2(a + t) logVa + t, for some t > 0} < �� .  
22. Fix a <  0 < b and let T(a) [respectively, T(b)] be the first time the process 
reaches a (respectively, b) .  Let Ia == 1 if T(a) < T(b) , and zero otherwise .  
Similarly, let I b be the indicator of the event that b is reached before a. Show 
that 

exp( -V 2,1 b) = E{Ib exp[-,1 T(b)] } + E{Ia exp[ -A T(a)]} exp[-V2,1 (b - a)] , 
and 

exp(V 2,1 a) == E{Ia exp[ -A T(a)] } + E{Ib exp[-A T(b)] }  exp[-V2,1 (b - a.)] . 

Hint : The first equation dichotomizes paths to b according to whether a is 
hit first or not . If a is hit first, a move to a without hitting b is followed by a 

move from a to b. Finally, recall 

exp( -V2,1 b) = E[exp[-,1 T(b)] I X(O) === 0] , 
and 

exp[-V 2,1 (b - a)] = E[ exp[-A T(b)] l  X(O) = a] . 

23. (Continuation) . Solve the equations derived in Problem 22 simultaneously 
for E{Ia exp[-,1 T(a)] }  and E{Ib exp [-A- T(b)] } . Let T = min{ T(a) , T(b)} be the 
first time either a or b is reached. Find 

E[exp( -A- T)] = E{Ia exp[ -,1 T(a)]} + E{ Ib exp[ -,1 T(b)] } . 

24. Let W(t) be  a Brownian motion with positive drift 11 > 0 and variance (J2 • 
Let M(t) = maxo su s r  W(u) and Y(t) == M(t) - W(t). Fix a >  0 and y >  0, and 
let 

T(a) == min{t : M(t) = a}, 

Establish that 

S(y) = min{t : Y(t) == y}. 

Pr{ T(a) < S(y)} = exp {cr2[exp(;:�:2 ) _ 11 } . 
Hint : Let f(a) == Pr{ T(a) < S(y)}. Argue first, that f(a1 + a2 ) == f(a1 )f(a2) , 
and thus f( a) == e- ka for some constant k. 

With A, ==  -2!1/ (J2 , elX(t ) = el[M( t ) - Y( t )] is a martingale . Set 

T = min{ T(a) , S(y)} 

and apply the optional stopping theorem. Observe M( T) == a, Y( T) = 0, i f  
T(a) < S(y) , and Y( T) === y if T(a) > S(y) . Disect 1 = E[el[M(T) - Y(T)] according  
as T(a) < S(y) or T(a) > S(y) . Let a --*  0 to determine the unknown constant 1£. 
25. Let {X(t) ; t > 0} be a Brownian motion process . By formally differentiating 
the martingale 

!Z 0(t) == exp{OX(t) - (1 /2)82t} , 
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with respect to 8, show that, for each n, Hn(X(t) , t) is a martingale, where 
H0(x, t) - 1 ,  
H1 (x, t) = x, 

and 
Hn(x, t) == xHn_ 1 (x, t) - (n - 1)tHn_ 2 (x, t) . 

An alternative approach is  to show that (5 . 2) applies.  
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26. Consider any continuous integrable function f defined on the real line 
satisfying 

Form the process 

Show that 

00 I f(b) db = a>O. 
- oo  

1 t 

Y(t) = . r I f(X(u) ) du. 
'V t 0 

lim E[ Y(t)] and lim E[ Y2 (t)] 
t -+  00 t -+  00 

exist and determine their values. 

27. (Continuation.) 
Show that 

t -+  00 

where flk is the kth moment of the one-sided normal distribution. (The one 
sided normal is the distribution of I Z I where Z follows a standard normal distri­
bution.) 

N OTES 

For applications of Brownian motion to statistical mechanics and 
rnathematical analysis we recommend the delightful monograph by 
Kac [2] .  

An outstanding treatise on diffusion processes , which completes and 
profoundly extends the work of Levy, is that of Ito and McKean [3] . 
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Chapter 8 

B R A N CHIN G P R O CES S ES 

The first four sections of this chapter provide a basic introduction to 
branching processes and their applications . Sections 5 through 1 1  provide 
generalizations and extensions and should not be attempted until after 
the earlier material has been mastered. In a one semester course., where 
time is scarce, these later sections might be omitted. 

1 : Discrete Time Branching Processes 

Branching processes were introduced as examples of Markov chains in 
Section 2 of Chapter 2 . There are numerous examples of Markov branching 
processes that arise naturally in various scientific disciplines . We list 
some of the more prominent ones . 

(a) Electron Multipliers 
An electron multiplier is a device that amplifies a weak current of electrons . 
A series of plates are set up in the path of electrons emitted by a source. 
Each electron, as it strikes the first plate, generates a random number of 
new electrons, which in turn strike the next plate and produce more 
electrons , etc . Let X 0 be the number of electrons initially emitted, X 1 the 
number of electrons produced on the first plate by the impact due to the 
X0 initial electrons ; in general let X" be the number of electrons emitted 
from the nth plate due to electrons emanating from the (n - l)st plate . 
The sequence of random variables X0 , X 1 , X 2 ,  • • •  , Xn , . . .  constitutes a 
branching process . 

(b) Neutron Chain Reaction 
A nucleus is split by a chance collision with a neutron . The resulting fission 
yields a random number of new neutrons . Each of these secondary 
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neutrons may hit some other nucleus producing a random number of 
additional neutrons, etc . In this case the initial number of neutrons is 
X0 === 1 .  The first generation of neutrons comprises all those produced 
from the fission caused by the initial neutron. The size of the first 
generation is a random variable X1 • In general the population Xn at the 
nth generation is produced by the chance hits of the xn - 1 individual 
neutrons of the (n - l) st generation . 

(c) Survival of Family Names 
The family name is inherited by sons only. Suppose that each individual 
has probability Pk of having k male offspring. Then from one individual 
there result the 1st, 2nd, . . .  , nth, . . .  generatiolts of descendants . We may 
investigate the distribution of such random variables as the number of 
descendants in the nth generation, or the probability that the family name 
will eventually become extinct . Such questions will be dealt with in the 
general analysis of branching processes of this chapter . 

(d) Survival of Mutant Genes 
Each individual gene has a chance to give birth to k offspring, k === 1 ,  2 ,  . . .  , 
which are genes of the same kind. However, any individual has a chance 
to transform into a different type or mutant gene . This gene may become 
the first in a sequence of generations of a particular mutant gene . We may 
inquire about the chances of survival of the mutant gene within the popu­
lation of the original genes. 

All of the above examples possess the following structure . Let X0 denote 
the size of the initial population . Each individual gives birth, indPpendently 
of the others ") with probability Pk to k new individuals , where 

00 

k == 0, 1 ,  2,  . . .  ' and I Pk === 1 .  ( 1 . 1) 
k = O  

r r'he totality of all the direct descendants of the initial population constitutes 
the first generation whose size we denote by X 1 • Each individual of the 
fi rst generation independently bears a progeny whose size is governed by 
1 he probability distribution ( 1 . 1) .  The descendants produced constitute 
1 he second generation of size X 2 • In general the nth generation is composed 
of descendants of the (n - l) st generation each of whose members inde­
pendently produces k progeny with probability Pk , k === 0, 1 ,  2, . . . . The 
population size of the nth generation is denoted by Xn . The X" form a 
M•�qucncc of integer-valued random variables which generate a Markov 
t · l ulin . 
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2: Generating Function Relations for Branching Processes 

We will develop some relations for the prob ability generating functions 
of the X" . Assume first that the initial populat ion consists of one individual, 
i .e . ,  assume X0 === 1 .  Clearly we can write for ev ery n = 0, 1 ,  2 ,  . . .  

where c;r (r > 1) are independently identically distributed random variables 
with distribution 

00 

k === 0, 1 ,  2 ,  . . .  , L Pk == 1 � k = O  
We introduce the probability generating function 

and 

00 

cp(s) === L pksk k = O  

00 

cpn(s) === L Pr{Xn === k }sk, for n === 0, 1 ,  2 .,  . . . .  
k = O  

Manifestly, 

Further, 
and 

00 

({Jn + 1 (s) === L Pr{Xn + 1 === k }sk 
k = O  

00 00 

== L L Pr{Xn + 1 === k\Xn === j} Pr{Xn === j}sk 
k =  0 j =  0 

00 00 

=== L sk L Pr{Xn == j} · Pr{ � 1 + · · · + c;j === k} 
k = O  j = O  

00 00 

=== L Pr{Xn == j} · L Pr{ c; 1 + · · · + c;j == k }sk . (2 .1 )  
j = O k = O  

Since c;r (r === 1 ,  2 ,  . . .  , j) are independent, identically distributed random 
variables with common probability generating function cp(s) .,  the surn 
� 1 + · · · + c; i has the probability generating function [ cp ( s) ] i . Thus, 

00 

({Jn + 1 (s) == L Pr{Xn == j}[cp(s)]J . 
j = O 
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But the right-hand side is just the generating function <tJn( o ) evaluated at 
<p(s) o Thus, 

<tJn + 1 (s) === <tJn( <p(s)) . 

Iterating this relation we obtain 

<fJn + 1 (s) == <tJn(<p(s)) == <fJn - 1 (<p(<p(s)) )  == <tJn - 1 ( <fJz (s)) 
== <fJn - z(<tJz(<p(s))) === <tJn - z(<fJ 3 (s)) o 

It follows, by induction, that for any k === 0, 1 ,  0 0 0 '  n 

In particular, with k == n - 1 ,  
-

<tJn + 1 (s) == <p( <tJn(s)) . 

If instead of X0 == 1 we assume X0 == i0 (constant) , then 
<p0(s) - Sio and <p 1 (s) == [<p(s)] io 

because 

We still have 

hut (2 o3) no longer holds . 

(2 .2) 

(2 .3) 

With the help of (2 .2) , we will now compute the expectation and variance 
of X" 0 It is assumed henceforth, unless explicitly stated to the contrary, 
that X0 1 1 .  We postulate that 

m == EX1 and 
exist and are finite o 
Obviously, EXn == <p�( 1) o Then differentiating (2 o2) and setting s == 1 

yields [since <p(1) == 1] <p� + 1 ( 1) == <p�(1 ) <p' (1) o Iteration produces 

(/)� + 1 (1) === <p'(1 )<p�(1) == [qJ' (1)] 2lfJ� - 1 (1) = [<p'(1) ]3fP� - 2 (1) 

nnd by induction 

(/)� + 1 (1) == [<p'( l}]
"
lfJ� ( l) = [<p'( 1)] n + l .  

liut <p'( 1) == <p� (l) == EX1 == m . Thus 

Ex n + 1 
n +  1 == m . 

'ro compute Var X" + 1 , first note that 
00 (/J�;( I) = L k(k - 1) Pr{Xn = k} == EX� - EXn = E�� - <p�(1) 

k = 2  

(2 .4) 
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and so 
Var Xn == <p�(1) + <p�(1) - [ <p�(1)] 2 . 

But differentiating (2 .3) twice and setting s === 1 yields 

<fJ� + 1 (1) === <p"( 1) [<p�(1 )] 2 + <p'(1)<p�( 1) . 

Since <p' (l ) === m and <p"(1) === EXi - EX1 === (J2 + m2 - m, we have 

<fJ� + 1 (1) === Mm2" + m<p�( 1) , 

where M === a2 + m2 - m. By induction, 

<fJ� + l (l ) === M{m2 n + m2n - 1 } + m2<p� _ 1 (1) == . . .  === M{m2 n + m2n - 1 
+ · · · + m"} . 

Thus 

Var Xn +  t === ((Jz + mz - m) {mz " + mz n - t  + . . .  + m"} + mn + t - mzn + z 

=== (J2 {m2 n + m2 n - 1 + . . .  + m "} 
mn + 1

_ 1 
=== (J2mn ___ _ 

m - 1 if m =F 1  
and 

Var Xn + t  == (n + l) (J2 if m === 1 .  
We have hereby verified the formulas EXn == m" and 

m" - 1 a2mn - 1 __ _ 

Var X" === m - 1 if m =F 1 , 

if m == 1 . 
Thus, the variance increases (decreases) geometrically if m > 1 (m < 1) ,  
and linearly if m == 1 . This behavior is characteristic of many results for 
branching processes . 

3 :  Extinction Probabilities 

We want to determine the probability that the population will eventually 
die out, i .e . ,  Pr{Xn == 0 for some n } .  Obviously whenever Xn === 0, xk· � 0 
for all k > n .  

Note first that extinction never occurs if the probability that an 
individual gives birth to no offspring is  zero, i .e . ,  when p0 = 0. Thus in 
investigating the probability of extinction we will assume 0 < p0 < 1 .  Let 
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Then by formula (2 .3) 
qn + 1 == <fJn + 1 (0) == <p( <fJn(O)) == <p(qn) • (3 . 1) 

Since <p(s) is a strictly increasing function (it is a power series with non­
negative coefficients and p0 < 1) and q1 === <p 1 (0) === Po > 0, q2 === <p(q1 ) > 
<p(O) == q1 . Assume that qn > qn _ 1 ; then qn +  1 == <p(qn) > <p(qn _ 1 ) ==qn . This 
shows inductively that q 1 , q 2 , • • •  , qn , . . .  is a monotone increasing sequence 
bounded by 1 .  Hence 

n === lim qn 
n -+  oo 

exists and 0 < n < 1 . Since <p(s) is continuous, for 0 < s < 1 [at s == 1 ,  by 
Abel's lemma (Lemma 5 . 1 ,  Chapter 2)] , letting n � oo in (3 . 1) yields 

n == <p(n) . (3 .2) 

Si�ce qn is defined as the probability of extinction at or prior to the 
nth generation, we infer that n is the probability of eventual extinction 
and (3 .2) shows that n is a root of the equation 

<p(s) === s .  (3 .3) 

We now establish the result that n is the smallest positive root of (3 .3) . 
Let s0  be a positive root of (3 .3) . Then q1 =t= <p (O) < <p (s0) == s0 • Assume 
qn < s0 •  Then by (3 . 1)  qn + 1 == <p (qn) < <p (s0) === s0 • Thus we infer by 
induction that qn <s0 holds for all n. It follows that n === lim qn < s0 , 
validatip.g the assertion that n is the smallest positive root of (3 .3) . 

Now, assume also that p0 + p 1 < 1 . Then <p(s) is a convex function in 
0 < s < 1 ,  as <p"(s) === Lf= 2 k(k - 1)pksk - 2 > 0 . Therefore , the graph of 
<p(s) can intersect the 45° line in at most two points . We know that <p(1) == 1 
and so there certainly is an intersection at ( 1 , 1) .  Clearly we have one of 
the two cases represented by Figs . 1 and 2 .  lf m == <p'(1) > 1 ,  then the slope 
of the tange�t to the graph of <p(s) at s == 1 exceeds 1 and the case repre­
senteu by Fig. 1 is germane . In this case 0 < n < 1 . If m == <p'( 1) < 1 ,  then 
the slope of the tangent at s === 1 is smaller than or equal to one and we are 
in the situation of Fig. 2 .  Then necessarily n == 1 . Thus, we have proved 
that the probability of extinction is 1 if m < 1 and is less than 1 if m > 1 .  
[n other words, extinction is certain if and only if the mean number of 
offspring per individual does not exceed one. 

Further, note that for 0 < s < n, <p(s) < <p(n) (see Fig. 2) . By induction 
w e  have <fJn(s) < rr (0 < s < n) for all n. But <fJn(s) > <fJn(O) == qn and thus, 
qn < <fJn(s) < n. Let n �  00 .  Then 

lim lfJn(s) == n 
n -+  oo 

for 0 < s < n. - -
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Further, for the case m > 1 , when n < s < 1 we have n < <p(s) < s < 1 
(consult Fig. 1) . By induction 

1 

FIG. 1 

FIG. 2 

(n < s < 1) . 

I 
/ I  I I  

/
/ I I I 

/ I I I 

/ 
/ 

/ 
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q 1 1 7T Cfl2 ( s) cp ( s) s 
q2 

/ 
/ 

/ 

s 

cp(s) 

/ 

/ 
/ 

/ 

cp ( s) <p2 ( s) I 
f/J3( s) 

( l '  ] ) 

(1 ,  1) 
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It follows that 
lim lfJn(s) > n. (3 .4) n-+- oo 

The limit has to equal n for if limn-+- 00 lfJn(s) == a > n, then <p(a) < a 
and the convergence in (3 .4) is impossible in view of the relation 
limn-+- oo <Pn + 1 (s) = limn-+-oo <p(<pn(s) ) . The above analysis shows that 

lim <Pn(s) = 1t for 0 < s < 1 .  n-+> oo 

The fact that <Pn(s) converge to the constant function n on 0 < s < 1 
implies that in the series 

the first coefficient 

00 

lfJn(s) == L Pr{Xn = k}sk 
k = O  

Pr{Xn = 0} converges to n 

and all the other coefficients 

as n-+ oo, 

Pr{Xn == k} converge to 0 as n-+ 00 for k == 1,  2, . . . . 

Hence, regardless of the actual value of m == EX 1 > 1 , the probability 
that the nth generation will consist of any positive finite number of individ­
uals tends to zero as n -+  oo, while the probability of extinction tends to n. 

In this circumstance we say that Xn � oo as n-+ oo with probability 1 - n. 
This result is also a consequence of the general theory of Markov chains 

in that the Markov chain determined by the sequence X0 , X1 , X2 , • • •  

has a single absorbing state {0 } and so limn-+- 00 Pt == 0, 1 < i, j < oo ,  
since i and j are automatically transient. 
We close this section by noting the interesting property that the con­

ditional expectation of xn + r ( r a positive integer) , given xn ' is mr 0 xn ' 
i . e . , E(Xn + r l Xn) == mrXn . To prove this we first consider the case r == 1 :  

We now assume the stated relation for r and prove the formula for r + 1 . 
'l'hus 
E{Xn +r + t !Xn} 

== E{E[Xn +r + t iXn + r , Xn +r - t , · · . , , Xn] IXn} = E{E[Xn + r + t iXn +rl iXn}, 

where we use the Markov nature of {Xn}· But E[Xn+ r +  1 jXn + rl == Xn +r · m  
und by the induction hypothesis, E(mXn + r iXn) == mr+ txn . Thus we have 

for r = 0, 1 ,  2, . . . , n = 0, 1 ,  2, . . . .  (3 .5) 
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Now consider the random variables 

W = � n mn n = 0, 1,  2, . . . .  

Then on the basis of (3 .5) , we have 
1 1 

E{Wn +rl Wn} = n + r E{Xn +r iXn} = n +r · Xn · mr = Wn · m m 
We may write for r, n = 0, 1 ,  2,  . . .  

E{Wn +rl Wn, Wn - 1 , . . .  , Wt , Wo} = Wn , 
which shows that {Wn}: 0 is a martingale . 

4 :  Examples 

(3 .6) 

(i) Let <p(s) = p0 + p 1 s, 0 < p0 < 1 . The associated branching process 
is a pure death process . In each period each individual independently dies 
with probability p0 and survives with probability 1 - p0 = p 1 • 

(ii) Let <p(s) == p0 + p2s2 (0 < p0 < 1 ,  Po +  p2  == 1) . This is the prob­
ability-generating function corresponding to a branching process in which 
in each generation an individual either dies or is replaced by two progeny. 

(iii) Consider the example where each individual produces N or 0 direct 
descendants with probabilities p or q respectively. Thus p0 = q, PN = p, 
and Pk = 0 for k -=f. 0, N. Then 

<p(s) = q + psN . (4.1) 
(iv) Each individual may have k offspring where k has a binomial 

probability distribution with parameters N and p. Then 
<p(s) == (q + ps)N. (4 .2) 

(v) In connection with Example (d) described at the beginning of this 
chapter it is frequently assumed that the probability of a mutant gene 
having k direct descendants (k == 0, 1 ,  2 ,  . . .  ) is governed by a Poisson 
distribution with mean A. = 1 . Then cp(s) === es - l  and n === 1 .  

The rationale behind this choice of distribution is as follows . In many 
populations a large number of zygotes (fertilized eggs) are produced, only 
a small number of which grow to maturity. The events of fertilization and 
maturation of different zygotes obey the law of independent binomial 
trials . The number of trials (i .e . ,  number of zygotes) is large so that tht' 
actual number of mature progeny follows the Poisson distribution. Th is 
is a corollary of the principle of rare events commonly invoked to justify 
the Poisson approximation . It seems quite appropriate in the model of' 
population growth of a rare mutant gene . If the mutant gene carries a 
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biological advantage (or disadvantage) , then the probability distribution 
is taken to be the Poisson distribution with mean A > 1 or ( < 1) . 
Specifically, <p(s) = eA(s - 1 ) (4.3) 
and 0 < n < 1 if and only if A. > 1 . 
In a heterogeneous population of mutant genes we may assume that the 

probability distribution of the number of offspring is a Poisson distribu­
tion, but with the mean also a random variable . 
For example, we may have a large geographical area in which for each 

subarea a branching process characterized by the probability generating 
function of a Poisson distribution with parameter A is taking place. We 
assume, furthermore , that the value of A. varies depending on the subarea 
and its distribution over the whole area is that of a gamma. Formally we 
postulate that the probability of a mutant gene having exactly k direct 
descendants is given by 

- A  
A_k 

Pk = e 
k! 

, k = 0, 1 ,  2, . . .  , 

where A. itself is a random variable distributed according to a gamma 
distribution with the density function 

(qjp)(J.A(I. - 1 ( q ) .f(A) = r(cx) exp -
p 

A for A. >  0, 

/ == 0  otherwise, 
where q, p, r:t are positive constants and q + p == 1 .  The probability of an 
individual having k offspring, if we average with respect to the values of 
the parameter A., is 

00 

Pr{e = k} = I Pr{e = ki Alf(A) dA. 
0 

Thus the generating function is 
oo oo oo A.k ( I )(X;,(I. - 1 ( ) 

cp(s) = L Pr{e = k}sk = L I exp(- A) -1 
q p

( ) 
exp - q A. dA. · sk 

k = O  k = O  0 
k. r lJ. p 

= J exp(-A) (qjp�"�" - 1 exp (- q ;,) (i (�r)\ dA. 

0 
r a p 

k = O  • 

= Joo 

exp {- ( q + 1 - s) .A. } (q/p)(X)�(X - l dA o P r(r:t..) 
( qfp ) (X ( q ) (X 

= (qjp) -f- 1 - s == 1 - ps • 
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This we recognize as the probability generating function of the negative 
binomial distribution. 
(vi) In Examples (ii)-(iv) no closed-form expressions are known for the 

nth-generation probability generating function lfJn(s) . The final example 
studied below is amenable to a rather complete analysis . Specifically, we 
will compute the nth-generation probability generating function. Let 

b k - 1 Pk === c ' k = 1 ,  2 ,  0 0 . ,  
and 

00 

Po = 1 - L Pk ' k = l 

where b, c > 0 and b + c < 1 .  Then 

- 1 - b  f k - 1 - 1 -
b _ l - b - c  Po - L c - -

k == l 1 - c  1 - c  

and the corresponding probability generating function is 

( ) 1 b 
b � ( )k _ 1 1 - ( b + c) bs (/) s = - + s � cs == - + . 1 - c k = 1 1 - c 1 - cs 

• 

Notice that <p(s) has the form of a linear fractional transformation 

f(s) = 
IX +  {Js 

' "l + �s rx� - [Jy -1=- 0. 

(4.4) 

(4 .5) 

We now record several elementary properties of linear fractional 
transformations needed below : 

(i) Iterates of linear fractional transformations are again linear frac· 
tional transformations, for if f(s) is defined by (4 .5) simple algebra gives 

f(f(s)) = a(y + [3) + (cu5 + {32)s . ' rx� + y2 + �("' + {J)s 
(ii) There always exist two finite (possibly identical) solutions to the 

equation f( s) == s .  The solutions are called fixed points off( · ) . Iff( s) is a 
probability-generating function then s 1 == 1 is one of the fixed points and 
we shall see that the other fixed point s0 is less than one, equal to one, or 
greater than one, according to whether f'(l) is greater than, equal to, or 
less than one. 
For the generating function given by (4 .4) , one can verify by straight­

forward algebra that the secon� fixed point, for c > 0, and b + c < 1 .,  is 
1 - b - c  so = 
c(1 - c) · 
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(iii) For any two points s i ,  i === 0, 1 , it is easily seen that 
' 

Hence 

f(s) -f(s i) yp - r:tb 
s - s i -

(y + c5s) (y + bs i) · 

f(s) -f(so) == (y + c5s 1) (s - s0)
· 

f(s) -f(s 1 ) y + �s0 s - s 1 

403 

(4 .6) 

If we now let s0 and s 1  be the two (nonidentical) fixed points off( · ) 
and write w ===f(s) , (4 .6) becomes 

w - s0 s - s0 
--- == K  ' w - s 1  s - s1 

(4 .7) 

where K can be calculated from (4.6) or more simply from (4.5) by setting 
s = 0. 

Using (4 .7) we easily obtain the iterates fn(s) == wn, ofJ(s) : 

and in general 
Wn - s0 S - So 
--- = Kn 

• 

wn - s l s - s l 
(4 .8) 

/ For the generating function of the geometric distribution given by (4.4) , 
noting that the fixed points are s0 === (1 - b - c)/c(1 - c) and s 1  = 1 , we 
obtain 

(1 -- c) 2 1 
K == ---

b 
' m 

where m is the mean of the geometric distribution. For m -=1= 1 the two 
fixed points s0 and 1 are different ; hence, solving fqr wn in ( 4.8) gives 

s0 - (1/mn)[(s - s0)/(s - 1)] 
W === ' n 1 - (1/mn) [(s - s0)/(s - 1)] 

which may be written in the form 

m -=1= 1 ,  

( ) _ _ n ( 1 - s0  ) mn[(1 - s0) /(mn - s0 )] 2s 
<fJn 

S - 1 m + 
[( n 1)/( n )] m n - s0 1 - m - m - So S 

Then the probabilities of extinction at the nth generation are 

n ( 1 - So ) 
Pr{X

n 
= 0} == <fJn(O) === 1 - m n • 

m - s0 

(4.9) 

( 4 .10) 
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Note that this expression converges to s0  as n --).  oo if m > 1 and to 1 if 
m < 1 . The probability of a given population size in the nth generation, 
Pr{Xn = k}, k == 1 , 2 ,  . . .  , can be computed by simply expanding (4 .10) as 
a power series in s .  If we define the time to extinction T as the smallest 
subscript n such that xn == 0, i .e . ,  the first passage time into state 0 ,  then 

Pr{ T < n} === Pr{Xn == 0} === <fJn(O) 
and 

Pr{T = n} === Pr{T < n} - Pr{ T  < n - 1}  = <fJn(O) - <fJn - 1 (0) . 
In the case m =I= 1 , we have 

Pr{ T = n} = 1 - m" ( I .- so ) - 1 + mn - 1  ( ;_-;
so ) 

m - s0 m - s0 

= m" - ls 
(m - 1) (1 - so) 

o ( " ) ( " _ 1 ) 
for n = I ,  2, . . . . 

m - s0 m - s0 
If m = 1 ,  then b == (1 - c) 2 and the equation <p(s) == s has the double 

root s == 1 and no other root. In fact, 

Then 

( )  
(1 - c) 2s c - (2c - 1)s 

<p S == c + == · 

1 - cs 1 - cs 

( 
) _ ( ( )) 

_ c - (2c - 1)[(c - (2c - 1)s)/(1 - cs)] _ _  2c�_(_3c�_1_)s 
<pz S - <p <p s - 1 - c[(c - (2c - 1)s)/(1 - cs)] - 1 + c - 2cs 

and by induction 

<p ( 
s) == nc - [ ( n + 1) c - 1] s 

• n 
1 + (n - 1)c - ncs 

In the case m === 1 we have the extinction probabilities 
nc 

Pr{Xn = 0} = cpn(O) = 1 + (n _· 1)c 
for n === 1 ,  2 ,  . . . .  

Further, the time to extinction T has the distribution 
nc (n - 1)c c(1 - c) 

(4 .11) 

Pr{T  = n} = I +  (n - 1)c 1 + (n - 2)c [1 + (n - 1)c] [1 + (n - 2)c] 

5 :  Two- Type Branching Processes 

We generalize the previous developments to two dimensions . Consider a 
population of organisms or objects where two different types may he dis· 
tinguished. Individuals of either type will produce offspring of possibly 
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both types independently. Let Un and Vn be the number of individuals of 
types I and II, respectively, in the nth generation. We may write 

Un Vn 
u == 

"' �(1 )  + " �(2 ) n + 1 � �J � �J ' 
j = 1 j = 1 

Un Vn 
v === " y( _1 )  + " y(_2 )  n + 1  � ':J 1 L ':J1 ' 

j = 1 j = 1 

where ( c;y) , C)i)) are independent, identically distributed, random vectors 
with distribution 

Pr{ c;y) == k, CY) 
== l} == Pi(k, l) , k, l === 0, 1 , 2, . . .  , 

for j == 1 , 2 , . . . and i = 1 , 2 . 

Here P i(k, l) > 0 and Irz = o  P i(k, l) == 1 for i == 1 , 2 . 
In other words p 1 (k, l) and p2(k, l) are the probabilities that a single 

individual of type I and type II, respectively, produces k + l direct des­
cendants of which k are of type I and l are of type II. / 

We assume the process begins with a single individual, i.e . ,  we assume 
either 

U0 == 1 and (5 .1) 

or 
/ and V0 = 1 . (5 .2) 
We introduce the pair of two-dimensional probability generating functions 

i == 1, 2, 

that is, 
00 

<p�1 )(s, t) == L Pr{ Un == k, vn == l l u 0 == 1, Vo == O}sk ·  t1, 
k,l = 0 

00 

<p�2 )(s, t) == L Pr{ Un = k, vn === l l Uo === 0, Vo == 1}sk · t1• 
k,l = 0 

The generating function of (5 . 1) is 

and that of (5 .2) is 

Also 

<p�/ )(s, t) == s, 

for i = 1, 2 .  



406 8 .  B R A N C H I N G  P R O C E S S E S  

It can be shown by generalizing the method used for the one-dimensional 
process that 

<p�i�m(s, t) = <p�)(qJ�1 >(s, t) , (/J�2 )(s, t) ) , (5 .3) 
for i == 1,  2 and n, m = 0, 1 , 2,  . 0 0 . 

This is the two-dimensional equivalent of formula (2 .3) . 
To generalize formula (3 o5) we introduce the following notation. Let 

Xn = ( Un , Vn) be the two-dimensional vector with components Un and Vn . 
Let 

m1 1 = E{ U1 j U0 == 1, V0 == 0} = E,<1 ), 
m1 2 == E{V1 1 U0 == 1 , V0 == 0} = E�(l ), 
m2 1 = E{U1 1 U0 = 0, V0 == 1} === E'<2 ) 
m22  == E{ V1 \ U0 = 0, V0 == 1} == E�<2 ) 

and introduce the matrix of expectations 

• 

Thus m1 1  and m1 2 are the expected numbers of offspring of type I or 
type II, respectively, produced by a single parent of type I .  Then as a 
generalization of (3 .5) we have the matrix identity 

for r, n == 0, 1 , 2,  o 0 • •  

The proof for r == 1 proceeds directly. Thus 

E [Xn +  1 \Xn] == 

(5 .4) 

(EL�l �
�l ), + j�l ��2 ) 1 Un , Vn) ] , E [ j�l (

)1 ) + j� ()2 > i ( Un , Vn)] )  
== (m 1 1  Un + mz 1 Vn , m 1 2 Un + mz2 Vn) 

= X · M. n 
We now assume that relation (5 .4) holds for r and prove it for r + 1 . By 
the Markov property for {Xn}, we have 

E[Xn+r +  1 \Xn] == E{E[Xn + r + 1 IXn + r , 0 0 " '  Xn] IXn} 
== E{E[Xn + r + 1 \Xn + r] \Xn} === E{Xn + rMIXn} 
=== E{Xn +r iXn} · M (using the induction hypothesis) 
== X Mr + t . n 
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This completes the induction step . 
For the two-dimensional branching process we may introduce the 

extinction probabilities 
n<1 > == Pr{U, == Vn == 0 for some n l U0 == 1 , V0 = 0}, 
n<2> == Pr{ Un = Vn == 0 for some n l U 0 == 0, V0 == 1 }. 

The one-dimensional theory extends to this case with the remark that the 
role of the expectation m is played here by the largest eigenvalue p of the 
expectation matrix M. 

We direct the reader to the Appendix and particularly to the Frobenius 
theorem concerning matrices with nonnegative elements .  It is proved 
there that if M is a matrix with positive elements (symbolically written 
here as M � 0) then the eigenvalue of largest magnitude is positive and 
real. This eigenvalue is designated as p(M) == p .  

It is convenient to introduce the vector notations 

Then we may state 

u == (s, t) , 
+(u) == (<p<1 >(s, t) , <p<2>(s, t)), 

�n(u) == (<p�1 >(s, t) , <p�2)(s, t)) , 
1t = ( n<t >' n<2>), 
1 = (1, 1) . 

Theorem 5.1. Assume that the components of «J»(u) are not linear functions 
of s and t and that M � 0 (every element ofM is positive) . Then 1t === 1 if the 
largest eigenvalue p ofM does not exceed one and 1t � 1 if p > 1 . ( The notation 
u � v (u < v) signifies that v - u has positive (nonnegative) components .) 
In the case p > 1, 1t is the smallest nonnegative solution of 

u === «J»(u) , u � 1. (5.5) 

Proof. Consider the case p < 1. According to the general theory of Markov 
chains we know that if a chain has a single absorbing state then all states 
from which the absorbing state may be reached are transient. The two­
dimensional process X" === ( U n , Vn) is just such a process : the origin is the 
only absorbing state and it may be reached from all other states .  This is 
a consequence of the fact that «J»(u) has no linear components and p < 1 .  
Thus every state with the exception of the origin is transient. Therefore, 
if IXn l  == un + vn ' then 

Pr{O < IXn l < N for infinitely many n} == 0 for any positive N 

(cf. Theorem 7 . 1  of Chapter 2) .  This means that 
Pr{jXn l -+ 0} + Pr{ IXn l --* 00} = 1 .  
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From formula (5 .4) E[Xn iX0] = X0Mn. But Theorem 2.3 of the Appendix 
asserts that ( 1/ pn)Mn converges componentwise as n � oo . Consequently, 
in the case p < 1 , the components of E[Xn iX0] stay hounded as n --*  oo .  It 
follows from this that the event IXn l --* oo occurs with probability zero. 
Hence Pr{IXnl � 0} = 1 or, what is the same, un � 0 and vn � 0 as n � 00 
with probability one . Thus if p < 1 , 

1t(1 ) = 1t(2) = 1 
holds . 

Next consider the case p > 1 . From formula (5 .3) we have with s = t = 0 
<p�i� 1 (0, 0) == <p( i)( <p�1 )(O, 0) ,  <p�2 >(0, 0) ) ,  i == 1 , 2 .  (5 .6) 

Let 
q�1 ) = <p�1 )(0, 0) == Pr{Un = V" = O l U0 = 1 , V0 = 0}, 
q�2 ) = <p�2>(0, 0) = Pr{Un = Vn = 0\ U0 = 0_ V0 = 1 }. 

Then (5.6) is the same as 

q(i) == rn( i) (q( 1 ) q(2 )) n + l 't' n ' n ' i = 1 ,  2.  (5 .7) 
Since cp< i) (s, t) is increasing in the variables s and t, strictly so if both 
increase, and since qli) === <fJli)(O, 0) > 0, i = 1, 2 ,  we plainly have 

q�) = <p< i)(q\1 ) ,  q\2 )) > <p( i)(O ,  O) = q\i), 
Then by induction 

q(i) === rn( i)(q( 1 ) q(2 )) > rn( i) (q( 1 ) q(2 ) ) = q(i) n + l 't' n ' n 't' n - 1 ' n - 1 n ' 

i = 1 , 2 .  

i = 1 , 2.  

Hence, q�i) , n = 1, 2, 3,  . . .  , for each i == 1 ,  2 ,  form a monotone increasing 
sequence bounded above by 1 ,  and 

lim q<i) = n< i) < 1 n - ' n-+ CXJ 

Let n �  oo in (5 .7) . Then 
n< i) == <p( i) (n( l > , n<2 )) , 

i = 1 ,  2.  

i = 1 , 2, 

or in vector notation 1t == �( 1t) . We will now prove that 1t � 1 and that this 
is the unique solution of (5 .5) under the conditions stated. Expanding 
cp�i)( • , · ) according to Taylor's theorem about (1 ,  1) we have 

( i) 
(/J�i)(1  - s, 1 - t) === <p�i)(1 , 1) - (O<pn ( s, t) )s OS .-, = t = 1 

( ') - ( Ocpn
�
;s, t) 

s
= t =  1 ) t + o( i s l + l t l ) ' (5 .8) 
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which is valid for I I - s ! < 1 , I I - t l < 1 ,  and s and t sufficiently small . The 
o( · ) symbol signifies that [o( ! s l + l t l )]/( l s l + J t ! ) -+ 0 whenever l s i + I t ! -+ 0. 
Moreover, 

o<p�1 )(s, t) 
OS 

o<p� 1 >( s, t) 
ot 

o<p�2 ) ( s, t) 
OS 

o<p�2 > ( s, t) 
ot 

s = t = l 

s = t = l 

s =  t = 1 

s = t = 1 

== E[ Un l U0 == 1 , V0 = 0] == m�"{ , 

== E[ Vn l U0 == 1, V0 = 0] == m�"d , 

' 
/ 

= E[Un l U0 == 0, V0 = 1] = m�"l , 

== E[Vn l U0 === 0, V0 = 1] = m�"l · 

We may write (5 .8) in vector form as 

where 
<pn(l - u) == 1 - M<n>u + o( ! s l + I t ! ) , 

m(n) m(n) M(n) _ 1 1  1 2 - m(n) m(n) 2 1 2 2  

(5 .9) 

and l u i  < e. Of course M(n) == Mn as is evident from the relation E[XniX0] 
= X0Mn. Let the absolute value of a vector v == (v 1 , v2) he defined as the 
sum of the absolute values of its coordinates : ! v i  == l v 1 1  + l v2 ! .  We will now 
prove that for n sufficiently large 

IM"ul > 2 lu l , u == (s, t) , (5 .10) 
provided u > 0. In fact, according to Theorem 2 .3 of the Appendix we 
know that 

xoyo xoyo 
M"u = pn 1 1 1 2 · u + o(p")u x�y� x�y� ' 

where p is the largest eigenvalue of M and x0 == (x� ,  x�) and y0 
=== (y� ,  y�) 

represent the unique (modulo a multiplicative factor) left and right positive 
eigenvectors normalized so that x�y� + x�y� === 1 .  The meaning ascribed 
to the term o(p n) is an extension of the traditional one . When dividing by 
p" and letting n � oo the quantity (o(p"))/ p" is a matrix each element of 
which tends to zero . The o(p") factor does not depend on u. It represents 
the error term in the convergence of M"/ p" to its limit . We rewrite the 
above expression in the form 

Mnu == p"(y�s + y�t)x0 + o(p ")u, u == (s, t) , 
and if u > 0 we obtain the obvious estimate 

IM"ul > p"[x� -l- x�] min(y� ,  y�) · lu i + o(p") lu l .  
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Since p > 1 , a sufficiently lurge choice of n implies (5 . 10) . Combining 
(5 .9) and (5 . 10) we deduce 

I I - <pn(l - u) \ > 2 lu l , 
provided 1 > u > 0, l u i is sufficiently small, and n is sufficiently large, 
say n > n0 • Let v == I - u ;  then 

(5 .11) 
for all 0 < v < I  satisfying I I - v i < e and n > n0 • We now utilize (5 .11) 
in order to demonstrate that 1t � 1 .  Suppose 1t == I, i .e . ,  n< i) === 1 for 
i = 1 , 2 .  Then q�i) == <p�i)(O) > 0 approaches 1 (n � oo). Now referring to 
(5 .3) we know that 

.Pn +N(O) === .Pn(.PN(O)) . 
Using (5 . 1 1) with v == «PN(O) we have 

I I - «Pn +N(O) I === I I - .Pn(«PN(O)) I > 2 I I - «PN(O) I (5 .12) 
only if I I - «P N(O) I < e, and this can be achieved by taking N large enough. 
However, relation (5 . 12) contradicts the assumption that <p�i)(O) tends to 1 
as n � oo. Thus n<1 ) == n<2 ) == 1 is impossible . Assume now that-n(l > < 1 
and n<2 ) = 1 .  Then 

and 

Thus, we have 

and 

where n(l ) < 1 .  Since <p(2 ) (s, t) is monotone in s ,  <p(2 ) (s, 1) must be constant 
on the interval n (l ) < s < 1 · - - ' 

0 
Ill n(l ) < s < 1 - -

and also 

== 0, 
s =  t = 1 

which clearly contradicts our assumption that M � 0. In a similar manner, 
we deduce that n<1 ) == 1 ,  n<2 ) < 1 is impossible . Thus 1t � I  is established. 
The verification that 1t is smaller than any other positive fixed point 
proceeds as follows. Let 1t* > 0 satisfy .P( 1t*) == 1t* . By monotonicity, we 
have 1t* == .P( 1t*) > «P1 (0, 0) . Iteration produces 1t* > .Pn(O ,  0) and passing 
to the limit leads to the desired result : 1t* > 1t. • 
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We can strengthen the result of Theorem 5 . 1  and prove 

Theorem 5.2. Under the assumptions of Theorem 5 . 1 ,  if q is any vector in 
the unit square other than 1 then limn__. 00 �n( q) === 1t .  

