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PREFACE

The purposes, level, and style of this new edition conform to the tenets
set forth in the original preface. We continue with our tack of developing
simultaneously theory and applications, intertwined so that they refur-
bish and elucidate each other.

We have made three main kinds of changes. First, we have enlarged on
the topics treated in the first edition. Second, we have added many
exercises and problems at the end of each chapter. Third, and most
important, we have supplied, in new chapters, broad introductory discus-
sions of several classes of stochastic processes not dealt with in the first
cdition, notably martingales, renewal and fluctuation phenomena associ-
ated with random sums, stationary stochastic processes, and diffusion
theory.

Martingale concepts and methodology have provided a far-reaching
apparatus vital to the analysis of all kinds of functionals of stochastic
processes. In particular, martingale constructions serve decisively in the
investigation of stochastic models of diffusion type. Renewal phenomena
arc almost equally important in the engineering and managerial sciences
especially with reference to examples in reliability, queueing, and inven-
Lory systems. We discuss renewal theory systematically in an extended
chapter. Another new chapter explores the theory of stationary processes
and its applications to certain classes of engineering and econometric
problems. Still other new chapters develop the structure and use of
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diffusion processes for describing certain biological and physical systems
and fluctuation properties of sums of independent random wvariables
useful in the analyses of queueing systems and other facets of operations
research.

The logical dependence of chapters is shown by the diagram below.
Section 1 of Chapter 1 can be reviewed without worrying about details.
Only Sections 5 and 7 of Chapter 7 depend on Chapter 6. Only Section 9
of Chapter 9 depends on Chapter 5.

]
2
3
/\
4 5 6
l
8 9 7

An easy one-semester course adapted to the junior—senior level could
consist of Chapter 1, Sections 2 and 3 preceded by a cursory review of
Section 1, Chapter 2 in its entirety, Chapter 3 excluding Sections 5 and /or
6, and Chapter 4 excluding Sections 3, 7, and 8. The content of the last
part of the course is left to the discretion of the lecturer. An option of
material from the early sections of any or all of Chapters 5-9 would be
suitable.

The problems at the end of each chapter are divided into two groups.
The first, more or less elementary; the second, more difficult and subtle.

The scope of the book is quite extensive, and on this account, it has
been divided into two volumes. We view the first volume as embracing
the main categories of stochastic processes underlying the theory and
most relevant for applications. In 4 Second Course we introduce additional
topics and applications and delve more deeply into some of the issues of
A First Course. We have organized the edition to attract a wide spectrum
of readers including theorists and practitioners of stochastic analysis
pertaining to the mathematical, eﬂgineering, physical, biological, social,
and managerial sciences.

The second volume of this work, A4 Second Course in Stochastic Processes,
will include the following chapters: (10) Algebraic Methods in Markov
Chains; (11) Ratio Theorems of Transition Probabilities and Applications;
(12) Sums of Independent Random Variables as a Markov Chain; (13)
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Order Statistics, Poisson Processes, and Applications; (14) Continuous
Time Markov Chains; (15) Diffusion Processes; (16) Compounding
Stochastic Processes; (17) Fluctuation Theory of Partial Sums of Indepen-
dent Identically Distributed Random Variables; (18) Queueing Processes.

As noted in the first preface, we have drawn freely on the thriving
literature of applied and theoretical stochastic processes. A few represen-
tative references are included at the end of each chapter; these may be
profitably consulted for more advanced material.

We express our gratitude to the Weizmann Institute of Science,
Stanford University, and Cornell University for providing a rich intellec-
tual environment, and facilities indispensable for the writing of this text.
The first author is grateful for the continuing grant support provided by
the Office of Naval Research that permitted an unencumbered concentra-
tion on a number of the concepts and drafts of this book. We are also
happy to acknowledge our indebtedness to many colleagues who have
offered a variety of constructive criticisms. Among others, these include
Professors P. Brockwell of La Trobe, J. Kingman of Oxford, D. Iglehart
and S. Ghurye of Stanford, and K. It and S. Stidham, Jr. of Cornell. We
also thank our students M. Nedzela and C. Macken for their assistance in

checking the problems and help in reading proofs.

SAMUEL KARLIN
HowaArRp M. TAYLOR






PREFACE TO FIRST EDITION

Stochastic processes concern sequences of events governed by proba-
bilistic laws. Many applications of stochastic processes occur in physics,
engineering, biology, medicine, psychology, and other disciplines, as well
as in other branches of mathematical analysis. The purpose of this book
is to provide an introduction to the many specialized treatises on stochas-
tic processes. Specifically, I have endeavored to achieve three objectives:
(1) to present a systematic introductory account of several principal
areas in stochastic processes, (2) to attract and interest students of pure
mathematics in the rich diversity of applications of stochastic processes,
and (3) to make the student who is more concerned with application
aware of the relevance and importance of the mathematical subleties
underlying stochastic processes.

The examples in this book are drawn mainly from biology and engineer-
ing but there is an emphasis on stochastic structures that are of mathe-
matical interest or of importance in more than one discipline. A number
of concepts and problems that are currently prominent in probability
research are discussed and illustrated.

Since it is not possible to discuss all aspects of this field in an elementary
lexL, some important topics have been omitted, notably stationary
stochastic processes and martingales. Nor is the book intended in any
sense as an authoritative work in the areas it does cover. On the contrary,
iIls primary aim is simply to bridge the gap between an elementary

Xv
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probability course and the many excellent advanced works on stochastic
processes.

Readers of this book are assumed to be familiar with the elementary
theory of probability as presented in the first half of Feller’s classic
Introduction to Probability Theory and Its Applications. In Section 1,
Chapter 1 of my book the necessary background material is presented
and the terminology and notation of the book established. Discussions
in small print can be skipped on first reading. Exercises are provided at
the close of each chapter to help illuminate and expand on the theory.

This book can serve for either a one-semester or a two-semester course,
depending on the extent of coverage desired.

In writing this book, I have drawn on the vast literature on stochastic
processes. Each chapter ends with citations of books that may profitably
be consulted for further information, including in many cases biblio-
graphical listings.

I am grateful to Stanford University and to the U.S. Office of Naval
Research for providing facilities, intellectual stimulation, and financial
support for the writing of this text. Among my academic colleagues I am
grateful to Professor K. L. Chung and Professor J. McGregor of Stanford
for their constant encouragement and helpful comments; to Professor J.
Lamperti of Dartmouth, Professor J. Kiefer of Cornell, and Professor P.
Ney of Wisconsin for offering a variety of constructive criticisms; to Dr.
A. Feinstein for his detailed checking of substantial sections of the manu-
script, and to my students P. Milch, B. Singer, M. Feldman, and B.
Krishnamoorthi for their helpful suggestions and their assistance in
organizing the exercises. Finally, I am indebted to Gail Lemmond and
Rosemarie Stampfel for their superb technical typing and all-around
administrative care.

SAMUEL KARLIN
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Chapter 1

ELEMENTS OF STOCHASTIC
PROCESSES

The first part of this chapter summarizes the necessary background
material and establishes the terminology and notation of the book. It is
suggested that the reader not dwell here assidously, but rather quickly.
It can be reviewed further if the need should arise later.

Section 2 introduces the celebrated Brownian motion and Poisson
processes, and Section 3 surveys some of the broad types of stochastic
processes that are the main concern of the remainder of the book.

The last section, included for completeness, discusses some technical
considerations in the general theory. The section should be skipped on a
first reading.

1: Review of Basic Terminology and Properties of Random

Variables and Distribution Functions

The present section contains a brief review of the basic elementary
notions and terminology of probability theory. The contents of this
section will be used freely throughout the book without further reference.
We urge the student to tackle the problems at the close of the chapter;
they provide practice and help to illuminate the concepts. For more
detailed treatments of these topics, the student may consult any good
standard text for a first course in probability theory (see references at
close of this chapter). |

The following concepts will be assumed familiar to the reader:

(1) A real random variable X.
(2) The distribution function F of X [defined by F(1) = Pr{X < 1}]

and its elementary properties.

(3) An event pertaining to the random variable X, and the probability
thereof.

(4) E{X}, the expectation of X, and the higher moments E{X"}.

(5) The law of total probabilities and Bayes rule for computing
probabilities of events.

The abbreviation r.v. will be used for ¢ real random wvariables.”” A r.v.

1
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X is called discrete if there is a finite or denumerable set of distinct values
Ats Azy ... such that ¢;=Pr{X=1}>0,1i=1,2,3,..., and ) ;a;,=1.
If Pr{X = 1} = 0 for every value of A, the r.v. X is called continuous. If
there is a nonnegative function p(f), defined for —oo'<<t << o0 such
that the distribution function F' of the r.v. X is given by

then p is said to be the probability density of X. If X has a pfrobability
density, then it is necessarily continuous; however, examples are known
of continuous r.v.’s which do not possess probability densities.
If X is a discrete r.v., then its mth moment is given by
E[X"] =) A" Prix=4;}

l

(where the A; are as earlier), if the series converges absolutely.
If X is a continuous r.v. with probability density p(-), its mth moment

is given by
E[X™] = f 2"p(x) dx,

provided the integral converges absolutely.

The first moment of X, commonly called the mean, is denoted by m,
or uy. The mth central moment of X is defined as the mth moment of the
r.v. X —my if my exists. The first central moment is evidently zero; the
second central moment is called the variance (63) of X. The median
of a r.v. X is any value v with the property that Pr{X >+v} > 1 and
Pr{X <v}>1.

If X is a random variable and g is a function, then Y = g(X) is also
a random variable. If X is a discrete random variable with possible values
Xy, X, , ..., then the expectation of g(X) is given by

E[g(X)] = ¥ gx;) Pr{X = x,} (1.1)

i=1

provided the sum converges absolutely. If X is continuous and has the
probability density function py then the expectation of g(X) is computed
from

E[g(X)] = [ g(x)px(x) dx. (1.2)

The general formula, covering both the discrete and continuous cases is

E[g(X)]= [8(») dFx{x) (1.3)
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where F'y is the distribution function of the random variable X. Techni-
cally speaking, the integral in (1.3) is called a Lebesgue-Stieltjes integral.
We do not require knowledge of such integrals in this text but interpret
(1.3) to signify (1.1) when X is a discrete random variable and to represent
(1.2) when X possesses a probability density function p, .