Proof. Suppose first that 0 < qi < 1 (i == 1 ,  2) . If N is a positive integer 
then the Taylor expansion of <p�1 > (q) has the form � - -, \ 

I 

<p�1 ) (q) === Pr{ JXn J = OJ U 0 === 1 ,  Vo == 0} 
+ L Pr{Xn === x J U0 = 1 ,  y0 === O}(q1 )x t (q2)x2 

O < lx i � N  

+ L Pr{Xn === xJ U 0 === 1 , V0 = O}(q1 )x t (q2)x2 . 
l x i > N 

'fhe last sum is hounded by (max(q1 , q2)N Pr{JXn J > N} < (max(q1 , q2))N 
and as N � oo this quantity goes to zero since max(q1 , q2) < 1 .  

Each coefficient of the first sum goes to zero when n � 00 since JXnl 
approaches either 0 or co .  This fact rests on the property that all finite 
nonzero states are transient. It follows that as n --).  co with N fixed the 
first sum tends to zero . This argument proves that 

lim <p�1 ) (q) === lim Pr{ JXn J == OJ U0 = 1 ,  V0 == 0} n--. oo n__. oo 

=== lim <p�1 ) (0) == n<1 ) 
n --. oo 

as asserted in the theorem. Similarlv 
ol 

lim <p�2 )( q) = 1!(2 ) . n--. oo 

If one of the q<i) ( i === 1 ,  2) is equal to 1 hut not both, then �1 ( q) == 

(<p 1 (q) , <p2 (q)) determines a nonnegative vector with each component 
strictly smaller than 1 .  We apply the preceding analysis to �1 ( q) and 
deduce that 

n __. oo n__. oo 

Corollary 5.1. The only nonnegative solutions of (5 .5) are 1 and n . 
' 

6 :  Multi- Type Branching Processes 

The generalization of the theory of the preceding section to the case of more 
than two types proceeds mutatis mutandis as in the case of two types . The proofs 
involve no new ideas or techniques. We merely list the results. The industrious 
student should supply the detailed proofs. 
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We will consider a branching growth process consisting of p types. The 
different types may correspond to actual different mutant forms of an organism 
or may refer to a single organism where the type distinguishes age or some other 
like property. The restriction to a finite number of types has the interpretation, 
for example, that we have specified a finite set of age classifications. 

In the case of the production of photons arising in cosmic ray cascades of 
electrons the type may represent the energy level associated with a photon. 

Associated with type i is the probability generating function 
00 

JO>(s1 , • • •  , sp) = L p<i)(r1 , • • •  , rp)s [ t ,  . . .  , s;P, 
r t ,  . • .  ,rp = O  

i == 1, . . .  , p, 
where p<i)(r 1 , . . .  , r p) is the probability that a single object of type i has r 1 
children of type 1,  r2 children of type 2,  . . .  , r P of type p. 

We introduce the vector notation s ==  (s 1 , • • •  , sp) · 
Let f�O(s) denote the nth-generation probability generating function arising 

from one individual of type i. Analogous to (5 .3) we have 

f�1� 1 (s) = J<i)(f� 1 >(s) ,f�2>(s), . . .  , f�P>(s) ) , f�)(s) = s1 , 
n == 0, 1 ,  . . .  , i == 1 ,  . . .  , p. 

Let Zn = (Z�1 >, . . .  , Z�P)) denote the vector representing the population size of 
p types in the nth generation. The analog of (5 .4) is 

E{Zn+m iZn) = ZnMm' 
where M == I I  mii l lf,i = 1 is the matrix of first moments : 

. of<i) 
m ii == E( Z\J > IZ0 == e i) === os . ( 1 , 1 , . . .  , 1 ) , i, j == 1 ,  . . .  , p, _ 

J 

and e1  denotes the vector with 1 for the ith component and zero otherwise. 
We now state the analog of Theorem 5 .1  for p types. We will assume m ij > 0 

for all i, j. (It suffices to have mfj > > 0 for some n and all i, j. ) Let n<O be the 
extinction probability if initially there is one object of type i (i = 1 ,  . . .  , p) ; 
that is, 

n<O == Pr{Zn = 0 for some n iZ0 == ei} . 
The vector (n1 , • • •  , nP) is denoted by 1t. Let 1 denote the vector (1 ,  1 ,  . . .  , 1). 

Theorem 6.1 Let m1i > 0 for all i, j === 1, . . .  , p and let p denote the eigenvalue of 
largest absolute value of the matrix M. If p < 1 then 1t == 1. If p > 1 then 0 < 1t � 1 
and 1t satisfies the equation 

i == 1, . . .  , p. 

7 :  Continuous Time Branching Processes 

The branching processes dealt with in Sections 1-6 are limited in that 
generation times are fixed. Although some phenomena, particularly experi· 
mental trials, fit this situation, most natural reproductive processes occur 
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continuously in time. It is therefore of interest to formulate a continuous 
time version of branching processes .  

In the present section we explore the structure of time-homogeneous 
Markov branching processes ; in Section 1 1  the Markov 'festriction will be 
dropped. We determine a continuous time Markov braf!�hing process with 
state variable X(t) == {number of particles at time t, given X(O) == 1} by 
specifying the infinitesimal probabilities of the process .  l�et 

k == O, 1 , 2, . . .  , (7 . I ) 

(see Section 4 of Chapter 4 and Chapter 14 of Volume II) represent the 
probability that a single particle will split producing k particles (or objects) 
during a small time interval (t, t + h) of length h. In (7 .1) b 1 k denotes ,  as 
customary, the Kronecker delta symbol, and we assume that a 1 < 0, 
a k > 0 for k === 0, 2, 3 ,  . . .  , and 

(7 .2 ) 

We further postulate that individual particles act independently of �ach 
other, always governed by the infinitesimal probabilities ( 7  . 1 ) . Note that 
we are effectively assuming time homogeneity for the transition prob­
abilities since ak is not a function of the time at which the conversion or 
splitting occurs . 

Another way to express the infinitesimal transitions is to differentiate 
between the time , until a split occurs and the nature of the split . Thus 
each object lives a random length of time following an exponential 
distribution with mean A - 1 = a0 + a2 + a3 + · · · .  On completion of its 
lifetime , it produces a random number D of descendants of like obj ects , 
where the probability distribution of D is 

ak Pr{ D === k} === , ao +az + a3 + . . .  
k == 0, 2 ,  3 ,  . . . . 

The lifetime and progeny distribution of separate irvJ.ividuals are inde­
pendent and identically distributed. Taking account of the independence 
assumptions ,  particularly the property that individuals act independently, 
we can write (7 . 1) equivalently in terms of the infinitesimal transition 
probability matrix as 

Pr{X(t + h) === n + k - I !X(t) == n} === nakh + o(h) (7 .3) 

(since in a small time interval one particle on the average will split) and 

Pr{X(t + h) === n !X(t) == n} == 1 + na 1h + o(h) , 
where o (h)/h tends to zero as h --* 0 + .  

(7.4) 
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We have already encountered an example of a continuous time branching 
process in the guise of a birth and death process .  In fact, if we put a2 == A., 
a0 == Jl, a 1 = -(A. +  Jl), and ak = 0 otherwise, then (A. + Jl) - l can be inter­
preted as the probability of a birth or death event ; A.j(J.., + Jl) ((Jl/(A + Jl)) )  
is the probability of a birth ( death) under the condition that an event 
has happened . The stochastic process so obtained whose state variable is 
population size can now he recognized as a linear growth birth and death 
process {see Chapter 4, Section 6) . 

As explained in Chapter 14, it is not a simple matter to construct a 
Markov process corresponding to a prescribed matrix of infinitesimal prob­
abilities .  It is an even more recondite task to assure that the constructed 
process possesses realizations conforming to the laws of a branching 
process, i .e . ,  individual particles generate independent families and the 
descendents act independently, etc. We do not enter the analysis of this 
construction as it is beyond the scope of this text . The more advanced 
reader can consult Harris on this point (see the references at the close of 
this chapter) . We further direct attention to Chapter 14 of Volume II for 
additional discussion on the relations between Markov processes and 
matrices of infinitesimal probabilities . 

Let Pii(t) ,  assumed henceforth well defined, denote the probability that 
the population of size i at time zero will he of size j at time t, or in symbols 
Pii(t) = Pr{X(t + s) = i iX(s) = i}. As the notation indicates, this proh· 
ability depends only on the elapsed time, i.e. , the process has stationary 
transition probabilities . We introduce the generating function 

00 cp(t ; s) = L P 1 i(t)si. 
j = O 

(7 .5) 

Since individuals act independently, we have the fundamental relation 
(cf. page 289) 

00 

L Pii(t)si = [cp(t ; s)] i . 
j= O 

(7.6) 

The formula (7 .6) characterizes and distinguishes branching processes from 
other continuous time Markov chains . It expresses the property that 
different individuals (i.e . ,  particles) give rise to independent realizations of 
the process uninfluenced by the pedigrees evolving owing to the other 
individuals present. In other words the population X(t ; i) evolving in 
time t from i initial parents is the same, prohahilistically, as the combined 
sum of i populations each with one initial parent. 

In view of the time homogeneity, the Chapman-Kolmogorov equations 
take the form 

00 

pij(t + -r) = L pik(t) Pkj(7:) . (7 .7) k= O 
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With the aid of (7 .5 ) ,  (7 .6) , and (7 .  7) , we obtain 
/ 

00 00 00 ) 
[ ¢(t + -r ;  s)] i == L P ii

(t + r)s
1 

=== L I Pik(t) Pk1( t)si :1\ } 

and in particular 

j = O  j= O k = O  

== [¢(t ; ¢(-r ;  s) )] i, 

¢(t + -r ;  s) = cp(t ; cp(-r ; s)) . 

41 5 

(7.8) 

The relation (7 .8) is the continuous time analog of the functional iteration 
formula of Section 2, fundamental in the case of discrete time branching 
processes . Next we introduce the generating function of the infinitesimal 
probabilities defined in (7 . 1) .  Specifically, let 

00 

u(s) = L aksk . k :-:: 0 

The following analysis is formal. Consider 
00 00 

cp(h ; s) = L P1 1(h)s1 === L (c5 11 + a1h + o(h))si (7.9) 
j = O  j = O  

--\ 
00 

· 

= s + h L a1si + o(h) = s + hu(s) + o(h) . 
j = O  

From (7 .8) with r === h 

cp(t + h ;  s) = ¢(t ; cp(h ; s) ) === ¢(t ; s + hu(s) + o(h)) 

and expanding the right-hand side with respect to the second variable, by 
Taylor's theorem, yields 

Then 

o¢(t ; s) 
¢(t + h ; s) = ¢(t ; s) + os 

hu(s) + o(h) .  

¢(t + h ; s) - cp(t ; s) 
-

ocp(t ; s) 
( ) 

o (h) 

h 
- OS 

u s + 
h 

. 

Letting h decrease to 0 leads to 

a¢(t ; s) = a¢(t ; s) 
u(s) .  ot as 

(7 . 10) 

This is a partial differential equation for the function of two variables 
</>(t ; s) , subj ect to the initial condition 

00 

¢(0 ;  s) == l: P 1 1(0)s
1 

s. 
j = O  

(7 . 1 1 ) 
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When u(s) is known, the partial differential equation (7 .10) in the presence 
of (7 . 11) can be solved for cp(t ; s) . 

The differential equation (7 . 10) is merely a form of the forward Kolmo­
gorov differential equations which has been converted into an equivalent 
differential equation satisfied by the generating function of the transition 
probability function. 

We may derive a second differential equation satisfied by cp correspond­
ing to the backward Kolmogorov differential equation. To this end, we 
substitute t == h in (7 .8) , which becomes 

cp(h + -r ;  s) == cp(h ; cp(-r ; s)) ,  

and then use (7 .9) with Taylor's expansion as before . This gives 

cp(h + -r ;  s) == cp(-r ; s) + hu(¢(-r ;  s)) + o(h) .  

This expression can he written more suggestively as 
cp(-r + h ; s) - cp(-r ; s) 

_ ( ( . )) o(h) 
h - u cp -r , s + h . 

Letting h � 0 + and replacing -r by t, we obtain 
ocp(t ; s) 

( ( )) 
ot 

= u cfJ t ; s • 

(7 . 12) 

(7 .13) 

This is an ordinary differential equation. The initial condition is again 
(7 . 1 1) . Later on we will show how to effectively solve (7 . 13) . 

8 :  Extinction Probabilities for Continuous Time Branching 
Processes 

We first carry out the easier task of computing the mean of X(t) .  To this 
end, differentiate (7 . 10) with respect to s and interchange the order of 
differentiation on the left side . The result is 

� 0cp(t ; s) 
- 02cp(t ; s) ) 

ocp(t ; s) I 

ot OS 
- os2 

u(s + 
OS 

u (s) . 

Set s = 1 .  Then, since u(1) == 0 [Condition (7 .2)] , we have 
om(t) 

ot 
== u'(1)m(t) ,  

where 
o¢(t ; s) 

m(t) == EX(t) == 
os 

• 

s = t 

(8 .1) 

(8 .2) 
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The solution of (8.2) is 
m(t) = exp[ u'(1)t] , (8 . 3) 

since the initial condition is m(O) = 1 if we assume X(O) _ 1 .  
Next we deal -w-ith the problem of extinction . In this connection, we 

assume for the remainder of this section that a0 > 0, as otherwise extinction 
is impossible. It is enough to consider the case where we start with a single 
individual at time zero . In fact, from (7 .6) we know that 

Hence, 

00 

[ rf) 

] i 

1f:0 Pu(t)si = 
1
f:0 Pl i(t)si . 

Pio (t) == [ P 1 o(t)] i. 

But Pi0(t) is the probability of a population of size i dying out by time t. 
By intuitive considerations we can infer that Pi0(t) is nondecreasing in t. 
We prove this formally by using (7 .8) . Indeed, 

Pi
0(t + -r) === [cp(t + -r ; O)] i = [cp(t ; cp(-r, O))] i > [cp(t, O)] i  = Pi0(t) , 

where we used the fact that ¢(t, s) is a power series in s with nonnegative 
coefficients and is, therefore, an increasing function of s .  

The extinction probability may be defined as the probability that the 
" family " originating from a single individual will eventually die out, i .e . ,  

q == lim P 1 0(t) . 
r � oo 

Utilizing the theory of discrete time branching processes (Section 3) we 
can easily determine the probability of extinction in the continuous case. 
Let t0 he any fixed positive number and consider the discrete time process 

X(O) , X(t0) , X(2t0) ,  • • • , X(nt0) , • • •  , 

where X(t) is the population size at time t corresponding to the original 
continuous time branching process that starts with a single individual at 
time t === 0 .  Since X (t) was assumed to be a Markov process, the discrete 
time process Yn === X(nt0) will obviously be a Markov chain. Moreover, it 
describes a discrete time branching process . Indeed, by the hyp?thesis of 
homogeneity of the probability function of X(t) and by virtue of (7 .6) , 

we obtain 
if) 

L Pr{ Yn + t = ki Yn == i}sk = E[sYn + l i Yn = i] k = O == E[sX< ( n  + 1 ) to ) l  X(nt 0) = i] = E[ sXC to l iX(O) == i] 

= [¢(t0 ; s)] i = {Efsx< to) I X(O) = 1 ] } i 

== {E[sy ' l Y0 == 1 ] } ; .  
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This shows that Yn constitutes a branching process .  The generating 
function of the number of offspring of a single individual in this process is 
cp(t0 ; s) . Hence, we know that the probability of extinction for the Yn 
process i s  the smallest nonnegative root of the equation 

cp(t0 � s) = s, 

as was proved in Section 3. But 
Pr{Yn = 0 for some n} = lim Pr{Yn = 0} n-+ oo  

lim Pr{X(nt0) === 0} n-+oo  
lim Pr{X(t) === 0} = q. t-+oo  

(8 .4) 

Hence, the extinction probability q of the continuous time branching process 
X(t) is the smallest nonnegative root of Eq. (8.4) , where t0 is any positive 
number. 

Since q is a root of Eq. (8 .4) for any t0 , we expect that we should also 
he able to calculate q from an equation that does not depend on time. 
This is indeed the case and we assert the following theorem. 

Theorem 8.1. The probability of extinction q is the smallest nonnegative root 
of the equation 

u(s) = 0.  
Hence, q = 1 if and only if u'( 1) < 0 .  
a 1s + [a0 + a2s2 + · · ·] === a1s + g(s) .) 

(8 .5) -

Proof. Since q satisfies (8 .4) for any t0 , we see on the basis of Eq. (7 . 12) 
that 

o(h) 
O = u(q) + ­

h 

Letting h -* 0 +, we obtain u(q) = 0.  

for any h > 0 .  

Since u"(s) = Lr 2 akk(k - 1)sk - l  > 0, u(s) is convex in the interval 
[0, 1] . As u(1) = 0 and u(O) = a0 > 0, u(s) may have at most one zero in 
(0, 1) .  According to whether u'(1) < 0 or u'(1) > 0 holds, we have the case 
represented by Fig. 3 or 4. Notice that E(X(t0) )  = E(Y) > 1 if and only if 
u'(1) > 0 .  This means that for the discrete time branching process X(nt0) , 
n = 0, 1 , 2, . . .  (t0 > 0 fixed) , extinction occurs with probability < 1 and 
therefore the same is true for the process X(t) . The probability of extinction 
q is in this case necessarily the smaller zero of u(s) in [0, 1] . In a similar 
manner we conclude that if u'(1) < 0, q must equal one . In either case q 
is the smallest nonnegative root of (8.5) . 
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u(s) 

FIG. 4 

u'( l )  < 0 

u'( l )  > 0 
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9 :  Limit Theorems for Continuous Time Branching Processes 

We turn to the task of solving the ordinary differential equation (7. 13) 
and analyzing and interpreting its growth properties as t -+ CIJ .  Since 
exp[u'(1)t] is the expected number of particles at time t we anticipate 
different behavior according to whether u'(1) is negative, zero, or positive . 
We will only discuss the case when u'( 1) < 0 under the additional assump­
tion that u"( 1) < oo . First we prove that the function 

1 1 
B(s) = 

u(s) - u'(1)(s - I )  
is hounded and hence integrable in 0 < s < 1 .  Indeed, expanding u(s) in 
the neighborhood of s === 1 leads to ' the formula 

u(s) == u(1) + u'( l ) (s - 1) + R(s) (s - 1 ) 2, s < 1, 
where 

. u"( l )  
s��- R(s) = 2 ! < oo . 

(9. 1 )  
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Then, recalling that u(q) = u(l) = 0, we have 

I 1 1 1 
·--------

u(s) - u'(1) (s - 1) + R(s) (s - 1)2 - u'(l )(s - 1) 1 + [R(s)(s - 1)/u'(l)] 

_ 1 {
1 

_ R(s)(s - 1)/u'(1) } 
- u'(1)(s - 1) 1 + [ R(s)(s - 1)/u' (l )] · 

Hence, 
R(s)/[u'(1)] 2 B(s) = -

1 + [R(s)(s - 1)/u'(1)] 
(9.2) 

and we can now infer as a direct consequence of (9 .1) that B(s) is hounded 
in the neighborhood of s == 1 - . Certainly B( s) is bounded for s awa-y from 
s == 1 ,  i .e . ,  for 0 < s < 1 - b, as is evident from its definition, since u(s) 
vanishes only at s == 1 in the case under consideration [u'( 1) < 0] . Thus, 
B(s) is bounded in 0 < s < 1 under the conditions u"(1) < oo, and u'(1) < 0. 
Now we may define, for 0 < s < 1, 

Is [ 1 1 J log(1 - s) 
K(s) = 

1 u(x) 
-

u'(1)(x - 1) 
dx + u'(l) ' 

as the integral exists and is finite . 
Notice, further, that 

K'(s) = u�s) > 0 for 0 < s < 1, 

(9 .3) 

/ 

again owing to the assumption u'( 1) < 0 .  This means that K(s) is strictly 
increasing and continuous ;  hence, the mapping 

w == K(s) (9.4) 

possesses a continuous strictly increasing inverse function 

L(K(s)) == s, (9.5) 

with the property that as s traverses [0, 1) , w traverses [K(O) , oo) , and 
observe that K(O) < 0. We are now in possession of the ingredients 
needed to exhibit the desired solution of (7 . 13) under the initial con­
dition (7 . 1 1) . Separation of variables in (7 . 13) and integration lead to an 
implicit formula for ¢ ( t, s) : 

t/J(t;s) dx J 
u(x) = t . s 
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Performing obvious rearrangements a!!� using the definition of K( · ) , 
we obtain ( -

1 

) 
t/J(t;s) dx t/J(t;s) [ 1 1 ] 1 t/J(t;s) 

t 
= f u(x) = ! u(x) 

-
u'(1) (x - I ) dx + 

u'(I ) 
log(I - x) , 

t/J(t;s) [ 1 1 ] . log(1 - cp(t ; s)) 
= f u(x) - u'(1)(x - I) 

dx + 
u'( I) 

fs [ 1 1 ] log( 1 - s) 
- 1 u(x) 

-
u'(1) (x - I) dx - u'(1) 

= 
K(cp(t ;  s)) - K(s) . 

Equivalently, we have the relation 

K( cp(t ;  s)) 
= 

t + K(s) . 

Since the inverse function exists, this becomes 

for 0 < s < 1 and t > 0. (9.6) 

Under the assumptions u'( 1) < 0, u"(1) < oo we may also derive some 
asymptotic results for the probability of extinction in time t (t -+ oo) . 
Because B(s) is hounded in 0 < s < 1 and lim5� 1 _ B(s) exists we may 
write [see (9�3)] 

. 

K(s) =
log(I - s) 

- C · (1 - s) + o(1 - s) (9.7) 
u'(1) 

in the neighborhood of s === 1. Here C is a negative constant ; in fact, 
limx� 1 - [1/u(x) - (1/(x - 1)u'(1))] === C === (- u"(1)/2[u'( 1)] 2) . The o(1 - s) 
term has the usual interpretation, i .e . ,  [o(1 - s)]/(1 - s) -+ 0  as s -+ 1- . 
Rearranging the last expression in the form 

log(1 - s) === u'(1)J((s) - Cu'(1)(1 - s) + o(1 - s) 

and taking exponentials yields 

1 - s === exp[u'( 1)K(s)] exp[- Cu'(1) (1 - s)] exp[o(1 - s)] . 

But 
exp[o(1 - s)] === 1 + o(1 - s) 

und 
exp[-Cu'(1)(1 - s)] = 1 - Cu'(1)(1 - s) + o(1 - s) . 

I t  follows that 

1 - s == cxp[u'(l )K(s)] [1 - Cu'(1)(1 - s) + o(1 - s)] . (9.8) 
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Consequently 
1 - s 

lim , = 1 . 
s--. 1 - exp[ u (1)K(s)] 

By virtue of this limit relation we can write (9.8) in the form 
1 - s = {exp[u' (1)K(s)]}(1 - Cu'(1) exp[u'(1)K(s)] + o(exp[u'(l )K(s)] ) .  

Replacing s throughout by K - 1 (w) [see (9.5)] we get 
1 - K - 1 (w) = exp[ u'(1)w] [1 - Cu'(1) exp[ u'(1)w] + o( exp[u'(1)w]) }, 

(9 .9) 
where s -+ 1- is equivalent to w -+  oo .  Now with the aid of (9 .6) and 
(9.9) , we can calculate the probability of no extinction in time t. Thus 
1 - P1 0 (t) 

== 1 - cp(t ; 0) = 1 - K - 1 (t + K(O)) 
= [exp{u'(1)(t + K(O))}] 

X {1 - Cu'(1)(exp[u'(1)(t + K(O)] ) + o(exp[u'(1) (t + K(O))] ) }] 
= exp{u'(1)K(O) } exp{u'(1)t} + O(exp{2u'(1)t}) + o(exp[u'(1)t]) 

or, equivalently, 
1 - P1 0(t) == exp[u'(1)K(O)]m(t) + o(exp[u' (1) t]) . (9 .10) 

Another asymptotic result, as t -+  oo ,  may be obtained as follows . The 
conditional probability generating function of X(t) , given that X(t) -=f. 0, 
is defined as 

But 

Thus 

00 

g(z, t) == L Pr{X(t) == k!X(t) -=f. O}zk, 0 < z < 1 . 
k = O 

p {X( )  = kiX( ) O} = 
Pr{X(t) = k, X(t) =I= 0}  

r t t =I= 
Pr{X(t) =I= 0} 

0 
Pr{X(t) = k} 

1 - Pr{X(t) = 0} 

if k = 0, 

(z · t) = � Pr{X(t) = k} 
zk = 

¢(t ; z) - ¢(t ; O) 
g ' 61 1 - Pr{X(t) == 0} 1 - ¢(t ;  0) 

K - 1 (t + K(z)) - K - 1 (t + K(O)) 
1 - K - 1 (t + K(O) ) 

[1 - K - 1 (t + /((0))] - [1 - K - 1 (t + K(z))] 
1 -_ K - 1 (t + K(O)) 

where formula (9 .6) is used for ¢(t ; s) . 

I 
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Substituting the expression for K- 1 (w) given by (9.9) yields 
e"'( l ) (t +K(0) ) [1 + O(e"' ( l ) ( t +K( O) ))] - eu'( l ) ( t +K(z))[1 + O(e"'( l ) ( t +K(z) )) ] g(z · t) - ---------:-7"���....;__----:-:���-�---� ' - eu'( l ) ( t +K(0) ) (1 + O (eu' ( l ) ( t +K( O)))] 

= 1 - eu' ( l ) [K(z) -K(O) ] 1 + O(eu'( l ) ( t + K(z) )) 
1 + 0( eu' ( l  ) ( t  + K(O) )) " 

Now let t � oo .  Then the fraction on the right-hand side reduces to 1 by 
the assumption u'( l )  < 0. Hence 

lim g(z ; t) = g(z) === 1 - exp{u'(l)[K(z) - K(O)]}. 
t -+  00 

By (9.3) , however, 

fz [ 1 1 ] log( 1 - Z) K(z) - K(O) = 
0 u(x) - u'( 1) (x - 1) 

dx + u'(1) 

= J
z dx _ log(1 - x) z + log(1 - z) 

= J
z dx . ' 

0 u(x) u'( 1) 0 u'(1) 0 u(x) 

Hence, as t�  oo we have the limit probability generating function [ z dx ] oo 

g(z) === 1 - exp u'(1) J ( ) = I lim Pr{X(t) = k iX(t) #- O}zk. 
O U X k = 1 t-: oo 

We summarize the preceding discussion in the statement of the following 
theorem : 

Theoren1 9.1. Consider a continuous time branching process X(t) determined 
by the infinitesimal generating function 

00 

u(s) == I aksk, (9. 11) k = O  
where the {ak} possesses the interpretation given in (7 . 1) and is subject to the 
conditions (7 .2) . Suppose that u"(1) < oo .  Suppose further that u'( 1) < 0 so 
that the extinction probability q == 1 (see Theorem 8 .1) .  Then 

00 

cp(t, s) = L Pr{X(t) == k iX(O) = 1 }sk ' k = O  
= K- 1 (t + K(s) ) , t > O 

(9 . 12) 

l s i <  1, 
1,vhere K(s) is defined in (9 .3) . The probability of no extinction by time t tends 
to zero at an exponential rate according to 

I" 1 - Pt o(t) - 1  � �� exp[u'( 1)K(O)] exp[u '(1) t] - · 
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Moreover, the random variable X(t) conditioned by X(t) > 0 has a limit 
distribution whose probability geQterating function is given by 

00 

L Pr{X(t) = k\X(O) === 1 }zk 
k = l g(z, t) === ----

{ 
---

}
--

1 - Pr X(t) = 0  [ , Jz dx ] -+ 1 - exp u (1) 
0 u(x) 

as t �  oo . (9. 13) 

We state without proof the following limit theorem which corresponds 
to the case u'(1) === 0 and u'( 1) > 0 .  Their proofs are more complicated 
although similar in substance. 

Theoren1 9.2. (i) Suppose u'(1) === 0, u"(1) < 00 .  Then 

2 1 Pr{X(t) > O IX(O) = 1} "' u"(t) t ,  t -+ oo , 

and 

!�� Pr {��i;! > AIX(t) > o} = e - A, 

(ii) If u'(1) > 0 and u''(1) < oo , then 

X(t) 
Z(t) = exp[ u'(1)t] 

has a limit distribution as t � 00 .  

A- > 0 .  

10 : Two- Type Continuous Time Branching Process 

I 

Consider two different types of particles which we will call type 1 and 
type 2 particles ,  respectively. A continuous time branching Markov pro­
cess for two types of particles will he determined by appropriately 
specifying the infinitesimal probabilities [ (7 .3) and (7 .4)] . Explicitly, we 
postulate that each particle of type i (i == 1 , 2 ) may at any time, indepen· 
dent of its past and independent of the history or present state of any of 
the other particles of either type, convert during a small time interval 
(t, t + h) into k1 and k2 particles of types 1 and 2 ,  respectively, with 
prob ahili ties 

(b i
i 

denotes the familiar Kronecker delta symbol) for a single parent of 
type 1 and 
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for a single parent of type 2 (k 1 , k2 === 0, 1, 2, . . .  ) . Note that we are again 
postulating time homogeneity for the transition probabilities in that the 
constants al�),k2 are time independent. Th.e parameters obey the restrictions 

and 

a< 1 ) < 0 a(2 ) < 0 1 , 0 - ' 0, 1 - ' 
ak\1J2 >O for all k 1 , k2 === 0, 1 , 2, . . .  

except k1 === 1, k2 === 0, 
for all k 1 , k2 = 0, 1, 2, . . .  

except k 1 = 0, k2 = 1, 

i === 1 , 2. 
We introduce the pair of infinitesimal generating functions 

00 

U( i) (s s ) " a(i) sk t sk22 .. 1 ' 2 == L k 1 ,k2 • t 7 

k t tk 2 = 0  
i === 1 , 2 

Let Pk1 'k2 ;i l 'i2(t) he the probability that a population of k 1  objects of 
type 1 and k2 obj ects of type 2 present at time 0 will be transformed into a 
population consisting of j1 objects of type 1 and j2 objects of type 2 over 
a time period of length t. Since the infinitesimal probabilities a1?,k2 were 
defined to be independent of time, the transition probabilities are neces ­
sarily time homogeneous .  We define the probability generating functions 

00 

cp ( 1 ) ( t ; s 1 ' s 2) === L p 1 , o ; i t  i 2 ( t) s{ 1 s� \ 
it ti2 = 0 

00 

cp(2 )(t ; s 1 ' s2) = L Po , 1 ;i ti2(t)s{ts�2 . 
i t ti2 = 0 

Then it follows analogously as in the model of the one-type branching 
process that 

00 l: Pk t ,k2 ;i t i2(t)s{ •s�2 === [cp(l )(t ; s 1 , s2 )] k t [cp<2 )(t ; S 1 ,  s2)]k2 
i t ti2 = 0 

(k1 ' k2 == 0, 1, 2,  . . .  ) . (10 .1) 
In fact, ( 10 . 1) can he regarded as the defining relation of a continuous time 
two-type branching process. In other words any transition probability 
rnatrix function satisfying (10 . 1) is said to generate a two-type continuous 
Lime Markov branching process . The Markov character of the process is 
Hummarized in the Chapman-Kolmogorov equations 

00 

Pk , ,k 2 ,} a ,}2 (t + 1:) = L Pk , ,k2 , ; l a , l2 (t) P, t , h ;j t ,J2 (-r:) .  
, , , 12  = 0 

(10 .2 ) 



426 8 .  B R A N C H I N G  P R O C E S S E S  

Then from (10.1) and (10 .2) 
00 

cp<1 > (t + -r ;  s 1 ' Sz) = L P1 ,0 ;i t ,i2(t + -r)s{•s�2 i t ,i2 = 0 
00 00 

L L P1 ,0 ; l t , ll(t) Plt , h ;i t ,i2(-r) s{1s�2 i t ,i2 = 0  l t , l2 = 0  

00 L Pl ,O ; l t , h(t) [cp( l > (-r ; S 1 ' Sz)] l t [cp<2 > (-r ;  S 1 , s2)]h l t tl2 = 0 
== cp(l > (t ; cp(l >( -r ; s 1 , s2) , cp<2 >( t ;  s 1 , s 2)) . 

The same procedure applied to the generating function cp<2>(t ; s 1 , s2) 
yields 

cp<i)(t + -r ;  s 1 , s2) = cp< i) (t ; cp( l >(-r ;  s 1 , s2) , ¢< 2 >(-r ; s 1 , s2)) 
for i = 1 ,  2 .  

Moreover, 
00 

cp(l >(h ; s 1 ' s2) = L p 1 , o ;i t .i2(h) s{ts�2 
j 1 ti2 = 0 

00 L [c5 1 it<)Oi2 + aJ.lJ2h + o(h)] s { ts�2 
j 1 ti2 = 0 

= s 1 + hu<1 >(s 1 ,  s2) + o(h) 
and similarly for cp<2>(h ; s 1 , s2) . Thus we have 

cp< i)(h ; s 1 , s2) = s i + hu( i>(s 1 .,  s2) + o(h), i = 1 , 2 .  

(10.3) 

( 10 .4) 

We now derive a pair of partial differential equations satisfied by 
cp( i>(t ; s 1 , s2) (i == 1 , 2) , analogous to (7 . 10) and (7 .13) .  To this end, we 
start by setting -r == h and substituting (10.4) in (10 .3) . Using Taylor's 
expansion, we obtain 

cp( i>(t + h ; s 1 , s 2) == 

cp< i) (t ; s 1 + hu(l >(s 1 , s2) + o(h) , s2 + hu<2>(s 1 , s2) + o(h)) 

- ,l,.( i) (t · ) + f)cp( i)(t ; S 1 ' Sz) h (1 ) ( ) - o/ , s 1 , s2 � u s 1 ,  s2 us 1 
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Dividing both sides by h and letting h -+  0 we formally obtain the dif­
ferential equations 

i == 1, 2 .  (10.5) 

We start again with ( 10.3), this time setting t == h and using (10.4) ; 
this leads to the formula 

cp( i)(h + -r ;  s 1 , s2) == ¢< i) (h ; cp<1 )(-r ;  s 1 ,  s2) , cp<2 )(7: ; s 1 ,  s2)) 
== cp< i) (-r ;  s 1 , s2) + hu< i) (cp<1 )(-r ;  s 1 , s2) , cp<2)(-r ; s 1 , s2)) + o(h) . 

Then dividing by h, letting h-+ 0, and finally writing t in place of -r, we 
obtain a second system of differential equations : 

ocp<O(t ; s 1 ' s2) ( i)(A,.(1 )( ) ,1,.(2 )( )) • 1 2 ot 
== u o/ t ; s 1 , s 2 , o/ t ; s 1 , s 2 , t = , . 

The initial conditions for both (10.5) and (10.6) are 

i == 1, 2 .  

(10 .6) 

With the aid of (10 .5) and (10.6) we can derive systems of ordinary dif­
ferential equations satisfied by the moments of the random variables of 
the process .  We will not enter into details of these calculations here. 

We next offer some applications and examples of two-type continuous 
time branching processes .  

Example 1. Our first example involves a branching process with immigra­
tion. We consider the one-type continuous time branching process and 
enlarge its scope by allowing, in addition to branching, some migration of 
particles into the system. Recall that 

k == 0, 1, 2, . . . ' 

represents the probability that a particle will convert into k particles 
during a small time interval (t, t + h) independent of its past and of all 
other particles . Let us superimpose immigration into the population as 
follows . Specifically, let 

k = 0, 1 ,  2,  . . .  , 
denote the probability, independent of the present or past history of the 
population, that k particles of the same kind immigrate and merge with 
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the population during the time interval (t, t + h) .  Note that the parameters 
ak as well as the parameters bk are assumed to be independent of the precise 
time t that the conversion or the immigration takes place . In other words 
the associated infinitesimal transition probabilities per individual are time 
homogeneous . For the ak and bk we impose the conditions 

Let 

a 1 < O, 
ak > O 
bk > 0 

00 00 

b0 < O, 
for k === 0, 2 ,  3, . . •  , 
for k === 1, 2, 3, • • .  , 

L ak == L bk == o.  
k = O  k = O  

p ( t) == Pr {population at time. t is of si�e k if } 
k there were no particles at t1me t = 0 

=== Pr{X(t) == ki X(O) == 0} k == 0,  1 ,  2 ,  . . .  ' 

and denote its generating function by 
00 

cp(t ; s) == L Pk(t)sk. k = O 

(10.7) 

( 10.8) 

Our objective is to evaluate Pk(t) or, if this is not feasible, to ascertain 
some of its properties . \ 

We introduce the infinitesimal generating functions 
00 

u(s) == L aksk k = O 
and 

00 

v(s ) === L bksk. k = O 
It is possible to cast the one-type continuous time branching process with 
immigration in the form of a two-type continuous time branching process . 
This is done as follows . Assume that we have two different types of par· 
ticles, types 1 and 2 ,  with infinitesimal probabilities of conversion which 
we will now specialize, as described at the start of this section. 

The idea underlying the identification runs as follows . We have available 
two types of particles :  the first is real, while the second is of a fictitious 
nature . Real particles upon termination of their lifetime (which is of 
random duration distributed according to an exponential law with param· 
eter A - 1 == a0 + a2 + a 3 + · · · ) create k new real particles with prob­
ability A · ak (k === 0, 2 ,  3 ,  . . .  ) . A fictitious particle also lives a randotn 
length of time (exponentially distributed with parameter ,A - l ===b 1 -l- b2 -1- · · · )  
and at the end of its life produces l real particles and one further fictitious 
particle with probability A · b , (l == 1, 2, 3, . . .  ) . Notice that L� 1 .Ab , = 1 .  
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The progeny of fictitious particles account for the immigration factor. 
Thus , we set 

a (
1 ) _ {akt 

k t ,k2 - 0 
if 
if 

if 
if 

k2 = 0, 
k2 -=f. 0, 

k2 === 1 ,  
k2 -=I= 1 .  

Then in accordance with the notation of the beginning of this section we 
have 

Thus 

In the special case under consideration the differential equation ( 10.5) 
reduces to 

(10.9) 
i === 1, 2, 

and the differential equation (10.6) becomes 

( 10. 10) 

and 

(10. 11) 

Now we will relate the probabilities P 0 , 1 ;i 1 
,j 2 ( t) of the two-type process 

to the probabilities defined in (10.7) . In accordance with the meaning 
ascribed to the two types of particles the initial state (0, 1) signifies that 
we start at time 0 with no real particles but with the presence of a potential 
immigrant signified by a fictitious particle . By the very meaning of the 
symbols we obviously have 

p . . t === J l { p . (t) 
0 , 1 ; ) 1 ,)2( )  0 

und hence 

if j2 = 1 ,  
if j2 =/= 1 , 

(10 . 12) 
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Then from ( 10.9) we obtain 

oQ>(t ;  s) ocp(t ;  s) 
( ) ( ) ( ) 

ot 
== os u s + cfJ t ;  s v s , (10 .13) 

where we have written s in place of s 1 • The initial condition here is 

cp(O ; s) == 1 . (10 .14) 

Instead of solving this differential equation, It IS easier to solve the 
system (10 .10) and (10 . 11) with appropriate initial conditions . Equation 
(10 .10) can be dealt with by methods paraphrasing the analysis of (7 .13) . 
The solution of (10 .10) can be represented as in (9 .6) .  We denote the 
solution of (10. 10) by f(t ;  s) , where s has taken the place of s 1 and s2 is 
suppressed. Because of (10 .12) , (10 . 11) becomes 

ocp(t ;  s) , 

ot 
== l/J\t ; s)v(f(t ;  s) ) , 

with initial condition (10 . 14) . The solution of (10 . 15) is 

t/J(t ; s) = exp [j v(J( 7: ;  s)) dr: l 
(10 .15) 

Exatnple 2. We close this section by describing a simple, binary-fission, 
non-Markov, one-type, continuous time, branching process that can be 
reduced to a two-type, continuous time, Markov branching process . 
Assume that a particle has a lifetime distribution with density 

;,,2 
- te - ;.r 
2 ' (10.16) 

i .e. , a gamma distribution of order 2 . When the particle dies it is replaced 
by two particles of the same kind, each independent of the other and_ 
of the original particle, and each following the lifetime distribution (10. 16) . 

Markov processes are generally characterized by the property that the 
waiting time in any given state is exponentially distributed. In the present 
context the waiting time in a given state is determined by the lifetime of 
the particle . If this is exponential then the population process of these 
particles constitutes a Markov process .  In the growth model introduced 
above, lifetime does not follow an exponential distribution hut that of a 
convolution of two exponentials . 

Let X(t) represent the number of particles at time t and assume that 
X(O) == 1 .  Since (10.16) is the density of the sum of two independent 
exponentially distributed r.v's each with parameter A., we may regard 
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each particle as going through two separate phases of life each with' an 
exponentially distributed lifetinte of parameter .A.  This may easily he 
reduced to the two-type, continuous time, Markov branching process. 
Instead of referring to two phases of life for the same particle, we will 
talk about two different types of particles . A particle of type 1 has an 
exponential distribution lifetime with parameter A and then converts into 
a particle of type 2 .  A particle of type 2 has an exponential distribution 
lifetime with parameter A and then converts into two particles of type 1 .  
Thus, conforming to the notation of the beginning of this section we have 

- 1  if kl == 1 and k2 == 0, 
( 1 ) -ak� ok2 - +1 if k l  == 0 and k2 == 1 ,  

0 otherwise, 

+1 if k l  = 2 and k2 == 0, , 

( 2 ) -akt tk2 - - 1 if k l == 0 and k2 == 1, 
0 otherwise, 

where , for simplicity, we have assumed A ==  1 .  Then, 

and 
( 2 ) ( ) - 2 u s 1 , s2 - s 1 - s2 • 

The relations (10.5) and (10 .6) will take special forms .  The generating 
function of X(t) , given X(O) === 1 ,  can he obtained from ¢(1 >(t ; s 1 , s2) 
by setting s 1 === s2 == s . 

11 : Branching Processes with General Variable Lifetime 

In this section we will discuss a branching process model where each 
obj ect (or particle or individual) lives a random length of time following a 
general lifetime distribution and at the culmination of its life produces its 
progeny . This process should be compared with branching processes of 
fixed lifetime or of exponentially distributed lifetime . We assume that an 
individual object has a lifetime of random length T with probability 
density function J(t) ; that is , the probability that this organism will die 
during the time interval (t, t + dt) is f(t) dt . We further assume that at the 
time of its death the object splits into two, thus creating two new objects 
of like kind. These will have independently distributed random lifetimes 
with the Aame density functionf(t) . At the end of its life each object splits 
again into t'vo new objects of the same kind and this process continues 
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indefinitely. Let N(t) denote the number of objects existing at time t, 
and represent its probability distribution by 

Pk(t) == Pr{N(t) == k} for k == 0, 1, 2 ,  . . . . 
Clearly p0(t) = 0 for all t > 0, as we will always have at least one object. 
In fact, we will have exactly one before the first split occurs and at least 
two after the first split . Thus 

p1 (t) == Pr{N(t) == 1} == Pr{ T  > t} = 1 - F(t) , 
where 

t 

F(t) = Pr{ T < t} = f f(r:) dr: 
0 

is the cumulative distribution function of T. 
Generally, let G(s, t) be the probability generating function of N(t) , i.e., 

00 00 

G(s, t) == L pk(t)sk == L pk(t)sk. k =  0 k=  1 
We will now obtain an integral equation for G(s, t) . The probability of 
having exactly k (k == 2, 3, . . .  ) obj ects at time t, pk(t) , can he evaluated 
as follows . Assume that the first fission occurs between time -r and -r + d1: 
(0 < -r < t) with probability f( -r) d-r, and that each of the two new objects 
independently undergoing the same branching process will produce a total 
number k of descendants during the remaining time of length t - t .  
Naturally the time, -r, of the first split may take any value in the interval 
[0, t] . Thus, from the law of total probabilities we obtain 

and 

t k 
Pk(t) = J dr: f( r:) L p 1(t - -r)Pk - z(t - -r) , k = 2, 3, . . .  , 

O I = 1 

p 1 (t) = 1 - F(t) . 
Then from the definition of G(s, t) , we have 

00 t k 
G(s, t) = [1 - F(t)]s + kL2 s

k I dr: f( r:) 1L1 p 1(t - r:)pk _ ,(t - r:) 

00 t k 
= [1 - F(t)]s + k�o sk I dr: f(r:) 1L0 

p 1(t - 7:)Pk- z(t - -r) . 

Since all quantities involved are nonnegative, the summations and the 
integral sign may he interchanged, and 

t 00 k G(s, t) = J dr:f(r:) L sk L p 1 (t - -r)pk_ ,(t - -r) + [1 - F(t)]s. 
O k = O  l = O  
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We recognize the sum as a convolution, each factor of which is 
Lr o s']Jk(t - r) === G(s, t - -r) . Thus, 

t 

G(s, t) = I [G(s, t - -r)] 2f( -r) d-r + [1 - F(t)]s . (1 1 . 1) 
0 

Unfortunately, this integral equation cannot he solved in general. We will 
solve it, however, in the special case when T has the exponential distri­
bution with density 

for t > 0. ( 1 1 .2) 

The process corresponding to this special case is equivalent to the 1:.,. ule 
pure birth process .  In fact, if there are n initial objects then the time 
interval until the first split is the random variable Z = min(X 1 , X 2 , • • •  , Xn), 
where the xi are independent and possess the distribution law (11 .2) . 
The distribution of Z is exponential with parameter nA.. Therefore., the 
chance of a split during the next h units of time is nAh + o(h) . When this 
occurs the population increases to n + 1 and now the time interval until 
the next split is exponentially distributed with parameter (n + 1)A, etc. 
The study of this example from the point of view of pure birth processes 
was-' given in Section 1 of Chapter 4. The following alternative method is 
of independent interest. 

When 1 - F(t) =e- ;.t Eq. (11 . 1) becomes 
t 

G(s, t) e.l.t = A. I [G(s, t - t)] 2e.A.( t- t) d-r + s . 
0 

After executing the change of variables u = t - -r we get 
t 

G(s, t)eAt = A.  I [G(s, u)] 2e;." du + s. 
0 

Now differentiate with respect to t. There results the equation 
eltG'(s, t) + Ae;. tG(s, t) === A[G(s, t)] 2elt, 

where 

G'(s, t) = :t 
G(s, t) . 

Canceling the factor e;.t the differential equation reduces to a Bernoulli­
type differential equation : 

G'(s, t) === A[G(s, t)] 2 - ;.G(s, t) . ( 11 .3) 
To solve this differential equation we may simply separate variables :  

dG(s, t) 
= ;_ dt. G(s, t) [G(s, t) - I ] 
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Then the solution is 

or explicitly 

G(s, t) - 1 
_ C( ) A.t G(s, t) - s e ' 

1 G(s, t) = 1 - C(s)elt ' ( 1 1 .4) 

where C(s) is a constant in t, hut m,ay be a function of s. To determine 
C(s) , let t == 0 in (11 .4) . Since 

it follows that 

if k =F 1 ,  
if k == 1 ,  

1 s == G(s, 0) === 
1 _  C(s) , 

s - 1 C(s) == . 
s 

Thus, the solution of (11 .3) and also the solution of (1 1 . 1) in the case of 
exponential lifetime is se - lt G(s, t) = 1 - (1 - e - A.t)s .  ( 1 1 .5) 

To obtain explicit formulas for pk(t) we expand ( 11 .5) in powers of s ;  i .e . ,  
00 

G(s, t) == e - lts L ( 1 - e - lt)ksk. k = O  
Visibly, we have 

Pk(t) === e - lt(1 - e - A.t)k - 1 for k == 1 ,  2 , . . . . 
Although we cannot solve the integral equation (11 .1) in the general 

case, we may obtain from it an equation for the mean function 
m(t) = EN(t) . Recall that ; 

dG(s, t) 00 L kpk(t) == m(t) . k = 1 ds s =  1 
Differentiating (11 .1) with respect to s leads to 

t dG�, t) = 2 f G(s, t - •) dG(s�t - •) f(r) do + 1 - F(t) . 
s Q s 

Now, set s = 1 on both sides, remembering that 
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Then 
t 

m(t) = 2 I m(t - -r:)f(-r:) dr + 1 - F(t) . 
0 

This integral equation is an example of what is called a renewal equation. 
Its characteristic feature is the appearance of the unknown function under 
the integral sign in the convolution form . There is much classical theory 
available concerning the renewal equation which describes the asymptotic 
growth properties of the solution m(t) . 

An obvious generalization of the above model is obtained by allowing 
an object at the time of its death to split into exactly r new objects of the 
same kind, where r is a fixed integer greater than 2 .  It is easy to see that 
the integral equation ( 11 . 1) will then he replaced by 

t 

G(s, t) = I [G(s , t - r)]j( -r:) dr + [1 - F(t)]s . 
0 

A further generalization of this model is the case in which any object 
may split into a random number of new objects of the same kind at the 
time of its death ; e .g . ,  we may assume that an object produces l new objects 
at the time of its death with probability q1 , l = 0, 1, 2, . . . .  Let 

00 

h(s) = L q1s1 
l = O  

be the corresponding generating function . Then we may derive the integral 
equation in the following way. Assume that the first split occurs at time 
-r: (0 < -r: < t) and l new objects are created. This event has probability 
f(-r:) dr q 1 • Then during the remaining t - 1: units of time each of the l 
objects may produce any number of descendants such that the total 
number of objects at time t totals k. By the law of total probabilities, we  have 

t 00 

Pk(t) = J d-r: f( -r:) L q, L Pk, (t - -r:)pk2(t - r) · · · · · Pk,(t - -r:) 
0 l = 0 k l + k2 + . . .  + k, = k 

for k === 2, 3, . . .  

and p1 (t) = 1 - F(t) as before . Then the generating function 
00 t 00 

G(s, t) ·== [1 - F(t) ]s + L sk J d-r: f( or) L q 1 L Pt, (t - -r:) · · · Pk, (t - r) 
k = 2 0 l = O  k t + · · · + kz = k  

t 00 00 

=== [1 - F(t)]s + I d-r: f(-r:) L q1 L sk 2 pdt - -r:) · · · · 
• Pk,(t - -r:) . 

0 l = 0 k = 1 k 1 + . . . + kt = k 
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But the inner sum of 
00 

L sk L Pkt(t - -r) · · · · • Pk,(t - 1:) 
k= O kt + · · · + k1 = k  

i s  recognized as an l-fold convolution (the student should prove this) 
where each factor corresponds to 

00 

L skpk(t - -r) = G(s, t - -r) 
k = O  

and the full sum is [ G( s, t - -r) ] ' . Thus, 
t 00 

G(s, t) == [1- F(t)]s + J d1: f( •) 2 q1 [G(s, t - -r)]' . 
0 l = O  

But the summation inside the integral on the right-hand side gives the 
generating function h(s) evaluated at x = G(s, t - -r) . Finally, in this case 
the integral equation takes the form 

t 

G(s, t) = J h(G(s, t - -r))f(-r) d-r + [1 - F(t)]s . 
0 

Elementary Problems 

1. Let Xn be a branching process where X0 == 1 .  For an arbitrary but fixed 
positive integer k define the sequence 

T = 0, 1 ,  2, . . . . 

Show that { Yr , r = 0, 1, 2,  . . .  } generates a branching process. Moreover, prove 
that if q>( s) denotes the generating function of the number of direct descendants 
of a single individual in the xn process and <f>n(s) its nth iterate, then <f>k(s) is 
the generating function in the Yr process of the number of direct descendants 
of a single individual. 

2. Letf(s) === 1 - p(1 - s)P, where p and fJ are constants and 0 < p  < 1 ,  0 < fJ <1.  
Prove that f( s) is a probability generating function and its iterates are 

fn(s) = 1 - p l +{J + · · · +Pn - t (1 - s)P" for n = 1, 2, . . . . 

3. Suppose f( s) is a probability generating function and h( s) is a function such 
that 

g(s) = h- 1[f(h(s))] 
is a probability generating function. Verify that 

gn(s) = h- 1[/n(h(s))] 

is a probability generating function, where fn and gn denote the functional 
iterates off and g, respectively. 
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4. As an example of Elementary Problem 3,  take 

and 

s 
f(s) = m - (m - 1)s (m > 1) 

h(s) = sk (k a positive integer). 
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Prove that g(s) = h- 1 f(h(s)) is a generating function and establish that the nth 
iterate of g is 

s gn(s) = 
(mn 

_ (mn - 1)sk) l fk · 

5. Show that E('L:- 1 Xn) = m/(1 - m) when m = E(X1) < 1 in a branching 
process. 

6. At time 0, a blood culture starts with one red cell. At the end of one minute, 
the red cell dies and is replaced by one of the following combinations with 
probabilities as indicated: 

2 red cells 
1 red, 1 white 

2 white 

! i 
1 

12 

Each red cell lives for one minute and gives birth to offspring in the same way 
as the parent cell. Each white cell lives for one minute and dies without repro­
ducing. Assume the individual cells behave independently. 

(a) At time n + � minutes after the culture began, what is the probability 
that no white cells have yet appeared? 

(b) What is the probability that the entire culture dies out eventually? 

Solution: (a) (!)2" - 1 ; (b) �·  

7. Let f(s) === as2 + bs + c, where a, b, c are positive and f(l) = 1 . Assume that 
the probability of extinction is d (0 < d < 1 ) .  Prove that 

c 
d - -- . a 

8. Suppose that in a branching process  the number of offspring of an initial 
particle has a distribution whose generating function is f(s) .  Each member of 
the first generation has a number of offspring whose distribution has generating 
function g(s) .  The next generation has generating function f, the next g, and the 
functions continue to alternate in this way from generation to generation. 

Arguing from basic principles (i.e . ,  without using any general results from 
multi-type theory of Sections 5 and 6, determine extinction probability of the 
process, and the mean number of particles in the nth generation (n even, say) . 
Would either of these quantities change if we started the process with the g 
function, and then continued to alternate? 

9. Consider a discrete time branching process Xn with X0 == 1 .  Establish 
the simple inequality 

Pr{Xn > L for some 0 S n � m iXm = 0} < [Pr{Xm = O}]L. 
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10. Consider a branching process with initial size N and probability generating 
function 

<p(s) == q + ps, 
Determine the probability distribution of the time T when the population first 
becomes extinct. 

Solution: Pr{ T == n} == (1 - pn + 1 )N 
- (1 - pn)N. 

11. Compute Var X(t), where X(t) is a continuous time branching process and 
X(O) = 1 .  
Solution: 

Var X(t) == 

[u"(1) - u'(1)] u' ( 1 )t( u'( l )t - 1) u'( 1) e e 

u" (1 )t 
if u' (1 ) � 0, 

if u' (1) = 0. 

12. A population consists of two types of individuals, males and females. We 
assume that all the females can produce offspring, according to a generating 
function f(x), provided that the population contains at least one male . If the 
probability that an offspring is female is ct, what is the p.g.f. for the number of 
females produced in the next generation given that at least one male is produced 
as well. 

Solution : f(cts + (1 - ct)) -f(cts) 
1 -f(ct) 

Problems 

1. r· The following model has been introduced to study a urological process. 
Suppose bacteria grow according to a Yule process of parameter A (see Section 1 ,  
Chapter 4 ). At each unit of time each bacterium present is  eliminated with 
probability p. What is the probability generating function of the number of 
bacteria existing at time n? 

Hint: This is the probability generating function of the nth iterate of a 
branching process. 

Answer :  fn(s) is the nth iterate of 

e- ;.(1 - e- ;.) - 1 
/�) = . 

1 - (1 - e- ;.)(p + qs) 
2. (a) A mature individual produces offspring according to the probability• 
generating function f(s). Suppose we have a population of k immature individ· 
uals, each of which grows to maturity with probability p and then reproduces 
independently of the other individuals. Find the probability generating 
function of the number of (immature) individuals at the next generation. 

(b) Find the probability generating function of the number Qf mature 
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individuals at the next generation, given that there are k mature individuals 
in the parent generation. 

Answer : (a) ( 1  - p + pf(s))k ; (h) (f(l -p + ps))k. 

3. Show that the distributions in (a) and (h) of Problem 2 have the same 
mean, hut not necessarily the same variance. 

4. Consider a discrete time branching process { Xn} with probability generating 
function 

( ) 
_ 1 - (b + c)

+ 
bs 

<p s - ' 1 - c 1 - cs 
O < c < b + c < l, 

where ( 1 - b - c)fc(l - c) > 1 .  Assume X0 == 1 .  Determine the conditional 
limit distribution : 

Answer : 

lim Pr{Xn = k jXn > 0} .  
n� oo  

( l ) ( l ) k - 1 
1 - - - ' so so 

1 - b - c 
so == 

c( 1 - c) · 

5. In the previous problem suppose 1 - b - c == c(l - c) . Determine Pr{Xn > 0} .  

Answer : (1 - c)/[1 + (n - l)c] . 

6. Under the same conditions as in Problem 5 prove that Pr{Xn < nxj _Xn > 0} 
converges to an exponential distribution. 

Hint : Compute the Laplace transform of Xnfn conditioned on the event 
xn > 0 and determine its limit as n-+ oo .  

Answer : Exponential with parameter ( 1 - c)fc. 

7. Find the generating function <p(t ;  s) of the continuous time branching 
process with infinitesimal generating function 

Hint : Solve 

u(s) == sk - s 

orn(t · s) 
't' ot' 

== u( <p(t ;  s)) 

(k > 2, integer) . 

with <p(O ; s) == s. 

Answer : <p ( t ;  s) == s [ e< k - 1 ) t - ( e( k - 1 ) t - 1 )sk - 1] - 1 I ( k - 1 ) • 

8. Find the generating function <p(t; s) of the continuous time branching 
process if the infinitesimal generating function is 

u(s) == 1 - s -VI - s. 

Answer : <p(t; s) = 1 - [1 - e - tfl + e - tf2yl - s] 2 • 

9. Consider a multiple birth Yule process where each member in a population 
has a probability ph -t- o( h) of giving birth to k new members and probability 
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(1 - f3h + o(h)) of no birth in an interval of time length h ({3 > 0, k positive 
integer) . Assume that there are N members present at time 0. 

(a) Let X(t) be the number of splits up to time t .  Determine the growth 
behavior of E(X(t) ) .  

(b) Let 't"n be the time of the nth split . Find the density function of 't"n· 
Hint : (a) Note that 

Pr{-rn < t l•n - 1 = �}  = { �,- exp {- [(n - 1 )k + N]{J(t - �)}, 

and obtain a recursion formula for the density function of 't"n in terms of the 
density function of 't"n _ 1 • 

Answer : 
( ) 

E(X(t)) N 
a ekPt � k as t � oo .  

(b) Let fn(t) be the probability density function of 't"n : 
/, ( ) 

== 
N(N + k) · · ·  [N + (n - 1)k] f3 - NPt(1 - - kPt)n - 1  n t 

(n - 1) ! kn 1 e e . 

10. Let X n , n > 0, describe a branching process with associated probability 
generating function <p( s) . 

Define Yn as the total number of individuals in the first n generations , i.e . ,  

Yn == X0 + X1 + · · · + Xn ., n == 0, 1, 2, . . .  ., X0 == 1 .,  

Let Fn(s) be the probability generating function of Yn .  Establish the functional 
relation 

for n == 0, 1 ,  2, . . . . 

11. Let <p( s) be the generating function of the number of progeny of a single 
individual in a branching process that starts with one individual at time zero, 
and let <fJn(s) denote its nth iterate . 

Suppose in addition to the ordinary branching process there also exists 
some immigration into the population during a single generation described by 
the probability generating function h( s) . Consider the branching process with 
immigration whose transition probability matrix is defined by 

00 L Pi .si == [<p(s)] i . h(s) . . 0 J J = 
Prove that the n-step transition probability matrix is determined by the re­
lation 

00 L Pijsi == [<pn(s)] i h(<pn_ 1 (s))h(<fJn- z (s)) · · · ·  · h(<p(s))h(s) .  j = O 
12. In the branching process with immigration (Problem 11 ) assume that 
<p'( 1) == m < 1 .  Prove that the associated Markov chain has a stationary 
probability distribution with probability generating function n ( s) = L� 0 n, s' 



P R O B L E M S  441 

that satisfies the functional equation 
n( <p(s))h(s) == n(s) . 

13. Under the set-up of Problem 12 for the specification <p(s) == q + ps 
(0 < p  < 1, q + p == 1) and h(s) == es - l determine the stationary probability 
distribution. 

14. Consider the simple birth and death process (linear growth without 
immigration) , i.e . ,  An == .An and Jln == Jln with A > 0, J1 > 0, and J1 > .A. Let Z(t) 
be the population size at time t. By appropriate identifications, show that the 
busy period of an infinite server queueing process with the interarrival distribu­
tion 1 - e - lt and the service time distribution 1 - e -p.t has the same distribu­
tion as that of J0 Z(t) dt under the initial condition Z(O) == 1 .  

15. Let Xn be a discrete branching process with associated probability genera­
ting function <p(s) and let <pn(s) == Lk= O Pr{Xn == k} sk. Assume that <p'(1) > 1 .  
Let -

xn denote the number of all the particles in the nth generation which have 
an infinite line of descent .  -

Show that the probability generating function for Xn is 

f Pr{ Xn == k l X0 == X0 == 1} sk == <pn(s(1 - q) + q) - q 
k= O  · 1 - q 

where q is the probability of extinction. 

Hint : Note that for k > 1 
00 L Pr{Xn == k, xn == l iXo == 1 }  -

I 
- l = k Pr{Xn == k X0 == 1 ,  X0 == 1 } === -----------

Pr{X0 === 1 IX0 === 1 } 

16. The purpose of this next problem is to determine the effects that different 
forms of mortality have on the stability of a population. We define stability 
as the probability of indefinite survivorship === 1 - probability of eventual 
extinction. 

In the absence of the additional mortality we 'II consider momentarily, the 
offspring X of a single individual has the probability distribution 

Pr {X == k} == Pk , k == 0, 1 ,  . . . . 

Suppose that the mean of the distribution is m and that all offspring in the 
population are independent and identically distributed. 

We consider 3 types of mortality. In each case, the probability of an indivi­
dual surviving is p, but the form the survivorship takes differs among the 
cases. Assume 

mp > 1 .  

(a ) Mortality on Individuals : Ind�pcndcnt o f  what happens to  others , each 
-i ndividual RnrviveA wi th 1rrohahili ty p. That is, given an actual l i t ter size or 



442 8 .  B R A N C H I N G  P R O C E S S E S  

number of offspring of X., the effective litter size has a binomial distribution 
with parameters (X., p). This type of mortality might reflect predation on 
adults. 

(b ) Mortality on Litters : Independent of what happens to other litters ., each 
litter survives with probability p and is wiped out with probability q = 1 -p. 
That is, given an actual litter size of X., the effective litter size is X with prob­
ability p and 0 with probability q. This type of mortality might reflect pre­
dation on juveniles .,  or on nests and eggs in the case of birds. 

(c) Mortality on Generations : An entire generation survives with prob­
ability p· and is wiped out with probability q. This type of mortality might 
represent environmental catastrophies such as forest fire ., flood., etc. 

Give the equations for determining 1 - Stability === Pr {Eventual Extinction} 
in each of these cases . 

Which population is the most stable ? Which is least stable ?  Can you prove 
this? 

N OTES 

The source of inspiration for this chapter is the treatise on branching 
processes by T. Harris [1 ] , which also contains a comprehensive bibliog­
raphy of the subject and its applications . 
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Chapter 9 

S TATIONA R Y  P R O CES S ES 

A stationary process is a stochastic process whose probabilistic laws 
remain unchanged through shifts in time (sometimes in space) .  The con­
cept captures the very natural notion of a physical system that lacks an 
inherent time (space) origin. It is an appropriate assumption for a variety 
of processes in communication theory, astronomy., biology, ecology., and . economics. 

The stationary property leads to a number of important conclusions in 
a rich theory. In this chapter we focus on the prediction problem., the 
ergodic behavior, the spectral representation of a stationary process., 
stationary point processes ., and the level-crossing problem. Sections 1 and 
2 are prerequisite to the later sections. However., the section pairs 3 
and 4., on prediction ; 5 and 6., on ergodic theory ; 7 and 8., on spectral 
analysis ;  and 9 and 10 on point processes and the level-crossing problem 
may be read in any order one desires. 

1 : Definitions and Examples 

Let T be an abstract index set having the property that the sum of any 
two points in T is also in T. Often T will be the set {0, 1 ,  . . .  } of non­
negative integers., but it just as well could be the positive half or whole 
real line., the plane , finite-dimensional space, the surface of a sphere , or 
perhaps even an infinite-dimensional space . 

Definition 1.1. A stationary process is a stochastic process {X(t) , t E T} 
with the property that for any positive integer k and any points t1 , • • •  , tk and 
h in T, the joint distribution of 

is the same as the joint distribution of 

{X(t1 + h) , . . .  , X(tk + h) }. 

Here are some short examples .  

(a) Electrical pulses in communication theory are often postulated to 
describe a stationary process . Of course, in any physical system 
there is a transient period at the beginning of a signal. Since typi-

443 
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cally this has a short duration compared to the signal length, a 
stationary model may be appropriate . In electrical communication 
theory, often both the electrical potential and the current are 
often represented as complex variables .  Here we may encounter 
complex-valued stationary processes . 

(b) The spatial and/ or planar distributions of stars or galaxies , plants, 
and animals , are often stationary. Here T might be Euclidean 
space , the surface of a sphere , or the plane . 

A stationary distribution may be postulated for the height of a 
wave and T taken to be a set of longitudes and latitudes ,  again 
two dimensional. 

(c) Economic time series , such as unemployment, gross national 
product, national income, etc . ,  are often assumed to correspond to 
a stationary process, at least after some correction for long-term 
growth has been made . 

As these examples show, stationary processes appear in an abundance 
of shape.s and sizes . To treat the most general situation would counter 
our purpose of providing an introduction. Having alerted the reader to the 
vast scope of possibilities, henceforth we concentrate mostly on the 
simplest case of a real-valued process for which T == {0, 1 ,  2 ,  . . .  } . 

Let {X(t) , t E T} be a stationary process . If the mean m(t) === E[X(t)] 
exists ,  it follows that this quantity must be a constant, m(t) == m for all t. 
Similarly, if the second moment E[X(t) 2] is finite , then the variance 
(J2. = E[(X(t) - m)2] is a constant, independent of time . Let t and s be 
time points, and suppose, without loss in generality, that t > s. Using the 
stationary property, we compute the covariance 

E[(X(t) - m) (X(s) - m)] === E[(X(t - s) - m) (X(O) - m)] , 
such that the right-hand side depends only on the time difference t - s. 
If we define the covariance function, 

R(h) == E[(X(h) - m)(X(O) - m)] , 
then 

E[(X(t) - m)(X(s) - m)] === R( \ t - s\ ) .  
Of course, (J2 == R(O) . Sometimes it is convenient to standardize the co­
variance producing what is called the correlation function or autocorrelation 
function, defined by 

1 p(v) == 2 R(v) == R(v)jR(O) . 
(J 
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Then p(O) === 1 , and it can be shown (using Schwarz' inequality) that 
- 1 < p(v) < 1 for all v. 

The concept of stationarity introduced in Definition 1 . 1 involves all 
finite-dimensional distributions of the process . For many purposes it is 
desirable to have available a weaker concept, involving only the first two 
moments . 

Definition 1.2. A covariance stationary process is a stochastic process 
{X(t) , t E T} having finite second moments, E[X(t) 2] < 00 ,  a constant mean 
m = E[X(t)] , and a covariance E[(X(t) - m)(X(s) - m)] that depends only 
on the time difference I t - s I ·  

Other terms used in the literature synonymously with covariance 
stationary are weakly stationary or wide-sense stationary, and what we 
have called a stationary process is often termed strictly stationary to 
emphasize the distinction . 

A stationary process that has finite second moments is covariance 
stationary (but, of course, a stationary process may have no finite 
moments whatsoever) . It is quite possible that a covariance stationary 
process will not be stationary, but there is an important exception to this 
general rule . A stochastic process {X(t) , t E T} for which, for eve.ry k and 
every finite set {t 1 , • • •  , tk} of time points, the random vector 

has a multivariate normal distribution (Chapter 1) is called a Gaussian 
process . Since the multivariate normal distribution is determined by its 
first two moments, the mean value vector and the covariance matrix, a 
Gaussian process which is covariance stationary will be strictly stationary. 

Examples 
Several of the examples that follow will be developed further in the 

sequel. 

A. Two Contrasting Stationary Processes 
(i) A sequence ¥0 , ¥1 , • • • of independent and identically distri­

buted random variables is a stationary process . If the common distribu­
tion of Y 0 , ¥1 , • • •  has a finite variance (J2 then the process is covariance 
A lationary, and the covariance function is {(J2 

R(v) == o: for v = 0, 
for v =F 0. 
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(ii) To consider a quite different stationary process, let Z be a single 
random variable with known distribution and set Z0 === Z1 === Z2 === · · · === Z. 
The process { Zn} is easily seen to be stationary. If the random variable Z 
has a finite variance (J2 , then the process is covariance stationary, and 
the covariance function is 

for all v .  

In many ways { Y11} and { Z n} are extremes and may be used to exemplify 
contrasting behavior of stationary processes . For example, assuming that 
the common distribution is known, observing Y0 , Y1 ,  • • •  , Y n provides no 
information that could be used to predict Yn + 1 , while observing only Z0 
enables Z1 , Z2 , • • •  to be predicted exactly. Here is a second way that the 
processes are opposites . Suppose the Yn process has a finite mean value 
function m .  Then by the law of large numbers, the sample averages 

converge to the constant m === E[¥0] . No such convergence takes place 
in the { Zn} process .  Indeed 

1 
- { Zo + . . .  + zn - 1 } === Zo == Z, 
n 

and there is just as much " randomness " in the nth sample average as 
there is in the first observation. 

The behavior in which sample averages formed from a process converge 
to some underlying parameter of the process is termed ergodic. To make 
inferences about the underlying laws governing an ergodic proc�ss, one 
need not observe separate independent replications of entire processes 
or sample paths . Instead, one ·need only observe a single realization of 
the process, but over a sufficiently long span of time . Thus, it is an impor­
tant practical problem to determine conditions that lead to a stationary 
process being ergodic . , 

Perhaps surprisingly, these two examples of opposite behavior have 
related causes . For covariance stationary processes , the crux of the 
matter in both situations is whether or not the covariance function 
R( l t - s l )  converges to zero as the time difference I t - s l  becomes large, 
and if it does so vanish, the rate at which this convergence takes place has 
relevance . For the {Yn} process, the convergence is very fast indeed, since 
the covariance is exactly zero for lags or time differences of one or more, 
while for the { Zn} process ,  the correlation function is one at all thne 
differences . 
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The theory of stationary processes has as a prime goal the clarification 
of ergodic behavior and the prediction problem for processes falling in the 
vast range between the two extreme examples just exhibited. The general 
problem of prediction for stationary processes is studied in Sections 3 
and 4 of this chapter, and the convergence of sample averages is elaborated 
in Sections 5 and 6. 

B. Trigonometric Polynomials 
Some interesting examples of stationary processes can be obtained 

by considering certain "trigonometric expressions having random ampli­
tudes. Let A and B be identically distributed random variables having a 
mean of zero and variance (J2 • We suppose A and B are uncorrelated, i .e . ,  
E[AB] === 0. Fix a frequency w E  [0, n] and for n === 0, ±1,  ±2,  . . .  define 

Xn = A cos (wn) + B sin(wn) .  

Then E[Xn] === 0 for all n, and, using the trigonometric identity 

cos( r:t - [J) === cos r:t cos fJ + sin r:t sin f3, 

and the fact that E[AB] === 0, we compute the covariance 

E[Xn Xn + v] == E[ {A cos wn + B sin wn }{A cos w(n + v) + B sin w(n + v) }] 
=== E[A2 cos wn cos w(n + v) + B2 sin wn sin w(n + v)] 

2 === (J cos wv. 

Since the covariance between Xn and Xn + v plainly depends only on the 
time difference v, we conclude that the process is covariance stationary. 
If A and B have a normal distribution with mean zero and variance (J2 , 
then the process is Gaussian and thus strictly stationary. 

For the particular frequency w === 0, we have cos nw === 1 and sin nw === 0, 
so that Xn === A for all n. Thus the { Zn} process in the previous example 
falls within this framework. 

More generally, let A0 ,  A 1 , • • •  , Am and B0 , B1 , • • •  , Bm be uncorrelated 
random variables having zero means . Assume that A i and Bi have a 
common variance (Jf , and let (J2 === (J� + · · · + (J;, • Take w0 , w1 , . . •  , wm as 
distinct frequencies in [0, n] , and for n = 0, ±1,  ±2,  . . .  set 

m 

X,. === L {Ak cos nwk + Bk sin nwk}· 
k = O  
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Since the coefficients {Ak} and { Bk} are uncorrelated with zero means , we 
have E[A i Bi] == 0 and E[AiAk] = E[B i Bk] == 0 for k -=F i. We compute 
the covariance 

E[Xn Xn + v] = E [ Cto {Ak cos nwk + Bk sin nwk}) 
· Cfo {Ai cos (n + v)wi + Bi sin(n + v)wi}) ] 

m == L E[A� cos nwk cos(n + v)wk + Bf sin nwk sin(n + v)wk] 
k = O 

m === L u� cos vwk • k = O 
Again, the process is covariance stationary. 

To go on, it is helpful to let Pk === u� / u2 and write the covariance 
function as 

m 

R( v) === u2 L Pk cos vwk . k= O 
(1 .1 )  

Then Pk represents the contribution of frequency wk in the covariance . 
Observe that {pk} is a discrete probability distribution, that is, Pk > 0 
and L Pk == 1 , which suggests the possibility of generalizing ( 1 . 1 ) to a 
continuum of frequencies, something of the form 

n: 

R(v) = (J2 J cos(vw) dF(w) , 

0 
(1 .2) 

where F(w) is a cumulative distribution function of a random variable 
having possible values in [0, n ] .  In Section 7,  we shall see that such a 
generalization is indeed possible and that the most general covariance 
stationary process has a representation of this form. In the special case' 
in which F corresponds to a uniform distribution on [0, n] , meaning all 
frequencies are equally represented, we calculate 

1 11: R(v) = (J2 - J cos(vw) dw n o 
if v === 0 ' 

if v * 0.  

This is the covariance function of the independent and identically dis· 
tributed sequence {Yn} in the previous example . Again {Y,1 } and {Z,} 
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are opposites in some sense, { Zn} corresponding to a single frequency 
w === 0, and { Yn} corresponding to all frequencies in (0, n] given equal 
weight. 

C .  Moving Average Processes 
Let {c;n : n === 0, ± 1 ,  ±2, . . .  } be uncorrelated random variables 

having a common mean J1 and variance (J2 • Let a1 , a2 , • • •  , am be arbitrary 
real numbers and consider the process defined by 

We have 

and 

A 

for the mean and variance , respectively. Let c;k === �k - Jl · For the co-
variance, we have 

if v < m - 1 ,  
if v > m .  

Since the covariance between Xn and Xn + v depends only on the lag v, 
and not on n, the process is covariance stationary. 

A common case is the " moving average " with a standardized variance 
in which ak === 1 /Vm for k === 1 , . . .  , m. The covariance function becomes 

v < m - 1 ,  

0, for v > m. 

The case m === 1 corresponds to the uncorrelated random variables in the 
{ Y,} process of Example A, and, at the other extreme, roughly speaking, 
1n = 00 corresponds to the { Zn} process . 
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D.  A Stationary Process on the Circle 
Let U, V be independent normally distributed random variables 

having zero mean and unit variance. Let T be the circumference of the 
unit circle , represented by T == [0 , 2n] , and for t E T define the bivariate 
process X(t) === ( Y(t) , Z(t) ) ,  where 

Y(t) === U sin t + V cos t, 
Z(t) === - U cos t + V sin t. 

Then (X(t) , t E T) is a stationary process .  Clearly, E[Y(t)] === E[ Z(t)] == 0, 
and since sin2 t + cos2 t === 1 for all t, E[Y(t) 2] === E[Z(t) 2] === 1 .  Since Y(t) 
and Z(t) have a joint normal distribution , to complete the specification 
of their distribution, we need only compute their covariance .  But, easily 

E[Y(t)Z(t)] == 0 .  

Thus the distribution of X(t) i s  the same as the distribution of X(t + ()) 
for any (). Since one can verify the same property for any vector 
(X(t 1 ) ,  • • • , X(tk) ) ,  the process is stationary. 

E .  Stationary Markov Chains 
In Chapter 3 we showed that, under quite general conditions a Markov 

chain {Xn} would evolve towards an equilibrium regime of statistical 
fluctuations in which the importance of the period n and initial state X0 
would have faded into the past. To be more precise,  We gave conditions 
under which, as n became large , the distribution Pr{Xn == j \X0 === i} 
would approach a constant n i not depending on i . Let us suppose we are 
observing such a system, but one which began its evolution indefinitely 
far in the past and is now evolving in its equilibrium regime . Then for any 
n === 0, ±1 ,  ±2, . . . , the probability distribution of xn does not depend 
on n. Indeed, Pr{ Xn === j} === n i , so that this probability, or marginal 
distribution for xn ' is stationary in the sense that it does not depend Jon 
n. Similarly, the joint distribution of (Xn , Xn + 1 ) does not depend on n, 
but is given by 

Pr{Xn === i, Xn + 1 === j} == Pr{Xn == i} Pr{Xn + 1 :=::: j \Xn === i} === n i  Pii , 

where P === \ \ Pij \ \ is the transition matrix for the Markov chain. Quite 
obviously we may continue and state that for any fixed k === 0, 1 ,  . . .  the 
j oint distribution of (X n , X n + 1 ,  . . .  , X n + k) does not depend on n. 