Let Fy(y) = Pr{Y <y} denote the distribution function for Y = g(X).

When X is a discrete random variable

E[Y]=)y Pr{Y=y}
=2 8(x;) Pr{X ==}

if v,=g(x;) and provided the second sum converges absolutely. In
general

E[Y]= [y dFy(y)

— [(x) dFy(x). (1.4)
If X is a discrete random variable then sois Y = g(X). It may be, however,
that X is a continuous random variable while Y is discrete (the student
should provide an example). Even so, one may compute E[Y ] from either
form in (1.4) with the same result.

A. JOINT DISTRIBUTION FUNCTIONS

Given a pair (X, Y) of r.v.’s, their joint distribution function is the
function F'yy of two real variables given by

F(ll, }.,2) — ny(lll, 12) — PI'{X S Al’ YS_ }.2}.

(The subscripts X, Y will usually be omitted unless there is possible
ambiguity.)

The function F(4, +00) = lim,_ _, F(4, 1,) is a probability distribution
function, called the marginal distribution function of X. Similarly, the
function F'(4 o0, A) is called the marginal distribution of Y. If it happens
that F(A,, +o0): F(4 00, 4,) = F(4,, 4,) for every choice of 4, , 4, , then
the r.v.’s X and Y are said to be independent. A joint distribution function
Fyyis said to possess a (joint) probability density if there exists a function
Pxy(s, t) of two real variables such that

Ay A

Fyy(Ays 2)= [ | pxy(s, ) dsdt

— 00 — 0

for all 4,, A4, . If X and Y are independent, then pyy(s, t) is necessarily of
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the form py(s)py(t), where py and p, are the probability densities of the
marginal distribution of X and Y, respectively.

The joint distribution function of any finite collection X, , ..., X, of
random variables is defined as the function

F(ie, ..., Aw) = Fxl,...,xn(/h s eees An)

= Pr{X, <4{, ..., X, <4,}

The distribution function

is called the marginal distribution of the random variables X; , ..., X, .
If F(4y,....4) = Fx (4) ... - Fx_(4,) for all values of 4,, 4,,...,
A,, the random variables X, .. X are said to be independent.
A joint distribution function F (Ay, ..., 4,) is said to have a probablllty
density if there exists a nonnegative functlon p(ty, ..., t,) of n variables

such that

F(4, j J (L1 ..., t,) dt, --- dt,
for all real 4, ..., 4,.

If X and Y are jointly distributed random variables having means my
and my, respectively, their covariance (cyy) is the product moment

oxy = E[(X — mx)(Y — my)].

If X, and X, are independent random variables having the distribution
functions F;, and F,, respectively, then the distribution function F of
the sum X = X, + X, is the convolution of F'; and F,:

F(x)= [ Fi(x —y) dF,(y)

= [ Fy(x—y) dF ().

Specializing to the situation where X, and X, have the probability
densities p; and p,, the density function p of the sum X =X, + X, is
the convolution of the densities p; and p,:

= [ pix—2)pa(y) dy
= [ palx—y)pi(y) dy-
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B. CONDITIONAL DISTRIBUTIONS AND CONDITIONAL EXPECTATIONS

The conditional probability Pr{4| B} of the event A given the event B
is defined by

Pr{A and B}
Pr{B} ’

Pr{A|B}= if Pr{B}>0,

and is left undefined, or assigned an arbitrary value, when Pr{B}=0.
Let X and Y be random variables which can attain only countably many
different values, say 1, 2,.... The conditional distribution function

Fy y(-|y) of X given Y =y is defined by

PriX<x, Y=y
Pl ) = {Pr{Yzy} :

if Pr{Y=y}>0,

and any arbitrary discrete distribution function whenever Pr{Y =y} = 0.
This last prescription is consistent with the subsequent calculations in-
voked on conditional distribution functions.

Suppose X and Y are jointly distributed continuous random variables
having the joint probability density function p,y(x, y). Then the condi-
tional distribution of X given Y =y is given by

| Pxs(&y) A
Fxly(xly) — 522

Py(y)

wherever py(y) >0, and with an arbitrary specification where p,(y)= 0.
Note that Fy,, satisfies
(C.P.1) F, y(x|y) is a probability distribution function in x for each
fixed y;
(C.P.2) Fy y(x|y) is a function of y for each fixed x; and
(C.P.3) For any values x, y

Pr{ng, YS}’}: f FX|Y(x|’1) dFy(n)

n<y

where Fy(n) =Pr{Y <5} is the marginal distribution of Y. As noted
carlier, in this book, the reader need only deal with the integral in
(C.P.3) for the discrete and continuous versions. To wit, when Y is a
continuous random variable having the probability density function p(y)
the integral in (C.P.3) is computed as

PrX <x, Y<y}= | Fy;y(xln)p,(n) dn.

n=sy
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And when Y is discrete the formula is

Pr(X < Y <y}= Y Fyylxln) Pr(Y = ).

n<y

These three properties capture the essential features of conditional
distributions. In fact, from (C.P.3) we obtain

PriX <x, Y=y}=Pr{X <x, Y<y} —Pr{X<x, Y <y}
— Z FX|Y(x|’7) Pr{Y=n}— Z FX|Y(x|'1) Pr{Y = n}

n=<y n<y

= Fy y(x|y) Pr{Y =y}

which then implies the definition Fy y(x|y) = Pr{X <=x, Y=y}/Pr{Y=y},
at least where Pr{Y =1y} > 0.
In advanced work,* (C.P.1-3) is taken as the basis for the definition

of conditional distributions. It can be established that such conditional
distributions exist for arbitrary real random variables X and Y, and

even for real random vectors X = (X,, ..., X,) and Y=(Y,, ..., Y,).
The application of (C.P.3) in the case y = 00 produces the law of total

probability
PriX <x}=Pr{X <=x, Y < o0}

_ f Fy y(x|y) dFy(y),

which is one of the most fundamental formulas of probability analysis.
When Y is discrete this relation becomes

Pr{X_<_x}=Zy:Pr{X_<_x|Y=y} Pr{Y =y}

and where Y has the probability density function py(y) we have

Pr{X <x}= f Pr{X <x|Y =y}py(y) dy.

— o0

When X and Y are jointly distributed continuous random variables,

* For more explication, including rigorous and intuitive discussions on conditional expectations
the reader can consult Section 7, Chapter 6. These concepts play a fundamental role in the
modern development of martingale theory.
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N

we may define the conditional density function py y(x|y) of X given
Y =1y by

d
Pxy(x|y) = I x1v(®|y)

_ Px y(%, y)
py(¥)
at values y for which p,(y) >0, and as a fixed arbitrary probability
density function when p,(y) =0.

Let g be a function for which the expectation of g(X) is finite. The
conditional expectation of g(X) given Y = y can be expressed in the form

E[g(X)|Y =y] = | gx) dFx;y(x| ).

When X and Y are jointly continuous random variables, E[g(X)| Y =y]

may be computed from

E[g(X)|Y =y]= f g8(x)py (%] y) dx

8(x)pyy(x,y) dx

=f , if py(y) >0, (L.5)
py(y)

and if X and Y are jointly distributed discrete random variables, taking

the possible values x,, x,, ..., then the detailed formula reduces to

E[g(X)|Y =] = 3 () PrX=x]Y =]

Y glx) Pr(X ==, Y=y)

— 9 .f P Y: .
PrY =5 if Pr{Y=y};>0

In parallel with (C.P.1-3) we see that the conditional expectation of
g(X) given Y = y satisfies
(C.E.1) E[g(X)|Y =y] is a function of y for each function g for which

E[|g(X)|] < o0; and
(C.E.2) For any bounded function h we have

E[g(X)h(Y)] = [ E[g(X)| Y = ylh(») dF y(y)

where F is the marginal distribution function for Y.

l.ct us validate the latter formula in the continuous case.

We will stipulate that the set of values y for which p,(y) >0 is an
interval (a, b) where —o0 <a < b < +00. We first insert the appropriate
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probability density functions, and then substitute (1.5). This gives

[ Elg(X)|Y = yIh(y) dFy(y) = | E[g(X)|Y = ylh(y)p () dy

( | g®)pxiy(x|) dx)h(y)py(y) dy

(_fw 80 = ’;((’“y’)y ) dx)h<y>p ) dy

| 8OR(y)Pxy(x, ) dx dy

= E[g(X)h(Y)].

In the last step we have used that py,(x, y) > 0 only when a <y <b.
The special case in (C.E.2) with h(y) =1 produces the formula expressing
the law of total probability for expectations,

E[g(X)] = [ E[g(X)|Y =] dFy(y),

which, when Y is discrete, becomes

E[gX)]= 2, E[g(X)|Y =] Pr{Y =y}
and, when Y has a probability density function p,, becomes

E[g(X)]= [ E[g(X)|Y = y]py(y) dy.

Since the conditional expectation of g(X) given Y = y is the expecta-
tion with respect to the conditional distribution Fy y, conditional expec-
tations behave in many ways like ordinary expectations. In particular, if
a, and a, are fixed numbers and g, and g, are given functions for which

E[|g(X)|]] < o0, i=1, 2, then
E[a,8,(X) + a,2,(X)| Y =1y]
— a1E[81(X)\ Y=y]+ta, E[gz(X)\ Y=y].
According to (C.E.1), E[g(X)|Y = y] is a function of the real variable y.
If we evaluate this function at the random variable Y, we obtain a

random variable which we denote by E[g(X)|Y]. The basic property
(C.E.2) then is stated for any bounded function & of v,

E[g(X)h(Y)] = E{E[g(X)| Y]A(Y)}-
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When h(y) =1 for all y, we get the law of total probability in the form
E[g(X)] = E{E[g(X)| Y]}-

The following list summarizes these and other properties of conditional
expectations. Here, with or without affixes, X and Y are random variables,
¢ is a real number, g is a function for which E[|g(X)|] < o0, fis a bounded
function and h is a function of two variables for which E[|h(X, Y)|] < co.