Similarly, let {Xn , n === 0, 1 ,  . . .  } be a Markov chain for which the initial 
state X 0 is chosen according to the stationary distribution n i . The sarne 
reasoning shows that {Xn} is a stationary process . 
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2 :  Mean Square Distance 

Since " covariance stationarity '' is a property defined using only the 
first two moments of a stochastic process, it is desirable to have a measure 
of dissimilarity or " distance " between random variables Y, Z, that also 
is defined in terms of only the first two moments . A natural choice for 
such a measure is the mean of the squared difference, E[( Y - Z)2] , or 
what is even better, since it resumes the original units of measurement, 
the square root of this mean square difference . To enhance the suggestion 
of distance , we introduce the notation 

and I I Y - Z l l  == VE[( Y - Z)2] . 

Thus, for example , we would measure the ability of a predictor Xt + k to 
predict a random variable Xt+ k by the root mean square difference 
I IXt + k - Xt + k l l · Again, using this measure of distance we may introduce 
a notion of convergence for sequences of random variables .  Accordingly, a 
sequence {Xn} of random variables will be said to converge to a random 
variable X if the mean square difference E[(Xn - X)2] tends to zero as n 
increases indefinitely. A formal definition follows : 

Definition 2.1. Let X, X1 , X2 , • • •  be random variables . We say {Xn} 
converges in mean square to X, written Xn -0- X (ms) or limn� oo Xn = 
X (ms) if 

(i) E[X;] < co for all n, and 
(ii) limn� 00 E[(Xn - X)2] === 0 (or equivalently limn� 00 I IXn - X I I  === 0) . 

Here are some elementary properties of mean square distance and mean 
square convergence . In this list , Y, Z is an arbitrary pair of random 
variables having finite second moments , and y, z are arbitrary real 
numbers . 

Schwarz' Inequality 
Observe 

(2 .1 ) 

S ince this inequality is true for arbitrary y, z, it must hold when these 
values are chosen randomly, i .e . ,  
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By taking the expectation of both sides , we conclude 

2E[I YZI J  < E[l Y 1 2 ] + E[ l Zl 2 ] . 

In particular, E[ l YZI ] < 00 .  If instead we substitute 

for y, 
and 

for z, 
in (2 . 1) and take expectations, we conclude 

{ 1 YZI } { Y2 } { Z2 } 
2E 

I I YI I · I \ Z I \ < E 
I I Y 1 1 2 + E 1 \Z I \ 2 = 2 

Hence 

This is known as Schwarz' inequality. 

The Parallelogram Law 
We compute 

E[( Y + Z)2] === E[¥ 2 + 2 YZ + Z2] === E[¥ 2] + 2E[YZ] + E[Z2] , 
and 

which added together give the parallelogram law 

E[( Y + Z)2] + E[( Y - Z)2] === 2E[Y2] + 2E[Z2] ,  
or 

The name results from the similarity of this equation with the result in"' 
geometry, where Y, Z are vectors, that the sum of squares of the f:wo 
diagonals in a parallelogram is equal to the sum of squares of the four 
sides . 

The Triangle Inequality 
We compute 

From Schwarz' inequality, 



2 .  M E A N  S Q U A R E D I S T A N C E  

Hence 

or 

I I Y + Z l l 2 < E[¥ 2] + 2VE[Y 2]VE[Z2] + E[Z2] 
=== ( I I  Y I I  + I I  z I I) 2 , 

I I Y + Zl l  < I I Y I I + I IZ I I . 
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(2 . 3) 
The name results from the similarity to the geometric inequality that 
states that the sum of lengths of two sides of a triangle always exceeds the 
length of the third side . Observe the parallel between l i Z I I  and the usual 
notion of length of a vector in space . There is an alternative form that is 
sometimes more useful : 

I (  I I Y I I - I IX I I ) I < I I Y - X I I . (2 .4) 
This is obtained from (2 .3) in the same way that l ( ! a l - l b l ) l < ! a - b l is 
obtained from I a + b l < I a! + I b l  for real a, b. 
Uniqueness of ms Limit 

If we set Y === Xn - X' and Z === X - Xn in the triangle inequality (2 .3) , 
we get 

I IX - X' I I < I !Xn - X' I I + I IXn - X I I . 

Thus, if Xn � X(ms) and Xn -0- X'(ms) , then E[(X - X') 2] === I IX - X' l l 2 
=== 0. Applying Chebyshev's inequality, we have 

Pr{IX - X' j  > e} < 
1
2 E [(X - X') 2] , 

e 
e > 0, 

yielding Pr{ IX - X' I > e} === 0 for all positive e, and thus, 

Pr{X === X'} === 1 .  (2 .5) 
Hence the limit of a sequence of random variables converging in mean 

square is unique in the sense of (2 .5) . 

Convergence in Probability 
Again using Chebyshev's inequality 

e > 0, 

we see that Xn -0- X(ms) implies 

lim Pr{!Xn - XI > e} === 0, 
n -+ oo 

for any positive e. 1-:Ience convergence in mean square implies convergence 
in probability. Warning ! The converse is not true . 
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Convergence of Second Moments 
Let us apply the triangle inequality (2 .4) with Y === Xn . We have 

I ! lX I I - I IXn I l l < I IX - xn I I � 0. 
Hence 

lim I IXn I I  === I lXI I · (2 .6) n-+ oo 

The Cauchy Criterion for Convergence 
If we set Y === Xn - X and Z === X - Xm in (2 .2) , we get 

E[(Xn - Xm)2 ] < 2E[(Xn - X)2] + 2E[(Xm - X)2] .  
Hence, if Xn � X(ms) then 

lim E[(Xn - Xm)2] === 0, or 
m, n-+ oo m, n -+ oo  

Conversely, it can be shown that if { Xn} is a sequence of random variables 
for which 

m, n-+ oo  
then there exists a random variable X for which 

Xn � X(ms) .  
This result parallels the Cauchy criterion for convergence of sequences 
of real numbers . 

Convergence of Means 
We have 

E[I Y I ] === E[ I Y · 1 1 J  < YE[Y2] · 1 === I I Y I I , 
by using Schwarz' inequality with Z - 1 . Thus E[\ Y I ]  < 00 if E[ Y 2] < 00 .  
In a similar manner, setting Y === Xn - X, we compute 

Thus Xn � X(ms) as n � oo implies 

lim E[Xn] === E[X] . n-+ oo 

Convergence of Covariances 
Let {Xn} be a sequence of random variables converging in mean square 

to a random variable X. Let Y be a random variable having a finite Rcconcl 
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moment. We want to show limn� oo E[YXn] === E[YX] , or, equivalently, 
limn� oo IE[YXn] - E[YX] I = 0. We use Schwarz' inequality : 

IE[YXn] - E[YX] I === IE[Y(Xn - X)J I < j j Y I I I !Xn - X ! j . 

Since E[Y 2] < 00 and ! !Xn - X I I � 0, the proof is complete . 

AUTO R EG R ESSIVE A N D M OVI N G  AV E R AG E P R O C ESSES 

Let {Xn ; n == 0, ±1 ,  ±2, . . .  } be a covariance stationary process . Sup­
pose that for some real number .A, satisfying I .A I < 1 ,  that the random 
variables defined by 

c;n === Xn - .A.Xn - 1  
are uncorrelated with zero means and a common variance (J2 • Such a 
process is called an autoregressive process of order one. We may write 

and inductively 

Xn === .A.Xn - 1  + c;n === .A{A.Xn - 2 + �n - 1 } + c;n === A2Xn - 2 + A'n - 1  + c;n 
k - 1 === ).,kXn - k  + L )._i�n - j • j = O (2 . 7) 

We rearrange terms and compute the mean square difference between Xn k - 1 
and L ).,i c;n _ i . This yields 

j = O  
E [ (X. - :L>Jl:. - jf] = E[(AkX. - k)2] 

=== ;.,2kE[X,7_ k] .  
Since the process is stationary, E[X,7_ k] is a constant, independent of n 
and k, and since I .A I < 1 ,  the right-hand side decreases to zero at a geo­
metric rate . Thus 

k - 1 
xn === lim L ;.,ic;n - j (ms) 

k� oo  j = O  
00 === L )._i'n - j · (2 .8) j = O 

00 
It is to be remembered that L signifies the limit in mean square of the 

j = O k - 1 
sequence of partial sums L . Equation (2 .8) provides a representation of 

j = O 
the original process as a moving average (Example C, earlier in this 
Recti on) .  
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Since mean square convergence implies convergence of the means and 
second moments, we have 

and 

E[X;] === lim E [ (�L1 
Ai�n - i) 2] k-+ 00 J = 0 { [k- 1 ] [ ] } - . 2j 2 . i + j - lim E 

.L
A 'n - j + E .L.A 'n - i 'n - j · k-+ 00 J = 0 Fl= J 

The expectation of the second term vanishes since the { 'm} sequence is 
uncorrelated. Since E[,;_ i] == (J2 and \ .A I < 1 ,  we get 

k- 1 
E[X;] === lim L .A2i(J2 

k-+ oo j= O 

Let us  compute the covariance between Xn and Xn + k . We have from 
(2 .7) 

so that 

k- 1 
xn + k = )..kXn + L )._i'n + k - i ' j = O  

E[Xn Xn + k] = AkE[X,7] + E [ X" · :L>1 �n + k - il 
The first term on the right is )..k(J2 • Using the convergence of covariances, 
the second term is evaluated routinely, viz . ,  

E [Xn
k
'L

1 
)._i�n + k - j] == lim E [ II1 

)._m�n - m . 
k
'L

1
Ai�n + k - j] j = O l -+oo  m= O j = O  

l - 1 k - 1 
=== lim 'L 'L ;.,m+iE['n - m ,n + k - j] l-+ oo m= O  j = O  
=== 0, 

where the fact that {'m} are uncorrelated is heavily exploited. Thus 

k === 0, 1 ,  2 ,  . . . . 

To move on, writing the process in the form 

\ 
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suggests the natural generalization to covariance stationary processes that 
have the form , 

(2 .9) 

where { c;n} is a sequence of zero mean uncorrelated random variables 
having a common variance .  Such a process is called a pth order auto­
regressive process . For such a process, linear regression theory suggests 
that a natural predictor for xn given the past xn - 1 ' xn - 2 ' . . .  would be 
given by the formula 

' 

This is not necessarily the case . The crucial point concerns the co�relation 
between �n and the past (Xn _ 1 , . . .  , Xn _ v) · Such prediction problems are 
the subj ect of the next section. Here we content ourselves with the 
preliminary work of determining when a pth order autoregressive process 
has a moving average representation . 

One time unit earlier, (2 .9) is 

Xn - t  == .AtXn - 2 + .A2 Xn - 3  + · · ·  + .Av Xn - v - t  + c;n - t ' 

which inserted back in (2 .9) gives 

Xn === .At [.AtXn - 2  + · · ·  + .Av Xn - p - t + �n - 1J 
+ .A2 Xn - 2 + · · ·  + .Ap Xn - p  + �n 

=== �n + Al ,n - 1 + {.Ai + A2)Xn - 2 
+ · · ·  + (.At .Ap - t  + .AP)Xn - p + .At .Ap Xn - p - t · 

Following this procedure m times brings us to 

Xn === c;n + <51 �n - 1 + · · ·  + <5m �n - m + Pmtxn - m - 1 
+ Pm2 Xn - m - 2 + · · ·  + f3mp xn - m - p , (2 . 10) 

for certain constants b i and f3m i .  (Each substitution leaves p consecutive 
Xn's on the right.) Then, substitution of 

xn - m - 1 === 'n - m - 1 + ;.,lxn - m - 2 + . . .  + ;.,p xn - m - p - 1 
into (2 . 1  0) gives 

Xn === c;n + <51 c;n - 1 + · · ·  + <5m c;n - m + Pm1 �n - m - 1 
+ (f3m t A1 + f3m2)Xn - m - 2 + · · ·  

-1- (fJm J Ap - l -1- fJmp}Xn - m - p  + fJm t Ap Xn - m - p - 1 ' 
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from which we deduce the recurrence relations 

()m + 1 === /3m1 '  
fJm + 1 , j  === fJm 1 Aj + f3m,j + 1 ' j === 1 , . . .  ' p - 1 ,  

and 
/3mp === fJm1 Ap • 

Continuation of this procedure leads to the moving average representation 
00 

xn === L ()k �n - k , (2 .1 1 )  
k = O 

provided the remainder terms Rm === (Pm1Xn - m - 1 + · · ·  + f3mp Xn - m - p) be­
come negligible in mean square as m � 00 .  We will derive momentarily 
the proper conditions to insure formula (2 . 11 ) . 

The procedure becomes neater when formulated in a more abstract 
setting. Let T be the shift operator which takes the real sequence {xn} === 
( . . .  , x _ 1 ,  x0 , x1 , . . .  ) into the sequence T({xn}) = ( . . .  , x0 , x1 , x2 , • • •  ) (i.e . ,  x1 
is the zeroth coordinate) .  Each time index has been advanced by one . Of 
course, r - 1 works in the opposite direction : 

and 
r-k({xn }) === ( • • •  , X- k - 1 '  X _ k , X - k + 1 ' . . . ) . 

In this notation, (2 .9) becomes 

or 

\ 

where I === T0 is the identity operator. Now we see that what is needed is 
an inverse to the operator (r - f Ak r- k) such that we are permitted to 

k =  1 
write 

That is , if 
00 

xn === I () i �n - i , or 
i = O  
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then the b / s are the coefficients in 

As such, they can be determined by formal long division. For example, 
the case At = A, Ak === 0, for k > 2,  which immediately preceded this 
general discussion, is solved by 

or 
00 

xn === 2: Aj �n - j , j = O 
which was obtained in (2 .8) . 

A tedious but straightforward computation reveals that 

where 

( ) Pmtzm+ t + . . .  + /3mp zm+p 
r z === • m 1 - At z - · · · - AP zP 

That is , the formal division yields exactly the same recursion as we 
obtained earlier through direct substitution. It follows that if r m(z) -+ 0 
as m -0- oo , then each Pmk -0- o, k === 1 ,  . . .  , p, and the random reznainder 
term Rm === PmtXn - m - t  + · · ·  + /3mp Xn - m - p  vanishes in mean square, so 
that the infinite moving average representation (2 . 1 1) is valid. We give 
the conditions . The equation 

xP - Atxp - t - · · · - AP === 0 (2 . 12) 

has p roots, xt , . . .  , xP . If l xd < 1, i === 1, . . .  , p, then the roots of 

1 - At z - · · · - Ap zP === 0 

are z i  === 1/x i , provided AP # 0, and I zi l > 1 .  For any z satisfying l z l < 
mini l z i j ,  the series 

1 
1 - A z - · · · - A  zP t p 
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converges - absolutely. Hence r m(z) -0- 0  as m -0- oo for \ z l < mini \ z i \ , and in 
particular for \ z \ == 1 .  This implies Pmk -0- 0  as m -0- oo for k === 1 ,  2 ,  . . .  , p, 
and, easily, Rm converges to zero in mean square so that the infinite 
moving average representation (2 . 11) holds . 

For future reference, we highlight an important conclusion emanating 
from the preceding analysis . 

Remark 2.1. Suppose {Xn} is a zero-mean covariance stationary process 
satisfying 

n === 0, ±1, . . .  , 

where { �n} is a sequence of zero-mean uncorrelated random variables ,  and 
At , . . .  , A.P are fixed. If every root x i , i === 1 ,  . . .  , p,  of 

xP - At xp - t - · · · - A.P === 0 
has magnitude I x i \ <  1 ,  then c;n and (Xn - t ' . . .  , Xn - p) are uncorrelated. 

00 

This follows since the terms in xn - k === L b j 'n - k - j (k > 1)  and 'n are 
j = O  

uncorrelated by assumption. 
To glimpse at the alternative, involving a moving average in the 

opposite direction, look at 

where \ P \  < 1 and {'1n} are zero mean and uncorrelated. Then 

pXn == Xn - t - 11n - t '  or Xn === A.Xn - t + �n ' 

(2 .13) 

where )., === 1/p and �n === - p- t iJn - t · Since {�n} are uncorrelated, {Xn} is an 
autoregressive process , but \ A.\ > 1 precludes a moving average represen· 
tation of the form (2 . 1 1 ) .  Our construction of the process in (2 . 13) is as a 
moving average in the forward direction, and this exhibits typical 
behavior when the roots of (2 .12) all exceed one in magnitude . When thp 
sizes of the roots of (2 . 12) lie on both sides of one, a doubly infinite moving 

+ oo  
average L bk �n - k is required to represent {Xn}· Finally, if any root 

k = - 00 

has magnitude exactly one, the autoregressive process satisfying (2 .9) 
cannot be stationary (except in the trivial case �n == 0) . 

The autoregressive and moving average models may be combined to 
generate more complex stationary processes. One might suppose 

Xn == AtXn - t  + · · · + A.p Xn - p + IJn , 
where 
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is a moving average . More generally, one can also consider 
zn === xn + en ' 

461 

where {en} is an uncorrelated " noise " process .  The analysis of these more 
complex models is quite difficult. 

3 :  Mean Square Error Prediction 

A problem that arises in many, many contexts is the p�oblem of 
predicting the value of a given random variable that will be observed in 
the future . The newspapers often contain predictions for future values of 
Gross National Product, employment, consumer prices, and other economic 
quantities . The problem of control, say process control, implicitly involves 
prediction. If the predicted output of a process is not satisfactory, a 

control or change is implemented to bring the process more in line with 
what is desired. 

This section considers the prediction problem in the context of station­
ary random processes . We suppose we are concerned with a quantity 
whose values at times n === • • •  , -2, - 1 ,  0, 1 ,  2 ,  . . .  form a stationary 
process {Xn}· We want to predict the value Xn + 1 ,  or more generally 
Xn + k ,  based on the values observed in the past, Xn , Xn _ 1 ,  Xn _ 2 , • • • • This 
is the prediction or extrapolation problem for stationary processes . 

G E N E R AL P R E D I CTI O N T H EO R Y  

Let X denote the outcome of some " experiment." We suppose that 
X is unknown, to be observed in the future, and that it is desired to 
predict the value for X that will occur. Let X be our prediction for X. 
Our prediction error will be X - X, and it is desired to make this as small 
as possible, in some sense . A problem arises immediately : What is meant 
by " small "?  In general, X - X will be a random quantity, so that we 
must mean small on the average, or that the expected value of some func­
tion of the error should be small . Whatever function of the error we 
choose, it seems reasonable to suppose that it has a minimum at an error 
of zero and increases as the error deviates from zero . In this section, we 
measure the performance of a predictor by its mean squared error 
E[(X - X)2] === I IX - X 1 1 2 • This criterion reflects a reasonable require­
ment that large errors are more serious than small ones . However, perhaps 
even more important is the mathematical tractability of this criterion 
which, as we will see, enables a general theory to be developed that leads to 
explicit formulas for optimal predictors in a number of specific situations . 

. Thus our problem is to find a predictor that minimizes over all 
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predictors X the mean square error E[(X - X)2] .  To complete the descrip­
tion we must specify the class of allowable predictors over which the 
minimization takes place . In general, this class is determined by the 
knowledge concerning the experiment or the distribution of X that is 
available . To bring this explicitly into the general formulation, let us 
denote the class of allowable predictors by H. 

Examples. (i) We suppose X, the outcome of an experiment, has known 
mean J1 and variance (J2 • The best predictor for X, in the sense of mean 
square error and in the absence of further information, is X ==  Jl·  Since no 
further information concerning X is available, we take our space of 
predictors H to be the set of real numbers . We may choose any real 
number a as our predicted value for X. We compute 

E[(X - X)2] == E[(X - 11 + 11 - X) 2] 
== E[(X - 11) 2] + 2E[(X - Jl) (Jl - X)] + E[(Jl - X)2] . 

Then E[(X - 11)2] == (J2 , and since X is a fixed real number, E[(Jl - X)2] 
== (J.L - X)2 and E[(X - 11)(11 - X)] == (11 - X)E[X - 11] == o. Thus, 

E[(X - X)2] == (J2 + (J.L - X)2 • 
It follows immediately that the mean square error is minimized by 
setting X == Jl· Thus , in the absence of further information, the minimum 
mean square error predictor for a random variable X is its mean J.l ._ E[X] . 

(ii) Now let X, Y be jointly distributed random variables having 
finite variances and a known joint distribution. We suppose that X is to 
be predicted from an observation on Y. Common examples are the 
prediction of tensile strength of a specimen of steel from a reading of its 

' 

hardness and the prediction of the true value of a physical quantity 
such as pressure, temperature , etc . ,  based on a measurement subject to 
random error. 

Since we suppose Y is observable and no further information on the 
outcome for X is available (other than knowing the joint distribution), 
we allow any function X ==  f( Y) having finite variance as a predictor. 

We might argue that, after observing Y === y, we are in the same situation 
as Example (i) except that in this second case the appropriate distribution 
is the conditional distribution for X given Y === y. Therefore the minimum 
mean square error predictor would be the mean of X computed under 
this conditional distribution, Jlx l y == E[XI Y] . This is indeed the case . We 
compute 

E[(X - X) 2] 
== E[(X - Jlx l y) 2] + 2E[(X - Jlx l  r) (Jlx l y - X)] + E[(Jlx l y - g)2] . 
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We show that the expectation of the middle term on the right vanishes 
by conditioning on Y, and recalling that Jlx l y and X are functions of Y. 
We have 

E[(X - 11x1  y) (Jlx 1 y - X)] === E{E[(X - 11x1 y) (Jlx l y - X) I Y] } 
=== E{(Jlx l y - X)E[(X - Jlx 1 y) l Y] }  
=== 0, 

since E[(X - Jlx l y) l  Y ] === E[XI Y] - J1x l  y === 0. Thus 

E[(X - X)2] === E[(X - llx l y) 2 ] + E[(Jlx 1 y - X)2] , , 

and the right-hand side is minimized by setting X === E[XI Y] .  

(iii) The computation of X === E[XI Y ] requires full knowledge of the 
joint distribution of X, Y. Even when this knowledge is available, the 
resulting formulas are often too complicated to be of practical value . In 
the study of covariance stationary processes we assume knowledge of the 
first two moments of the process only, and no further information on the 
j oint distribution is assumed available .  Therefore, it is desirable to have a 
prediction theory that both leads to simple predictor formulas and 
requires knowledge of the first two moments only. This is the theory of 
linear predictors . Let X, Y be jointly distributed random variables having 
known means J1 x , Jl y , respectively, variances (ji , ()� , respectively, and 
covariance (jx y === E[(X - Jlx)( Y - Jl y)] . We allow as predictors only 

' � 
those formulas that are linear functions of Y, say X === a + bY, or, what 
is equivalent and more convenient, X === a + b( Y- Jl y) , where a and b 
are arbitrary real numbers . Since the class of allowable predictors is 
smaller in this example than in Example (ii) , the resulting minimum mean 
square prediction error cannot be smaller and quite possibly might be 
larger. However the predictor formula, being linear, is simple, and we 
will show that the optimal coefficients can be determined without 
knowing the full joint distribution, but knowing only the given moments . 
The assertion is that the optimal linear predictor of X based on Y is 

� ()X Y  X* === Jlx + z ( Y - Jl y) . (jy 

We proceed to validate this claim. Let 

and note that 

� · - � === a' -i- b'( Y- Jl y) , 
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where a' === Jlx - a and b' == ((Jx yf(J:) - b. As before, we compute 

E[(X - X)2] 
=== E[(X - X*)2] + 2E[(X - X*) (X* - X)] + E[(X* - X)2] . 

We again determine that the second term on the right vanishes . Indeed, 

E[(X - X*)(X* - X)] = E [{<x - Jlx) - (J:r ( Y - JLy) } 
X {a' + b'( Y - JLy) } J 

= a'E [(X - J1x) -
(J�y ( Y - Jly)J 

+ b'E [(X - Jlx)( Y - Jly) - �Y ( Y - Jly) 2 J 

=== 0. 

Thus we have 

E[(X - X)2] === E[(X - X*) 2 ] + E[(X* - X)2] , 
and the right-hand side is minimized over linear predictors X by setting 
X == X*. Thus X* is the minimum mean square error linear predictor, 
as stated. 

There is an important special case in which the restriction to lin�ar 
predictor formulas results in no loss of prediction efficiency. If X and Y 
have a j oint normal distribution, t·hen, as shown in Chapter 1 ,  the con· 
ditional mean of X given Y == y is 

\ 
(JXY E[XI Y == y] == Jlx + 2 (y - Jly) . 
(Jy 

We observe that this best predictor is linear in y. Thus, if X and Y have 
a joint normal distribution, the minimum mean square error linear 
predictor of X given Y is, in fact, the minimum mean square error 
predictor. 

A pattern emerges in these examples . In each case, to show that a given 
predictor X* was optimal, the crux of the matter lay in showing that u 
cross product, E[(X - X*) ( X* - X)] , vanished. We formalize the pattern 
into the prediction theorem for minimum mean square error predictors . 
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Theorem 3.1. Let X be a random variable having a finite second moment and 
let H be a space of allowable predictors X, that is , a set of random variables 
X having .finite second moments . Assume that H is a linear space in the sense 
that a X 1 + X 2 is allowed as a predictor whenever X 1 and X 2 are predictors 
and a is a real number. Then : 

(i) A predictor X* has minimum mean square error if and only if 
E[(X - X*) U] === 0 for every predictor U; 

(ii) If a minimum mean square error predictor exists, it is unique in the 
- � . sense of mean square distance . That is, if X[ and Xf are minimum mean 

square error predictors, then E[(X[ - Xf) 2] == 0 ;  
(iii) To assure the existence of a minimum mean square error predictor, 

it is sufficient to assume that H is closed in the sense that, if Xn ; n == 0, 1 ,  . . .  , 
is a sequence of predictors converging in mean square to a random variable 
X, then X is also allowed as a predictor. 

Proof. (i) For the first part we suppose that X* is a predictor for which 

E[(X - X*) U] == 0, 

for every predictor U. We will show that X* represents the minimum 
mean square prediction error. Let X he an arbitrary allowable predictor 
and compute 

� � � � 

Set U == X* - X. Then U is a predictor since both X* and X are and any 
linear combination of predictors is an allowable predictor. Thus 
E[(X - X*)(X* - X)] ==  E[(X - X*) U] === 0, and 

E[(X - X)2] == E[(X - X*) 2] + E[(X* - X)2] .  
Hence 

and the mean square error for X* is smaller than that for any other 
predictor X. Thus X* achieves minimum mean square prediction error. 

On the other hand, suppose for a given predictor X* that E[(X - X*) U] 
== a -=F 0 for some predictor U. We will show that 

(3 . 1 ) 

provides a srnaller m ean square error, and hence g* cannot be optimal. 
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This will complete the proof of (i) . First note that X is a predictor since 
it is a linear combination of predictors . Rewriting (3. 1 ) as 

..... ..... a 
X - X* = E[ Uz] 

U 

and inserting this twice in 

we get 

E[(X - X)2] == E[{(X - X*) - (X - X*) }2] 
== E[(X - X*) 2] - 2E[(X - X*) (X - X*)] 

+ E[(X - X*)2 ] ,  

2 ..... 2 a 
== E[(X - X*) ] - E[ Uz] 

< E[(X - X*)2 ] .  

We conclude that X* cannot provide minimum mean square error since 
we have exhibited a predictor X with smaller error. 

(ii) To demonstrate that the minimum mean square error predictor is 
unique, let us suppose both Xy and Xf have minimum mean square 
error. Then E[(X - X!) U] == E[XU - X! U] == E[X U] - E[XT U] == 0, 
for i == 1 , 2 and all predictors U. Thus 

E[Xf U] == E[XU] == E[Xf U] , 

and 

E[(Xi - X!) U] == 0, 

for all predictors U. We choose U == _x,I - Xf to conclude 

(3 .2) 
Thus minimum mean square error predictors are unique in the sense that 
the mean square difference between them is zero . Using Chebyshev's 
inequality one can show, as was done earlier in this cha.pter, that (3 .2) 
implies 

Pr{Xt -I= X�} == o . 
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(iii) Let d be the infimum of the mean square errors of predictors in H, 
d === inf{E[IX - Xl 2] : X E H}. 

We may select a sequence {Xn} of predictors from H whose mean square 
errors approach d, 

n-+ oo 
For an arbitrary m, n, we apply the parallelogram law with 

to conclude 

E[I Xm - Xn l 2] + E[I 2X - Xn - Xm l 2 ] === 2E[IX - 4nl 2] + 2E[i X - Xml 2] .  
(3 .3) 

Since � (Xn + Xm) is a predictor, its mean square error must exceed d. 
Hence 

Inserting this in (3 .3) gives 

E[!Xn - Xml 2] + 4d < 2E[IXn - Xl 2] + 2E[!Xm - Xl 2] .  

We subtract 4d from both sides and let m, n increase indefinitely to 
conclude 

m, n-+oo n-+ oo m-+oo  
== 0 .  

Since the Cauchy criterion of mean square convergence is  satisfied, we 
know there exists a random variable, call it X*, for which xn � X*(ms) . 
By assumption, X* is a predictor. Then X - xn -+ X - X*(ms) ,  and by 
the continuity of the mean square in mean square convergence 

n-+ oo 
Thus X* is a minimum mean square error predictor and the proof is 
complete . • 

In Examples (i)-(iii) our approach was to verify that given predictors 
were optimal. Let us return to those examples and show how, with the aid 
of the previous theorem, we might derive the optimal predictors . We use 
part (i) , the necessary and sufficient condition for a predictor to have 
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minimum mean square error. In Example (i) , H is the set of real numbers, 
and we desire a real number X* for which 

E[(X - X*)u] == 0, (3 .4) 
for all real numbers u. It clearly suffices to take u == 1 .  Then 

E[(X - X*)] == 0, 

and, since X* is nonrandom, 

X* == E[X*] == E[X] == p. 
- -

Since X* so chosen satisfies (3 .4), we know X* is the (unique) minimum 
mean square error predictor. 

For Example (ii) , H is the set of all functions X ==  f( Y) of Y having 
finite second moments . The necessary and sufficient condition for X*, a 
function of Y, to be optimal is that 

E[(X - X*)f( Y)] === 0, 

for all functions of Y having finite second moments, or 

E[Xf( Y)] === E[X*f( Y)] . 
-

This is the defining property for X* to he the conditional expectation 
of X given Y (see Chapter 1 ) .  Thus, X* == E[XI Y] is the (unique in the 
sense of mean square distance) optimal predictor. 

The condition in Example (iii) is 

E[(X - X*) U] == 0, 

whenever U is a linear function of Y. We write 

so that (3 .5) becomes 

U === a + b( Y - Jly) ,  

X* === a* + b*( Y - J.ly) ,  

E[{X - (a* + b*( Y - Jly))} x {a + b( Y - Jly) }] === 0. 

(3.5) 

This must hold for all choices of a and b. In particular, let us choose first 
a === 1 and b === 0, and then a == 0 and b === 1, to conclude 

E[X - (a* + b*( Y - Jl y))] == 0, 
or 

E[X] == a* + b*E[Y - Jly] = a*, 
and 

E[{X - a* - b*( Y - Jly) }( Y - Jly)] == 0, 
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or 

E[(X - J.lx)( Y - J.ly)] == b*E[(Y - J.ly) 2] , 

Thus a* == J.lx and b* == Uxyfu: , so 

..... Ux y X* == Jlx + 2 ( Y - J.Iy) . Uy 
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Note. Examining some parallels in finite-dimensional Euclidean geo­
metry leads to a better understanding of why it is possible to develop a 
nice theory of prediction under the mean square error criterion. Recall 
that a (real) vector space is a set of elements x, y with associated operations 
of vector addition and scalar multiplication such that ax + by is a vector 
whenever x and y are vectors , and a and b are real numbers . An inner 
product in a vector space is a real-valued function denoted (x, y) of pairs 
of vectors x, y satisfying (x, y) == (y, x) , (a1x 1 + a2 x2 , y) == a1 (x1 , y) 
+ a2(x2 , y) , and (x, x) > 0 if x is not the zero vector. In an inner product 
space we can define the norm or length of a vector x by l lx I I  === (x, x) 1 12 • A 
Hilbert space is an inner product space that is complete in the metric 
determined by the norm. This means that if {xn } is a sequence of vectors 
for which limm , n � oo J lxn - xm I I ==  0, then there exists a vector x for which 
limn�  00 ! lxn - X I I == 0. 

Under the full assumptions of Theorem 1, H, the space of predictors 
X, Y, is a Hilbert space where the inner product is (X, Y) == E[XY] . 
The space H' consisting of all random variables of the form aX + bX, 
where a and b are real and X is in H, i . e . ,  a predictor, is also a Hilbert 
space . The mean square error is the square of the norm or length of the 
difference vector X - X. That is , it is the square of the distance between 
X and X. In Hilbert space terminology, our problem is to find a vector 
X* in H that is nearest to the vector X in H'. 

Hilbert space is a generalization of d-dimensional Euclidean space 
having vectors x == (x1 ,  . • . xd) , y == (y 1 ,  • • •  , y d) · The inner product is 
(x, y) === L xi Yi ,  and the norm is the Euclidean distance l lx I I == {L xf} 1 12 • 
The cosine of the angle between two vectors x, y is often defined as 
(x, y)/( l !x I I  I I Y I I ) . In particular, two vectors x, y are perpendicular if and 
only if (x, y) === 0 .  

The problem is  to find a vector x* in a subspace H of a space H' that is 
nearest to a vector x in H'.  Theorem 1 states that x* is nearest to x if and 
only if the difference X - x* is perpendicular to all vectors u in H. 
Figure 1 will help guide the geometric intuition. 
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subspace H 

• 

FIG. 1 .  Diagram showing that a vector x* in a subspace H is 
nearest to a vector x if and only if the difference x - x* 
is perpendicular to all vectors in H. 

4 :  Prediction of Covariance Stationary Processes 

Let Xn , n === 0, ±1 ,  ±2, . . . , be a covariance stationary process having 
a known covariance function R(v) , v == 0, ± 1 , . . . . (Where Xn is a real 
valued process then R(-v) == R(v) .) The mean of the process is constant, 
assumed known, and thus, after changing the origin if necessary, we may 
assume the mean is zero . Let us consider the problem of finding the mini­
mum mean square error linear predictor of xn based on the finite past 
Xn _ 1 , Xn - z , . . . , Xn - p . Thus consider predictors of the form 

Xn = ct1Xn - 1  + ctz Xn - z  + · · · + ctp Xn - p  · 
Using our criterion for optimality, we know that a predictor 

x: == ct!Xn _ 1 + ct!Xn - Z + · · ·  + ct;Xn - p  
has minimum mean square error if and only if, for all predictors 

u === u1Xn - 1  + Uz xn - 2 + . . . + up Xn - p ' 
we have 

Let us consider the p particular choices for U given by 
Ui == Xn - i ' for i ==  1 , . . .  , p. 

Since any predictor U may he written as U === u1 U1 + · · ·  + up UP , 
E[(Xn - X;) U] === 0, for all U, 
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if and only if 
E[(Xn - X;) ua === 0, for i == 1 ,  . . .  , p. 

Substituting in (4 . 1) we get 

or 
E[(Xn - {cti Xn _ 1 + cti Xn _ 2 + · · · + ct; Xn _ p})Xn _ a === 0, 

E[Xn Xn - J === cti E[Xn _ lXn - i] + · · ·  + ct;E[Xn - p Xn _ J . 
Since these cross products are the covariances, we have 

R(i) == cti R(i - 1) + · · ·  + ct; R(i - p) , i ==  1 ,  . . .  , p . 

(4. 1) 

Thus ct* == ( cti , . . .  , ct;) may be taken as any vector satisfying the p linear 
equations 

R(1 ) === ctjR(O) + afR(l) + ctrR(2) + · · ·  + ct;R(p - 1) , 

R(2) == cti R(1 ) + ctf R(O) + cti R(l) + · · · + ct;R(p - 2) , 

R(3) == cti R(2) + ctf R(1) + cti R(O) + · · · + ct;R(p - 3) , (4 .2) 

R(p) == ctj R(p - 1) + ctf R(p - 2) + cti R(p - 3) + · · · + ct; R(O) . 

Part (iii) of the basic prediction theorem asserts there is a minimum mean 
square error predictor in this case . (One can show that the required 
hypothesis is satisfied .) Thus, there is at least one solution ct* to ( 4 .2) , and 
there may be many. However, by the uniqueness part of the basic predic­
tion theorem, all solutions lead to the same x; . As an example, consider 
the extreme { Zn} process of Section 1 in which Zn === Z, n == 0, ± 1 ,  . . .  , and 
R( v) == (J2 for all v === 0, ± 1 , . . . . Then any ct* vector satisfying 
cti + · · · + ct; == 1 will solve (4 .2) .  All such ct* vectors lead to z; == Z, 
however. 

We can compute the minimum mean square error (J! by 
(J; === E[!Xn - x:l 2] 

== E[(Xn - x;) (Xn - X;)] 
== E[(Xn - X�)Xn] - E[(Xn - x;)X�] . 

The second term vanishes by the necessary and sufficient condition for a 
predictor to be optimal. Keeping the first term, 

2 2 .... 
(J p == E[Xn ] - E[X;Xn] 

=== R(O) - ELf
1 
octXn - kxn] 

p 
= R(O) - I C(t R(k) . 

k r::r: 1 



472 9 .  S T A T I O N A R Y  P R O C E S S E S  

Let us now consider the problem of linearly predicting Xn based on the 
entire past xn - 1 ' xn - 2 ' . . . • we allow as predictors all random variables 
of the form 

xn == C(1xn - 1  + . . . + C(p xn - p ' 
where p is any positive integer and ct1 , • • •  , ctP are real numbers, and als? 
all limits ,  in the mean square sense, of such random variables .  The space 
H of such predictors satisfies all conditions in the basic prediction theorem. 
Clearly every random variable of the form 

• 
00 

xn === L C(k xn - k (4 .3) 
k = 1 

is a predictor, provided the ct' s are chosen so that the infinite sum con­
verges in the mean square sense . By applying the Cauchy criterion to the 
sequence of partial sums , it can be be shown that the infinite sum will 
converge whenever Lk, l  ctk li z  R( \ k - l l ) < 00 .  No matter how counter­
intuitive it may seem, it is unfortunately true that not every limit 
of finite predictors can be represented in the manner of (4 .3) . 

Examples are easy. Let Z, . . .  , ( _ 1 , ( 0 , ( 1 , • • •  be independent identically 
distributed random variables having zero mean and unit variance . Let 
Xn = Z + Cn . By the mean square law of large numbers, 

. 1 . 1 
Z == Z + lim - (Cn + · · ·  + Cn - m + 1 ) == lim - (Xn + · · ·  + Xn - m + l ) , m-.oo  m m� oo  m 

so that Z is an allowable predictor, given the entire past, and clearly is the 
best predictor. But Z cannot be represented in the form of (4 .3) . However, 
we know a minimal mean square error predictor X* exists . In most 
situations of practical interest, such a predictor will have a representation 
in the form 

00 

x; == L cttXn - k' (4 .4) 
k = 1 

and thus it is worthwhile to examine this case in some detail . Since 
E[(Xn - x;) U] == 0 for every U that is a finite linear combination of 
variables in xn - 1  ' xn - z , . . . ' we must have 

E[(Xn - X;)Xn - k] === 0, 
This then will imply that 

k == l , 2 ,  . . . .  

E[(Xn - .X;) U] === 0, 

(4 .5) 

(4 .6) 
for every u of the form u == u1Xn - 1 + Uz xn - 2 + . . . + up Xn - p' and, by 
continuity of the cross product, (4 .6) will hold for all allowable predictors 



4 .  P R E D I C T I 0 N 0 F C 0 V A  R I A N C E S T A T  I 0 N A R Y P R 0 C E S S E S 473 

U. Thus (4.5) provides a necessary and sufficient condition for a predictor 
of the form ( 4.4) to he optimal. 

• 

Let us apply this criterion to the autoregressive processes of Section 2 . 
Suppose that {Xn} is a covariance stationary process satisfying 

(4 .7) 

where .A1 , • • •  , .AP are fixed and { c;n} is a sequence of zero mean uncorrelated 
random variables having a common variance . Write (4 .7) in the form 

xn == xn + �n ' 
where 

Xn == .AlXn - 1  + · · · + .Ap Xn - p  · 
We pointed out in Remark 2 . 1  that c;n is uncorrelated with Xn - k for 
k > I , provided all roots x1 , • • •  , xP of 

xP - .A1xP- 1 - · · · - Ap == O 

have magnitude jxd < 1 .  It follows that, under this condition, Xn is a 
minimum mean square linear predictor for xn given the entire past, since 

k == 1, 2, . . .  , 

and the condition ( 4.5) is satisfied. 
Return to the general case, and suppose there exists an optimal pre­

dictor of the form 
00 

x; == L rttXn - k . (4 .8) 
k = l 

As mentioned earlier, this need nol be the case . However since the cross 
product is continuous in the mean square limit, we substitute into (4 .5) 
and interchange the expectation and sum. The result is 

00 R(k) == L LLT R(k - l) , k == 1 , 2, . . . . (4 .9) 
l =  1 

If these equations have a solution ( rti , rtf , . . .  ) for which the series in ( 4.8) 
converges in mean square, then, in fact, (4 .8) will define a minimum 
mean square error predictor. 

' 

Example. Suppose {Xn , n == 0, ±1,  . . .  } is a covariance stationary process 
having the covariance function 

1 ,  
R(v) == .A/(1 + .A2) ,  

0, 

v == 0, 
! v i == 1 , 
l v l > 1, 
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where 0 < A < 1 .  Equations (4 .9) become 

;, == (1  + A.2)cxr + A.cx! , 
0 = A.cxt_ 1  + (1  + A.2)cxt + A.cxt+ 1 , 

It is easy to verify that a solution is given by 

k == 2 '  3, . . . . 

at == - (- A.)\ k = 1 , 2 , . . .  , 

and the minimum mean square error linear predictor is 

x: = +AXn - 1 - A2Xn - 2  + .A?Xn - 3 - · · · . 

An interesting point is that, although Xn and Xn _ k are uncorrelated 
for k > 2, the optimal linear predictor for xn involves the entire past of 
the process . 

5 :  Ergodic Theory and Stationary Processes 

An ergodic theorem gives conditions under which an average over time 

of a stochastic process will converge as the number n of observed periods 
becomes large . A most important ergodic theorem is the strong law of 
large numbers which, for independent and identically distributed random 
variables X1 , X2 , • • •  having finite means m = E[Xk] , asserts that the 
sample averages xn will converge to the mean m on a set of outcomes 
having probability one . In symbols , 

Pr { lim Xn == m } = 1 .  n�oo 
Stationary processes provide a natural setting for generalizations of the 

law of large numbers, since for such processes , the mean value is a constant 
m = E[Xn] , independent of time . 

Let us consider, for the moment, the problem of estimating an unknown 
mean value function m(n) = E[Xn] of an arbitrary process . In general, 
we must take a large number N of separate realizations of the process, say 

{X� ; n == 1, 2 ,  . . .  }, 
{X; ; n = 1 ,  2 ,  . . .  }, 

{X� ; n == 1 ,  2, . . .  }, 
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and then calculate the arithmetic means 
- 1 

X(n) == N {X� + · · · + X�}, 

47& 

which we would use as estimates for m(n) . Of course, if m(n) were constant, 
as would be the case for a stationary prQcess, we might additionally 
average over n time points and calculate a grand mean 

== 1 - -
X == - {X(1) + · · ·  + X(n) }. 

n 

However, the point remains that, in general, to estimate a mean value of a 
process ,  separate independent realizations of the entire process are 
needed. For comparison, let us consider the same estimation problem for 
a stationary process {Xn} that obeys an ergodic theorem 

as n-+ 00. (5 . 1) 

In view of (5 . 1 ) , we now need observe only a single realization of the pro­
cess, hut· over a sufficiently long time duration. We then use Xn as our 
estimate of the constant mean m. The practical value of the ergodic 
theory for stationary processes is due, to a considerable extent, to this 
fact. For such processes the mean value (and correlation function) often 
can he estimated from just a single realization of the process .  

In this section we will present two ergodic theorems for stationary 
processes . Just as there are strong and weak laws of large numbers, there 
are a variety of ergodic theorems, differing in their assumptions and in the 
modes of convergence . Our first theorem generalizes the weak law, as it is 
often stated, to cover covariance stationary processes . Here the natural 
mode of convergence is in mean square . The second theorem generalizes 
the strong law and requires strict stationarity. Here the convergence is 
with probability one . 

TH E M EA N  SQUAR E E R G O D I C  TH EO R E M  

Let {Xn} be a covariance stationary process with mean m and co­
variance function 

R(v) == E[{Xn + v - m} · {Xn - m}] . 
Let 

1 Xn == - (Xt + · · · + Xn) · 
n 

One form of the weak law of large numbers states that Xn converges to 
m in the mean square sense whenever the sequence {Xn} is uncorrelated. 
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The mean square ergodic theorem draws the same conclusion assuming 
only that the sequence Xn is asymptotically uncorrelated, in the sense 
that the covariance R(v) has a Cesaro limit of zero as the lag v increases .  

Theorem 5.1. Suppose {Xn} is a covariance stationary process having co­
variance function R(v) . Then 

if and only if 

. 1 N� l1m N � R(v) == 0, 
N-+oo v = O  

lim E[(XN - m)2 ] == 0. 
N -+ oo 

(5 .2) 

(5.3) 

Proof. Since m == E[Xn] , we recognize (5 .3) as the limit of the variance 
of x.N ' and (5 .2) as the limit of the covariance between XN and x1 . Thus 
the theorem states that the variance of XN converges to zero if and only 
if the covariance between X1 and XN converges to zero . 

Let 

and 

Then, using Schwarz' inequality, 
1 N- 1 }2 {N � R(v) = {E[Y1 YNJY 

<; E[Yi] · E[Y�] 
== R(O) · E[(XN - m)2 ] . 

Thus (5 .3) entails (5 .2) . To establish the opposite implication, let us 
suppose that (5 .2) holds. We calculate the variance of 

obtaining 

- 1 
YN == N ( Y1 + . . .  + YN), 

E[Yt) = � E [ (�ykf] 
=� {E[i Yi + 2 2: Yk Y, ] } k = 1 k < l 

N l - 1 
=� {NR(O) + 2  A6  R(l - k)} 

1 N l - 1 
= w {2 6 6 R(v) - NR(o>} · 
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Observe that 

1 
N R(O) � O, as N� oo ,  

477 

so that we need concentrate only on the first term. For it we have, for 
any M < N, 

2 N l - 1 2 M l - 1 N l - 1 

N2 A A R(v) = N2 {A A R(v) + I � 1 
� R(v)} · 

Let e > 0 be given and, using assumption (5 .2) ,  choose M so that 
l - 1 � 2 R(v) < e, if l > M. 
v= O 

Then 

2 N I l - 1 2 N 

N2 L l X y 2 R(v) < N2 2 le < 2e .  

Thus 
l = M +  1 v =  0 l = M +  1 

N l - 1 

�2 L 2 R(v) 
l =  1 v =  0 

2 < ­- N2 
M l - 1 

2 2 R(v) 
l =  1 v =  0 

+ 2e. 

Let N-+ oo .  Since M is fixed, the first term on the right vanishes . Since e 
is an arbitrary positive number, we must have 

2 N l - 1 

lim N2 2 2 R(v) = O, 
N-+oo l = 1 v = O  

and so E[Y�] � 0. This completes the proof. • 

Using Chebyshev's inequality 

we see that (5 .3) implies 

lim Pr{IXN - m l > e} == 0, (5 .4) 
N-+ oo 

for all e > 0. Thus, for sufficiently large N, (5 .4) furnishes grounds for 
believing that the time average XN is approximately m, and thus provides 
an eRtimate for this unknown mean. 



478 9 .  S T A T I O N A R Y  P R O C E S S E S  

If the correlation becomes negligible for sufficiently large lags, viz. , 

lim R(v) == 0, 
v� oo 

then (5 .2) will hold, since for any M < N we may write 

1 N - 1 1 M - 1 1 N- 1 

N L R(v) = N L R(v) + N L R(v) , 
v = O v = O v =M  

(5 .5) 

and, in view of (5 .5) , the second term on the right may be made smaller 
in absolute value than any preassigned e by choosing M sufficiently large, 
and for any fixed M, the first term on the right vanishes as N approaches 
infinity. Thus ( 5 .5) is a sufficient condition to insure that the time 
averages XN converge to the mean m. 

Suppose {Xn} is a covariance stationary process having a mean of zero . 
The same theorem may be used to obtain conditions under which the 
sample average covariance 

will converge to the covariance 

If we write Wk == XkXk + v ,  then (5 .6) becomes 

-. 1 N- 1 -
RN(v) = N L Wk = WN . 

k = O 

Thus, if {Wk} forms a covariance stationary process for which 

(5 .6) 

(5 .7) 

1 T - 1  
lim T � E[{Wn - R(v) } · {Wn + z - R(v) }] == O, (5 .8) 
T � oo  � l = O  

then 

lim E[(RN(v) - R(v) )2 ] = 0. 
N�oo  

Of course, the conditions required on the covariance of { Wk} are conditions 
on the fourth product moments of the original {Xn} process, which limits 
the general applicability of this result . However, a Gaussian process is 
determined by its mean and covariance functions, and thus , for a. Gaussian 
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process, (5 .8) can he stated in terms of the covariance . Condition (5 .8) . requires 

. 1 �1 

l1m T � E[{Xn Xn + v - R(v) } · {Xn + z Xn + t + v - R(v) }] = 0, 
T-+ oo l = O  

which reduces to 

The fourth product moment of joint normally distributed random 
variables having zero mean is given by 

E[Xi xj xk x,] = aij (Jk '  + (Jik (Ji ' + (Ji l ajk , 
where (Jii is the covariance between Xi and Xi . Relevant to this case, we 
have 

Thus, in the case of a Gaussian process, (5 .8) requires 

1 T - 1 

lim T 2 { R(l)2 + R(l - v)R(l + v) } == 0. 
T-+ oo l = O 

For any real numbers a, b, we have I ab l < a2 + b2 • Thus 

I R(l - v)R(l + v) l < R(l - v)2 + R(l + v) 2 • 
Now 

implies 

1 T- 1 

lim T 2 R(l) 2 = 0 
T-+ oo l = O  

1 T--; 1 

lim T 2 R(l ± v) 2 = 0, 
T-+ oo l = O  

(5 .9) 

(5 . 10) 

since the two sums differ by at most a finite number of terms . In view of 
the inequality, (5 . 9) will hold provided only that (5 . 10) is assumed. We 
ha':e thus demonstrated the following theorem. 

Theorem 5.2. Let {Xn} be a Gaussian covariance stationary process having 
covariance function R(v) and a mean of zero . If 

l T - 1 

lim T 2 R(v) 2 = 0, 
T-+- oo v = O  
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then, for any fixed v = 0, ±1 , . . .  , 
lim E[! Rr(v) - R(v) ! 2] = 0, 
T--+ oo 

where Rr(v) is the sample covariance function 

As a last topic before proceeding to the strong convergence theorem we 
will prove a general mean square ergodic theorem. 

Theorem 5.3. Let {Xn} be a covariance stationary process and let 

define the sequence of time averages. Then there exists a random variable X 
that is the mean square limit of {Xn}, 

lim I IXn - X I I = o. 
n -+oo  

Proof. Before commencing the proof let us remark that, in general, the 
limit X will be random. Theorem 5 . 1  gives the necessary and sufficient 
additional assumptions needed if it is to be concluded that X is , in fact, 
not random, but is the constant m = E[X1 ] . 

According to the Cauchy criterion for mean square convergence, to 
prove the theorem it suffices to show 

m, n-+oo 
Set 

where the infimum is over all nonnegative Ai satisfying A1 + · · · + AN == 1 .  
Notice that JlN + 1 < JlN , and set 

J1 = lim JlN = inf JlN . 
N-+oo  

Suppose, for the moment, that m < n and calculate as follows : 

I IXm + Xn l l = - + - xl + . . .  + - + - Xm + - Xm + l + . . .  + - Xn ( l 1) ( 1 1 ) 1 1 
m n m n n n 

== 2 1 1AtX1 + . . .  + An xn I I > 2J1, 
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where 

Ai = � (� + �) · 
1 

Ai == 2n ' 

i == 1 ,  . . .  , m, 

i == m + 1 ,  . . .  , n. 

481 

Of course, the same inequality obtains if m > n. Now, the key to the proof 
of the theorem is to show 

lim ! IXn I I == p, 
n -+oo  

(5 . 1 1) 

because, if we can do this, from the parallelogram law and the inequality 
just shown, 

I IXn - Xm l l 2 === 2 I IXn l l 2 + 2 1 1Xm l l 2 - I IXn + Xm l l 2 
< 2 1 1Xn 1 1 2 + 2 1 1Xm 1 1 2 - (2Jl) 2 
< 2{1 1 1Xn l l 2 - J12 1 + I 1 1Xm l l 2 - J12 1 }, 

and (5 . 1 1) implies that the right-hand side vanishes . 

Thus we concentrate on yerifying (5 . 1 1 ) .  Let a positive e he given and 
choose N and At , . . .  , AN satisfying 

I I AtXt + · · ·  + AN XN I I < J1 + e, 

where, of course, Ai > 0 and At + · · · + AN === 1 .  Let 

yk == AtXk + . . . + AN Xk +N- t · 
Then {Yk} is a covariance stationary process and 

We compute 

where 

k === 1 ,  2, . . . . 

+ A1 X2 + A2 X3 + · · ·  + AN XN + t + · · ·  

+ A.tXn + A2 Xn + t  + · · · + AN XN + n - t ) 
== A t Xt , n + A2 X2 , n + · · · + AN XN , n 
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Since xn == x1 , n and A 1 - 1 == -(Az + - · · + AN) ,  we may write 

Then, using the triangle inequality 

But 

Thus 

It follows that 

1 
= - 1 1Xn + 1 + . . .  + xn + k - 1 - x1 - . . .  - xk - 1 1 1  n 

1 
< - { 1 1Xn + 1 1 1  + · · ·  + I IX, + k - 1 l l  + I IX1 I I  + · · ·  + I IXk - 1 l l } n 

n -+ oo 

for k == 2 , . . .  , N. 

2N I IX1 1 1  < . n 

To conclude the proof of (5 . 1 1) ,  

11 < I IXn l l < I IXn - Yn l l  + l l Yn I I  
< I IXn - Yn l l + 11 + e 

Since I IXn - Yn I I � 0 as n � oo and e is arbitrary, we must have 

lim I IXn I I  === 11· n -+ oo 

This validates (5 .11 ) and completes the proof of the theorem. • 
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T H E STR O N G  E R G O D IC TH E O R E M  

Theorem 5.4. Let {Xn ; n === 0, 1 ,  2 ,  . . .  } be a strictly stationary process having 
finite mean m === E[Xn] Let 

- 1 
Xn = - (Xo + · · ·  + Xn- t ) n 

be the sample time average. Then, with probability one, the sequence {Xn} 
converges to some limit random variable, denoted X. That is, 

Pr{ lim Xn == x} == 1 .  n-+-oo 

Proof. Let 

X* === lim sup Xn , and X* == lim inf xn . n -+ oo n--+-oo 

The event that the sequence {Xn} converges is , of course, the event that 
X* == X* , and the complementary event, the event that {Xn} does not 
converge, is the event X* > X* . Let K denote this latter event. We 
want to show 

Pr{K} === 0.  

Consider for the moment a particular realization Xo == Xo ' xl == xl , . . .  , 
for which the event J( occurs . Then X* == x* > X* == x* , and for some 
rationals r:t < f3 we must have 

x* > p > r:t > x* . 

Since there are only denumerably many pairs of rationals we may let 
(r:t.. 1 , {31 ) , (r:t..2 , /32) , • • •  be an enumeration of all such pairs for which r:tk < f3k . 
Let Kk be the event 

If the event K occurs, then for some k, the event Kk must occur. We 
showed this just above . Conversely, if some Kk occurs, then so does the 

00 

event J(. Thus K == U Kk , and 
k = l 

00 

Pr{K} < L Pr{Kk}· k = l 
It follows that, to prove Pr{K} == 0, it suffices to show that for every k, 
Pr{Kk} == 0. That is , if r:t and {J are arbitrary rational numbers with r:t < {3, 
we need only show 

Pr{X* > p > r:t > X.} =  o. 
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Let A denote the event X* > f3 > r:t > X* and let I(A) be the indicator 
random variable of the event A :  

I(A) == {1 ' 0, 
if A occurs, 
if A does not occur. 

To show Pr{A } == E[I(A)] == 0, we first prove the inequalities 

E[(X0 - {3)I(A)] > 0, 

and 

E[(r:t - X0)I(A)] > 0. 

These, added together, give 

E[(r:t - j3)I(A)] > 0, 

or 

(r:t - /3) Pr{A } > 0. 

(5 . 12) 

(5 . 13) 

Since r:t < f3, this will imply Pr{A} == 0, which will complete the proof. 
Our objective will be to establish the inequalities (5 . 1 2) and (5 . 13) . 

Certainly I(A) == I(lim sup Xn > {J and lim inf Xn < r:t) is a function 
of the entire sequence X0 , X1 , • • • • Recall that the limits superior and 
inferior of a real sequence a1 , a2 , • • •  coincide with the corresponding limits 
on any shifted sequence ak + 1 , ak + 2 , • • • • It follows that 

I(A) == I(lim sup Xk + n  > f3 and lim inf Xk + n  < r:t) , (5 . 14) 

for any fixed k, and I(A) is invariant under time shifts in this sense. This 
will be important later. 

Introduce the notation Yi = Xi - p, i == 0, 1 ,  . . .  , and 

k > 1 .  

There are k summands in S i k , the initial one being Yi . Let 
' 

Of course, 

Mi n == max{O, Si 1 , • • •  , Si n} · ' ' ' 

O < So n == Yo + · · · + Yn - 1 ' 

= (Xo + . . .  + Xn - 1 ) - n{3, 

when and only when 
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The event A entails that the inequality Xn > {J takes place for some 
positive integer, which in turn implies that the event {Mo , n > 0} must 
occur for n sufficiently large . Consequently, we have 

00 

A c U {Mo , n > O}, n = 1 
and in view of the monotone nature of Mo,n 

I(A) === lim I(A)I{Mo , n > 0}, n-+ oo 

where, as usual, I { M 0 , n > 0} denotes the indicator random variable of 
the event {Mo , n > 0}. Finally, by virtue of the hypothesis E[l Y0 1 J  < oo ,  
we are permitted to interchange limit and expectation and thereby 
achieve the formula 

E[Y0 l(A)] == lim E[Y0 I{Mo , m > O}I(A)] . n-+ oo 

We can now proceed to the verification of the two inequalities (5 .12) 
and (5 . 13) . 

Obviously, 

and so 

M1 , n  == max{O, 51 , 1 , • • •  , S1 , n} 
> s1 ' k ' for k == 1 ,  . . .  , n - 1 , 

k ==  1 ,  . . .  , n - 1 .  

We write this as 

Yo > So , k - M1 , n ' 
Trivially, since M1 , n > 0, 

for k === 2, . . .  , n. 

Yo > Yo - M1 , n ' 
which, combined with the previous inequality, gives 

Y0 > max{S0 , 1 , • • . , So , n} - M1 , n , 
and, since Mo , n === max{O , 80 , 1 , • . .  , So , n }, 

Thus 
if M0 n > O. 

' 

E[Y0 I{Mo , n > O}I(A)] > E[(Mo , n -- M1 , n) I{Mo , n > O}I(A)] 
== E[Mo , n I(A)] - E[M1 , n I{Mo , n  > 0} I(A)] 
> E[Mo . n  I(A)] - E[M1 . n I(A)] , 
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where the last inequality is a consequence of M1 , n > 0.  Recall that the 
event A is invariant under shifts in time [see (5 . 14)] . Also since the 
process is stationary, Mo,n and M1 , n share the same distribution. Thus 
E[Mo, n  I(A)] === E[M1 , n l(A)] , and the last right-hand side in the above 
string of inequalities is zero . Hence 

E[¥0 I(A)] === lim E[Y0 I{Mo , n > O}I(A)] > 0. n-+ oo 

Since ¥0 == X0 - {J, we have demonstrated (5 . 12) , that E[(X0 - /1)/(A)] 
> 0. The proof of (5 . 13) is accomplished by applying exactly parallel 
reasoning to Yk === r:t - Xk . As these inequalities were all that was needed, 
the proof of the theorem is complete . • 

Remark 5.1. Under the conditions of the strong ergodic theorem, it is 
true in addition that 

lim E[ !Xn - Xf] == 0. n-+ oo 

Hence 

E[X] == E[Xn] == m. 

Remark 5.2. Further elementary considerations show that 

- 1 X == lim - (Xk + · · ·  + Xk + n - 1 ) ,  n -+ 00 n 

(5 .15) 

(5 . 16) 

(5 . 17) 

for every k == 1 , 2 ,  . . . . Suppose the random variables X0 , X1 , . . .  are, in 
addition, independent. In view of (5 . 17) , X is then independent of X0 -, 
. . . , Xk _ 1 for every k, and consequently independent of Xk . Since 
X === lim Xk , we must have X independent of itself. The only possibility, 
then, is for X to be constant (why?) ,  and (5 . 16) tells us that constant must 
be m. Thus limn -+ oo Xn == m for every sequence of independent identically 
distributed random variables having finite mean m. We have thus verified 
the strong law of large numbers . 

The strong law motivates a desire to find general conditions under 
which the limit random variable X is constant . In the mean squart� 
ergodic theorem, this was the result if and only if xn and x1 were asymp­
totically uncorrelated. The situation is not this simple under the weaker 
assumption of the strong ergodic theorem. Nonetheless, some principles 
can he laid down. 

If x == (x0 , x1 , . • .  ) is a real sequence, let Tx denote the shifted sequen<�•� 
( x1 , x2 , • • •  ) • We call T the shift operator. A set A of real sequences is called 
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shift invariant when Tx is an element of A if and only if x is in A. Several 
examples will kindle the imagination : 

A1  == {x : for some k == 1 ,  2, . . .  , xk == xk + 1 == · · · == 0}, 
.. A2 == {x : lim sup xn == a}, 

A3 == {x : lim n- 1 (x1 + · · ·  + xn) == b}. 
The student should verify that A 1 , A 2 and A3 are shift invariant sets . 

A stationary process is said to be ergodic if Pr{(Xo ' x1 . . .  ) E A} is 
either zero or one whenever A is shift invariant. 

Theorem 5.5. Let {Xn} be an ergodic stationary process having a finite 
mean m. Then, with probability one, 

. 1 
lim - (X1 + · · · + Xn) == m, 
n -. oo n 

Proof. For each real a define 

A , { x == ( x 0 , x 1 • • •  ) ; lim n- 1 ( x 1 + · · · + xn) < a} . 
n -. oo  

Then A is shift invariant . It follows that 

Pr{(X0 ,  X1 , • • •  ) E A} == Pr{lim n- 1 (X1 + · · · + Xn) < a} 
= Pr{X < a} = O or 1 ,  

for every constant a .  Hence X i s  necessarily a constant random variable . 
In view of (5 . 16), that constant can only be m. • 

It is obviously desirable to have some equivalent and more accessible 
formulations of ergodicity. Unfortunately not much can be done here . We 
state some results , without proof, in the next theorem. 

Theorem 5.6. Let {Xn} be a stationary process . The ·following conditions 
are equivalent : 

(a) {Xn} is ergodic ; 
(h) For every shift invariant set A, 

Pr{ (X 0 , X 1 , • • . ) E A} == 0 or 1 · ' 
(c) For every set A of real sequences (x0 , x 1 , • • •  ) ,  

1 
n 

lim n 2 I{(Xj ,x} + I O  . . .  ) E A} =  Pr{(Xo , xl , . . .  ) E A}; 
n _. oo  } == I 
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(d) For every k === 1 ,  2 ,  . . . and every set A of real vectors ( x0 , • • •  , xk) ,  

1 
n 

lim n L I{(Xj ' . . .  , xj + k) E A} = Pr{(Xo '  . . . , Xk) E A}; n-+ oo  
• 1 ) =:;;. 

(e) For every k and every function ¢ of k + 1 variables, 

provided the expectation exists ; 
(f) For every function ¢ of a real sequence (x0 , x1 , • • •  ) . 

1 
n 

lim
n L ¢(Xi , xj + l •  . . .  ) = E[¢(Xo ' Xl , . . .  )] ,  n-+oo  

• 1 J = 

provided the expectation exists . 

In these conditions , the existence of the limits is a consequence of the 
strong ergodic theorem. For example, if ¢ is a function of k + 1 variables 
for which E[I¢(X0 , • • •  , Xk) I J < 00, then 

n === 0, 1 ,  . . .  , 

determines a stationary process to which the strong ergodic theorem 
n 

applies . Hence , limn-+  00 n - 1 L Yi exists . What is asserted in condition (e) 
j = 1 

of Theorem 5 .6 is that this limit is constant. 
-

Remark 5.3. It is obvious from the equivalent condition of Theorem 5 .6 
that, for any function ¢, the sequence 

generates an ergodic stationary process whenever {Xn} is ergodic and 
stationary. 

A stationary process {Xn} is said to be mixing (or strong mixing) if for 
all sets A and B of real sequences 

n-+oo 

Mixing is a form of asymptotic independence, and therefore that every 
mixing process is ergodic is perhaps not surprising. We now valida te this 
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statement . Suppose ... A = B is an invariant set . Then (Xn ., xn + 1 ' . . .  ) E B 
if and only if (Xl , x2 ' . . .  ) E B. The mixing property applies, yielding 

Pr { (X 1 , X 2 , • • •  ) E A}  === Pr { {X 1 , X 2 , • • •  ) E A ,  (X n , X n + 1 , . . .  ) E A}  
-0- [Pr { (X 1 , X 2 • • .  ) E A }] 2 , as n � 00 .  

The only possibilities are Pr{(X1 , X 2 , • • • ) E A } === 0 or 1 ., so  the process is  
ergodic . There are other equivalent formulations for mixing. For example , 
it is enough to check that, for arbitrary k === 1 ., 2 ,  . . .  and sets A ,  B in 
k-space., that 

lim Pr{(X1 , . . .  ., Xk) E A and (Xn + l ' . . .  ., xn + k) E B} 
n-+ oo 

We would be remiss in our duties if we did not at least indicate that 
what we have exposed heretofore is not ergodic theory, but mostly the 
application of ergodic theory to stationary processes . The modern view is 
much more general . ,Let L be an abstract space of functions f for which 
some notion of integral J f is defined. Let T be an operator that carries- a 
function f in L into the function Tf in L . Ergodic theory is the study of 
iterates T" of the operators T that satisfy :  

(i) Iff is a nonnegative function then so is Tf, and 

(ii) I I Tfl < I l f l · 

In the context of a stationary process {Xn}, L consists of all functions 
f({Xn}) === ¢(X0 .,  X1 , . . .  ) for which E[ I ¢(X0 , X1 , . . .  ) ! ]  < oo .,  the notion 
of integral is the expectation, f f({Xn}) === E[¢(X0 ., X1 .,  . . .  )] ., and T is 
related to the shift operator by 

6 :  Applications of Ergodic Theory 

At the start of Section 5 mention was made of the ergodic theorem used 
to justify time averages such as X" === n - l (X0 + · · · + X"_ 1 ) as estimators 
of the corresponding process expectations , in this case m === E[X0] .  There 
ar� numerous other applications . We develop three examples .  

A .  B R A N C H I N G  P R O C ES S E S I N  RAN D O M E N VI R O N M E NTS 

A key feature of the branching processes introduced in Example F 
of Chapter 2 and thoroughly discussed in Chapter 8 is the invariance over 
time of the o·ffRpring dis tribution. But there are a multitude of situations 
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in which the offspring distribution depends on a changing environment. 
As an introduction to recent work in this area, we treat the extinction 
problem in an environment that varies randomly according to a station­
ary ergodic process .  

We postulate a stationary ergodic process � = {Cn}: 0 , called the 
environmental process . To each value Cn there corresponds an offspring 

00 
distribution p'" = {Pn(i) }� 0 • Of course, Pn(i) > 0 and L Pn(i) = 1 .  Then 

' i = O 
{p,"}: 0 is again a stationary ergodic process, albeit one whose values are 
discrete probability distributions . 

Let Z n( == Z( n)) count the number of particles existing in the nth genera­
tion, and take Z0 == 1 .  Conditional on a prescribed environment � == { ( n}, 
we postulate that { Z n} evolves as an ordinary branching process excepting 
only that the offspring distribution in generation n is P,n . To be precise, 
we assume 

where 
00 

¢,,, ( s) == L Pn(j)si 
j = O 

n == 0, 1 ,  2, . . .  , l s i < 1, 

.. 
is the probability generating function corresponding to p'" . In other 
words, conditioned on the past environment and population levels, 
Z(n + 1)  is the sum of Z(n) litters (or broods) of offspring, where the sizes 
of each brood are independent and identically distributed random vari· 
ables, following the common distribution p'" . 

Let Bn be the event that zn == 0, and clearly B = U:' 1 Bn connotes the 
event of (ultimate) extinction. It is useful to introduce the notation 

q(�) = Pr{B j �} 

and 

q = Pr{ B} == E[q(�)] . 

Conditioned on the environmental process �' { Zn} behaves as an ordinary, 
although time-inhomogeneous, branching process ,  and the techniques of 
Chapter 8 lead us easily to the following formula* : 

* We assume throughout that for any Z, the associated 4>,1(s) are never const.ant functi�nl, 
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We frequently write ¢ i for brevity in place of ¢,i if no ambiguity is likely 
in the interpretation . Obviously 

q(�) === lim ¢0(¢1 ( • • •  (¢n(O)) . . .  )) 
n -+ oo 

or 

(6.1) 
where T� denotes the shifted environmental sequence {(1 , (2 ,  • • •  } . The 
important functional equation q(() === ¢,0[q( TC)] is the stochastic analog 
of the equation s === ¢(s) of Chapter 8 .  

Consider the event {q(�) == 1 } . In words, this event occurs whenever 
the random environment leads to sure (i.e . ,  certain) extinction of the 
population. We may clearly exploit the properties of the probability 
generating function ¢,0 in the basic equation q( �) == ¢,0[q( T�)] to conclude 
that q( T�) == 1 whenever q(�) == 1 . That is, the event {q(�) = 1 } is shift 
invariant . By assumption, the environmental process C === {Cn} i s  ergodic, 
and therefore we have 

00 

Pr{q(�) === 1} == 0 or 1 . (6.2) 

Let m," === L jpn(j) be the conditional mean, given the environment, 
j = O  

of the nth generation's offspring distribution. The {m,"} is again a 
stationary ergodic process, and if 

the strong ergodic theorem tells us 
n 

lim n - 1 L log m,k == E[log m,0] . n-+ oo k = 1 

Let us assume (6 .3) and, in addition, 

Pr{q(�) < 1 } === 1, 

(6.3) 

(6 .4) 
and see where this leads us . Probability generating functions are in­
creasing and convex so that 

for any s E [0, 1 ) . (6 .5) 

According to (6 .4) , q��) < 1 , and added to the basic functional equation 
q(C) = tJ>,0[q( TC)], we stipulated equivalent to (6.4) that q( T�) < 1 (see 
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the footnote on p.  490 ) .  This allows the substitution q(�) === q( T�) from 
(6.1) in (6.5) to obtain 

m > 1 - ¢,0[q( T�)] 
=== 

1 - q(�) 
. 'o - 1 - q( T') 1 - q( T�) 

The stationary property extends this to 

m > 1 - q( Tn�) 
,,, - 1 - q( Tn + 1 �) ' 

where Tn� is the sequence ( 'n , 'n + 1 , • • •  ) . A collapsing sum appears in 

1 n - 1 1 n - 1 { 1 - q( TkC} } 
n 

k
� log m,k > n A log 1 - q( Tk + 1�) 

= 
1 

[log(1 - q(�)) - log(1 - q{ Tn�))] 
n 

1 > - log[1 - q(�)] .  
n 

If E[ l log m,0 1 ] < oo ,  as we have assumed, then the left-hand side converges 
to E[log m,0] by the strong ergodic theorem, while the right vanishes .  Thus .. 

It is possible to strengthen the conclusion by ruling out the possibility 
E(log m,0] == 0 .  To avoid a more technical proof, let us assume 

E[ l log[1 - q(�)] - log[l - q( T�)] l ] < oo . 
Then 

Yn = log[1 - q( Tn�)] - log[1 - q( Tn+ 1 �)] 

forms an ergodic stationary process to which the ergodic theorem applies .  
Thus [ 1 - q(�) ] . 1 � ( 1 - q( Tk�) ) E log 

1 - q( n) = !�U:, n 6--o log 
1 - q( Tk + 1�) 

= lim 
1 

{log[1 - q(�)] - log[1 - q( Tn�)] } (6 .6) 
n -+ oo n 

> 0. 

Now from (6 .5) we know that 

log ,�,., {1) - log {1 - ¢,o [q( T�)] } > 0 o/'o 1 - q( T�) - . 
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If we assume 0 = E[log m�0] === E[log ¢,0 (1)] , then the inequality 

0 < - E [lo 
{ l - ¢,o[q( T�)] }] - g 1 - q( T�) 

ensues . Comparing to (6 .6) , we conclude that 

E [l { 1 - ¢,o [q( T�)] }] = 0 og 1 - q( T() ' 
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and consequently the only consistent value is q( TC) === 1 in violation of the 
stipulation Pr{q(�) < 1 } = 1 . Therefore , E[log m�0] > 0 must hold . 

To sum up, if E[log m,0] < 00, then Pr{q(�) < 1 }  == 1 implies E[log m�0] 
> 0. Conversely, E[log m�0] < 0, entails Pr{q(�) = 1}  === 1 . [Use (6 .2) .] 

B . TH E R AN G E  O F  A R A N D O M  WALK 

Let X 1 , X 2 , • • •  he independent identically distributed random variables 
whose possible values are the integers 0, ±1, ±2, . . . .  Consider the partial 
sum process Sn === X1 + · · · + Xn , n > 1 ,  and S0 === 0. Define the range Rn 
involving the first n sums to be the number of distinct values in {S1 , • • •  , Sn}· 
We may write 

where 

Now 

Ik == { 1 , 0,  
if s j # sk ' for j === 1 ,  . . .  ' k - 1 ,  
otherwise. 

E[Ik] === Pr{Sk - sk _ 1  -=1= o, sk - sk _ 2 -=1= o, . . .  , sk - S1 -=1= o} 
=== Pr{ X k # 0, X k + X k _ 1 -=!= 0, . . .  , X k + · · l· + X 2 -=!= 0} 
=== Pr { S 1 # 0,  S 2 -=/= 0, . . .  , S k _ 1 -=/= 0} 

(since the Xi are independent identically distributed) . We obtain 

lim E[Ik] == Pr{Sn # 0 for all n > 1 }. 
k -+  00 

(6.7) 

Observe that {Sn -=/=- 0 for all n > 1 } is the event that the {Sn} process never 
returns to its origin S0 === 0. But every convergent sequence also converges 
in the Cesaro mean sense . From (6 .7) then, 

E[Rn] . 1 � lim = l1m - � E[Ik] === Pr{Sn # 0 for all n > 1 }. 
,. _. oo  n ,. -.. oo n k =  I 

(6.8) 
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It is a deeper fact that this limit holds even if expectations are not taken 
on the left .  That is , with probability one, 

lim Rn 
= Pr{Sn of- 0 for all n > 1 }. 

n -+  00 n (6 .9) 

We verify this by proving the equivalent pair of inequalities for the limit 
superior and limit inferior. First, designate m as any positive integer and 
let Zk be the number of distinct points visited by the sequence of sums 
{Si} during the times (k - l)m + 1 to km. Equivalently, Zk is the range 
involved in the collection {S<k - t )m + t '  . . .  , Skm}· Note that Zk depends only 
on xn for n between (k - 1)m + 1 and km, so that the zk are mutually 
independent random variables, I Zk l < m, and, manifestly, the zk are 
identically distributed . Verify the inequality Rkm < Z1 + · · · + Zk and 
apply the law of large numbers to obtain 

With [n/m] denoting the largest integer not exceeding nfm , we have 
Rn < Rnnfml + 1 )m , whence 

I . 
1 

R < I" ([n/m] + 1)m R([n/m] + l )m 1m sup - n 1m sup----------n-.oo  n 
-

n-.oo n ([n/m] + 1)m 
E[Z1] 

m 

This holds for any m. But Z1 === Rm , so by (6 .8) 

.. 

1 �[Rn] lim sup - Rn < lim sup === Pr{Sn # 0 for all n > 1 }. (6. 10) 
n-.oo  n n-+ oo  n 

The reverse inequality is the deeper one, and for it we invoke thn 
strong ergodic theorem. 

Define 

vk === { 1 , 0, 
' 

if s j # sk '  for all j > k, 
otherwise. 

Vk is one , if Sk is a state never visited after time k, and zero, otherwiRc, 
and vl + . . .  + vn is the number of states visited up to time n that a rc 
never revisited. Since Rn is the number of states visited in time n thut 
are not revisited prior to n + 1, manifestly Rn > V1 -1- · · ·· -1- Vn . Now 
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{Xk} is a stationary ergodic process (see Problem 21) and by Remark 5 .3 
so is { Vk}, since 

v - { 1 , k - 0 ' 

where 

if xk + l # o, xk + l + xk + z ::F o , . . .  , 
otherwise , 

if x1 # 0, x1 , + x2 # 0, x1 + x2 + x3 # 0, · · · 
otherwise .  

The ergodic theorem implies 

Of course , 

R V1 + . . .  + v 
lim inf � > lim inf " == E[ V1] .  n-+ 00 n n n 

E[ V1 ] === Pr{Sk # 0, for all k > 1 }. 

(6. 1 1) 

Combining (6 . 10) and (6 . 1 1) ,  we see that the proof of (6 . 9) is done . 

C .  E NTRO PY 

Probability measures uncertainty about the occurrence of a single 
event. Entropy measures the uncertainty of a collection of events . Let X 
be a random variable assuming the value i with probability P i , i == 1 , 
. . .  , n. The entropy of X, (or of the events {X === i} i == 1 ,  . . .  , n) is computed 
according to 

n 
H(X) == - L P i log P i (6. 12) i = 1 

(with the understanding that 0 · log 0 === 0) . The reader should verify that 
the definition possesses the following three desirable l properties :  (i) The 
entropy of a constant random variable is zero ; (ii) If we add the possible 
value i + 1 ,  assigning it probability Pi + l === 0, the entropy is unchanged ;  
and (iii) The entropy is maximized, with maximum value log n, when 
p1 === · · · === Pn === 1 fn . This last property agrees with our intuition about 
uncertainty, e .g . ,  the random variable 

xl === { 1 ,  
0, 

with probability 0 .999, 
with probability 0 .�01 , 

i s  far more predictable or ascertainable than 

x2 = {I , 0, 
with probability t 
with probability t 
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It is natural to extend this definition to a pair of random variables X, Y, 
where Pr{X === i, Y == j} == p ,i , through the formula 

H(X, Y) == - L P ii log Pii · 
i , j 

Define the conditional entropy of X given Y by 

H(XI Y) === - L Pr{Y === j} L p(i l j) log p(i l j) ,  
J i 

where p(i l  j) === Pr{X === i l Y === j}. Substituting p(i l j) === P ii/Pr{Y == j} gives 

H(XI Y) === 
-

L Pii log[p ii/Pr{Y === j}] 
i , j 

== H(X, Y) - H(Y) .  (6 . 13) 
What is important here is that 

H(X, Y) > H(Y) . (6 .14) 
In words , the uncertainty in a pair of random variables exceeds that of 
either one . 