Ela;8(X,) + a,8(X;)| Y] = a,E[g(X})| Y] + o, E[g(X,)| Y], (1.6)
g>0 implies E[g(X)|Y]>0, (1.7)
E[h(X, Y)IY———y]zE[h(X,y)lY———y], (1.8)

E[g(X)| Y] = E[g(X)]
if X and Y are independent, (1.9)

E[g(X)f(Y)|Y]=F(Y)E[gX)|Y], (1.10)

and
E[g(X)f(Y)] = EXE[g(X)| Y ]f(Y)}. (1.11)
As consequences of (1.6), (1.10) and (1.11), with either g=1 or f=1,

we obtain,
Elc|Y]=c, (1.12)
E[f(Y)|Y]=f(Y), (1.13)
and

E[g(X)] = E{E[g(X)| Y ]}. (1.14)

C. INFINITE FAMILIES OF RANDOM VARIABLES

In dealing with an infinite family of random variables, a direct general-
ization of the preceding definitions involves substantial difficulties. We
need to adopt a slightly modified approach.

Given a denumerably infinite family X, , X, , ... of r.v.’s, their statis-
lical properties are regarded as defined by prescribing, for each integer
n>1 and every set i;,...,1, of n distinct positive integers, the joint
distribution function Fy, y of the random variables X, ,..., X, .

Of course, some consistency requirements must be imposed upon the

infinite family Fy, x, , namely, that

-----
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and that the distribution function obtained from
Fth, Xigseeos Xin(j’l ? )’2 AR 'ln)

by interchanging two of the indices i, and i, and the corresponding vari-
ables A, and A, should be invariant. This simply means that the manner
of labeling the random variables X, , X, , ... is not relevant.

The joint distributions {Fy,  y } are called the finite-dimensional
distributions associated with {X,}°_ . In principle, all important probabil-
istic quantities of the variables {X,}°., can be computed in terms of the
finite-dimensional distributions.

D. CHARACTERISTIC FUNCTIONS

An important function associated with the distribution function F of
a r.v. X is its characteristic function ¢(t) (abbreviated c.f.), where tis a
real variable —o0 <<t << c0. We write it suggestively in the form

b(1) = f e dF(1), i=V_—1 (1.15)

= E[e'"*].
Again the reader should interpret (1.15) symbolically. If F has a proba-

bility density function p, the characteristic function becomes

o0

d))= | e"*p(4) di.

— O

When F is a distribution of a discrete r.v. X with possible values
Ao and Pr{X=1}=4qa, (k=0, 1, ...), then (1.1) reduces to the

series expression

o) = Y ety
k=0

Much of the importance of characteristic functions derives from the
following three results:

(a) The relation between distribution functions and characteristic
functions is one-to-one. Thus, knowing the characteristic function is
synonomous to knowing the distribution function. The equation which
expresses the distribution function in terms of its characteristic function
is known as Levy’s inversion formula; as we do not need it, we refer the
reader to one of the references for a discussion of this matter.

(b) If X,, ..., X, are independent r.v.’s, the characteristic function of
their sum is the product of their characteristic functions. This simple
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result makes characteristic functions extremely expeditious for dealing
with problems involving sums of independent random variables.

(¢) When they are finite, the moments of a random variable may be
determined by differentiating the characteristic function. The explicit
relation is

E[X!] = 7 *(0)

where i =1 —1 and ¢™®(1) = d*¢(z)/dt* is the kth derivative of the
c.f. ¢(z).

The one-to-one correspondence between distribution functions and
their characteristic functions is also preserved by various limiting pro-
cesses. In fact, if F', F|, F,, ... are distribution functions such that
lim,_, , F,(A) = F(A) for every A at which F'is continuous and ¢,(t) is the
c.f. of F,, then

(0.0) (0.0)

balt) = [ eHdF,(2) > ()= | " dF()
uniformly in every finite interval. Conversely, if ¢,, ¢,, ... are the
characteristic functions of distribution functions F,, F,, ... and

lim,_,  ¢,(t) = ¢(t) for every t, and ¢(t) is continuous at t = 0, then ¢(¢)
is the c.f. of a distribution function F' and lim,_, , F,(1) = F(A) for every
A at which F' is continuous. This result is known as Levy’s convergence
criterion.

E. GENERATING FUNCTIONS AND LAPLACE TRANSFORMS

For random variables whose only possible values are the nonnegative
integers, a function related to the characteristic function is the generating

(unction, defined by

g(s) = D pis*
k=0

— E[Sx]v

where

pr = Pr{X =k}.

Since by hypothesis p, >0 and ) p, =1, g(s) is defined at least for
k=0
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|s| <1 (sis a complex variable) and is infinitely differentiable for |s| < 1.
The generating function of a nonnegative integer valued random variable
X is related to the characteristic function ¢ of X formally through a
change of variable s = e'': (1) = E[e'X]
= E[(e")]
= g(e")-
Thus generating functions inherit the three basic properties of charac-
teristic functions;
(a) A generating function determinesthe distribution function uniquely;
(b) The generating function of a sum of independent nonnegative integer
valued random variables is the product of their generating functions; and

(¢) The moments may be obtained through successive differentiation.
The factorial moments are given by

E[X(X—1) - ... - (X — k)] = g%+ (1),
where g®)(s) = d*g(s)/ds* is the kth derivative of g. Hence
E[X]=g"(1)

E[X?] =g'P(1) + gV (1).

We give an example of the use of generating functions in working with
sums of independent random variables. Let N, X,, X,, ... be independent
nonnegative integer valued random variables and suppose we wish to
determine the generating function gg(s) of the sum R=X, + --- + X, a
sum of random variables with a random number of terms.

Let gy(s) be the generating function of NV and suppose the X, have the
same distribution function with common generating function g(s). Then,

using (1.14) and (1.9),
gr(s) = E[s"]
_ E[le +---+XN]

— E{E[sX1* X~ N]}

and

— 3 E[s¥1+ | N = n] Pr{N = n)
n=0

= Y E[s**T " %] Pr{N = n}
n=0
(since IN and X, are independent)
= 3 ¢(s)" Pr(N =n)

= E[g(s)"]
— &yla(s)].
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To sum up:
8r(s) = 8xl8(s)].

Using the chain rule for differentiation we calculate

gr(s) = gula(s)] - &'(s)
¢

and setting s = 1 we can infer
E[R] = E[N] - E[X].
In a similar fashion we calculate the variance of R, o}, given by

or = E[X]* - oy + E[N] - 0%,

where 67 and o3 are the variances of N and X, respectively. (See Ele-
mentary Problem 4.)

The following slight extension is also available. Let X, X,, ... be
arbitrary independent identically distributed random variables (i.e., not
necessarily integer valued), and let IV be as above. Then

¢R(t) — gN(¢(t))9

where ¢z and gy are the characteristic function and generating function
of R=X, + - + X, and N, respectively, and ¢ is the common charac-
teristic function of the X;.

When considering nonnegative r.v.’s it is more natural to replace the
characteristic function by the Laplace transform of the distribution
function. If the distribution F'y has a density py, the Laplace transform is
defined as

b = [ e pole) .

This integral exists for a complex variable s, where s = ¢ | it, ¢ and ¢ real,
o > 0. When s is purely imaginary, s = it, |y y(s) reduces to the characteris-
Lic function ¢y(—t). For a discrete nonnegative r.v. the Laplace trans-

form 1s defined as o
Y x(s) = Z e S*n Pr{X=1,}.
n=0

As in the case of characteristic functions, if X,, X, , ..., X, are non-
negative independent r.v.’s then

W st x,(8) = kljl Vx,(s)-

In the case of general distribution functions we write

Ux(s) = [ e dFy(®)

0
(or the Laplace transform.
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[]

As in the case of c.f.’s the Laplace transform uniquely determines the
distribution function.

F. EXAMPLES OF DISTRIBUTION FUNCTIONS

Some elementary properties of several distribution functions are given

in Tables I and II.

Two multivariate distributions of fundamental importance are:

(a) Multivariate Normal
Let 6., 6,, m;, m, and p be real constants subject to ; >0,1 =1, 2
and 0 <p < 1. Let

1 x; — my\> x; —my\ (x, —m, x, —m,\*
Q(x“xZ)_l—Pz{( 04 )—2p( 01 )( O, )+( P) )}

If X, and X, are r.v.’s for which

b

. 1
Pr{X, <a, X, <b} = f f 90 0 V/1 e
— o0 — o0 1Y2 T

1
exp{— 9 Qlxy, xz)} dx, dx,

then X, and X, are said to have a joint normal distribution. It can be
verified that E[X;]=m,; for i =1, 2 and that the variance of X, is o?.
The covariance is given by

E[(X; —m)(X; — m;)] = po,0,

and p (a dimensionless variable) is called the correlation coefficient. The
joint characteristic function is

(le, Xz(t19 tz) _ E[ei(t1X1 +t2X2)]
= exp{i(tym, +t,m;) — (¢ 07 + 2pty01t,0, + 15 63)}.

If X, and X, have a joint normal distribution then the conditional distri-
bution of X, given X, =x, is also normal with probability density
function

szlxx(xZle) — exp [_ é ( ] , — 00 < x, < 00,
2o o

where

and
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Some Frequently Encountered Continuous Probability Distributions

Continuous
distribution Range of Characteristic Function
function Density, p(x) parameters (1) Mean Variance
1 — m)? 2,2
Normal —— exp — (—x———)— m real exp| — o + imt-l m o i
V2o 202 2 J
for —c0o <x<< 0 >0
E ial Ae=** f >0 A>0 ! : :
Xponentia e”™* for «x - —
F A— it A e
A A?
Gamma —— (Ax)* e~ 4> A> 0 —
() (A — it)® N4
o o
for x>0 >0 3 /E
eiub_ eiua a + b (b - a)2
Uniform fora<<x<<b a<b —
b—a iu(b— a) 2 12
1
' I I ,
Beta with (p+9) P11 — Y-t >0 (p+9q) etxep=1(1 )11 da p qu
parameters p,g  I'(p)I'(g) I'(pT(g pta (@+o*p+at+])
for 0 < x <1 q=>0

Note: The gamma distribution with o =1 is the exponential distribution where the parameter A occurs as a scale factor. The beta distribution
of parameters p = ¢ =1 is the uniform distribution on (0, 1) sometimes abbreviated * uniform (0, 1)”.
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>
Some Frequently Encountered Discrete Probability Distributions
Discrete distribution Possible values
function Probability Mass Function of parameters Generating function Mean Variance
. . e—/lAn
Poisson with for n=0,1,2,... A>0 e~ Atas A A
parameter A > 0 n!
N N=1,2,...
Binomial ( )p”qN‘” for n=0,1,..., N 0<p<l (1—p+ ps)" Np Npq
n
g=1—p
o a
. Nt?gatlve a+n—1 piq for n=0,1,2, ... >0 P xq xq
binomial (Pascal) n 0<p<l1 1—gs p p?
p(l—p)*forn=0,1,2, ... 0<p<l1 P 2 4
1—gs p p®

Geometric
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Let |la;;|| be an n X n symmetric positive definite matrix, let ||b;;| be
the inverse matrix of |la;;|| and let B = det||b;;|| be the determinant of
1b;;||. Let m;, i=1, ..., n be any real constants. The random variables
Xy, ..., X, are said to have a joint normal distribution if they possess a
probability density function of the form

VB 1
px,...,x,) = e exp{—— §Q(x1, ees xn)}, — 00 <x; << 00
N

Q(xU REX xn) :Z (xi — mi)bij(xj — mj)'

i, J

where

The joint characteristic function is

¢(t1s -..s 1,) = Elexp{i ), 1, X,}]

From this one can compute

E[X,]=m; for 1=1,...,n
and

E[(X; —m;)(X; — mj)] = a;,

which justifies the name covariance matrix for the matrix |la;;||.
From the nature of the characteristic function it is easily checked that
X, ..., X, have a joint normal distribution if and only if Y =a, X, +---
| a,X, has a normal distribution for every choice of real numbers

(I/l’ ] ann

(b) The Multinomial Distribution
This is a discrete joint distribution of r variables in which only non-
negative integer values 0, ..., n are possible. It is defined by

[ n!

pk. pk if k4 +k =n,
Pr(X, =k, ..., X, =k} = (kL B P !

\0 otherwise,

where p; >0,i=1,...,r,and ) p;,=1.

i=1

The joint generating function is given by
g(sys ... 8,) = E[s{t -+ s}]
— (plsl 4 +prsr)n‘




G. LIMIT THEOREMS

A sequence {a,} of real numbers is said to converge to a real number a,
written lim,_, @, = a, if for every positive ¢ there exists a number N(g)
such that |a, — a| <e for all n > N(¢). There are several ways to general-
ize this concept to random variables. Let Z, Z,, Z,, ... be jointly dis-
tributed random variables.

(a) Convergence with probability one
We say Z, converges to Z with probability one if

Pr{lim Z,— Z}=1.

n— oo

In words, lim,,_, , z, = z for a set of outcomes Z =12, 2, =z2,, Z, =1z, ...

having total probability one.

(b) Convergence in probability
We say Z, converges to Z in probability if for every positive ¢

lim Pr{|Z, — Z| >¢} =0,

n— oo

or conversely, if for every positive ¢

lim Pr{|Z,— Z| <&} =1.
In words, by taking n sufhiciently large, one can achieve arbitrarily

high probability that Z, is arbitrarily close to Z.

(c) Convergence in quadratic mean
We say Z, converges to Z in quadratic mean if
lim E[|Z,— Z|*]=0.
n— oo
In words, by making n sufficiently large, one can ensure that Z, is
arbitrarily close to Z in the sense of mean square difference.

(d) Convergence in distribution (= Convergence in law)

Let F(t)=Pr{Z <t} and F,(t)=Pr{Z, <t}, k=1, 2, .... We say Z,
converges in distribution to Z (or F', converges in distribution to F) if
lim F,(t) = F(¢)

for all ¢ at which F is continuous.
It can be proved that if Z, converges to Z with probability one, then

Z, converges to Z in probability, and that this in turn implies that Z,
converges to Z in distribution. Thus convergence in distribution is the
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weakest form of convergence. In fact it can be shown that every family
{F,} of distribution functions contains a sequence {F, } that converges
to a function F at all ¢t at which Fis continuous (the Helly- Bray Lemma)
but F may not be a proper distribution in that F(o0) may be less than one.

Many of the basic results of probability theory are in the form of limit
theorems and we will mention a few here. (We do not étate these results
under the weakest possible hypotheses.) S

Let X,, X,, ... be independent identically distributed random variables
with finite mean m. Let S, =X, + ... + X, and let X,= S,/n be the

sample mean.

Law of Large Numbers (Weak). X, converges in probability to m. That
is, for any positive &

lim Pr{|X, —m| >¢}=0.
Law of Large Numbers (Strong). X, converges to m with probability one.
That is
Pr {lim X,=m}=1.

n— o0

Central Limit Theorem. Suppose each X, has the finite variance o°. Let

S —nm
Z, = uI—
a\V'n
1 _
:_( n—m)\/—ﬁv
()

and let Z be a normally distributed random variable having mean
zero and variance one. Then Z, converges in distribution to Z. That
is, for all real a,

|
lim Pr{Z, <a}= [ ——e™*du.
s V2
Borel-Cantelli Lemma. Let 4,, A,, ... be an infinite sequence of inde-

pendent events. Then the event {4, i.0.} (where i.0. stands for infinitely
often), which is the occurrence of an infinite number of the A, , is given by

n—oo

A, ={A;,i0)}= N U A,.

j=1li=j

The Borel-Cantelli lemma states that the probability of A is zero or one,

necording to whether ) Pr{4,} < oo or ) Pr{4;}= 0.
(=1

i=1



H. INEQUALITIES

There are a number of inequalities that play an important role in the
analytic study of stochastic processes. We mention two here.

Chebyshev’s Inequality. Let Z be a nonnegative random variable. Then
for any positive number ¢

Pr{Z>c} < % E[Z). (1.16)

Proof. Since Z is nonnegative,

E[Z]= fzdF(z)ZfoozdF(z)

0
>c- | dF(z) =cPr{Z >c},

which gives the inequality. If X is a random variable with mean y and
variance o> and we apply (1.16) with Z = (X — u)? we obtain,

2

Pr{Z> e} =Pr{|X — | >e} <%
E

The Schwarz Inequality. Let X and Y be jointly distributed random
variables having finite second moments. Then

(E[XY])* <E[X*]E[Y?].

Proof. For all real A
0 <E[(X+ AY)*]= E[X?] +2AE[XY] + A*E[Y ?].

Considered as a quadratic function of A, there is, then, at most one real
root. Equivalently, the discriminant of the quadratic expression is non-
positive. That is

4(E[XY])? <4E[X*]E[Y?]

which completes the proof.

2: Two Simple Examples of Stochastic Processes

The developments in this book are intended to serve as an introduction
to various aspects of stochastic processes. The theory of stochastic pro-
cesses is concerncd with the investigation of the structure of families of



random variables X,, where t is a parameter running over a suitable
index set T. Sometimes, when no ambiguity can arise we write X(t)
instead of X,.

A realization or sample function of a stochastic process {X,,t € T}is an
assignment, to each t € T, of a possible value of X,. The index set t may
correspond to discrete units of time T={0,1,2,3,...} and {X,} could
then represent the outcomes at successive trials like the result of tossing
a coin, the successive reactions of a subject to a learning experiment, or
successive observations of some characteristic of a population, etc.

The values of the X, may be one-dimensional, two-dimensional, or
n-dimensional, or even more general. In the case where X, is the outcome
of the nth toss of a die, its possible values are contained in the set
{1,2,3,4,5,6} and a typical realization of the process would be 5, 1, 3,
2,2,4,1,6,3,60,.... This is shown schematically in Fig. 1, where the

ordinate for t=n is the value of X,. In this example, the random

— DN W =N
]
™
°

FIG. 1

variables X, are mutually independent but generally the random
variables X, are dependent.

Stochastic processes for which T = [0, o0) are particularly important
in applications. Here ¢ can usually be interpreted as time.

We will content ourselves, for the moment, with a very brief dis-
cussion of some of the concepts of stochastic processes and two examples
thereof; a summary of various types of stochastic processes is presented
al the end of the chapter, while the examples themselves will be treated

in greater detail in succeeding chapters.

Example 1. A very important example is the celebrated Brownian
motion process. This process has the following characteristics:

(a) ?{uppos}? to <t; <--- <t,; then the increments X, — X, , ...,
— -

X, . are mutually independent r.v.’s. (A process with this
property is said to be a process with independent increments, and
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expresses the fact that the changes of X, over nonoverlapping time
periods are independent r.v.’s.)
(b) The probability distribution of X, — X, ,t, >t,, depends only

on t, —t; (and not, for example, on t,).
X

(¢) Pr[X, — X, <x]=[2nB(t — )]/ | exp[—u?[2B(t — 5)] du,
t > s (B is a positive constant).

Assume for each path that X, = 0. Note that EX,= 0, ¢%(X,) = B,
where B is a fixed positive constant. It can be proved that, if 0 <t, <
t, <--- <t,<<t, then the conditional probability distribution of X,,
where the values of X, , ..., X, are known, is given by (see Chapter 7)

Pr{X, <=x|X,, = x,.... X, = %,}
= [27B(t—1,)]"Y* | exp[—u?/2B(t —t,)] du.

- 0

The history of this process began with the observation by R. Brown in
1827 that small particles immersed in a liquid exhibit ceaseless irregular
motions. In 1905 Einstein explained this motion by postulating that the
particles under observation are subject to perpetual collision with the
molecules of the surrounding medium. The analytical results derived by
Einstein were later experimentally verified and extended by wvarious
physicists and mathematicians.