It is a little harder to show that X given Y has less uncertainty than X 
unconditionally. Let qi == Pr{Y === j} . Observe that the function r(t) === 

-t  log t is concave for t > 0, and use Jensen's inequality (i . e . ,  the extended 
definition of convexity, see page 249 ) to obtain 

H(X \ Y) === L L qjr[p(i l  j)] 
i j 

<� r [ � qjp(i l j)] 
=== H(X) . 

It follows from this and (6 . 13) that 

H(X, Y) < H(X) + H(Y) . 

.. 

(6 . 15) 

(6. 16) 
We continue to extend the definition of entropy. If X1 , . . .  , Xm ar� 

j ointly distributed random variables and Pr{ X 1 === i1 , . . .  , Xm === im} = 1 
p(i1 , . . .  , im) , set 

H(X1 , . . .  , Xm) === - L p(i1 , . . . , im) log p{i1 , . . .  , im) · 
it , . . .  , im 

We have the results analogous to (6 . 13) and (6 . 15) , 
H(X1 , . . .  , Xm) 
== H(X1) + H(X2 \X1 ) + H(X3 \ X1 , X2) + · · ·  + H(Xm \X1 , • • •  , Xm _ 1 ) ,  

. 

and (6.17) 
H(Xk\X1 , • • •  , Xk_ 1 ) < H(Xk\X2 , • • •  , Xk _ 1 ) .  · (6.18) 
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Now let {Xn} be a stationary process where the possible values of each 
Xk are the numbers 1 ,  . . .  , N. The stationary property in conjunction with 
(6 . 18) implies 

H(Xk - 1 IX1 , . . .  , Xk - 2) == H(Xk !X2 , . . .  , Xk - 1 ) 
> H(Xk iX1 , . . .  , Xk _ 1 ) .  

Since the sequence is monotone decreasing and nonnegative , we may 
define the entropy of the process {Xn} by 

H({Xn}) == lim H(Xki X1 , . . .  , Xk _ 1 ) .  (6 . 19) 
k-+oo 

Alternatively, we may write 
. 1 

H({Xn}) == l1m -1 H(X1 , . . .  ,X,) ,  
l -+  00 

since according to (6 . 17) , (1 /l)H(X1 , . . .  , X,) is the Cesaro average of 
H(Xk i X1 , . . .  , Xk - 1 ) .  

Let p(i1 , . . .  , im) == Pr{X1 == i1 , . . .  , Xm == im} · The remarkable result we 
have been leading to is, with probability one, 

(6 .20) 

provided {Xn} is ergodic. The right member of (6.20) is constant, com­
puted according to ( 6 . 19) .  The left is a limit taken along a random sequence 
X1 , X 2 , . . . . The result says that, for large n, the probability p(X1 , . . .  , Xn) 
of the observed sequence X1 , X2 , . . .  is bound to be near exp{- nH({Xn}) ) .  

We continue this example by verifying (6 .20) in the special case that 
{Xn} is a stationary ergodic finite Markov chain. Later we will state and 
prove the general result as a theorem. 

Suppose P == I IP(i , j) I I� i = 1 is the transition matrix of an irreducible 
finite state Markov chain {Xn}· We assume Pr{X0 l== i} == n(i) ,  where 
{n (i) }� is the stationary distribution associated with P. Compute 

H(Xn !Xo , . . .  , Xn - 1 ) 
== -L n(io) P(io ' i1 ) . . .  P(in - 2 ' in - 1 ) L P(in - 1 ' in) log P(in - 1 ' in) i n 

I 

(by virtue of the Markov chain character of the process and using the 
fact that n( i) is a stationary distribution) 

== - L n(i) P(i, j) log P(i, j) , 
i , j 

and so 
H({X,}) = - L n(i) P(i, j) log P(i, j) . 

l , j 
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On the other hand, 

where 

1 n- 2 1 
== - � Wi - - log n(X0), n �  n i = O  

Wi == -log P(Xi , Xi + 1 ) .  
An irreducible finite-state Markov chain started with its stationary dis­
tribution generates an ergodic stationary process . Since there are only a 
finite number of states, Wi is hounded. The ergodic theorem applies to 
yield 

lim [- 1
Iog p(X0 ,  • • •  , Xn- t ) ] n--+ 00 n 

1 n - 2 
== lim [- n L W1] n--+oo k = O  
== E[W0] == - L n(i) P(i, j) log P(i, j) 

i , j 

as desired.  Here is the general case . 
.. 

Theorem 6.1. Let {Xn} be an ergodic stationary process having a finite state 
space {1 ,  . . .  , N}. Let p(i1 , • • •  , im) = Pr{X1 == i1 , • . •  , Xm == im}, and 

H( {Xn}) = !�r: (- � ! . L. p(il , . . .  , ik) log p(il , . . .  , ik)) · 
k - l l t ,  . . .  , l k 

Then, with probability one, 

Proof. Note first, imposing no limitations on the analysis , we may as 
well assume n == . . . , - 1,  0, + 1, . . . .  Indeed, given any one-sided stationary 
process {Xn ; n === 0, 1 ,  . . .  }, a consistent collection of finite-dimensional 
distributions for a two-sided stationary process is given by . 

Pr{Xm == im ' . . .  , Xm + k === im + k} === Pr{Xt == im '  . . .  , Xk + • == im + k}, 
for any m === • • •  , - 1, 0, + 1, . . .  and k == 1, 2, . . . . 
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Set 
fk(i ;  i1 , • • •  , ik) === Pr{Xk === i !Xo === ik , . . .  , Xk _ 1  == i1 }  

== Pr{X0 === i i X - k === ik , . . .  , X _ 1  == i1 } 

(by stationarity) . The backward martingale convergence theorem 
(Theorem 8 . 1  of Chapter 6) , assures us of the existence of 

Set 

f(i ; i1 , i2 , • • •  ) == lim fk(i ; i1 , • • •  , ik) k-+oo 
== Pr{ X 0 === i I X_ 1 == i1 , X_ 2 == i2 , • • •  } 
== Pr{Xn == i !Xn _ 1  == i1 , X" _ 2 === i2 , • • •  }. 

g0 (i) == -log Pr{X0 == i}, 

gk( io ' i1 ' · · · ' ik) === -log fk( io ; i1 ' · · · ' ik) 

== -log Pr{X0 == i0 IX- k === ik , . . .  , X_ 1  === i1 } 

_ - l  
Pr{X- k === ik , . . .  , X_ 1 == i1 , X0 == i0} 

- og 
P {X . X . } ' r - k == �k ' • • · ' - 1 == �1 

and 
g(i, i1 , i2 , • • •  ) === -log f(i ; i1 , i2 , • • •  ) . 

Direct computation produces the equation 

1 1 
n - 1 

- - log p(X0 , . . • , X" _ 1 ) ==
- � gk(Xk , . . .  , X0) .  

n n � k = O 
If we could replace gk(Xk , . . .  , X0) by g(Xk , Xk _ 1 ,  . . .  ) , the right member 
would be the type of average to which the ergodic theorem applies , 
Wk === g(Xk , Xk_ 1 , • • •  ) being stationary since {Xk} is stationary. This 
adjustment was immediate in the Markov case since there ipso facto 
gk(Xk , . . .  , X0) === g(Xk , Xk _ 1 , • • •  ) whenever k > 1 .  

In our present situation our first task will be to establish 

(6.21) 

Fix .A >  0 and decompose the event as indicated :  

{sup gn (Xn , . . .  , X0) > A} = (J {gk(Xk , . . .  , X0) < A for k = 1, . . .  , n - 1 n � 1 n = l 
and 8n(Xn , . . .  , X0) > .A}. 

00 

== U {(Xo , . . .  , Xn) E En}, n =- 1 
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for k === 1 ,  . . .  , n - 1 

and gn( in , . . .  , i0) > A} . 
-

We have partitioned the event on the left on the basis of the first time n 
for which gn(Xn , . . .  , X0) > A. As this is a disjoint union 

Let us partition further by specifying the final state . Let 

Consider now 

E(i) {( • • ) ( • • 
') E } n === �0 ' · · · ' �n - 1 ; �0 ' • · · ' �n - 1 ' � E n · 

Pr{(Xo '  . . .  , Xn) E En} === L Pr{(Xo ' . . .  , xn - 1 ) E E�i) i 

By the definition of conditional probability, we have 

Pr{Xn === i 

(6 .22) 

.. 

L Pr{Xn == i iXo === io '  . . .  , xn- 1 === in - 1 } (6 .23) 
( io, • • •  , in - t )EEn(i)  

The process is stationary, so the conditional probability may be shifted tQ 
read 

Pr {X n === i I X 0 === i 0 , • • •  , X n _ 1 == in _ 1 } 
=== Pr {X 0 == i I X_ n === i 0 , • • •  , X _ 1 === in _ 1 } 
=== exp[-gn( i, in _ 1 , • • •  , i0) ] . 

Manifestly, gn(i, in _ 1 , • • •  , i0) exceeds A whenever (i0 , • • •  , in _ 1 ) i s  in E�O. 
Thus the probability in (6 .23) is bounded by 

< L e- A. Pr{X0 == i0 , • • • , Xn _ 1 == in _ 1 } 
( io, • • •  , in - t )EEn(i)  
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For each fixed i , the sets E�i) , E�i ) , . . . are disjoint for the same reasons 
that E1 , E2 , • • •  are disjoint. We sum (6.22) over n and use our bound to 
deduce 

00 00 

L Pr{(Xo ' . . . , Xn) E En} === L L Pr{(Xo ' . . .  , xn - 1 ) E E�z ) and xn == i} n = 1 i n = 1 

< e- A �L�1 Pr{(Xo , . . .  , xn - 1 ) E E�il}} 
< e- ;. 2: 1 

i 

where N is the number of distinct states (i values) of the process . We have 
thus shown 

Pr {sup gn(Xn , . . . , X0) > A} < Ne- ;.. n� 1 
With this estimate the validation of (6 .2 1 ) follows readily. 

Since , with probability one, 

as k -0- oo , and the expectations of the left functions are uniformly in­
tegrable, we may interchange expectation and limit to conclude 

k -+oo 

The second equation is due to stationarity. 
Write 

n - 1 n - 1 n - 1 � L gk(Xk , . . . , Xo) = � L g(Xk , xk - 1 •  . . .  ) + � L {gk(Xk , . . . , Xo) 
k = O  k = O k = O  

(6.24) 
We have established that E[g(Xk , Xk _ 1 , • • •  )] < oo . The ergodic theorem 
implies 



502 9 .  S T A T I O N A R Y  P R O C E S S E S  

Set 

and 

¢N(x0 , x_ 1 , • • •  ) == suplgk(x0 , • • •  , x _ k) - g(x0 , x _ 1 , • • •  ) ! , k >N 

Zf == ¢ N( X k ' X k - 1 ' . . .  ) . 
Of course, { Zf} is stationary, ergodic, and E[l Zf l ]  < 00 .  Then 

n - 1 
lim sup � 2 {gk(Xk , . . .  , X0) - g(Xk , Xk _ 1 , . . .  ) } n-+-oo k = O 

n- 1 
< lim sup � 2 1 gk(Xk , . . .  , X0) - g(Xk , Xk _ 1 , • • •  ) 1 n-+- oo k = O  

n - 1 
< lim sup � 2 Z� = E[Zf] . n-+-oo k= O 

But as N -0- 00 ,  Zf -0- 0, and the interchange of limit and expectation can 
be justified to conclude limN-+ 00 E[ Zf] === 0 . It follows that the second term 
on the right in (6.24) goes to zero as n -0- 00 .  Combined with (6.25) we have 
proved 

.. 
as claimed. 

7 :  Spectral Analysis of Covariance Stationary Processes 

In this section we motivate a canonical representation for zero-mean 
covariance stationary processes in terms of harmonic functions . Earlier 
we suggested that an arbitrary such process can be represented as the 
mean square limit of a sequence of processes of the form of Example B 
of Section 1 ,  that is, of the form 

m 

xn == L {Ak cos nwk + Bk sin nwk}, (7 .1) k = O  
where 0 < wk < n ,  and the coefficients {Ak} and { Bk} are uncorrelated 
with zero means and variances af === E[Af] === E[ Bf] . In Section 1 we 
computed the covariance function of (7 . 1) to be 

m 

R( v) == a2 L Pk cos vwk , k = O  
(7 .2) 
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where a2 === a� + · · · + a; , and Pk === af / a2 • At this stage it is more con­
venient to assume w0 === 0 and write (7 .2) in the symmetric form 

m 
R(v) == a2 L qk cos vwk , k = - m  

where q0 === p0 , and for k === 1 ,  . . .  , m, qk == �Pk , q_ k == qk , w_ k  == -wk . 
As in Section 1 this suggests the generalization to 

1t 

R(v) = u2 J cos vw dF(w) , 
- ?t  

(7 .3) 

where F is a cumulative distribution function of a symmetric random 
variable having possible values in [- n, n] . In the first part of this section 
we will show that every covariance function may be written in the form 
of (7 .3) for some unique probability distribution function F(w) . This 
function thus associated· with the covariance function is called the spectral 
distribution function of the process . 

In general, it is possible to develop from (7.3) a canonical repre­
sentation for the process {Xn}· To sketch the thinking, suppose 
{ z<t ) (w), 0 < w < n} and { z<2 >(w), 0 < w < n} are two stochastic pro­
cesses, uncorrelated with each other and having uncorrelated increments. 
Suppose further that z<i)(O) == 0 and that the z(i> processes have the 
common variance function 

E[Z( i)(w)2] = a2[F(w) - F(-w)] , 
=== 2a2 [F(w) - F(O)] , 0 < w  < n. 

For expository convenience in this preliminary sketch we have assumed 
that F(w) is continuous . 

Let 0 === w0 < w1 < · · · < wm < wm + 1 == n be given, and set ilZ�i) == 
z( i > (wk + t ) - z( i> (wk) .  Since nonoverlapping increments are uncorrelated 
and the variance function is F, we have 

and 

if i =F j, or k =F l, 

n1 m 

L cos nrok 11Z10 -� L sin nwk ilZ�2 ), 
k = O  k = O 
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the Riemann-Stieltj es approximating sum for the integral 
n n J cos nw dZ( l l (w) + J sin nw dZ<2 l (w) . 

0 0 

The approximating sums converge in the mean square sense yielding the 
required representation. The corresponding development for Gaussian 
processes is given in the next section. 

S P E CTRAL R E P R ES ENTATI O N  O F  TH E CO VA RIAN C E  FU N CTI O N  

Let {Xn ; n === 0, ±1,  ±2, . . .  } be a covariance stationary process having a 
mean of zero and a known covariance function . By multiplying each 
observation by a constant, if necessary, we may assume the constant 
variance of the process is one . Thus we are studying a covariance station­
ary process {Xn} whose covariance function 

v === 0, ±1 ,  ±2, . . .  , 

satisfies R(O) === 1 .  
Before presenting the first theorem, we give two brief definitions . First, 

a real-valued function R(v) , v === 0, ±1,  ±2 , . . .  , is called positive semi­
definite if for all k === 1 ,  2 ,  . . .  and all real numbers e<1 , • . .  , e<k , 

k k 
L L C<i C<j R(i - j) > 0.  i = l j = l 

• 

(7 .4) 

Second, a random variable W, or its distribution function F, is said to he 
symmetric if W has the same distribution as - W. Thus, F is symmetric if 
F(w) === 1 - F(-w) at all points of continuity w. 

Theorem 7.1. Let R(v) , v === 0, ±1 ,  ±2, . . .  , be given. The following state­
ments are equivalent : 

(a) R( v) is the covariance function of a real-valued covariance stationary 
process having mean zero and variance one ; 

(b) R(O) === 1 ,  R(v) === R(-v) , for v === 0, 1, . . .  , and R( v) is positive semi­
definite ; 

(c) There exists a symmetric probability distribution F on [-n, n] for 
which 

n 

R(v) = J cos vw dF(w) , 
- n  

v === 0, 1, . . . . (7 .5) 
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Proof. (a) � (b) .  Let us suppose R(v) is the covariance function of a 
covariance stationary process {Xn} having mean zero and variance one . 
Clearly, R(O) === E[X;] === 1 ,  and R(v) === E [XnXn + v] === E[Xn + vXn] === 
R(-v) . 
To show R( v) is positive semidefinite , let e< 1 , • . •  , ak be given, and compute 

Thus, (a) implies (b) . 

n n 
=== L L C<i C( j E[ xn + i xn + j] i = 1 j = 1 

n n 
=== I I a i e<i R(i - j) . i = 1 j = 1 

(b) � (a) . Let us suppose we are given a function R(v) having the 
properties listed in (b) , and set 

aii === R(i - j) .  

Then, for any k === 1 , 2 , . . .  , the matrix A === J la ii ! If, i = 1 is symmetric and 
positive semidefinite . According to our remarks on the multivariate 
normal distribution in Chapter 1 , we may associate with any such matrix 
A a multivariate normal distribution with zero mean and for which A 
is the covariance matrix. This procedure describes in a consistent way the 
distribution of any finite set (X" + 1 , . . .  , X" + k) and thus describes a distri­
bution of the process {Xn ; n === 0, ±1, . . . } . It is easily seen that R is the 
covariance function of this process, and thus , for every function R with 
the properties listed in (b) , there is at least one covariance stationary 
process having R as its covariance function . 

(c) � (b) . We suppose 
1[ 

R(v) = J cos vw dF(w) = E[cos vW], 
- n  

where W is a syntmetric random variable having distribution function F. 
Easily R(O) = 1, and, since cos vw === cos( -vru), R(v) = R(- 'v) . We need 
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only show that R(v) is positive semidefinite . We use the identity 
cos(x - y) === cos x cos y + sin x sin y to write 

k k k k 
L L ai ai R(i - j) === L L ai ai E[cos(i -j)W] 

i = 1 j = 1 i = 1 j = 1 

Thus (c) implies (b) . 

[ k 2 k 2 ] 
= E 

i

�
l 

IX ;  cos iW + i�l 

IX ;  sin iW > 0. 

(b) � (c) .  Let R be given. For any given n and w, use property (7 .4) 
with ai === cos jw to conclude · 

n n 
0 < L L R(i - j) cos iw cos jw. 

i = 1 j =  1 

Similarly, with ai === sin iw, we have 
n n 

0 < L L R(i - j) sin iw sin jw. 
i = 1 j =  1 

We add these inequalities and use the trigonometric identity cos(x - y) = 

cos x cos y + sin x sin y to infer 

Thus , if we define 

0 < 1 * * R(i -j) cos(i -j)w 2nn � � 
i = 1 j = 1 

n - 1 

� (n - l v\ )  R(v) cos vw. 2nn � 
v = - n + 1 

1 

n - 1 

fn(w) = 2�n L (n - lv l ) R(v) cos vw, 
v =  - n + 1 

for - n  < w < n ,  then 

Next we compute, 

1 fn (w) dw = 2�n 
• =

�
+ l  

(n - lvi ) {L cos vw dw}R(v) 
1 

=== 2nn (
n) (2n)R(O) === 1 . 

• 

\ 
I 
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Thus, for every n, fn is a probability density function on [- n , n] . Observe 
from its definition that fn is symmetric :  

Let Fn be the cumulative distribution corresponding to the density 
function fn . Using the definition for fn , we compute 

n n J cos vw dFn(w) = J cos vrofn(ro) dw 
- n  - n  } cos vro{2�n k=�+ l 

(n - l kl ) cos kroR(k)} dw 
n- 1 ( I k l 1 { n 

} k

= .?,;+ 1 
1 - --;:;-) 2n 1 cos vw cos kw dw R(k) 

i (1 - ���) (jvk R(k) 
k

= - n + 1 

= ( 1 _ I:I ) R(v) , 

where bvk is one if v === k, and zero otherwise . We have thus defined a 
sequence of distribution functions F11 for which the result (7 .5) is " approxi­
mately " true, in the sense that 

(1 - I:I ) R(v) = j cos vw dF"(w) . 
- n  

From the Helly-Bray lemma (Chapter 1) , there exists a cumulative dis­
tribution function F and a subsequence {Fnk } such that, for every bounded 
continuous function h, 

n n 

lim J h(w) dFnk(ro) = J h(w) dF(w) . k

-+ 00 - n  - n  

We apply this with h(w) == cos vw to get 
n n J cos vw dF(w) = lim J cos vw dFnk(w) k

-+ 00 - n  - n 

=== lim (1 -ri) R( v) k

-+ oo nk == R(v) , for v === 0, ±1, . . .  , 
which cornpletes the proof of the theorem. • 
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According to Eq. (7 .5) , the covariance function R(v) can easily be 
determined from the spectral distribution function F. In fact, 

1[ 

R(v) = J cos vw dF(w) 
- 1[  

states that R(v) is the Fourier-Stieltjes cosine transformation of the 
distribution F( w) . Conversely, in general the spectral distribution function 
F can he determined from the covariance function R(v) by computing 
an inverse cosine transformation. We content ourselves with stating 
without proof the results in an important case in which F(w) is differ­
entiable with spectral density function 

In this case, 

f(w) = 
dF(w) , dw 

1[ 

for -n < w < n. 

R(v) = J cos vwf(w) dw 
- 1[ 

is the cosine transformation of the spectral density function f( w) . 

Theorem 7.2. Let F(w) be the spectral distribution function corresponding 
to a covariance function R( v) . If 00 L I R(v) l < oo, 

v = O 

then F( w) is differentiable with derivative 

In this case, 
f(w) == F'(w) , -n < w < n. 

1 {1 00 } f(w) = 11 � R(O) + � cos vwR(v) 

1 + 00 
== - � R(v) cos vw 2n � v = - oo 

1 + oo 
=== - � eivroR(v) . 2n � v = - oo 

C O M P LEX-VALU E D  P R O C ESS E S  

• 

To further the theory and its applications, it is useful to have a theory 
covering complex-valued stationary processes .  As a particular example, 
in many areas of communication theory it is natural to represent the 
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instantaneous voltage and current of an alternating current signal by a 
complex number. Fortunately, it is possible to achieve this desired 
generality in a very natural way. 

Let X=== X1 + iX2 , and Y === ¥1 + i¥2 be complex random variables .  
Then we define, as anticipated, the expectation 

but for the covariance, we take 

cov[X, Y] === E[(X - mx)( Y- my)] , 
where the bar signifies the complex conjugate 

Y=== ¥1 - i¥2 • 
Thus the covariance function of a complex covariance stationary 

process {Xn} having zero mean is the complex-valued function 

v === 0, ± 1 , ± 2, . . . . 
As with real-valued processes, R(O) is real, and 

R(O) > IR(v) l , v === 0, ± 1, ± 2 , . . . .  
But symmetry now takes the Hermitian form 

R(v) === R(-v) ,  

and positive semidefiniteness is the property 
n n 

L L a i ai R(i - j) > O, 
j = l k = l  

for all n === 1 , 2, . . .  and complex numbers rx 1 , • • • , an . 
The following theorem is the generalization of Theorem 7 . 1 . The proof 

parallels that of the earlier theorem in every step and is omitt�d. 

Theorem 7.3. Let the complex-valued function R(v) , v = 0, ±1, . . .  , be given. 
The following statements are equivalent : 

(a) R(v) is the covariance function of a complex-valued covariance 
stationary stochastic process having zero mean and unit variance ; 

(�) R(O) === 1 , R(v) === R(-v) ,  for v === 0, 1 , . . .  , and R(v) is positive 
semidefinite ; 

(c) There exists a probability distribution F (not necessarily symmetric) 
on [- n ,  n] for which 

1[ 

R( v) = J ei vw dF( w ) . 
- n:  
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8 :  Gaussian Systerns 

In this section we will construct a real-valued Gaussian stationary 
process {Xn} having symmetric spectral distribution function F(w) , 
- n < w < n ,  through the formula (We use the notation Z( i ) (dw) = 
dZ<0(w) interchangeably.) 

n n 

xn = I cos nwZ(l ) (dw) + I sin nwZ< 2 > (dw) , 
0 0 

(8 .1 ) 

where { Z( i) (w) ; 0 < w< n }, i == 1 , 2 , are Gaussian processes , indepen­
dent of one another and having independent increments, and where 

E[{Z( i) (w2) - z< i)(w1 ) }2] == 2{F(w2) - F(w1) }, 
for i === 1, 2 , and 0 < w1 < w2 < n .  

In general, a representation of the form (8 .1) exists for every covariance 
stationary process, although Z( i) will not be Gaussian if {Xn} is not . The 
simple result we present is only a sample of what can be done . 

G A U SS I A N  SYSTE M S  

Let T be an abstract set and {X(t) ; t E T} a stochastic process . We call 
{X(t) ; t E T} a Gaussian system or Gaussian process if, for every n == 1 , 2, . . . 
and every finite subset {t1 , . • .  , tn} of T, the random vector (X(t 1 ) , • • •  , X(tn) ) 
has a multivariate normal distribution. Equivalently, we may require for 
every n that every linear combination 

have a univariate normal distribution. Every Gaussian system is described 
uniquely by its two parameters , the mean and covariance function, given 
respectively by 

Jl(t) == E[X(t)] , t E T, 
and 

The covariance function is positive definite , i .e . ,  for every n === 1 , 2, 
real numbers ct1 , • • .  , an and elements t 1 , • . •  , tn in T, 

, 

• • • I 

" ct . a . r(t . ' t ·) > 0. � l J l J - (8 .2) i , j =  1 
n 

We need only compute the variance of L ai{X(t i) - Jl(t i) }  to -yerify this. i = 1 
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In fact, 

n 
=== L cx i a i E[ {X(ti) - p(t i) }{X(t i) - p(t i) }] 

i , j = 1 
n 

=== L a i cxjr(t i , tj) .  
i, j = 1 

Conversely, given an arbitrary mean p(t) and positive definite covariance 
function r(t1 , t2 ) , there exists a corresponding Gaussian system. To con­
vince yourself of this , associate to every finite set {X(t 1 ) ,  • • •  , X(tn) }, t i E T, 
a multivariate normal distribution having mean vector {p(t1 ) , • • •  , p(tn) } 
and covariance matrix l lr(t i , ti) 1 17, i = 1 • This prescribes a consistent set of 
finite-dimensional distributions for the process {X(t) ; t E T}, and according 
to Chapter 1 ,  p .  32, this is enough. 

G A U SS I A N  R A N D O M  M EAS U R E  

Let E be a subset of a finite -dimensional space and g(x) a nonnegative 
function on E for which J E g(x) dx < 00 .  For every subset A of E, define 

m(A) = J g(x) dx. 
A 

We claim that the expression 

r(A, B) === m(A n B) 

defines a positive definite function with parameter index consisting of the 
subsets of E. Almost exactly as before , we compute 

where 

0 < J tt1 cx i I A,(x) } 2 g(x) dx 
E 

n 
= . � cxi ex i J I A,(x)I 4x)g(x) dx 

t ,  r = 1 E 
n 

I ai ai m(A i n Ai) ., i , j= 1 

if X E A, 
if X ¢ A. 

(8.3) 
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The Gaussian system { Z(A) ; A C E} having mean zero and covariance 
r(A, B) === m(A n B), A , B C E is called the Gaussian random measure 
induced by m. Even if JE g(x) dx === oo , we may define Z(A) , not for all 
subsets A of E, but for all sets A for which fA g(x) dx < 00 .  

Suppose E comprises all of a certain finite -dimensional space and 
g(x) === 1 for all x. The corresponding Gaussian random measure { Z(A) } is 
a stationary process whose index set is a family of subsets . The constancy 
of g ensures that (Z(A1 + x) , . . .  , Z(An + x)) has the same distribution as 
(Z(A 1 ) , • • .  , Z(An)) ,  where A1 + x is the set A1 translated by x, i .e . ,  
A 1 + x = {y : y = x + z for some z E A 1 }. 

Let us look at E === [a, b] , where 0 < a < b < oo , and suppose G(x) is a 
nondecreasing bounded function for a < x < b. Write 

whenever I =  {x1 , x2] , a < x1 < x2 < b. We have made G into a non­
negative function of half-open intervals I = (x1 , x2] C E. Set r(I1 , I2) = 
G(I1 n 12) .  We claim r(I1 , 12) is positive semidefinite . When G has a 
derivative g, the proof is exactly as in (8 .3) . The general case follows the 
same recipe, provided we replace g(x) dx by the increment dG(x) and use 
the Riem.ann-Stieltjes theory of integration mentioned in Chapter 1 . 

Let Z(I) be a Gaussian random measure on intervals I === (x, y] , 
a <  x <y < b, with E[ Z(I) 2] === G(I) . We will define the integral 

b J f(x)Z (dx) , 
a 

• 

for continuous functions f(x) by taking a mean square limit of approxi­
mating sums 

n - 1 
L f(xi) Z(Ii) , i = 0 

where Ii = (xi , xi + 1 ] ,  a == x0 < x1 < · · ·  < xn === b . 
Let f!lJ === {xi}, a === x0 < x1 < · · · < xn === b, induce a partition of [a, b] . 

We call a partition f!/J' == { x;} a refinement of f!lJ if every xi E f!JJ is also a 
point in f!/J'. Let 

n - 1 
J(f; f!/J) === L f(xi)Z(Ii) ,  

i = O 

Were f(J; f!JJ) deterministic, we would define an integral by building 
successive refinements f!/J' of an arbitrary partition f!JJ and show that · the 
approximating sums J(f; f!/J') converge . We follow the same pattern here, 
but since J(f; f!/J) is random, we substitute mean square convergence for 
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the ordinary convergence of real numbers . To be precise , we will show that 
for every preassigned e > 0 there exists a partition f?lJ, such that for all 
refinements f!JJ' 

I I  J (f; f?JJ) - J (f; &') I I  < e, 

where I I  · I I  is the mean square distance of Section 2 . Using the completeness 
property of mean square distance discussed in that section, this will 
imply the existence of a limit in the mean square sense as the partitions 
are refined.  This limit is defined to be the integral 

b 

J(f) = J f(x)Z (dx) . 
a 

Recall that iff is continuous it is uniformly continuous on [a, b] . We 
thus may choose a partition f?lJ == {xi } for which the range off on any sub­
interval Ii == (xi , xi + 1 ] is smaller than 

(> == ef J {G(b) - G(a) }, 
for any preassigned e > 0. Let f?JJ' == {xj} be a refinement of f?JJ. Each 
interval Ij == (xj , x} + 1] is contained in some Ii == (x i , xi + 1 ] . Certainly 
ei == f(xi) -f(xj) < b. Then 

I IJ(f; &) - J(f; &') 1 1 2 == E[{ J(f; &) - J(f; &') }2] 
= E [Ct�J(x;) Z(Ii) - :t:J<xJ) Z(IJ)rJ 

= E [Ct�ej Z(Ij) rJ 
m - 1 

== " e . e . G(I! n I�) � ' J l J i , j =  0 

m - 1 
< (>2 L G(Ij) == f>2 {G(b) - G(a) } == e2 • 

i =  0 

Since e is arbitrary, the approximating sums converge in the mean 
square sense as the partitions are refined. The limit achieved is the 
definition of the integral 

b 

J(f) = J f(x)Z (dx) . 
a 

It is a random variable defined as a mean square limit. 
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The integral J( · ) possesses most of the properties of the usual integral. 
We mention here linearity : 

for real rx ,  f3 and continuous /; , provided we interpret " === " as equal in 
mean square distance , 

Since J(f) is random, we may compute its mean and variance . Recall 
from Section 2 that the expectation and covariance are continuous under 
mean square convergence . Thus 

and 

E[J(f)J(h)] = lim E [� f(x;)Z(Ii) j h(x1) Z(I1)] 
=== lim L f(xi)h(xj)G(Ii n Ij) 

i, j 

= lim .L. f(xi)h(xi) J 11, (x)l1ix) dG(x) 
l , J 

= lim J { � f(x;)I1,(x) } { � h(x 1) 11i(x) } dG(x) 
b 

= J f(x)h(x) dG(x) , 
a 

for any continuous f(x) and h(x) . 
Deceptively simple , 

b 
E[J(f)J(h)] = J f(x)h(x) dG(x) 

a 

• 

(8.4) 

is the most important property of integration with respect to Gaussian 
random measures . 

S PECTRAL R EP R ES E NTATIO N  O F  A G A U SSIAN STATI O N A R Y P R O C ES S .  

Let z< t ) and z<z ) be independent Gaussian random m�asures on [0, n] 
satisfying 



8 .  G A U S S I A N  S Y S T E M S  51 5 

where I == (w1 , w2] ,  0 < w1 < w2 < n ,  and F(w), - n  < w < n ,  is a given 
symmetric distribution function. We assume F(O) == F(O-) .  The reader 
may wish to verify that such random measures may be explicitly repre­
sented by the formula 

z( i)(J) == V2{B(F(wz)) - B(F(wt ) ) }, 

where {B(t) ; t > 0} is a standard Brownian motion (see Chapter 7) . Using 
the stochastic integral J( · ) ,  define 

n n 

Xn = f cos nwz<t > (dw) + f sin nwZ<2 > (dw) , 
0 0 

= J1 (cos nw) + J2(sin nco) . 

Then, E[Xn] == 0, and, following (8 .4) , 
E[Xn Xn + v] 

n ==  0, ±1, . . .  , 

(8.5) 

== E[{J1 (cos nw) + J2(sin nw) }{J1 {cos(n + v)w) + J2(sin(n + v)w)}] 
== E[J1 (cos nw)J1 (cos(n + v)w)] + E[J 2 (sin nw)J 2(sin(n + v)w)] 

n n 

= 2 J cos nw cos(n + v)w dF(w) + 2 J sin nw sin(n + v)w dF(w) 
0 0 

1t 

= J cos vw dF(w) . 
- n  

It follows from Theorem 7 .1 that {Xn} is a covariance stationary process 
having the symmetric spectral distribution function F. 

We remark that a parallel development exists for complex-valued 
Gaussian stationary processes in terms of a complex-valued Gaussian 
random measure . 

Equation (8 .5) represents the stationary Gaussian process {Xn} in 
terms of the Gaussian random measure z<i) . We state without proof the 
converse . Let {Xn} be a stationary Gaussian process having spectral dis­
tribution function F. The formulas 

-

and 

define independent Gaussian processes having independent increments. 
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The infinite summations are understood in the mean square sense, which 
suffices to define all finite-dimensional distributions of z( i> (A,) .  If I=== ( w1 , w2] 
and z( i) (J) == z< i) (wz) - z( i> (wl ) , then 

9 :  Stationary Point Processes 

Let d be a family of subsets of the nonnegative half-line [0, oo ) , and 
suppose that every interval of the form (t, s] , 0 < t < s, is a member of d. 
A point process {N(A) ; A E d} is said to be stationary if, for every real 
number h, every positive integer k, and every set of intervals 

the k-dimensional random vector 

has the same joint distribution as the vector 

(N(t1 + h, s1 + h] ,  . . .  , N(tk + h, sk + h]) .  

Of course ,  an analogous definition can be formed when d is a family of 
subsets of the whole real line , or even a finite-dimensional Euclidean space . 

If {N(A), A E d} is 6a stationary point process, then for each fixed 
t, s > 0, the integer-valued stochastic process 

W(h) === N(t + h, s + h] , h > 0, 

is a stationary process and thus amenable to the techniques of the first 
eight sections of this chapter. However ,  the special character of point 
processes merits a separate study. 

Suppose {X(t) ; t > 0} is a stationary process for which every trajectory 
X(t) is a continuous function of t. Fix a level u and let Nu(s, t] be the 
number of times the traj ectory X(t) crosses u in the time interval (s, t] . 
Then {Nu(s, t] ;  0 < s < t < 00} is a stationary point process . In Section 10 
we will compute the mean E[Nu(O, t]] for certain Gaussian stationary 
processes {X(t) } . In the remainder of this section, we content ourselves 
with showing that a stationary renewal process (Section 7 of Chapter 5) 
induces a stationary point process. 
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Let F be an arbitrary cumulative distribution function of a nonnega­
tive random variable X having a finite mean 

00 

Jl = E[X] = J x dF(x) 
0 
00 

= f [1 - F(y)] dy, 
0 -

the last formula resulting by integration by parts (see also Problem 9, 
Chapter 1) . Thus, since it is nonnegative and integrates to one, the 
function 

g(y) === Jl- 1 [1 - F(y)] , y > O , 

is a probability density function. 
Now let X0 ,  X1 , X2 , • • •  be independent random variables ,  where X0 is 

continuous and has the probability density function g, while for i > 1 , 
Xi has the distribution function F. Construct a point process by placing 
a " point ' ' at each of the times S" === X0 + · · · +X" , for n > 0. More 
precisely, for any interval A === (t, s] , we let N(A) be the number of indices 
n for which t <Sn < s. 

We claim that the point process {N(A) , A E d}, constructed in this 
manner is a stationary point process .  Now it is quite hard to exhibit 
explicitly the joint distribution of an arbitrary vector N(O) === (N{t1 , s1 ] , 
. . .  , N(tk , sk]) . However, we need not determine this distribution but merely 
show that it is the same as that for the shifted vector N(h) === 
(N(t1 + h, s1 + h] , . . . , N(tk + h, sk + h]) . Let us write X for the entire 
infinite-dimensional vector (X0 ,  X1 , • • •  ) , and observe that N(O) is a 
vector-valued function of X. Let f denote this function, and let fh be the 
vector-valued function that carries X into N(h) . Then we want to show 
that N(O) === f(X) and N(h) === fh(X) have the same distribution. Formu­
lated this way, the problem is quite difficult . 

The trick is to express N(h) involving the same function /used to pro­
duce N(O) , but evaluated at a shifted sequence X' === (X� ,  x; , . . . ) . We 
claim 

N(h) === f(X') , 
where 

X� === SM - h, 
and where M is determined by 

(9 . 1 ) 

k > 1 , (9.2) 

(9.3) 



51 8 9 .  S T A T I O N A R Y  P R O C E S S E S  

Then to show N(h) === f(X') has the same distribution as N(O) === f(X), one 
need only show that the infinite-dimensional vector X' == (X� , X�, . . .  ) 
has the same distribution as the infinite-dimensional vector 
X== (X0 , X1 , • • •  ) , since the functionfis the same for both N(O) and N(h) .  

To verify Eq. (9 . 1) is not hard . We consider only the one-dimensional 
case in which 

N(O) === N(t, s ] , 
for some fixed t < s . Let # { } denote " number of," so that we write 

Then 

N(t, s] === # {n : t < Sn < s} 
=== f(X) . 

N(t + h, s + h] === # {n > O : t + h < Sn < s + h} 
=== # {n >M : t + h < Sn < s + h} 
=== # {n >M : t < Sn - h < s} 
= # {m > O : t < Sm +M - h < s} 
=== # {m > O : t < S;, < s} 
== f(X') , 

where ,  as before , X' and NI are given by Eqs . (9.2) and (9.3) , and s;, == 
X� + · · ·  +X;, . 

Thus , to verify that {N(A) ; A E A} is a stationary point process, we 
need only show 

has the same distribution as 

Now M is determined by the random variables X 0 , • • •  , X M , and thus is 
independent of X M + 1 , X M + 2 , . . . . It follows that the distribution of X M + k 
is the same as the conditional distribution of XM + k given M == n, which, 
using independence , is the same as that of xn + k '  which is the same �8 

that of xk . Similarly, XM + l ' XM + 2 ' . . .  are independent, and independe�t 
of S M - h. Thus X; , X� , . . .  are independent and identically distributed, 
with cumulative distribution function F, and independent of X� == S M - h. 
It remains only to show that X� == SM - h has the probability density 
function g(y) === Jl- 1 [1 - F(y)] , y > 0. But this was sho�n in Section 7 
of Chapter 5, where X� === SM - h was identified as the residual life at time 
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h. Thus, every stationary renewal process induces an associated stationary 
point process on the positive real line . 

The following is the generalization to the whole real line . 

Theorem 9.1. Let {Xn ; n === 0, ±1, ±2, . . . } be independent positive random 
variables. For k === ±1 , ±2 , . . .  , we suppose the Xk have the common proba­
bility density function f(x) for x > 0. We suppose X0 has the distribution of a 
sum Xt + X0 , where the joint distribution of Xt , X0 is given by the density 
function 

for x+ > O - ' 

If "points " are placed on the real line at S" = Xt + · · · +X" and at 
S _ n === -X0 - · · · - X_ " , for n === 0, 1, 2 , . . .  , the resulting point process is 
stationary. 