Let X, denote the displacement (from its starting point, along some
fixed axis) at time ¢ of a Brownian particle. The displacement X, — X,
over the time interval (s, t) can be regarded as the sum of a large number
of small displacements. The central limit theorem is essentially applicable
and it seems reasonable to assert that X, — X_ is normally distributed.
Similarly it seems reasonable to assume that the distribution of X, — X|
and that of X,,, — X,,, are the same, for any h > 0, if we suppose the
medium to be in equilibrium. Finally, it is intuitively clear that the
displacement X, — X should depend only on the length ¢t — s and not on
the time we begin observation.

The Brownian motion process (also called the Wiener process) has
proved to be fundamental in the study of numerous other types of
stochastic processes. In Chapter 7 we will discuss more fully an example
of the one-dimensional Brownian motion process.

Example 2. Another basic example of a continuous time (T = ][0, c0))
stochastic process is the Poisson process. The sample function X, counts
the number of times a specified event occurs during the time period
from O to t. Thus, each possible X, is represented as a nondecreasing step
function.
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Figure 2 corresponds to a situation where the event occurred first at
time t, , then at time ¢, , at time ¢, at time t,, etc.; obviously the total

\

L tr t3 4

FIG. 2

number of occurrences of the event increases only in unit jumps, and
Xy =0. Concrete examples of such processes are the number of x-rays
emitted by a substance undergoing radioactive decay; the number of
telephone calls originating in a given locality; the occurrence of accidents
at a certain intersection; the occurrence of errors in a page of typing;
breakdowns of a machine; and the arrival of customers for service. The
justification for viewing these examples as Poisson processes is based on
the concept of the law of rare events. We have a situation of many
Bernoulli trials with small probability of success where the expected
number of successes is constant. Under these conditions it is a familiar
theorem that the actual number of events occurring follows a Poisson law.
In the case of radioactive decay the Poisson approximation is excellent if
Lhe peroid of observation is very short with respect to the half-life of the
radioactive substance.

We postulate that the numbers of events happening in two disjoint
intervals of time are independent [see (a) above]. Analogously to (b), we
also assume that the random variable X, ,, — X, depends only on ¢t and
not on t, or on the value of X, . We set down the following further
postulates, which are consistent with the intuitive descriptions given
above:

I. The probability of at least one event happening in a time period of
duration A is

p(k) = ah 4 o(h), h—0, a>0
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[8(t) = o(t), t >0 is the usual symbolic way of writing the relation

lim,_,, g(t)/t — O]'
II. The probability of two or more events happening in time h is o(h).

Postulate II is tantamount to excluding the possibility of the simul-
taneous occurrence of two or more events. In the concrete illustrations
cited above, this requirement is usually satisfied.

Let P,(t) denote the probability that exactly m events occur in time
t,1.e.,

P,(t) = Pr{X,=m}, m=0,1,2,....

The requirement II can be stated in the form

Zz Pm(h) — O(h),
and clearly

p(h) = P, (k) + Py(h) + ...

Because of the assumption of independence,

P(t + h) = Pyo(t) Po(h) = Po(t)(1 — p(h)),

and therefore

Pyt 4 h) — Py(t)
h

- ‘—Po(t)}‘)‘(,‘:'l')‘-

But on the basis of Postulate I we know that p(h)/h — a. Therefore, the
probability P,(t) that the event has not happened during (0, t) satisfies
the differential equation

Py(t) = —aPyfr),

whose well-known solution is Py(t) = ce™*. The constant c is determined
by theinitial condition Py(0) = 1, which implies ¢ = 1. Thus, Py(t) = e~ *.
We will now calculate P,(t) for every m. It is easy to see that

Po(t-+h) = Pa(§)Po(h) + Po (OP,(B) + ¥ P {0 PiB). (2)

By definition Py(h) = 1 — p(h). The requirement II implies that

P,(k)=p(k) +o(k)  and

. n (2.2)
i___zz P, _(t)Pih) S;zpi(h) = o(h),
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since obviously P,(t) <1. Therefore, with the aid of (2.2) we rearrange
(2.1) into the form

P,(t+h) — P, () = P, () Poh) — 1]+ P,.- z ) P(h)
= —P,(0)p(h) + Py () Py () + z )P (h)
— —aP, (t)h+aP,_,(t)h -+ o(h).
Therefore
Pyt + ) — Py

. ——aP,(t) + aP,_ () as h—0

and, formally, we get
P,(t)= —aP,(t) +aP,_(t), m=1,2,..., (2.3)
subject to the initial conditions
P,(0) =0, m=1,2,....
In order to solve (2.3), we introduce the functions

Q,.(t) = P,(t)e", m=20,1,2, ....
Substituting the above in (2.3) gives

Q..(t) = aQ,,_,(t), m=1,2, .., (2.4)

where Q,(f) =1 and the initial conditions are ,(0)=0,m=1,2,....
Solving (2.4) recursively we obtain

Qi(t) =a or Q@) =at+c so Q,(t)=at

a’t? a2t?
Q,(t) = 5~ T ¢ so  Q,(t) =7
amtm
Qm(t) — _7’;'_
TTherefore
amt™ ot
P, (t) = —re

In other words, for each ¢, X, follows a Poisson distribution with param-
cter at. In particular, the mean number of occurrences in time ¢t is at.
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Often the Poisson process arises in a form where the time parameter is
replaced by a suitable spatial parameter. The following formal example
illustrates this vein of ideas. Consider an array of points distributed in a
space E (E 1s a Euclidean space of dimension d > 1). Let N, denote the
number of points (finite or infinite) contained in the region R of E. We
postulate that N is a random variable. The collection {N} of random
variables, where R varies over all possible subsets of E, is said to be a
homogeneous Poisson process if the following assumptions are fulfilled:

(i) The numbers of points in nonoverlapping regions are independent
random variables.

(ii) For any region R of finite volume, N is Poisson distributed with
mean AV(R), where V(R) is the volume of R. The parameter A is fixed
and measures in a sense the Intensity component of the distribution,
which is independent of the size or shape. Spatial Poisson processes arise
in considering the distribution of stars or galaxies in space, the spatial
distribution of plants and animals, of bacteria on a slide, etc. These ideas
and concepts will be further studied in Chapter 16.

3: Classification of General Stochastic Processes

The main elements distinguishing stochastic processes are in the nature
of the state space, the index parameter T, and the dependence relations
among the random variables X,.

STATE SPACE S

This is the space in which the possible values of each X, lie. In the case
that S= (0,1, 2, ...), we refer to the process at hand as integer valued,
or alternately as a discrete state process. If S = the real line (— o0, 00),
then we call X, a real-valued stochastic process. If S is Euclidean k
space then X, is said to be a k-vector process.

As in the case of a single random variable, the choice of state space is
not uniquely specified by the physical situation being described, although

usually one particular choice stands out as most appropriate.

INDEX PARAMETER T

If T=(0,1,...) then we shall always say that X, is a discrete time
stochastic process. Often when T is discrete we shall write X, instead
of X,. If T=[0, o0), then X, is called a continuous time process.
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We have already cited examples where the index set T is not one
dimensional (spatial Poisson processes). Another example is that of
waves in oceans. We may regard the latitude and longitude coordin-
ates as the value of ¢, and X, is then the height of the wave at the
location t.

CLASSICAL TYPES OF STOCHASTIC PROCESSES

We now describe some of the classical types of stochastic processes
characterized by different dependence relationships among X,. In the
examples, we take T =[0, c0) unless we state the contrary explicitly.
For simplicity of exposition, we assume that the random variables X,
are real valued.

(a) Process with Stationary Independent Increments
If the random variables

X, — X, , X, — X, , .0 X, — X,

n—1

are independent for all choices of ¢, -+, t, satisfying

tl <t2<...<tn9

then we say that X, is a process with independent increments. If the index
set contains a smallest index ¢, it is also assumed that

X Xy — Xy Xp, — X5 o X, — X,

n n—1

are independent. If the index set is discrete, thatis, T = (0, 1, ...), then
a process with independent increments reduces to a sequence of inde-
pendent random variables Zo=X,, Z,=X,— X,_; (¢t=1, 2, 3, ..)),
in the sense that knowing the individual distributions of Z,, Z,, ...
cnables one to determine (as should be fairly clear to the reader) the joint
distribution of any finite set of the X;. In fact,

X, =2Zy+Z,+ -+ Z,, 1=20,1,2,....
If the distribution of the increments X(¢, + h) — X(t;) depends only

on Lhe length h of the interval and not on the time ¢, the process is said
Lo have stationary increments. For a process with stationary increments
Lhe distribution of X(t; + h) — X(¢,) is the same as the distribution of
X(t, + h) — X(t,), no matter what the values of ¢,, ¢, and h.

If a process {X,, t€ T}, where T=[0, o) or T= (0, 1, 2, ...) has
slationary independent increments and has a finite mean, then it is
clementary to show that E[X,|=mg+ m;t where my,= E[X,] and



= E[X,] — m. A similar assertion holds for the variance:
oy, = 0g + o1t
where
05 = E[(Xo—mo)’]
and

ot = BI(X, — m,)*] — 03

We will indicate the proof in the case of the mean. Let f(t)=
E[X,] — E[X,]. Then for any ¢ and s

f@t+s)=E[X,,,— X,]
=EFXt+s—X + X, — Xo]
= E[X,,,— X,] + E[X; — X]
— BIX, — X,] + E[X,— X,

(using the property of stationary increments)

=f() +£(s).
The only solution, subject to mild regularity conditions, to the functional

equation f(t +s) = f(t) +f(s) is f(t) =f(1) - t. We indicate the proof of
the above statement assuming f(t) differentiable, although much less
would suffice. Differentiation with respect to ¢t and independently in s

verifies that

f 49 =f)=f"(s)
Therefore for s=1, we find f’(t) = constant = f'(1) = ¢. Integration of
this elementary differential equation yields f(t) = ¢t 4 d. But, f(0) = 2f(0)

implies f(0) = 0 and therefore d = 0 is necessary. The expression f(t) =
f(1)t for the case at hand is

E[X,] —my= (E[X{] —m,) - t
FIX,] = mq + myt

as desired.
Both the Brownian motion process and the Poisson process have
stationary independent increments.