10 : The Level- Crossing Problem 

In this section we suppose {X(t) ; - 00 < t < 00} is a zero-mean Gaussian 
stationary process for which every trajectory X(t) is a continuous function 
of t .  We fix a level a and consider the number of times the trajectory X(t) 
crosses a in the time interval (0, T] .  This quantity has considerable 
importance in communication theory as well as arising in a variety of 
other fields . It is quite difficult to compute the distribution of this random 
variable, and, indeed, in many cases an explicit form is not known. 
We confine ourselves to computing the first moment, or mean, and this 
under the additional condition that 

< 00, {10.1) 
t = O 

where R(t) is the covariance function of the process . 
The derivation uses several techniques of rather general applicability, 

which we display as lemmas . 
Use the notation 

N(I) = N(s, t] , I = (s, t] , 0 < s  < t, 
for a point process .  Say that { N(I) } is without multiple events if 

lim N(t - (1/n) , t] === 0 or 1 , for all t . (10.2) 
n -. oo  

!he renewal point process of Section 9 furnishes an example . 
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Lemma 10.1. Let {N(I) } be a point process without multiple events . Fix 
T > 0 and divide the interval (0, T] into n subintervals 

ln i == ({i - 1) Tjn, iTjn] ,  i == 1 , . . .  , n ;  n ==  1 , 2 , . . . . 
Then 

Proof. Write 

n 

n 
E[N(O, T]] == lim L Pr{N(In i) > 1 } . 

{ 1 , Xn i === 0, 

n-+oo i = 1 

if N(In i) > 1 , 
otherwise, 

(10.3 ) 

and Nn === L Xni · Then Nn < Nn + 1 < N(O, T] and, in view of (10 .2) , i = 1 
limn -+ 00 Nn === N(O, T] . The interchange of limit and expectation may be 
justified to conclude 

n 

lim L Pr{N(Ini) > 1 } === lim E[Nn] === E[N(O, T]] . • n-+ oo i = 1 n-+oo 
Equation (10.3) expresses the mean number of events in [0 , T] in 

terms of the distributions of events in small intervals . We are interested 
in events defined by the crossings of a level a by a continuous process X(t) . 
Our next step is to relate the number of crossings in an interval to the 
process X(t) , and to do this we need a crisp definition of " crossing." Fix 
a. Then X(t) is said to have a crossing of a at t0 if for every positive e 
there are points t1 and t2 satisfying, on the one hand, 

i === 1 , 2 , 
and, on the other , 

[X(t1 ) - a] · [X(t2 ) - a] < 0. 
Observe , for example, that tangencies are not counted as crossings . Let 
Na(O , T] be the number of crossings of a by X(t) during (0, T]. 
Lemma 10.2. Let {X(t) } be a stochastic process for which X(t) is a continuous 
function of t and for which Pr{X(t) === a} === 0 for every fixed t. Then � 

E[Na(o, T]] = !��{� Pr{x(
(i -

n
l) T) < a <xeJ } 

+ � Pr {x(i -nl
) T

) > a > xe�) } . 
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Proof. This result is nearly the same as Lemma 10 . 1 . Let 

I Xni == 

0, otherwise . 
n 

Clearly, N� == L X�i < Nn , so that 
i = 1 

lim sup E[N�] < E[Na(O, T]] ,  n-+ oo 

521 

by Lemma 10. 1 .  On the other hand, it is apparent that for each fixed n, 

Nn < N� when m is sufficiently large , since in that case , for example, 
(X(t 1 ) - a) < 0, (X(t2) - a) > 0, for some 

will imply 

(i - 1) T  iT 
---

< tl < t2 < - , 
n n 

for some subinterval Imi of In i . [We have excluded the zero probability 
event that X(t) crosses a at a point of the form t == r T, where r is a rational 
number in (0, 1] .] Thus 

and 

lim inf E[N�] > E[Nn] , m-+ oo  

lim inf E[N,;,] > lim inf E[Nn] === E[Na(O, T)] . m-+ oo n-+ oo 
This completes the proof. • 

Thus the calculation of the mean number of crossings in an interval 
may be carried out by studying the simpler events 

and 
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If the process is stationary, these events have the same probabilities, 
respectively, as do 

A(n) === {X(O) < a <X(Tfn) }, 
and 

B(n) === {X(O) > a > X( Tjn) }. 
Theorem 10.1. Let {X(t) ; t > 0} be a zero-mean Gaussian stationary pro­
cess having every trajectory X(t) continuous in t. Suppose the covariance 
function R(t) satisfies (10 . 1 ) , and set a2 === R(O) , the variance of X(t) . Then 
the mean number of crossings of level a during (0, T] is given by 

T E[Na(O, T] ] === - (.A2 fa2 ) 1 1 2exp(-a2 J2a2 ) .  
n 

Proof. The final result must be proportional to T, by the stationary 
property, and thus we need only treat T === 1 . According to the pre­
liminaries, our task is to compute 

E[Na(O, 1]] === lim n[Pr{A (n) } + Pr{B(n) }] n-+oo 

n-+ oo 

Now A(2n) is determined by X(O) and X(2- n) , whose joint distribution 
is normal with mean zero , variance a2 === R(O) , and correlation coefficient 
p(2") === R(2 - ") /R(O) . (See Chapter 1 for a review of the bivariate normal 
distribution. )  Let 

The pair X(O) , Cn has a bivariate normal distribution, and a straightfor­
ward computation shows the mean is zero and the covariance matrix is : 

R(O) 
-2"[R(O) - R(2 - ")] 

-2"[R(O) - R(2 - ")] 
2"{2"[R(O) - R(2 - ")] - 2"[R(-2- ") - R(O)] }. 

Observe the use of the symmetry R(-2 -n) === R(2 - n) in deriving the 
entries of the matrix. Using the assumption (10 .1) , this matrix converges, 
as n� oo , to 

R(O) 
R'(O) 

R'(O) 
R"(O) (10.4) 

where R'(t) and R''(t) are the first and second derivatives ,  respectively, of 
R(t) . The symmetry of R(t) and the assumed existence of R"(O) < 00 
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imply R'(O) === 0 . Let Pn(x, z) denote this bivariate normal density of. X(O) 
and '" . Note that B(2") may be described as 

B(2") = {X(O) > a > X(2 - n) }  
=== {a < X(O) < a - 2 -"Cn}· 

Now compute 

2" Pr{B(2n)} === 2" Pr{a < X(O) < a - 2-nCn} 
0 a - 2 - nz 

= 2" J J p,(x, z) dx dz 
- oo a 

0 - z  
= J J p,(a + 2 - "x, z) dx dz. 

- 00 0 
Using the explicit form of the bivariate normal distribution given in 
Chapter 1 and the convergence of the covariance of X(O) and Cn to that 
given in (10 .4), we deduce 

where 

1im pn(a + 2- "x, z) = � exp {- 2
1 [ (a) 2 + z2] } n-+ oo 2na .A2 a Az 

= � ¢ (:) . A:;2 ¢ (A;,2) ' 
1 ¢(x) = v- exp( -x2 /2) 
2n 

is the standard normal density. 
Thus 

0 - z 1 (a) 1 ( z ) lim 2" Pr{ B(2") }  = f f - ¢ - VJ:, ¢ y- dx dz n-+ oo - oo o a a Az .A2 

- 1 ¢ (a) Jao z ¢ ( z ) dz - a a 0 � � 

= v: ¢ (:) I y¢(y) dy 
= VI; ¢ (a) I_ 

a a v'2n 

= vii; 
exp {- 1 (a) 2 } · a2n 2 a 

We obtain the same result when we compute limn-+ 00 2" Pr{A(2") }. 
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Hence 
E[ Na(O, 1)] === 2 lim 2" Pr{ B(2") }  

n-+ oo 

as claimed. • 

As a refinement, say that X(t) has an upcrossing of the level a at t0 if, 
for some e > 0, X(t) < a for t0 - e < t < t0 , and X(t) > a for t0 < t < 
t0 + e. Let Ua(O, T] be the number of upcrossings during (0, T] . Then 

E[Ua(O, T]] = lim 2n Pr{A(2n) }  =VI; exp(-a2J2a2) .  
n -+  00 2na • 

To close this section and this chapter, we state one of the more recent 
results in this fascinating area of probability. Our aim is to whet the 
student's appetite for further reading. As the level a increases, the up­
crossings become rarer, thus raising the possibility of Poisson-like 
behavior. Of course ,  as a increases, Ua(O, T] will tend to become smaller, 
and thus we require normalization. Let 

and 

VI; 2 f(a) === 2 exp(-a2f2a ) , na 

Na(t) === Ua(O, tjf(a) ) . 
Observe that E[Na(t)] === t . Here is the result . 

Theorem 10.2. With the above notation, let X(t) be a stationary Gaussian 
process , with continuous trajectories, and covariance function R(t) , where 
,1,2 == R''{O) < 00 .  Suppose that either : (i) R(t) log t -0- 0 as t -0- 00 ,  or (ii) 
J� R(s) 2 ds < 00 .  Then the distribuiion of {Na(t) ; t > 0} converges to that 
of a Poisson process as a -0- 00 .  

In thinking about why this might be so,  observe that (i) and (ii) imply 
an asymptotic independence that will reflect itself in the in.dependent 
increments of the Poisson process . 

Elementary Problems 

Exercises 1-5 all fall into the following context. Let {Xn} and { Yn} he jointly 
distributed zero-mean covariance stationary processes having covariance 
functions Rx(v) and Ry(v), respectively. Let Rxy(v) == E[X, Yn + �] ,  v ::..-= 0, 
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±1,  . . .  , be the cross covariance function. Finally, let {�n} be a zero-mean co­
variance stationary process having covariance function R�( v) and being un­
correlated with {Xn} or {Yn}· " Best " predictor, estimator, etc . ,  is in the sense 
of minimum mean square error. 

I. (a) Find the best predictor of Xn+ 1 of the form X�V 1 == aXn , where a is a 

constant to be chosen. 

Solution : a* == Rx(1 )/ Rx(O) . 

" ( 2 )  (b ) Find the best predictor of X, + 1 of the form Xn + 1 == aX n + bX n __ 1 , 
where a, b are constants . 

Solution : 

1 
a* == L\ [ Rx(1 )Rx(O) - Rx(1 )Rx(2)] , 

1 2 b* == L\ [ Rx(O)Rx(2 ) - Rx(1) ] , 

(c) Express the improvement in mean square predictor error of X�:2 1 over 
" ( 1 ) Xn + 1 in terms of Rx(v) . 

Solution : 

. . - 1 { Rx(1 )2 \ 2 
Difference In MSE - Rx(O) 

Rx(2) ,.-- Rx(O) J . 
2. (a) Find the best estimator of Xn of the form X�1 > = a Y"' where a is a con­
stant to be chosen. 

Solution :  a* == Rxy(O) f Ry(O) . 

(b ) Find the best estimator of X11 of the form X�2 ) = aYn + bYn_ 1 , where a 
and b are constants. 

Solution : 

1 
a* == .8 [Rxy(O)Ry(O) - Rxy(1 )Ry(1)], 

1 b* == .8 [Ry(O)Rx y(1 ) - Ry(1 )Rx r(O)], 
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3. Interpret Xn as a signal and �" as a noise .  We observe Zn == Xn + c;n. Find 
the best estimator of Xn of the form Xn == aZn + bZn- l ,  where a and b are con­
stants to he chosen. 

Solution : 

a* = � [Rx(O){Rx(O) + R�(O)} - Rx(1){Rx(1) + R�( 1)}], 

1 b* == L\ [{ Rx(O) + R�(O)}Rx (1) - { Rx(1) + R�( 1)}Rx(O)] , 

where L\ == {Rx(O) + R�(0)}2 - {Rx(1 ) + R�(1 )}2 • 

4. Find the best interpolator for Xn + k of the form 
A 

Xn +k == aXn + bXn +N ' 
where 1 < k < N are fixed and a, b are constants to be chosen. 

Solution : 
1 a* == � [ Rx(k)Rx(O) - Rx(N)Rx(N - k)] ,  

1 b* == � [ Rx(O)Rx(N - k) - Rx(k)Rx(N)] , 

where L\ == Rx(0)2 - Rx(N)2 • 
N 

5. Fix N > 1 and set zn = L xn + k . Find the best estimator of z n of the form k = O 
A Zn == aXn + bXn +N , 

where a., b are constants to be chosen. 

6. For n == 1 ,  2, . . .  let Xn == cos(n U) where U is uniformly distributed over 
the interval [- n, n] . Verify that {Xn} is covariance stationary but not strictly 
stationary. 

Hint : For the first part use the trigonometric identity 
cosx cosy == � [cos (x + y) + cos (x - y)] .  

Evaluate 

E[cos v U] = {� if 
if 

v == O 
v == 1 ,  2, . . .  

by symmetry. For the second part, use the same approach to determine that 
the third product moment E[Xn Xn+ v Xn+ v + h] depends on n. 

7. Suppose {B(t) ; t > 0} is a standard Brownian motion process .  Cornpute the 
covariance function for X(t) === B(t + 1 ) - B(t) , t > 0, and establish that X(t) 
is strictly stationary. 
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Answer : 

R(v) == { 1 - j v j ,  
0, 

for 
for 

l v l < 1, l v l > 1 . 
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8. Compute the covariance function for xn == V2 A sin(wn + U) where A is 
a random variable with mean zero and variance a2, and U, independent of A, 
is uniformly distributed over the interval [0, 2n ) . Assume w is a constant 
satisfying 0 < w < 2n. 
9. Suppose {Xn ; n == 0, 1 , . . .  } is a zero mean stationary process which is both 
Gaussian and Markov. Demonstrate that the covariance function must he of 
the form R(v) == a2 A I v i for some fixed A satisfying j A j < 1. 
IO. Find the spectral density function corresponding to the covariance function 
R(O) = 1 and R(v) == ay l v l , · v = ±1, ±2, . . .  , where 0 < a < 1 and I y j < 1 . 
Hint : Write R(v) == R1 (v) + R2 (v) where 

and R2 (v) == ay l v l for all v. 
A 

for v = 0 
for v -=1=- 0. 

II. Suppose Xn = a1Xn- t + a2 Xn- z  is an optimal linear predictor for X" 
given the entire past of a covariance stationary process { Xn}· What is the 
spectral density function? 

Hint : 

implies 

A 

But we know, since X" is an optimal predictor, {c;"} are uncorrelated and 1 
f�(A) = 2n , - n < A <  n. Solve for fx . 

Problems 

I. Let { � ,} be independent and identically distributed random variables having 
ffi(�an zero and variance a2 • Let {an} be a real sequence. Prove that X = 

00 00 

L a, c;, converges in n1 e an square whenever L a; < 00 [In particular, 
n = O  n .:� O  
'I ( 1  fn)�,. convergc �,;!J . Lot {17 , }  he a zcro -n1 e an cova riuncc stationary process 
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00 
having covariance function R(v) . Show that L an l'ln converges in mean square n = O  
whenever 

2. Let X, X1 , X2 , • • •  he random variables having finite second moments. 
Show that limn-+ oo I IXn - XI I == 0, if and only if both conditions limn-+ oo E[Xn Y] 
== E[XY] for all random variables Y satisfying E[Y2] < oo ,  and limn -+ oo 
I IXn l l  === I lXI I hold. 

3. Suppose 

where ai , .Ai are positive constants, j == 1 ,  . . .  , q, and V1 , . . .  , Vq are indepe!-1-dent, 
uniformly distributed in the interval (0, 2n). Show that { Wn} is covariance 
stationary and compute the covariance function. 
4. Let p(v) == R(v)j R(O) he the correlation function of a covariance stationary 
process {Xn}, where 

for constants a1 , a2 and zero mean uncorrelated random variables { c;n}, for 
which E[�; ] == a2 and E[�n Xn - k] == 0, k == 1 ,  2, . . . .  Establish that p(v) satisfies 
the so-called Yule-Walker equations 

and p(2) == a1p(1 ) + a2 • 

Determine a1 and a2 in terms of p( 1) and p(2) . 
5. Show that no covariance stationary process { Xn} can satisfy the stochastic 
difference equation xn == xn - 1 + en ' when {en} is a sequence of zero-mean 
uncorrelated random variables having a common positive variance a2 > 0. 

6. Let { Xn}: _00_ 00 be a zero-mean covariance stationary process having covari­
ance function R(v) == y l v l , v == 0, ±1, . . .  , where I Y I < 1 .  Find the minimum 
mean square error linear predictor of xn + 1 given the entire past xn ' xn - 1  . . . .  

7. Let {en} be zero-mean uncorrelated random variables having unit variances . 
Find the minimum mean square linear predictor for Xn + 1  given the entire past 
xn ' xn- 1 ' . . .  , for the moving average process 

where {3 and y are constants, I Y I  < 1 , and la l  < 1 ,  where e< == y - {3." 
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8. Let { Xn} be a zero-mean covariance stationary process having covariance 
function Rx( v) and spectral density function fx( w ),  -n < w < n. Suppose {an} 

00 

is a real sequence for which L lai ai R(i -j) l < oo , and define 
i, j = 0 

Show that the spectral density function fy(w) for {Yn} is given by 
2 

fx(w), 

(J2 [ 00 

J == � L ai ak cos(j - k)w fx(w), (Jy j ,  k = O  

9. Determine the spectral density function corresponding t o  the covariance 
function R(v) == y l v l , v == 0, ±1,  . . .  , where I Y I  < 1 .  

Answer : 

- n < w  < n. 

10. Compute the spectral density function of the autoregressive process {X"} 
satisfying 

X n == fJ 1 X n - 1 + · · · -+- fJ q X n - q + � n ' 
where { � n} are uncorrelated zero-mean random variables having unit variance.  
Assume the q roots of xq 

- {J 1 xq - 1 • • • -{J q == 0 are al1 less than one in absolute 
value . 

Answer : 

{ q 2 } - 1 
f(w) == 2nai 1 - L {Jk ei

kro , - n < w < n .  
k =  1 

11. Compute the spectral density function of the moving average process 

xn == �n + C(1 'n - 1 • 
Answer : 

1 + ai + 2a1 cos .A ,  
f(.A) == 2n(1  + cxr) 

where { � n} are uncorrelated zero-mean random variables having unit variance.  

12. Let {Xn} be the finite moving average process 
q 

X" ;;:.;;;;.; L ('J..r '11 - r ' 
r ;;;;; O 

rJ..o = 1 ., 
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where a0 � · · · � cxq are real and {�n} are zero-mean uncorrelated random variables 
having unit variance . Show that the spectral density function f(A.) may be 
written 

q 1 Il il 2 f(A.) == 2na2 l e  - zi l � 
X j =  1 

where z1 � • •  · � zq are the q roots of 
q 
L ar zq - r == o. 

r = O  

13. Show that a predictor 
A Xn == cx1Xn- 1 + · · · + ap Xn-p 

i s  optimal among all linear predictors of X n given X" _ 1 � • • •  � X n _ P if  and only ii 

k == 1 �  . . .  � P �  

where F(w), -n < w < n, i s  the spectral distribution function of the covariance 
stationary process {Xn}· 
14. Let { Xn} be a zero-mean covariance stationary process having positive 
spectral density function f(w) and variance a_i. == 1 .  Kolmogorov's formula 
states 

u; = exp ( 21n l log 2nf(w) dw} . 

"\\rhere (); == inf E[IXn - Xn 1 2 ] is the n1inimum mean square linear prediction 
error of X" given the past . Verify Kolmogorov's formula when 

with I Y I  < 1 .  
15. Derive 

from 

R('v) == y l v l , 

1[ 

1' == 0, ±1,  . . .  , 

R(v) = J (cos }.v)f(A) dA, 
- 1[  

+ oo 

f(A) = _!_ ""' R(k) cos Ak, 2n � 
k = - 00 

16. Compute the covariance function and spectral density function for the . moving average process 
00 

Xn == L ak �n - k ' 
k =  0 
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where { �n} are zero-mean uncorrelated random variables having unit variance 
and a0 , a1 , • • •  are real numbers satisfying L a� < oo .  

17. Find the minimum mean square error linear predictot· of Xn+ 1 given Xn , 
xn- 1 '  . . .  , Xo in the following nonstationary linear model : ()0 ' '1 '  '2 ' . . . , and 
e0 , e 1 , • • •  are all uncorrelated with zero means . The variances are E[()�] == v� , 
E[(�] == vz, and E[e�] == a2 , where v2 == av� , a ==  v�f(v� + a2) . Finally, Xn == 
()n + en , where ()n + 1 == ()n + (,. + 1 ,  n == 0, 1 ,  . . . .  (We interpret {Xn} as a noise 
distorted observation on the () process . )  

Answer : 

A X k == ctX k _ 1 + ( 1 - ct) X k _ 1 , for k == 1 ,  2, . . .  , 
where ct == v6f(v6 + a2) . 

18. Let { Xk} be a moving average process 
ex> 

ct0 == 1 ,  L a] < oo , 
j = O 

"\Vhere {�n} are zero-mean independent random variables having common 
variance a2 • Show that 

n 

un == L xk- 1 �k , n == 0, 1 ,  . . .  , k = O 
and 

n 
vn == L xk �k - (n -+- 1)a2 , n == 0, 1 ,  . . .  , 

k =  0 

are martinga1es with respect to { � n}· 

19. Let i == V -1 . Define the integral of a complex-valued function with 
respect to Gaussian random measure as the sum of the integrals of the real and 
imaginary parts . Similarly, define the integral of a function with respect to a 
complex random measure 

((I) == �(I) + it�(l) , I ==  (s, t] , s < t, 

as the sum of the real and imaginary parts. Obtain the representation 
1[ 

xn = f e- inw' (dw), 
- 1[  

fron1 the representation 

n == 0, ±1,  . . .  , 

1[ 1[ 

x. ""' f cos nwZ< 1 >  (dw) + f sin nwZ<2 >  (dw), 
0 0 
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by setting 

c;(s) = - c;(-s) == !Z< 1 > (s) , 
and 

11 ( s) = 11 ( -s) = � z< 2 > ( s), 
Observe that c;(I) = �(-I) and 11(I) === -11(-I), where I =  (s, t] , -I == (-t, -s] ,  
0 < s < t < n .  Compute E[((I1 )((I 2 )] , where Ii === (s i , tJ and " bar "  denotes 
complex conjugation. 

20. Suppose X0 has probability density function 

f(x) === 

{2x, 
0, 

for O < x < 1 ,  
elsewhere, 

and that Xn+ 1 is uniformly distributed on ( 1 - Xn , 1 ] , given X0 , • • •  , Xn . Show 
that {X n} is a stationary ergodic process. 

21. Show that every sequence X1 , X2 , • • •  of independent identically distributed' 
random variables forms an ergodic stationary process. 

22. Let Z be a random variable uniformly distributed on [0, 1 ) . Let X0 === Z 
and X" + 1 === 2X n (mod 1 ) that is, 

if xn < !, 
if xn > � -

(a) Show that if Z == .Z0 Z1 Z2 • • •  is the terminating binary expansion for Z == 

00 L 2 - (k + 1 )Zk '  then xn == .zn zn+ 1 • • • •  (b ) Show that xn is a stationary process.  
k = O 

(c) Show that {X"} is ergodic . (d) Use the ergodic theorem to show that with 
probability one 

where {x} is the fractional part of x( {x} == x - [x] with [ x] the largest integer 
not exceeding x ) . 

23. Let { c;n} be independent identically distributed random variables having 
zero means and unit variances .  Show that every moving average 

n == 0, + 1 ,  . . .  ., 
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is ergodic . Suppose Laf' < oo .  Is the same true of 

24. A stochastic process {Xn} is said to be weakly mixing if, for all sets A, B of 
real sequences (x1 , x2 , • • •  ) , 

== Pr{ (X 1 , X 2 , • • •  ) E A} X Pr{ (X 1 , X 2 , • • •  ) E B}. 

Show that every weakly mixing process is ergodic . 

Remark : To verify weakly mixing, it suffices to show, for every m == 1, 2, . . .  , 
and all sets A,B of vectors (x1 , • • •  , xm) , that 

1 n 
lim 

n L Pr{(X1 , • • •  , Xm) E A n-+ oo  k = 1 

25. Let {c;n} be a zero-mean covariance stationary process having covariance 
function 

n == m, 
n -::F m, 

where 0 < p < 1 .  Show that { �n} has the representation �n = U + l1n , where 
U, 171 , 172 , • . • are zero-mean, uncorrelated random variables, E[U2] = p ,  and 
E[IJf] == 1 - p. 

Hint : Use the mean square ergodic theorem to define U == lim(c; 1 + · · ·  + c;n)fn . 
Set l1n == �n - U and compute E[U�n] , E[U2 ] ,  and E[IJn 11m] ·  

26. Let {X11} be a finite -state irreducible Markov chain having the transition 
probabilities I I  Pij l l f,  j = 1 •  There then exists a stationary distribution n, i .e . ,  a 

N 
vector n(1 ) ,  . . .  , n (N) satisfying n(i)> 0, i == 1 , . . .  , N, L n(i) = 1 , and 

N 
n (j) = L n(i) P; i ,  i = 1 . 

i = 1 

j == 1 ,  . . .  , N. 

Suppose Pr{X0 -== i} =-.:::: rc(i) , i = 1 ,  . . .  , N. Show that {X"} is weakly mixing, 
ht-HOt' t'rgodic. 
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27. Let { B(t ) ,  t > 0} be a standard Brownian motion process and B(I) === B(t) ­
B(s), for I === (s, t] , 0 < s < t the associated Gaussian random measure. Show 
that 

t 

Y(t) = I f(x)B(dx) , 
0 

t >  0, 
is a martingale for every bounded continuous function f(u) , u > 0. 
28. Let {B(t), t > 0} be a standard Brownian motion process and B(I) == B(t) ­
B(s) , for I ==  (s, t] , 0 < s < t the associated Gaussian random measure . Let f(u) 
be a continuous function for u E [0, h] . Show 

t + h  

Y(t) = I f(u - t)B(du), 
t 

t >  0, 
is a stationary process. 

29. Under the conditions of Theorem 10 .2 ,  show 

where 

lim Pr { max X(s) < w} === e - t, 
ro -+ oo  O < s < tff(c.o) 

V;,2 2 2 f(w) 
== 2 exp(-w f2a ) . rca 

30. Let {B(t) ; 0 < t < 1} be a standard Brownian motion process and let 
B(I) == B(t) - B(s), for I ==  (s, t] , 0 < s < t < 1 be the associated Gaussian 
random measure . Validate the identity 

1 1 

E [exp {A I f(s) dB (s) }] = exp { �A2 I f2 (s) ds} , - oo < A < oo  
0 0 

where f( s ) ,  0 <.s < 1 is a continuous function. 

31. Let { B(t) ; 0 < t < 1} be a standard Brownian motion process and let 
B(I) == B(t) - B(s), for I ==  (s, t] , 0 < s < t < 1 be the associated Gaussian ran­
dom measure. Validate the assertion that U == fb f(s) dB(s) and V == fA g(s) 
dB(s) are independent random variables whenever f and g are b�unded con­
tinuous functions satisfying fA f(s) g(s) ds == 0. 
N OTES 

For a good introduction to the spectral theory of stationary processes ,  
see the book by Y aglom [2] . 

. 

Many aspects of stationary processes, including the level-crossing 
problem, are treated in the text by Cramer and Leadbetter [1] . 
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Appendix 

R E V I E W O F  M A T R I X  A N A L Y S I S  

1 :  The Spectral Theorem 

A. I NTRO D U CTO RY C O N C EPTS ( LI N EAR I N D EP E N DEN CE A N D  BAS I S ) t  

The set of all n-tuples (vectors) x == (x1 , • • •  , xn) ,  where the xi are complex 
numbers , forms what is called an n-dimensional vector space. The sum of 
two vectors x == (x1 , • • •  , xn) and y == (y1 , • • •  , Yn) is defined by x + y == 

(x1 + y1 , • • .  , xn + Yn) , and the product of x by a complex number A. is 
defined by AX == (h1 , • • •  , A.xn) · 

A set x(l ), . . .  , x<r) of vectors is called linearly independent if the relation 

c1 x< 1 > + c2 x<2 ) + · · · + c,x<r) == 0 

implies c1 == c2 == · · · == c, = 0. As an example, we exhibit the vectors 
( 1 ,  0 ,  . . .  , 0) , (0, 1 ,  0, . . .  , 0) , etc . ,  whose linear independence is obvious . A 
linearly independent family of vectors of n-tuples cannot contain more 
than n vectors . 

Let <p 1 , • • •  , <p, , r < n, be a linearly independent set. There is some 
vector cp, + 1 which is not a linear combination of cp1 , • • •  , <p, , i .e . ,  of the 
form c1 cp1 + · · · + c, <p, . It follows at once that cp1 , • • •  , cp, + 1 is a linearly 
independent set. Proceeding in this fashion, we may obviously augment 

t Some statements are made without formal proo fs ;  the industrious student should supply 

detailed arguments . 
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the set cp 1 , • • .  , cp, by vectors cp, + 1 , • • •  , cpn so that cp1 , • • • , cpn is a linearly 
independent set .  Since no linearly independent set can contain more than 
n elements, we can determine for each vector y and each linearly inde­
pendent set cp 1 , • • •  , cpn constants c 1 , • • • , en (necessarily unique) such that 
C1 <p 1 + . . . + cncpn == Y· 

Analogous results hold for any linear manifold W, i .e . ,  any set W of 
vectors such that x, y E W implies ax + by E W for every complex a, b. 
Given a linear manifold W, there is a unique integer m, 0 < m < n, the 
dimension of W, such that the largest linearly independent set in W 
contains precisely m elements . If cp1 , • • •  , cp, , r < m, is a linearly inde­
pendent set lying in W, there is some vector cp, + 1 E m3 which is not 
expressible as a linear combination of cp1 , • • • , cp, . As before we infer the 
existence of cp, + 1 , • • • , cpm E W such that cp 1 , • • . , cpm is a linearly independ­
ent set . Moreover, for any y E W there exist (necessarily unique) con­
stants c 1 , • • •  , c;, for which c1 <p 1  + · · · + cmcpm === y holds . Notice that 
dim W = 0 implies that W consists exclusively of the zero element, while 
dim m3 == n implies that it contains every vector. If dim W = m, any set 
of m linearly independent vectors in W is called a basis of W. The un­
qualified term " basis " will be used for any set of n linearly independent 
vectors . 

B. S CALAR P R O D U CTS 

The scalar (also called inner) product of two vectors x, y is defined by 
(x, y) == L�= 1 xiy i , where Yi denotes the complex conjugate of Yi . We 
note the following easily verified properties of the scalar product : 

(i) (x, x) > 0, with equality if and only if x == (0 , . . .  , 0) = 0. 
(ii) (A-x, y) = A-(x, y) for A, complex. 
(iii) (x, y) == (y, x) ; thus from (ii) , (x, A-y) == J:(x, y) . 

Two vectors x, y are called orthogonal if (x, y) == 0 . The norm l lx l l  of a 
vector x is defined by l lx l l  === (x, x)f. 

A set {au }, i, j == 1 ,  . . .  , n, of complex numbers defines an n-dimen­
sional (square) matrix, usually denoted by A == l laii I I , i, j == 1, . . .  , n .  An 
n X n matrix A defines a transformation (or operator) in an n-dimen­
s�onal vector space according to either Ax == y, where y i === L} = 1 aii xi , 
i == 1, . . .  , n, or xA == z, where zi === L�= 1 xi a ii , j == 1, . . .  , n .  It is imme­
diate from these definitions that 

A(cxx + {Jy) == cxAx + {JAy, (ax\+ {Jy)A === axA + {JyA, 

for any vectors x, y and constants a, {J. Further, (x, Ay) = (x.A, y) where 
-

A is the n X n matrix with elements alJ . The two transformations induced 
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by operating on the right or left are appropriately dual to each other . An 
elaborate geometric and algebraic theory of linear transformations is 
available ; it can he found in most textbooks on matrix theory. 

C. EI G E N VALU ES AN D EIG E N V ECTO RS 

A complex number A. is called an eigenvalue of the matrix A if there 
exists a vector x<;.> =I= 0 such that Ax<;.) = AX(l) . If A. is an eigenvalue of A, 
then the set W;. consisting of all vectors which satisfy the equation 
Ax = .Ax is called the right eigenmanifold of A corresponding to the 
eigenvalue A., and the members of W;. are called right eigenvectors for A. 
Clearly y and z E W;. implies ay + bz E W;. for any constants a, b. The 
dimension of W;. is called the geometric multiplicity of A. .  

If Wt , . . .  , W, are distinct eigenmanifolds of the operator _t\, and 
<pt , . . .  , 'Pr are arbitrary nonzero vectors in wt , . . .  , w, , respectively, 
then <p t , . . .  , <p, are linearly independent. In fact, supposing the contrary, 
we let m he the smallest integer for which we can find distinct wt ' . . .  , wm 
and associated nonzero vectors <p1 E Wt , . . .  , 'Pm E Wm , with accompanying 
nonzero constants ct , . . .  , em such that ct 'Pt + · · · + cm'Pm = 0 . Trivially, 
m > 2 .  Applying A to both sides of the last equation, we obtain 
AtCt<t>t + · · ·  + AmCm'Pm= 0, where Ai  is the eigenvalue corresponding to 
the eigenmanifold Wi . If one among the Ai  is zero, we have a linear 
relationship among m - 1 elements, which contradicts the definition of m .  

Thus, At =I= 0 ;  multiplying c1 'Pt + · · · + Cm<t>m = 0 by A1 and subtracting 
the result from At c1 'Pt + · · · + AmCm<t>m = 0, we have 

(A2 - A.1 )c2<p2 + · · · + (A.m - At)cm<pm === 0. 
.-.� 

This again contradicts the definition of m. It follows at once that if 
on on d. · · ·£ ld f A d (i ) ( i) • b · 
:,u.) t , . . . , :,u.)r are IStinct e1genmam o s o , an 'Pt  , . . .  , 'Pmi IS a as1s 
of m i ' i = 1' . . . ' r' then 

( t ) ( t ) ( 2 )  (2)  (r) (r) 
<pt ' • • . ,  'Pm t ' 'P1 ' · • . ,  'Pm2 ' .- . .  , <p t ' • • . ,  'Pmr 

form a linearly independent set. Therefore, A can have only a finite num­
ber of eigenvalues and eigenmanifolds. In the important case where the 
sum of the dimensions of the eigenmanifolds equals n, we can construct 
a basis (for the entire space) composed of eigenvectors only� A matrix 
with this property is called diagonalizable. 

We could just as well have started with the equation xA === AX in place 
of Ax =  AX. It turns out that the values of A for which xA == AX has a 
nontrivial solution are precisely the eigenvalues of A . as defined i'n the 
preceding paragraph. Furthermore , the dimension of the manifold of 
vectors satisfying xA === .Ax (i .e . ,  left eigenvectors) is just the niultiplic�ty 
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of A. (The reader should prove this fact.) As before, a set consisting of 
left eigenvectors, each associated with a different eigenvalue, is linearly 
independent. 

It may be noted that the eigenvalues of A are precisely the roots of the 
nth-degree algebraic equation 

det ! IA - Al i i  == 0. • 

From this and the known properties of determinants follows a result which 
we will need later on, namely, that if 

A - A1 0 
- B A 2 

where A1 , A2 are square matrices, then a number A is an eigenvalue of A 
if and only if it is an eigenvalue of (at least) one of the matrices A1 , 
A 2 • In fact, since 

det I lA - AI I I  == det I IA1 - AI I I  det I IA2 - AI 1 1 , 
where the same notation I is used for identity matrices of varying di­
mensions, the assertion is obvious . 

(a) Spectral Representation 
For the following discussion we assume that A is real, i .e . ,  its elements 
are real. Suppose that we can construct a basis for the whole space using 
right eigenvectors of A. From the preceding remarks it follows that we 
can construct a basis for the whole space, using left eigenvectors of A 
as well. If in addition the elements a ii of A are all real, we can choose the 
two bases to he biorthogonal, i .e . ,  cp1 , • • •  , cpn and V1 , . • .  , Vn are respec­
tively the bases consisting of right and left eigenvectors for which 
( cp i , Vi) == 1 if i == j and 0 otherwise .  To demonstrate the construction of 
eigenvectors with these properties, we note first that if Axi == Ai x i and 
Yi A == Jli Yi , then 

Jli(Yi ' xi) ==  (Jli Yi ' xi) ==  (yi A, x i) ==  (yi , Axi) == (yi , Ai x i) == A i(Yi ' xi) , , 
so that if Jli -=!= li we must have (yi , xi) == 0 . Next we observe that, be­
cause A is real, it follows directly that when Ax == AX holds, Ai == AX also 
holds, where x == (x1 , • • •  , xn) · We see, therefore, that the eigenvalues of A 
?ccur in conjugate pairs, and A and A have the same multiplicity. Let the 
eigenvalues of A he 

A 1 , A 1 , A 2 , A 2 , • • •  , A., , A, , A, + 1 , A, + 2 , • • .  , Am , 
where A1 , • • •  , A, are complex and A, + 1 , • • •  , Am are real. We denote the 
corresponding right eigenmanifolds by ID31 ' wl ' . . .  ' w, ' w, ' w, + 1 ' - -
• • •  , 9Dm and the left eigenmanifoldA by l! 1 , .{! 1 , • • •  , i!, , i!, , i!, + 1 , • • · , .{!m • 
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Now we have shown that every element in £1 is orthogonal to every 
element in all of the right eigenmanifolds except wl ' and similarly for 
the other left eigenmanifolds . Our task is, therefore, reduced to selecting 
a basis v1 , . . .  , vd for £1 and cp1 , . . .  , cpd for W1 such that (v i , cpj) == 1 if 
i == j and 0 otherwise , where d is the multiplicity of A-1 , and similarly for 
£1 , W1 , £2 , m32 . To do this, let cp1 , . . . , <pd be any basis for W1 , and 
y1 , . . .  , yd any basis for £1 . We wish to choose constants c1 , . . . , cd such 
that V1 == c1 y1 + · · · + cdyd , and fullfilling the conditions (V1 , cp1 ) == 1 
and (V1 , cpi) == 0 for i == 2, . . .  , d; i . e . ,  we wish to satisfy the relations 

c 1 (y 1 ' cp 1 ) + c 2 (y 2 ' cp 1 ) + . . . + c d(y d ' cp 1 ) == 1' 
C1 (Yt ,  cp2) + c2(Y 2 , cp2) + · · · + cd(Yd ,  cp2) == 0, 

• 

• 

• 

• 

• 

• 

• 

Suppose that this system of linear equations for c1 , • • •  , cd has no solution. 
This means that no linear combination of the d vectors 

yields the vector (1 , 0, . . . , 0) , and therefore the vectors f1 , . . .  , fd are not 
linearly independent. Thus, there exist constants a1 , • • •  , ad ,  not all zero, 
such \hat a1 f1 + · · · + adfd == 0. But this implies the equation 

i = 1, . . .  , d. 
But it was proved above that the set y1 , . . .  yd (and hence any li�ear 
combination of _!_he Yi) is orthogonal to every manifold of right eigen­
vectors except W1 . Now we see that a1 y1 + · · · + ad yd is orthogonal to 
every right eigenvector, and, of course, every linear combination of right 
eigenvectors . But by assumption there exists a basis formed of right 
eigenvectors, so that a1 y 1 + · · · + ad y d is orthogonal to itself, and hence 
equals 0. This contradicts the linear independence of y 1 , • • •  , y d • Thus V 1 
having the desired properties exists . We construct V2 , • • •  , Vd in a similar 
manner. It remains to show that V1 , • • •  , Vd are linearly independent. 
Suppose that a1v1 + · · ·  + advd === 0 ;  then 

O == (alwl + · · + advd ,  cp l ) = a1 , 

0 == (a lvl + . . .  + advd ,  cp2) === a2 ' 
• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

0 == (a lvl + . . . + advd ,  cpd) = ad ,  

and the above implication establishes that the vi are linearly independe�t. 
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As we have seen, if A is a matrix whose elements are all real, and whose 
right (and therefore left) eigenvectors can be chosen to be a basis for the 
whole space , we can indeed take the basis cp1 , • . .  , cpn of right eigenvectors 
and V 1 , . • . , Vn of left eigenvectors to be mutually biorthogonal, i .e . ,  
satisfying the relations (Vi , cpi) == 1 if i === j, and 0 otherwise . 

We will make use of this result to develop a canonical representation 
of the matrix A, the so-called spectral representation. Suppose that 
.A.1 , • • •  , An are the eigenvalues corresponding to cp1 , • • . , cpn , respectively ; 
i .e . ,  Acpi == A. ;cpi , i == 1, . . .  , n, where the Ai need not be distinct . Let 

Vi == ( l/J i 1  ' • • · ' f/J in) ' 
(/)1 1 • • • ({Jnl • 'I' ==  ' • 
({Jl n • • • (/Jnn 

A ==  
• • • 
• • • 

• • • 

0 0 • • • 

f/11 1  • • • l/J1 n • 
• f/J nl • • • l/J nn 

0 

• 

' 

The biorthogonality of cp1 , . . .  , cpn and V 1 , . . .  , Vn shows at once that 
'I'<D === I, where I is the identity matrix. Moreover, by direct computation 
we readily verify that <DA 'l'cpi == A i<pi , i == 1 , . . . , n.  Since Acpi == A icp i , 
i == 1 ,  . . .  , n, and the cpi form a basis for the whole space, it follows that 

-

A ==  <DA 'I' and <I> 'I' ==  I. 

From this we see that Am === <DA'I'<I>A'I' · · · <I>A'I' == <I>Am'l'. But 

A.T 0 . . . 0 
0 A� . . .  0 
• • • Am == ' • • • 

• • • 

0 0 . . .  Am n 

and so Am is relatively easy to compute , once its spectral representation 
is explicitly known. 

(h) Convergence 
W c will need to have a notion of convergence for sequences of vectors and 
sequences of matrices . 
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A sequence x(l > , x<2>, . . .  of vectors, in a given ( n-dimensional) space, is 
said to converge to a vector x<0> if 

lim x�i> == x� 0 >, l ' 
j -+ oo  

i == 1 ,  . . .  , n. 

Similarly, a sequence A<1 >, A<2 > , . . .  of n-dimensional square matrices is 
said to converge to a matrix A (O) if 

lim a��> == a��>, l) l) 
h-+ oo  

. . 1 �, J == ' . . .  ' n .  

As an elementary consequence of these definitions, we observe that if 
lim A (h) = A ( O) and lim . xU> 

== x<0> then lim A (h)x(h) == A <0>x<0 > 
h -+ oo  J -+ oo  ' h -+ oo  • 

Furthermore, if {AU> } is a sequence of matrices for which there exists 
a matrix A ( O) and a basis x<1 ), • • •  , x<n> of the whole spac.e, such that 

lim A (h)x( i) == A  (O)x( i) , i == 1 ,  . . .  , n, 
h-+ oo  

then lim A (h) == A  (O) In fact it is clear that then lim A Ch>y == A  (O)y h -+ oo  • ' h-+ oo  
whenever y == c1 x<1 > + · · · + cn x<n>, i .e . ,  for every y, since x< 1 >, . . . , x<n> form 
a basis. 

D .  POSITI V E  D EFI N ITE MATR I C ES 

An n X n real matrix A == l la ii I I  is said to be pos�t�ve definite if 
L a ii xi xi > 0 unless every xi == 0 .  For the most part we consider only 
i, j 
symmetric positive definite matrices, those for which a ii == a i i . 

A real symmetric positive definite matrix is nonsingular, and all its 
eigenvalues are strictly positive . Every such matrix has a "  square root ", 
in the sense that there exists a real nonsingular matrix P == I IP ii I I  for 
which A = PPT. Here pr denotes the transpose of P, the matrix having 
elements p!. == p . . . l) J l 

2 :  The Frobenius Theory of Positive Matrices 

The Frohenius theory of positive matrices serves usefully in numerous 
applications of probability theory, particularly in the analysis of Markov 
transition matrices. We proceed to the development of several aspects of 
this theory. 

Preliminaries 
Suppose that A === l la ii I I , i, j === 1,  . . .  , n, is a square matrix. If every a11 · is 



2 .  T H E F R O B E N I U S  T H E O R Y O F  P O S I T I V E  M A T R I C E S  543 

nonnegative, we write A > 0 ; if A > 0 and at least one aii is positive, we 
write A >  0 and call A a positive matrix ; if every aii is positive, we write 
A � 0 . We use the same notation for a vector x = (x1 , • • •  , xn) ,  i .e . ,  x > 0 
requires that x i > 0, i = 1 ,  . . .  , n ;  x > 0 implies that x > 0 and xi >  0 for 
at least one i, and x � 0 implies that xi > 0, i = 1, . . .  , n. We also write 
x > y if x - y > 0, etc. Clearly A > 0 and x > y imply Ax > Ay, while 
A � 0 and x > y imply Ax � Ay. 

Let A > 0, and let A be the set consisting of all real numbers A to each 
of which corresponds a vector x = (x1 , • • •  , xn) such that 

n 
L x i = 1, x > O, and Ax > .Ax. 
i = 1 

Let A-0 = sup A A. ; then A-0 is finite, and it is easy to verify that if A �  0 
then A-0 is positive . In fact, if M === max1 :s: i ,js n aii , then L�= 1 xi = 1 and 
x > O implies that Li= 1 aiJ xi < M L]= 1 xi = M, i = 1, . . .  , n, while 
xi > 1/n for at least one value ofj. It follows that .A.0 < nM. Similarly, if 
A �  0, and x > 0, then 0 < b = min1 :s: i,j sn  aii and Lj= 1 aij(1/n) > b, 
i = 1,  . . .  , n, from which it follows at once that ,1,0 > bn. 

Suppose that, for a matrix A > 0, we have ,1,0 = 0 . If x � 0, since 
A-0 = 0 it follows that Ax cannot be � 0. Since Ax == 0 for some x � 0 
evidently requires A = 0. Therefore, there exists some x � 0 for which 
Ax > 0. Let C1 be the set of indices of the positive components of Ax ;  
obviously c1 does not depend upon the choice of X � 0. Let y = 
(y1 ' . . .  , yn) > 0 be such that Yi > 0 if i E cl , yi = 0 if i ¢ c1 ' and define 
C2 to be the indices of the positive components of Ay. Again C2 does 
not depend upon the explicit choice of y, and C2 c C1 • Since A-0 = 0, we 
may conclude in fact that C2 =I= C1 • Continuing in this manner, we find 

c � c � - - - � c = c  == · · · = 8 1 2 m m + 1 ' 

where the indicated inclusions are all proper. We assert now· that Am = 0. 
In fact, it is clear that A mx == 0 for x � 0, and since every vector can he 
written as the difference of t"\\ro strictly positive vectors, A mz == 0 for 
every z, which is equivalent to Am === 0. 
The First Frobenius Theorem. We are now in a position to prove the first 
principal Frohenius theorem. 

Theorem 2.1. If A �  0, then (a) there exists x0 � 0 such that Ax0 = .A.0 x0 ; 
(h) if A. =I= A-0 is any other eigenvalue of A, then I .A I < A-0 ; (c) the right eigen­

vectors of A with eigenvalue A-0 form a one-dimensional subspace, i.e . ,  
dim mJAo = 1 .  
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Proof. (a) By definition of A-0 , there exists a sequence y 1 , y 2 , • • • � A-0 
and vectors x(l > , x<2 >, . . .  such that 

x< n > 0, Ax(i) > "' .  x< i) - l l  ' and xii) + · · · + x�i) = 1 .  (A2 . 1 )  

Since the components of all the x< i) lie in the interval [0, 1], we can 
determine by a diagonalization procedure a sequence of positive integers 
n1 < n2 < n3 < · · ·  and a vector x0 = (x� , . . . , x�) where x? E [0, 1] 
(r = 1 ,  2 ,  . . . ) such that 

r = 1, . . . , n.  (A2 .2) 

It follows from (2 .1) that x� + · · · + x� === 1 and that x0 > 0. Further­
more, if we replace i by n i in the second inequality of (2 . 1) and let j � oo ,  
it follows that Ax0 > A-0 x0 • We claim that in fact Ax0 == A-0 x, for other­
wise Ax0 > ,1,0 x0 • But then, applying A to both sides of this last in­
equality, remembering that A � 0, and setting y0 === Ax0 , we infer that 
Ay0 � ,1,0 y0 and y0 � 0. Thus for e > 0 and sufficiently small we have 
Ay0 � (A-0 + a)y0 ; multiplying y0 by a suitable positive constant so as 
to make the sum of its components equal to 1 ,  we see that A-0 + e belongs 
to A, which contradicts the definition of ,1,0 • Hence Ax0 == .A.0x0 • Since 
x0 > 0 and A �  0, we have A-0 x

0 � 0, or x0 � 0, which proves (a) . 
(h) Suppose that A. -=f. A-0 and Az == .A.z, where z -=f. 0. In component form 

Az == .A.z is just 
n 

� a . .  z . = A.z . ,  � 'LJ J ., i == 1 ,  . . .  , n .  
j = l 

Taking the absolute value of both sides, keeping in mind that aii > 0, arid 
using the fact that the absolute value of a sum does not exceed the sum 
of the absolute values of the summands, we obtain 

n 

L aij l zi l > I A- I I z i l ,  i == l , . . .  , n, 
j = l 

• I .e . ,  

Multiplying I zl by a suitable positive constant so that the su� of the 
components is equal to 1 (recall that z =I= 0) , we see that l A- I belongs to A. 
Thus l A- I < A-0 by the definition of A-0 • To show that I A- 1 < A-0 , consider 
the matrix A6 == A - <51, where I is the identity matrix and <5 is chosen so 
small that A6 � 0. Since ,1,0 is the largest positive eigenvalue of A, A-0 - <5 
is the largest positive eigenvalue of A6 • 

· 

We repeat the above argument for I .A I < A-0 with A and A replaced by 
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A6 and A - b, respectively. It follows that l A. - b l  < A.0 - b. But 

I A I == I A. - b + bl < I A. - b l  + c5 < A.o ,  

545 

so that I A. I == A.0 implies I A. I == l A. - b l  + b, which requires that A he 
real and positive . Therefore A == I A. I === A.0 , and this contradicts the 
assumption A -=f. A0 • (c) Suppose that Ay == ,1,0 y and for no constant c does y == cx0 • Since 
A is a real matrix the vectors u, v whose components consist of the real 
and imaginary parts, respectively, of the components of y are also eigen­
vectors of A with eigenvalue ,1,0 , and since y =I= cx0 for any value of c, 
it follows that at least one of u, v is not of the form cx0 • Thus, we might 
just as well assume y to be real in the first place . As x0 � 0, we can choose 
J1 so that x0 - JlY > 0 hut not � 0 ; that is to say, we can take 
I J1 I == miny1 :#= 0 {x?//yd }, and of appropriate sign. But A(x0 - J1y) = · 
A.0(x0 - JlY) ;  as in the proof of part (a) , necessarily (x0 - J1Y) � 0, which 
is in contradiction to the choice of Jl· • 

Before continuing, let us make a few simple observations . If A � 0, 
then we can assert the existence of a vector f 0 � 0 such that f 0 A = .A.0f 0, 
and the manifold of left eigenvectors corresponding to ,1,0 is one-dimen­
sional. To verify this let A.' == sup A ' A where A' == {A.I fA >  A.f for some 
f > 0 }, and as in the proof of Theorem 2 . 1 ,  we conclude the existence of 

" 

f 0 � 0 such that f 0 A == A.' f 0, I A. I < A.' if A. is any eigenvalue -=!=- A.' and the 
manifold of the left eigenvectors corresponding to A.' is one-dimensional. 
But this implies that I A.o l  < A.' if ,1,0 -=!=- A.', since A.0 is an eigenvalue of A. 
But Theorem 2 . 1 says that I A.' I < ,1,0 if the eigenvalue A.' is different from 
A.0 • Hence A.' == A.0 • 

Theorem 2.2. If A > 0 and Am � 0 for some integer m > 0, then the asser­
tions of the preceding theorem hold. 

Proof. As in the proof of Theorem 2 . 1 , we can find x0 > 0 such that 
Ax0 > l

o x
0 • If Ax0 -=!=- Ao x0 ' then Ax0 > AoX0 • Applying Am to both sides, 

we find that Am + 1x0 � ,1,0 A�0, and y == Amxo � 0. Thus Ay � A0 y and, 
by the proof of Theorem 2 . 1 , this contradicts the definition of ,1,0 ; hence 
Ax0 == ,1,0 x0 • Applying A successively to both sides of Ax0 = A.0 x0, we 
find A mxo == A,� x0 • Since Am � 0 and x0 > 0, we conclude that .A.�0 � 0, 
and hence x0 � 0. For Theorem 2 . l (b) , the proof that I A. I < A0 depended 
only upon A > 0. Suppose then, that I A. I == A.0 , and Az == A.z for some 
z -=f. O. Then Amz == ;,mz, Amxo = A.� x0 , and I A.m l == A� .  If we knew that 
A,� was the largest positive eigenvalue of Am, the proof would paraphrase 
that of Theorem 2 . 1 .  Now, since Am � 0 by Theorem 2 .1 we know 
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that Am has a largest positive eigenvalue with a corresponding eigen­
vector all of whose components are positive . Thus, if A,� is not the largest 
positive eigenvalue of Am, we may conclude that Am has two positive 
eigenvalues A-1 > A-2 and corresponding eigenvectors x1 , x2 � 0. But this 
is not possible ; for, let Jl > 0 be such that x2 - JlX1 > 0 hut not � 0. 
Then A m(xz - JlXl ) � 0. On the other hand, A m(Xz - JlXl ) = A2 Xz -JlAt xl 
= A.2(x2 - JlX1 ) - (A-1 - A.2)Jlx1 • Since the first term is not � 0 while the 
second term is � 0, we obtain a contradiction. The proof of (c) is identical 
with that given for Theorem 2 . 1 (c) , once one observes that any eigen­
vector of A is an eigenvector of Am. • 

To continue our study of matrices A > 0 for which Am � 0 for some 
integer m > 0, ·we introduce a matrix of rank 1 of the form 

where x0 is the same as earlier, and £ 0 � 0 satisfies f 0A = A-0£
0 and is 

normalized by a multiplicative factor so that L�= 1 x? f? === 1 .  Then P 
has the following properties : 

(i) For any vectors x and f, Px == ( x, f 0)x0, fP === ( f, x0) f 0, in 
particular Px0 = x0, f 0P = f 0 • 

(ii) P2 
= P. 

(iii) AP = PA = A-0 P. 

The first two assertions are verified by direct computation ; as for the 
third, we observe that for any vector x 

APx === A(x, f 0)x0 = (x, f 0}Ax0 === (x, f 0}A.0 x
0 === A-0 Px, 

so that AP = A.0 P ;  similarly fPA = fA.0 P, which implies PA = A.0 P. 
We now quote without proof the following fact : Let B be a (square) 

matrix ; set B" === l l b�j) I I , and 

r = max lim �� b��p I · 
i,j n --+- oo 

Then B has an eigenvalue A.* such that I A-* 1 = r, and if A is any other 
eigenvalue of B, then I A-I < r. Frequently r is called the spectral ·radius of 
B. �r e are now prepared to prove the following theorem. 

Theorem 2.3. If A > 0, Am � 0 for some integer m > 0, and A-0 and P are 
. 

dejined as above� then 

1 - A" -� P 
A-Z 

as n --)-- 00 .  
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Proof. We assert first that if A is an eigenvalue of B == A - A0P, then 
I AI < Ao . In fact, suppose that Bz = )�.z for some z -=f. 0. Then 

APz = PBz === P(A - A0P)z = (A0P - A0P2)z  = A0(P - P)z = 0, 

and so Bz = AZ reduces to Az = AZ. We know from Theorem 2 .2 that 
either A =  Ao or I A I < ) .. 0 • If A ==  Ao , then Az == A0z, and therefore z is a 
multiple of x0 • But as established above, APz = AZ -=f. 0 is impossible . 
Hence the spectral radius r of B satisfies r < Ao . Let p satisfy r < p < Ao ; 

• since 

r = lim zymaxl b�j) l < p, 
n_. oo i,j 

it follows that maxi ,i l b�j) l < p" for n sufficiently large . Using properties 
(ii) and (iii) of P, we readily verify by induction that 

Bm == Am - A� P 
or 

Am Bm - - + P 
A�

- A� . 
Since maxi ,j I b�j) l < p" for n sufficiently large, 

and so Bm/Am -+ 0. • 

- < - ---). 0 b�j) ( p )m 
A� - Ao  ' 

The Second Frobenius Theorem. The main Frobenius theorem is as 
follows . 

Theorem 2.4. Assume A > 0, and let Ao be defined as in Theorem 2 . 1 .  
Then (a) .A0  is an eigenvalue of A with an eigenvector x0 > 0 ; (h) if A is any 
other eigenvector of A, then I A I < A.0 ; (c) 

1 m Ai 

-2:�  m 
i =  1 A� 

converges if x0_�  0 ; (d) if A is an eigenvalue of A and I A. I = Ao , then 
11 == A/Ao is a root of unity and 1JmA0 is an eigenvalue of A for m =  0, 1 ,  2 ,  . . . .  

ProlJf. (a) Let E be the matrix all of whose components equal 1 ;  hence 
A +  <5E � 0 for every <5 > 0 . Let 0 < <51 < <52 ; and choose x = (x1 , • • •  , 
xn) > 0 such that L7= 1 xi = 1 .  Then (A + <5 1 E)x > AX implies that 

(A -1- <52 E)x == (A + <51 E)x + (<52 - <51 )Ex 
> [A -1- (c52 - c51)]x. 
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Thus, if A-0( <5) is the value of .A.0 corresponding to the matrix A + <5E, we 
see that .A.0(<5) is an increasing function of <5. We note that .A.0(0) is the 
value of .A.0 corresponding to A itself. Now Theorem 2 .1 affirms the 
existence of a vector x(<5) � 0, normalized so that L�= 1 xi( b) = 1 and 
satisfying 

(A + <5E)x(<5) = .A.0(<5)x(<5) . 

Let <51 > <52 > · · ·  he a positive sequence whose limit is zero . By the 
proof of Theorem 2 . 1, we can find integers n1 , n2 , • • • such that 
lim i --+  00 x( <5 n) -+ x0, where x0 is some vector > 0 and Li = 1 xP = 1 . Clearly 
A +  <5n1 E -+  A and .A.0( <5n1) -+  A.' > A-0 • Since 

letting j -+  oo yields Ax0 == A.'x0 • But according to the characterization of 
A.0 established in Theorem 2 . 1 (b) , A-0 > A,' ; hence A-0 = A.' and (a) is proved. 

The proof of (h) is identical to that for the case A �  0. 
For (c) and (d) , there is cl({arly no loss of generality in assuming .A.0 == 1 , 

since otherwise we could divide every element of A by A.0 • 
(c) Since Ax0 == x0 we have Amx0 == x0 • Writing this equation in terms 

of components we find immediately that 

max x? 
0 < (m) < i 

- aii - --.--o . rmn xi i 

Hence the elements of Am are uniformly bounded. 
Let L = {x iAx == x} and K = {yly = (I - A)x for some x }; i .e . ,  L is the 

linear space of fixed points of A, and K is the linear space of the range 
of the matrix 1-A. In addition define 

Clearly L is a closed linear space such that, for every x in L, 

and so limm-+ 00 sm X == X . We will show that sm X also converges for every 
x in K and that every vector x in n-dimensional coord�nate space is in L Ee K, (the direct sum of the spaces L and K) . This will complete the 
proof of (c) . 
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we assert that for y E K, limm-+ 00 sm y == 0. In fact, since y === (I - A)x 
for some x, 

Ay + · · ·  + Amy Ax - Am + lx 
Smy == ------

m m 

tends to 0 as m 0- 00 by virtue of the fact that the elements of Am are 
uniformly bounded.  

To show that every vector x i s  the sum of a vector in L and a vector 
in K consider 

X == (x - Smx) + sm X == y m + Zm . 

Since the elements of Am are uniformly bounded we may conclude that 
the components of y m and zm are also bounded. Hence there exists a 
sequence of positive integers m1 < m2 < · · · and a vector z0 such that 

Since 

we have 

and z0 E L. 
Also 

i-+ 00 

• as t -+ 00 ,  

Zo == lim zmi = lim Azmi == A lim zmi = Azo 
i-+ oo  i-+ oo i-+ oo 

1 2 
Ym == X - Smx == - [(x - Ax) + (x - A x) + · · ·  + (x - Amx)] 

m 

= (I - A) [x 
+

(I + A)x 
+

(I + A + A2)x 
+ · · · + 

m m m 

which implies that y m E K. Since K is a closed linear space and the ele­
ments of Ym are uniformly bounded, Ymi 0- x - z0 E K  as i � oo. Thus 
x == (x - z0) + z0 where x - z0 E K, z0 E L, and the proof is complete . 

(d) We know that there exists a vector f 0 > 0 such that f 0A == £ 0 • 
Let us assume first that f 0 � 0. Suppose now that A -=f. 1 ,  I A I == 1, and that 
Ax :___ AX for some x -=f. 0. Then 

n 
L a11 x1 = AX1 ./ = 1 i = 1, 2, . . . , n  
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and so 
n 

L a ii lxi l > l x i l or Alx l  > l x l . 
j = 1 

But if Alxl > l x l then ( f 0, l x l ) < ( f 0 , Alx l )  == (f 0A, lx l )  = (f0 , lx l ) .  This 
absurdity implies the result Alx l  = l xl . Consequently 

n n 
L aii lxi l = lxi l = I L aii xi l ' i == 1 , 2,  . . .  , n 

j = 1 j = 1 

and so there exist constants Jlt , . . .  , Jln , I Jli l = 1, such that 

(*) a . . x . = a .  · I x · I l l . l.J J l.J J f"'J,  for all i, j. 

Let x · y denote the vector (x1 y1 , • • •  , XnYn) · Multiplying the preceding 
relation by Jl} (the rth power of Jli) and summing over j, we find that 

A(x · p') == p ·  A( I xl · p') . 

At the same time, summing over i in (*) , we obtain 

from which follows 

Thus 

Ax ==  p · Aix l , 

.Ax =  p · lx l . 

A(x · p') = p ·  A( .Ax ·  p' - 1 ) = .A.p · A(x · p' - 1 ) ,  r = 1 , 2 ,  . . . , 

from which it follows inductively that A(x · p') = A,' +  1 (p' · x) . Thus A.' is an 
eigenvalue of A for r = 1 ,  2, . . . . Since the number of eigenvalues of A :is 
finite, A, must be a root of unity. 

Suppose now that f 0 > 0 but not � 0. By relabeling, if necessary, the 
rows and columns of A, we may assume that f 0 = (f? , . . .  , f� , 0, . . .  , 0), 
where J? > 0, i = 1 , . . .  , r. Since A > 0 the relation f 0 A = f 0 implies 
the decomposition 

0 
A , 

2 

where A1 is an r X r matrix and A2 is an n - r X n - r matrix and also 
that the vector (JP , . . .  , f,0) is a left eigenvector, with eigenvalue 1 , of 
A1 • Let }�. be an eigenvalue of A;  if A, is an eigenvalue of A1 we are hack to 
the case considered with A1 replacing A. If A. is not an eigenvalue of A1 , 
it must be an eigenvalue of A2 • But the eigenvalues of A2 are eigenvalues 
of A and they do not exceed 1 in absolute value. At the same time, since 
A2 > 0 it has a largest positive eigenvalue which is an upper hound for the 
absolute values of all its other eigenvalues .  Since I A-1 = 1 , the largest 
positive eigenvalue of A2 is precisely 1 . We can obviously apply to A2 
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the preceding analysis ;  either it has a left eigenvector � 0 corresponding 
to the eigenvalue 1 ,  or else it is of the form (under suitable rearrangement 
of its rows and columns) 

A 
A3 0 

z - Bt A4 • 

Continuing in this way we can reduce the problem in a finite number of 
steps to the situation in which there exists a left eigenvector � 0 with 
eigenvalue 1 .  • 

The following corollaries yield some useful information concerning the 
spectral radius A 0 (A) of a positive matrix A. The first corollary is simply a 
restatement of Theorem 2 .4, (a) and (b) . 

Corollary 2.1. If A > 0, then the eigenvalue of largest magnitude A.0 = A0(A) 
is real and nonnegative and is characterized as Ao = max A A, where 

A = {A IAx > AX for some x > 0}. 

Corollary 2.2. If A >  0 and there exists x0 � 0 such that Ax0 < JlX0, then Jl 

is an upper bound for A0 (A) . 

Proof. Applying A to both sides of Ax0 < JlX0, we have A 2x0 < pAx0 

< 112x0 and iterating we obtain 

n = 1 ,  2, . . . .  

This readily implies 

and so 

max x? 
a�'?) < "n 

_
i 
__ 

1.) - I"" • 0 ' min xi 
i 

A0 (A) = lim �maxl a�j> l < Jl· • 
n-+ oo i,j 

Corollary 2.3. If A >  B 2:: 0, then A0(B) < .A.0(A) . 
Proof. This can he seen either from Corollary 3 .1  or from the relation 

A0(A) = lim �max a�j> 2:: lim �max b�j> = A0(B) , 
n-+ oo i,j n-+ oo i, i 

since it is clear that A >  B > 0 implies An > Bn > 0, n = 1 ,  2, . . . • • 
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A 

Abel's lemma, 64 

Absorption, mean tirne until 
in a birth and death process, 119 

in a Markov chain, 1 1 2  

Absorption, probability of 
in a birth and death process , 1 1 5 
in a Markov chain , 89 

Accessible state , 59 
Age process, see also CurrPnt l i fP 

limiting distribution of, 2:�6 
as a Markov process, 2 :l2  

Age replacernent,  SN' J{epla ce nlPn t r n od Pls  
Aperiodic Markov chains,  62 
Arith rnetic distribution , 190 

Autocorrelation function , 1!11. 1. 
Autoregressi ve pr.ocess , 155- 'l. () I ,  S2 C) 

n 

Backward K olru ogorov di ffen• � t ti a l  
equation , 1 35 ,  1· 1 6  

Backward rnartingalcs, SN) M a r t.i n ga lPs 
Busie rc� newal  Lh eoren t ,  1 9 1 
Bessel p•·oeeH!4, :J67,  :i H5 . :\ B'J 

113 

Beta distribution, 1 5  
Beta integral, 36 

Binomial distribution , 16 
Birth and dea th processes , 1 3 1-1 50 

with linear growth , 1 5 5 , 162 ,  111 
linear growth with i rntuigration,  1 3 7 

logistic process, 144 

martingale related to, 32 1-32 3,  330 
mean tirne until absorption , 1 48 
probability of absorption , 1 4.5 
pure birth processes, 1 19-1 20,  1 5 8 

queues, 137 

telephone trunking tnodel , I :39 

Block rep) acernent, see Replace a n ent 
models 

Borel-Cantelli lenuna, 1 9  

Borel measura ble, 3 0 1  

Borel sets, 301 

Branching processes, 54· ,  392-412 

in continuous ti rne,  412-4 1 6  

electron multipliers modeled as, 392 

extinction probabili ty, 376-·100, 1· 1 6  
generating func tion relations, :3911· 

wi Lh i rn  ru  igra tion,  :l26, 1.27 

.l{ol rnogoro v equn Lions fo l' , !J. 1 6  
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martingales related to, 242 , 29 1 ,  400 

with multiple types, 41 1-412 

neutron chain reaction modeled as,  392 

pure death process, 400 

in random environments, 489 

renewal equation of, 2 1 6  

split times in, 292 

survival of family na n1es, 393 

survival of mutant genes, 393 

with two types, 424-43 1 

with variable lifetime, 43 1-436 

Brownian motion, 2 1-22 , 28,  30 ,  34.0-391 

absorbed at the origin, 354 

with drift� 355 

geometric, 357,  363 , 385 

martingales related to, 320, 357-365 ,  

389-390 

multidimensional Brownian motion , 
366 

radial, see Bessel process 
reflected at the origin, 352 

squared variation of, 378 

total variation of, 3 79 

c 

Cauchy criterion for convergence , 454 

Central limit theorem, 19 

in a renewal process, 208 

Chapman-Kolmogorov equation, 1 3 2 ,  

342 , 42 5 

connected with branching processes, 
414 

Characteristic function, 10 

Chebyshev 's inequality, 20 

Coefficient of excess, 42 

Communicating states , 60 

Conditional density function,  7 

Conditional distribution function , 5 
Conditional expectation, 5-9 

with respect to u-field , 302 

Continuity of sample paths, 371 

Convergence of randon1 v ariahles , 18 

Convex function , 249 

Conv olution , 4 ,  182 

Correia tion coefficient, 14 

Correia tion function , 444 

Counter models, 1 2 8, 1 7 1 , 1 77- 1 8 1 , 202 , 

204 

Covariance, 4 

Covariance function, 44-1 
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Covariance matrix, 1 7  

Covariance stationary process, 3 0 ,  445 

prediction of, 470-474 

Crossing inequality, 273 

Cumulative process, 20 1-20� 

Current life 
limiting distribution, 1 9 3  

i n  a Poisson process , 1 7  4 

in a renewal process, 1 70 

D 

Diagonalizable matrix, 538 

Differential equations of birth and 
death processes, 1 3 5  

Diffussion equation, 3 4 1  

Diffussion process, 30 

Directly Riemann integrable function, 
190 

Doob's martingale process , 246 , 293 , 

3 09-3 1 3 ,  332 , 376 

E 

Eigenvalues a:p.d eigenvectors, 538 

Electron multipliers, 392 

Elementary renewal theoren1 ,  1 8 8  

Entropy, 49 5-5 02 

Entry time, 3 1 9  

Ergodic states in a Markov chain, 85 

Ergodic stationary processes, 487 

Ergodic theorem, 474 

mean square convergence, 476 , 480-482 

for sample correlations, 4 79-480 

strong theorem, 483-486 

Ergodic theory, 4 7 4-489 

Excess life 
limiting distribution of, 192 

in a Poisson process, 173 

in a renewal process, 169 

Exponential distribution, 1 5  

Extinction in branching processes 
in continuous time,  4 1 6-418 

in discrete time, 396 

F 

Forward Kolmogorov differential 
equations, 1 3 6 ,  4 1 6  

Frobenius theor y, 542-5 5 1  
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G 

Gambler's ruin, 49 , 92-94, 1 08 

Gamma distribution, 1 5  

Gamma function, 3 6  

Gaussian process, 376,  445 

Gaussian random measure, 5 1 1 ,  5 3 1  

Gaussian systems, 5 1 0  

Generating function, 1 1- 1 3  
relations for branching processes , 394 

Genetic models , 5 5 ,  5 7 ,  1 14,  141 ,  2 1 2 ,  393 

Geometric Brownian motion, see 

Brownian motion, geometric 
Geometric distribution, 1 6  

H 

Haar functions, 335 , 3 73 

Haploid models, 55 

Hazard rate , 229 

Heat equation, 383 

Helly-Bray lemma, 19 

Hilbert space, 469 

I 

Independent increments, 27,  34 

Index parameter, 26 

I ndicator function, 25 5 ,  309 

Inequalities 
_Chebyshev 's inequa lity, 20 

Jensen's inequality , 1 1 6 , 249 

Kolmogorov's inequality, 280,  388 

rnartingale crossings inequality, 273 

maximal inequality for submartingales, 
280,  3 3 1  

for partial sums, 275 

Schwarz' inequality, 20, 45 1 ,  452 

triangle inequality, 452 

Infini tely often, 1 9  
I nfini tcsi rnal generato r ,  132 

l n fini tesirn al matrix, 1 5 1  

I nven tory rnodels, 5-3 , 17 1 ,  2 1 8  

l rTcduei ble M a l'kov ( 'h u i ns,  60 

J 
.J enAen '�  i neq ual ity, 1 1 6 ,  24,9 
J oin t d iH tdhu tion , 3 
,J o i n t  I IOI' I t t n l  d iHtdbn llinu , J rJ, 

K 

Kolmogorov 's formula, 530 

Kolmogorov 's inequality, 280, 388 

L 

Lapla ce transform ,  1 3 ,  36 1 ,  385 

of a renewal equation, 236 

Law of large numbers, 19  
martingale proof of, 3 16 

Law of the iterated logarithm , 380 

Law of total probability, 6,  8 

Lebesgue-Stieltjes integral, 3 

Length-biased sampling, 1 7 5 ,  195 

Level-crossing problem, 519 

Levy convergence criterion, 1 1  
Likelihood ratios , 245 

as a martingale , 245 

Lirni t theorems, 1 8-19 

for branching processes, 419 

for Markov chains, 83 

Limiting distribution 
of current life (age) in a renewal 

process , 1 93 , 236 

55& 

of excess life in a renewal process, 1 92 

in a Markov renewal process , 207 

Linear fractional transformations, 402 

Linear predictors , theory of, 463 

Linearly independent vectors, 536 

Logistic process , 1 44 

M 

Marginal distribution func tion, 3-4 

Markov branching process, 4 1 3 ,  42 5 

Markov chain, 30 

absorption probabilities, 89 

basic limit theorem, 83 

classification of states, 59 

in continuous time, 1 50 

definition, 45-80 

martingales related to, 24 1 -242 , 287,  

328-329 , 337 

peri odicity, 61 
recurrence of, 62-7 3 ,  94.-9 6 

M arkov process , definition of, 29 

Markov renewal processes , 207 

M a rkov ti rne , 25;1.-25 6 ,  308, :1 1 R  
eounterexu r u plc, :\ �J;J, 

IVI n r· tingule eo n ve r·g·t � l l < 'O theo rP r us,  
2 7B-2B7 
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for backward 1nartingales, 3 1 6 

mean square con vergence , 282. :1 33 

Martingales , 28,  34,  238-339 

backward martingales, 3 1 4  

with continuous paru rnPter,  3 1 8  

related to branching processes, 400 

related to Brownian rnotion, 357-36 5 ,  

3 89-390 

related to Markov chains, 287 

related to a Markov process, 358 

with respect to u-fields, 306 

Maximal inequality, 280 , 3:3 1  

Mean square con vergence, 45 1 

Mean square distance, 45 1-464 

Mean sq uared error , 46 1 

Measurable ra ndom variables, 299 

Minimal process, 1 34 

Mixing stationary processes,  488 

Moving average processes, 449 , 455-46 1 . 

5 3 1  

Multinomial distribution , 1 7 ,  67 

Multivariate norm al distribution, 14 

N 

Negative binomial distribution, 16 

Negative multinomial distribution, 39 

Neutron chain reaction, 392 

Norm , 469 

Null recurrent state, 85 

0 

Option contracts, see Warrants 
• 

Optional sampling theorem, 253 , 257 

for dominated martingales , 259 

Optional stopping theorem, 26 1 ,  see also 
Optional san1pling theorem 

for supermartingales, 266 

Order statistics , 126 

p 

Parseval relation, 377 

Periodicity of Markov chains, 6 1  

Point of increase, 190 

Point processes, 3 1-32 

stationary, 5 1 6  

Poisson distribution, 1 6  

Poisson point process, 3 2  
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Poisson process, 22-26,  28,  30-3 1 ,  

1 1 7-128,  1 5 8-160 

characterization of, 2 19,  226-22 8  

distribution of total life, 232 

martingales related to, 32 1 

as a renewal process, 1 70,  1 73 

waiting times in, 124 

Positive definite matrices, 54.2 

Positive recurrent state, 85 

Positive semidefinite functions, 504 

Prediction theorem, 465 

Probability space, 298 

Pure birth processes, 1 1 9-120,  see also 
Birth and death processes, Yule 
process 

Pure death process, 1 5 8 ,  see also Birth 
and death processes 

in a branching process, 400 

Q 
Queuing models , 96-106,  138,  202 

associated renewal processes, 1 7 1  

M /M / 1  system,  1 57, 163 

queuing Markov chain, 52 

R 

Radon-N ikodym derivative, 246 , 3 1 3  

Random sum , 1 2  

Random walk, 48, 67,  1 06, 1 12 ,  263 

range of, 493 

Realization of a process, 2 1  

Recurrent states, 66 

Reflection principle, 345-3 5 1  

Renewal argument, 183 

Renewal counting process, 167 

Renewal equation, 81-82 , 87-89 , 1 84 

the Laplace transform of, 236 

related to a branching process, 2 1 7  

Renewal function, 168, 1 7 3 ,  1 8 1  

asymptotic expansion of, 195 

Renewal process, 30-3 1 ,  167-2 3 1  

age process a s  a Markov process, 232· 

associated point process, 5 1 6  

delayed,  197 

stationary, 199 

superposition of, 22 1 

terminating, 204 

Renewal theorem, 189, 197 

basic renewal theorem , 1 9 1  
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elenu�n tu f \J  t ' t • nn w u l  t l u •on� rn 1 88 tY ' 

Renewul Uu,nr y .  u I U:! 
Replumnnf'u l. r n od P IH ,  1 7 5 1 77,  202, 203 

age l't' J-•hu •r H t HH l l . , 1 7h ,  229 

bloolt r·c • pln c · C ' n tPn t, I l l ,  1 77,  204, 2 3 1  

plu n r u'd r·cu t l u " c � r n e n t, 76 

Res(,rvoh· rnodols ,  270 

R i�-th t l't 'f.(U i u l' Hnq uences, 241 

1\isl{ u 1 odolH ,  201· , 209, 336 

iS I 
Sarnplc function, 2

Sculur  products , 53V 
Schauder functions f 3 73 

Schwarz'  inequaJit� , 2 0 ,  45 1 

Semi- Markov process, 207 
I 

Sequential decision models , 25 1 

Shift invariant event, 487 

Shift operator, 45 8, 486 

u-fields, of events, 298 
Span of a distribution, 190 

Spectral analysis, 5 02 

Spectral density function, 508 

Spec tra l distribution function, 503 

Spectral representation , 539 

Spectral theorem , 536 

Standard Brownian m otion, 343 

State space, 26 

Stationary increments, 27 

Stationary probability distribution, 85 
Stationary processes, 44·3-53 5 

complex valued, 508 

Stationary transition probabilities , 30, 45 

Stirling's· form ula , 36 

Stock market models, 42 , 267, 363 

Stopping time, see Markov time 
Submartingales, 248-25 0 ,  see also 

Martingales 
Subordination, 367 

Success runs, 54,  70,  3 3 5 ,  337 

Sums of independent random variables, 
240 

as a martingale, 240 

associated renewal processes, 1 7 1  

Supe:rmartingales, 248-250,  see also 
Martingales 

T 

Total life 
in a Poisson process, 17 4, 232 

in a renewal process, 1 70 

Traffic flow models, l 7 1  

Transient state, 64, 94 

Transition probability, 29 

Transition probability matrix.  46 , 58 

Triangle inequality, 452 

u 

557 

Uniform distribution, 1 5 ,  126 

Uniformly integrable randon1 varia hlf'� , 
258,  279 

Upcrossings inequality, 273 

Urn models, 244, 290 

Ehrenfest model, 5 1 ,  1 6 1  

Polya model, 1 1 5 

related martingales, 329 

v 

Vector space, 469 

w 

Waiting times, 167 

of a birth and death process , 133 

in a Poisson process , 124 

Wald 's approximation, 265 

Wald's identity, 1 87,  264,  327,  see also 
Wald 's martingale 

W aid's martingale, 243 

Warrants, 267,  363 

Weakly stationary process, 445 

Wide-sense stationary process, 445 

Wiener process, 22 

y 

Yule process, 1 19 ,  122,  1 5 8 ,  1 60 ,  1 6 5 ,  

43 8, 439 

Yule-Walker equations, 528 
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