(b) Martingales
Let {X,} be a real-valued stochastic process with discrete or continuous
parameter set. We say that {X,} is a martingale if, E[|X,|] < oo for all ¢,




and if for any t, <t, <--- <t,., E(X,  |X, =ay, ..., X, =a,) =a,
for all values of a,, *--, a,. Martingales may be considered as appropriate
models for fair games, in the sense that X, signifies the amount of money
that a player has at time t. The martingale property states, then, that
the average amount a player will have at time ¢,,,, given that he has
amount a, at time t,, is equal to a, regardless of what his past fortune
has been. The reader can readily verify that the process X,= 2, +---
+ Z,,n=1,2,...,1s a discrete time martingale if the Z; are independent
and have means zero. Similarly, if X,, 0 <t < 00 has independent incre-
ments whose means are zero, then {X,} is a continuous time martingale
(see Elementary Problem 6).

Martingales are the subject matter of Chapter 6.

(¢) Markov Processes

Roughly speaking, a Markov process is a process with the property
that, given the value of X,, the values of X, s >t, do not depend on the
values of X,, u <t; that is, the probability of any particular future
behavior of the process, when its present state is known exactly, is not
altered by additional knowledge concerning its past behavior. We should
make it clear, however, that if our knowledge of the present state of the
process is imprecise, then the probability of some future behavior will in
general be altered by additional information relating to the past behavior
of the system. In formal terms a process is said to be Markov if

Priea <X, <b|X, =2, X,, =2%,, ..., X, = %,}
= Pr{ie <X, <b|X, =x,} (3.1)

whenever t, <t, <--- <t, <.
Let A be an interval of the real line. The function

P(x, s; t, A) = Pr{X, € A| X, = «}, t>s, (3.2)

is called the transition probability function and is basic to the study of
Lhe structure of Markov processes. We may express the condition (3.1)
as follows:

Pria <X, <b|X, =%, X, =x,,..., X, =x,}= P(x,, t,5t, 4), (3.3)
where 4 = {¢|a <& <b}. It may be proved that the probability distri-

hution of

Xy 0 Xy e X))

n

cun be computed in terms of (3.2) and the initial distribution function of
X, . We will elaborate further on these concepts in our more detailed
examination of discrete time, discrete state Markov processes (Chapter 2).

A Markov process having a finite or denumerable state space is called
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a Markov chain. A Markov process for which all realizations or sample
functions {X,, te[0, c0)} are continuous functions is called a diffusion
process. The Poisson process is a continuous time Markov chain and
Brownian motion is a diffusion process.

(d) Stationary Processes

A stochastic process X, for t in T [here T could be one of the sets
(— 00, 0), [0, 00), the set of all integers, or the set of all positive integers]
is said to be strictly stationary if the joint distribution functions of the
families of random variables

(Xeytn> Xiyans Xy 4p) and (X, X, , ..., X))

n

are the same for all h > 0 and arbitrary selections ¢, ¢t,, ..., t, from T. This
condition asserts that in essence the process is in probabilistic equilibrium
and that the particular times at which we examine the process are of no
relevance. In particular, the distribution of X, is the same for each .

A stochastic process X, for t € T is said to be wide sense stationary or
covariance stationary if it possesses finite second moments and if
Cov(X,, X,,,)=EX, X, ) — E(X,)E(X,,,) depends only on h for all
te T. A stationary process that has finite second moments is covariance
stationary. There are covariance stationary processes that are not
stationary.

Stationary processes are appropriate for describing many phenomena
that occur in communication theory, astronomy, biology, and sometimes
economics and are discussed in more detail in -Chapter 9.

A Markov process is said to have stationary transition probabilities
if P(x, s; t, A) defined in (3.2) is a function only of t — s. Remember that
P(x, s; t, A) is a conditional probability, given the present state. There-
fore, there is no reason to expect that a Markov process with stationary
transition probabilities is a stationary process, and this is indeed the case.

Neither the Poisson process nor the Brownian motion process is
stationary. In fact, no nonconstant process with stationary independent
increments is stationary. However, if {X,, t €[0, c0)} is Brownian motion
or a Poisson process, then Z,= X,,, — X, is a stationary process for

any fixed h > 0.

(e) Renewal Processes.

A renewal process is a sequence T, of independent and identically
distributed positive random variables, representing the lifetimes of some
““units.” The first unit is placed in operation at time zero; it fails at time
T, and is immediately replaced by a new unit which then fails at time
T,+ T,, and so on, thus motivating the name ‘““renewal process.”” The
time of the nth renewalis S, =T, ---+ T,.
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A renewal counting process IV, counts the number of renewals in the
interval [0, ¢]. Formally,

N,=nfor §,<t<S,,;,n=0,1,2, ...

N,
3
2
|
0% *— % X%
T, .= T, T Ts‘i =
So S S,
FIG. 3

Often the distinction is not made between the renewal process and the
associated renewal counting process, and no real confusion results.

Renewal processes occur directly in many applied areas such as
management science, economics, and biology. Of equal importance, often
rcnewal processes may be discovered embedded in other stochastic
processes that, at first glance, seem quite unrelated. Chapter 5 is devoted
lo renewal processes.

The Poisson process with parameter A is a renewal counting process
for which the unit lifetimes have exponential distributions with common
parameter A.

(f) Point Processes

LLet S be a set in n-dimensional space and let .o/ be a family of subsets of
S. A point process is a stochastic process indexed by the sets 4 € .o/ and
having the set {0, 1, ..., 00} of nonnegative integers as its state space. We
think of ““ points ™ being scattered over S in some random manner, and of
N(A) as counting the number of points in the set 4. Since N(A4) is a
counting function there are additional requirements on each realization.
l'or example, if 4, and A, are mutually disjoint sets in .o whose union
A, U A, is also in o/, then we require

N(4, U 4,) = N(4,) + N(4>),
and if the empty set J is in o/, then N(J) = 0.

Suppose S is a sct in the real line (plane, 3 dimensional space) and for
every subset A4 C S, let V(A) be the length (respectively area, volume)
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of A. Then {N(A), A C S} is a homogeneous Poisson point process of
intensity A > 0 if:

(1) For each A CS, N(A) has a Poisson distribution with parameter
AV (A), and

(ii) For every finite collection {4,, ..., A,} of disjoint subsets of S, the
random variables N(4,),..., N(A4,) are independent.

Poisson point processes arise in considering the distribution of stars or
galaxies in space, the planer distribution of plants and animals, of bacteria
on a slide, etc. These ideas and concepts will be further studied in Chapter
16, Volume I1.

Every Poisson process {X,:t€[0, c0)} defines a Poisson point process
on S= [0, 00). In fact for an interval subset A = (s, t], s <t, we use

NA) =X, — X,.

4: Defining a Stochastic Process

The distinguishing features of a stochastic process X, are the relation-
ships among the random variables, X,, t € T.

These relationships are specified by giving the joint distribution func-
tion of every finite family X, , ..., X, of variables of the process.”For
the purposes of this book, a stochastic process may be considered as well
defined once its state space, index parameter, and family of joint distri-
butions are prescribed. However, in dealing with continuous parameter
processes certain difficulties arise, which we illustrate by the following
example.

Let U be a r.v. uniformly distributed on [0, 1] and define X, and Y,

as follows:

1 for U =1,
X = { 0 otherwise,

and
Y =0, (t > 0).

A simple computation verifies that {X,} and {Y,} have the same finite
dimensional distributions. However, obviously

PriX, <} forall0<t<1}=0
and
Pr{Y, <1 forall 0<t<1}=1,

which is a rather disconcerting state of affairs. To pinpoint the source of
the difficulty we consider the following problem.

Suppose that {X,, 0 <t << o0}, is a continuous parameter process, and
we wish to evaluate Pr{X,>0,0 <t <1}.
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Let us consider the decreasing sequence of events
A,={X,>0,t,=i/2",i=0,1,...,2"},n=1, 2, ....

The probability of each A4, can be calculated in terms of the joint distri-
bution function of the corresponding X, , 1=0, ..., 2", and it would
seem reasonable that we should take for Pr{X,> 0, 0 <t <1} the value
lim, , , Pr{4,}. However, that which seems reasonable is not necessarily
free from inconsistencies. It is equally reasonable that we take
A ={X,>0,¢t,=i/3",i=0,1, ..., 3"}, and for Pr{X, >0, 0 <t <1}
the value lim, , ., Pr{A4}, but it is by no means clear that lim, , , Pr{4,} =
lim,_ , Pr{4!}, and in fact, the two limits need not be equal if no
‘““smoothness” assumptions are made concerning the sample functions
of the process. There are various sufficient conditions for the equality
of the two limits: one of them is that lim_,, Pr{|X,— X | >¢} =0 for
every ¢ > 0 and every t. With this condition, the problem can be formu-
lated so that no inconsistency arises if we define Pr{X, >0, 0 <t <1}
as the common value of the two limits, and in fact, if ¢, t,, ... is any
dense set of points in the interval [0, 1], then Pr{X, >0, 0<t <1} =
lim,,  Pr{X, >0,i=1, 2, ..., n}.

The nub of the matter is that while the axiom of total probability
enables us to evaluate probabilities of events concerning a sequence of
r.v.’s in terms of the probabilities of events involving finite and hence
denumerable subsets of the sequence, the event {X,>0, 0<t<<1}
involves a nondenumerable number of random variables. The details of
this point are quite involved, and are well beyond the scope of the present
book; the interested reader is referred to Doob,} Chapter 2. Some founda-
tional questions which throw more light on these problems are discussed

in Chapter 14.

Elementary Problems

I. Let X be a nonnegative discrete random variable with possible values

0,1,2,.....Show

E[X]= Y Pr(X >n} =k§1 Pr{X > k.

llint: Begin with E[X]= ) nPr{X=n}= ) ) Pr{X=n}.
n=1 n=1 k=1

T J. L. Doob, *Stochastic Processes,” Wiley, New York, 1953.
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2. Suppose a jar has n chips numbered 1,2, ..., n. A person draws a chip,
returns it, draws another, returns it, and so on until he gets a chip which has
been drawn before and then stops. Let X be the number of drawings required
to accomplish this objective. Find the probability distribution of X.

Hint: It’s easiest to first compute Pr{X > k}.
Solution :

p(k)z(k—l)!(kil)k———l for k=2,3,....,n-+1.

nk

3. Show that the expectation of the random variable X of Problem 2 is

U MO R

Hint: Use Elementary Problem 1.

4. The number of accidents occurring in a factory in a week is a random
variable with mean y and variance 6. The numbers of individuals injured in
different accidents are independently distributed each with mean v and
variance 7°. Determine the mean and variance of the number of individuals
injured in a week.

Solution: [E(injuries) = uv; Var(injuries)= v?¢? -+ ut?.

5. The following experiment is performed. An observation is made of a Poisson
random variable X with parameter A. Then a binomial event with probability
p of success is repeated X times and o successes are observed. What is the
distribution of ¢?

Hint: Use the generating function for the random sum of random variables,

Solution: Poisson, with parameter Ap.

6. Show that the sums S, = X, 4 --- + X, of independént random variables
X, with zero mean form a martingale. Assume E[|X,|] <<oo fork=1,2,....

7. Prove that every stochastic process {X(t); t=0, 1, ...} with independent
increments is a Markov process. (Remark: This is not true of stochastic processes

{X(t); —o0 <t << o0}.)

8. Consider a population of n couples where a boy is born to the ith couple
with probability p; and c; is the expected number of children born to this
couple. Assume p; is constant with time for all couples and that sexes of successive
children born to a particular couple are independent r.v’s. Further, assume
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that no multiple births are allowed. The sex ratio is defined to be

__expected number of boys born in the population of n couples

S

~ expected number of children born in the population of n couples
Suppose ¢; =¢,t =1, 2, ..., n. Find S.
Solution: S=S, = (>t~ p;)/n.

9. If the parents of all couples decide to have children until a boy is born and
then have no further children, show that

10. Suppose the parents of all couples decide that if their first child is a boy they

will continue to have children until a girl is born and then have no further
children. If their first child is a girl they will continue to have children until a
boy is born and then have no further children. Compute S corresponding to this
birth control behavior.

Solution:

{iél/qi _:_lei}

Zlpig]™" —n

11. Suppose the parents of all children decide that if their first child is a boy
they will continue to have children until a girl is born and then have no further
children. If their first child is a girl they will have no further children. Compute
S corresponding to this behavior.

Solution:

n

S=S,=1—

n

Z l/q;

i=1

12. Show that, depending on the value of {p,,..., p,}> S, can satisfy either
N, - Sy or S, > S, , where S is the sex ratio of Elementary Problem 8 and S, is
the sex ratio of Elementary Problem 10.

13. Suppose that a child born to the ith set of parents in a population of n
wolu of parents has probability p; of a birth disorder, i1 =1, 2, ..., n. Assume
that the birth of one affected child deters parents from further reproduction.
.01 s =the number of offspring in a single family when no affected children
are born. Assume that with respect to any given birth, p; does not depend on
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preceding births. Show that

R. — expected number of affected children i; 1 —gq
1™ expected total number of children born ‘

igl (1 —qf)/p;

(b) Assume that the birth of two affected children (but not one) will deter
parents from further reproduction. Show that under this kind of selective

limitation
n

> {21 —q3) —spigi~1}

i=1
R2: " .

2 AR —q)lpd —sgi™)

Problems

The following integrals may be useful in some of the problems, and are recorded
here for future reference.
The gamma function is defined by
I'(x) = f Elemt de, x > 0.

0]

For large x, I'(x) ~ V2 e *x* 12 (Stirling’s formula). When x = n, an integer,
[(n)=(n—1)!=n—1)(n—2)...2-1.
The Beta integral is given by

CET@ g et g
I"(p+q)_0f (==t

where p >0, ¢ > 0.

1. Let a, b, ¢ be independent random variables uniformly distributed on (0, 1).
What is the probability that ax? + bx + ¢ has real roots?

Answer: (5 + 3 log 4)/36.

2. For each fixed A >0 let X have a Poisson distribution with parameter A.
Suppose A itself is a random variable following a gamma distribution (i.e., with

density

1 lln—le—/l

f(4)={T(n) ’
0, A<0,

A=>0,
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where n is a fixed positive constant). Show that now

I'k+n) [1\ktn
Pr{X:k}:r(n)r(k+l) (é) , k=01, ....

When n is an integer this is the negative binomial distribution with p = 1.

3. For each given p let X have a binomial distribution with parameters p and
N. Suppose N is itself binomially distributed with parameters ¢ and M, M > N.

(a) Show analytically that X has a binomial distribution with parameters
pq and M.

(b) Give a probabilistic argument for this result.

4. For each given p, let X have a binomial distribution with parameters p and
N. Suppose p is distributed according to a beta distribution with parameters

r and s. Find the resulting distribution of X. When is this distribution uniform
onx=—191,..., N?

Answer:

o (N\I(r +s)[(k +r)[(N —k +s)
PﬂX—k}_(k) TOCEI(N +r+s)
Pr{X=k}=1/(N+1) when r=s=1.

5. (a) Suppose X is distributed according to a Poisson distribution with
parameter A. The parameter A is itself a random variable whose distribution
law is exponential with mean = 1/c. Find the distribution of X.

(b) What if A follows a gamma distribution of order o with scale parameter
¢, i.e., the density of 4 is

;ta
at+1 —Ac
© Tar1°©
for A >0; 0 for A <O.
Answer:
c
(a) Pr{X:k}=(6+1)k+1;
B —r(k+a+1) 1 k+a+1 ot 1
m)PﬂX”k%’kww+¢)h+w) ©

6. Suppose we have N chips marked 1, 2, ..., IV, respectively. We take a random
sample of size 2n 4 1 without replacement. Let Y be the median of the random
sample. Show that the probability function of Y is

(k—l)(N—k)
Pr{Y:k}: n N ke for k=n-+1,n-4+2,..., N—n.
(Zn—}—l)

E(Y)=—7— and Var(Y) =

Verify
(N—2n—1)(N +1)
8n + 12 °
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7. Suppose we have N chips, numbered 1, 2, ..., N. We take a random sample
of size n without replacement. Let X be the largest number in the random
sample. Show that the probability function of X is

(1)
Pr{sz}z—n————l-— for k=n,n+4+1,..., N

(+)

(N+1), Var(X)=

and that
n(N —n)(N + 1)
CESIECETIN

EX =

n+1

8. Let X, and X, be independent random variables with uniform distribution
over the interval [0 — 3,0 + 1]. Show that X, — X, has a distribution inde-
pendent of 6 and find its density function.

Answer:
Ifx, —x,(7) 1 —y, 0<y<l,
0o , ly| > 1.

9. Let X be a nonnegative random variable with cumulative distribution func-

tion F(x) = Pr{X < x}. Show

E[X] = f [l — F(x)] dx.
o

Hint: Write E[X] = fxdF x)_f (f dy)

0
10. Let X be a nonnegative random variable and let
X, =min{X, ¢}
X it X<ec
e if X>¢

where ¢ is a given constant. Express the expectation E[X_] in terms of the
cumulative distribution function F(x) = Pr{X < x}.

Answer: E[X_ ] = f [1 — F(x)] dx.

11. Let X and Y be jointly distributed discrete random variables having
possible values 0,1,2,.... For |s| <1, |t| <1 define the joint generating
function

i, 0

q’)x (s, t) ; sitd Pr{X =1, Y=}
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and the marginal generating functions
x(s)= > s Pr{X =1}
i=0

i J ! P{Y =

(a) Prove that X and Y are independent if and only if
Px, v(s, t) = Px(s)Ppy(t) forall s, ¢

(b) Give an example of jointly distributed random variables X,Y which
are not independent, but for which

Gx,y(t, t) = Px(t)py(t) forall .

(This example is pertinent because ¢y y(t, t) is the generating function of the
sum X + Y. Thus independence is sufficient but not necessary for the generating
function of a sum of random variables to be the product of the marginal
generating functions.)

12. Let A;,A,,..., A ber 4+ 1 events which can occur as outcomes of an experi-
ment. Let p; be the probability of the occurrence of A4;(i=0,1,2,...,7).

Suppose we perform independent trials until the event A4, occurs k times. Let
X; be the number of occurrences of the event 4;. Show that

l’r{X1 =X{,..., X, = X,; Ay occurs for the kth time at the (k - Z )th trlal}

=r(k+i,.=ilx)p Hp
L) [Tt

(1)

13. Show that the probability generating function of the negative multinomial
distribution (I) with parameters (k; py, py» ---» P,) 18

r —k
Pty 5 e t,) =p’6<1 -2 tipi) -

I14. Consider vector random variable {X,, X, , ..., X, } following a multinomial
distribution with parameters (n; py, p;» .-.» P,), and assume that n is itself a
random variable distributed as a negative binomial with parameters (k;p).
Compute the joint distribution of X, ..., X, .
I15. Suppose that a lot consists of m, n, ..., n, items belonging to the Oth,
Is1, ..., rth classes respectively. The items are drawn one-by-one without replace-
ment until k items of the Oth class are observed. Show that the joint aistribution




40 1. ELEMENTS OF STOCHASTIC PROCESSES

of the observed frequencies X, ..., X, of the 1st, ..., rth classes is

r

Pr{X, =%, ..., X, =x,)} ={<k " 1) ﬁ (Z:)/(’cr—nl—;—j 1)}

i=1
 m—(k—1)
m—+n—(k+y—1)

where
r r
y= > x; and n=  n,.
i=1 '

16. Continuation of Problem 15 If m— o0 and n— o0 in such a way that
m/(m + n) —p, and n;/(m +n)—p,, 1 =1, 2, ..., 1, show that the distribution
of Problem 15 approaches the negative multinomial.

17. The random variable X, takes the values k/n, k=1, 2, ..., n, each with
probability 1/n. Find its characteristic function and the limit as n— oo.
Identify the random variable of the limit characteristic function.

Answer:

1 1

(a) @u()=(1— e'') n exp(—in-1f) — 1

(b) uniform (0, 1).

18. Using the central limit theorem for suitable Poisson random variables,
prove that

n
. _n nk 1
lim e =35
n— oo k=0k. 2

*19. The random variables X and Y have the following properties: X is positive,
i.e., P{X > 0} =1, with continuous density function f(x), and Y|X has a uni-
form distribution on {0, X}. Prove: If Y and X — Y are independently dis-
tributed, then

f(x) = a*xe™ %, x>0, a>0.

*20. Let U be gamma distributed with order p and let V" have the beta distribu-
tion with parameters ¢ and p — q (0 < ¢ <p). Assume that U and V are in-
dependent. Show that UV is then gamma distributed with order 4.

Hint:

1 /x/8
CHF e N g
Pr{UVgx}_of(af g d/l) T =

Take Laplace transforms of both sides, interchange orders of integration, and
then evaluate by expanding in suitable series of the form

(L+y)7! =——2 (*5 )



*21. Let X and Y be independent, identically distributed, positive random
variables with continuous density function f(x). Assume, further, that U =

X — Y and V= min(X, Y) are independent random variables. Prove that

_ [Ae™ 4 for x>0,
flx)= {O elsewhere,
for some A > 0. Assume f(0) >0.

Hint: Show first that the joint density function of U and V is

fov(w, v) =f(o)f (v + [u]).

Next, equate this with the product of the marginal densities for U, V.

22. Let X and Y be two independent, nonnegative integer-valued, random
variables whose distribution has the property

ue
Pr{X =x/X+Y=x+y} =25\
( m -+ n)

x4y )

for all nonnegative integers x and y where m and n are given positive integers.
Assume that Pr{X =0} and Pr{Y =0} are strictly positive. Show that both

X and Y have binomial distributions with the same parameter p, the other
parameters being m and n, respectively.

23. (a) Let X and Y be independent random variables such that

PrX—i}—f(), Pr{Y=i}—gli,

where
f(@) >0, g(v)>0, i=0,1,2,...
and
2.f@)=Y g(i)=1.
i=0 i=0
Suppose

Pr{X =k|X + Y =1} =

. 0, k>L.

I’rove that

f(i)=8—0“£-0£):, g(i)=e_og «a=0,1,2, ...,

1! !’
where « = p/(1 — p) and 6 > 0 is arbitrary.

(b) Show that p is determined by the coandition
1 1
Gl— | =+/5.
(1 —p) F(0)
Ilint: Let F(s) = 3 f(i)s', G(s) = 3 g(i)s’. Establish first the relation
F(u) F(v) = F(vp + (1 — p)u)G(vp + (1 — p)u).
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24. Let X be a nonnegative integer—valued random variable with probability
generating function f(s) => % ,a,s". After observing X, then conduct X
binomial trials with probability p of success. Let Y denote the resulting number
of successes.

(a) Determine the probability generating function of Y.
(b) Determine the probability generating function of X given that Y = X.

Solution: (a) f(1 —p + ps); (b) f(ps)lf(p)-

25. (Continuation of Problem 24) Suppose that for every p (0 <p <<1) the
probability generating functions of (a) and (b) coincide. Prove that the distri-
bution of X is Poisson, i.e., f(s) = ¢**~1) for some 4 > 0.

26. There are at least four schools of thought on the statistical distribution of
stock price differences, or more generally, stochastic models for sequences of
stock prices. In terms of number of followers, by far the most popular approach
is that of the so-called ‘“technical analysist *°, phrased in terms of short term
trends, support and resistance levels, technical rebounds, and so on. Rejecting
this technical viewpoint, two other schools agree that sequences of prices
describe a random walk, when price changes are statistically independent of
previous price history, but these schools disagree in their choice of the ap-
propriate probability distributions. Some authors find price changes to have a
normal distribution while the other group finds a distribution with “fatter
tail probabilities’’, and perhaps even an infinite variance. Finally, a fourth
group (overlapping with the preceding two) admits the random walk as a
first-order approximation but notes recognizable second-order effects.

This exercise is to show a compatibility between the middle two groups. It
has been noted that those that find price changes to be normal typically
measure the changes over a fixed number of transactions, while those that find
the larger tail probabilities typically measure price changes over a fixed time
period that may contain a random number of transactions. Let Z be a price
change. Use as the measure of “ fatness’’ (and there could be dispute about this)
the coefficient of excess

V2 = [my/(m,)*]1—3,

where m, is the kth moment of Z about its mean.

Suppose on each transaction that the price advances by one unit, or lowers by
one unit, each with cqual probability. Let [N be the number of transactions and
write Z= X, +---+ X, where the X s are independent and identically
distributed random variables, each equally likely to be +1 or —1. Compute 7y,
for Z: (a) When Nis afixed number a, and (b). When N has a Poisson distribution

with mean a.

27. Consider an infinite number of urns into which we toss balls independently,
in such a way that a ball falls into the kth urn with probability 1/ 2k k==1,2,3,
.... For cach positive integer IV, let Z, be the number of urns which contain at
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least one ball after a total of IV balls have been tossed. Show that
E(Zy) = 31— (1= 112"
and that there exist constants C; > 0 and C, > 0 such that
C,log N< E(Zy)<<C,log N  forall N.

Hint: Verify and use the facts:

logz‘N

E(Zy)= > [1 ~ (1 _%)N] > Clog, N

k=1

and

1\N 1 SO |
1—(1—5) <Ny and Nz-z—kgcz,

logo N

28. Let L and R be randomly chosen interval endpoints having an arbitrary
joint distribution, but, of course, L << R. Let p(x) = Pr{L < x << R} be the
probability the interval covers the point x, and let X = R — L be the length of
the interval. Establish the formula E[X]= [®_ p(x) dx.

29. Let N balls be thrown independently into n urns, each ball having proba-
bility 1/n of falling into any particular urn. Let Zy , be the number of empty
urns after culminating these tosses, and let Py (k) = Pr(Zy , = k).

Py (k)e™.

M=

efine (pN,n(t) —

k=0

(a) Show that

k kE+1
Py plk)={1—- PN,n(k)—l———n—— Py (k+1), for k=0,1,....,n

n

(b) Show that

Pyl = (1 —;l;)NPN,,._1<k— D+ S (Na(1=3) P

i=1

(¢) Define G, Z(pNn N. Using part (b), show that G,(t, 2)

. (1, z)(e'" + ¢ — 1), and conclude that

G,(t, z) = (e + e —1)", n=20,12 ...
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NOTES

A colorful and rich introduction to probability theory and its appli-
cations is found in Feller [1]. Feller’s book is limited in that it deals only
with discrete probabilities.

The text by Gnedenko [2] also serves as an excellent introduction.

Another useful elementary text is that by Parzen [3].

The classic treatise on the subject of stochastic processes is that by
Doob [4]. Doob’s book serves indispensably for all researches concerned
with stochastic processes.

Another outstanding book concerned with the structure of stochastic
processes is the recent translation of Dynkin [5].
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Chapter 2

MARKOV CHAINS

This chapter introduces Markov chains and should be included in every
first course in stochastic processes. The precise definition of a Markov
process (Example ¢, Section 3 of Chapter 1) might be reviewed at the
start.

The reader should try to construct examples illustrating the properties
accessible, communicate, aperiodic, recurrent, transient and irreducible
discussed in Section 4.

Section 7 is only a page but could be omitted on first reading.

1: Definitions

A discrete time Markov chain {X,} is a Markov stochastic process whose
state space is a countable or finite set, and for which T = (0, 1, 2, ...).
We may refer to the value of X, as the outcome of the nth trial.

It is frequently convenient to label the state space of the process by
the nonnegative integers (0, 1, 2, ...), which we will do unless the contrary
is explicitly stated, and it is customary to speak of X, being in state t
ir X, =1.

The probability of X, ,, being in state j, given that X, is in state i
(called a one-step transition propability), is denoted by P}"!, i.e.,

P?jn+1 — Pr{Xn+1 :] ’Xn: l’}‘ (1'1)

'I'he notation emphasizes that in general the transition probabilities are
(unctions not only of the initial and final state, but also of the time of
transition as well. When one-step transition probabilities are independent
of the time variable (i.e., of the value of n), we say that the Markov
process has stationary transition probabilities (see the close of Section 3,
Chapter 1). Since the vast majority of Markov chains that we shall
cncounter have stationary transition probabilities, we limit our dis-
cussion primarily to such cases.
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In this case, Pi;"*! = P,; is independent of n and P,; is the probability
that the state value undergoes a transition from i to j in one trial. It is
customary to arrange these numbers P;; as a matrix, that is, an infinite
square array

Poo  Poy Poy P
P, P, P, Py,
p—| P20 Par Poa Pas
P_io P.il P.iz P.i3
and refer to P = ||P;;|| as the Markov matrix or transition probability

matrix of the process.

The (i 4 1)st row of P is the probability distribution of the values of
X, +1 under the condition X, = 1. If the number of states is finite then
P is a finite square matrix whose order (the number of rows) is equal to
the number of states. Clearly, the quantities P;; satisfy the conditions

P,;>0, i,j=0,1,2 .., (1.2)
YP,=1, i=0,1,2,... (1.3)
j=0

The condition (1.3) merely expresses the fact that some transition occurs
at each trial. (For convenience, one says that a transition has occurred
even if the state remains unchanged.)

The process is completely determined once (1.1) and the value (or
more generally the probability distribution) of X, are specified. We shall
now prove this fact.

Let Pr{X,=1}=p;. It is enough to show how to compute the quan-
tities

PriX,=ty, X, =1, X, =0y, ..., X, = 1,}, (1.4)
as any probability involving X;, ..., X;, j, <j, <.+ <J,, may be
obtained, according to the axiom of total probability, by summing terms

of the form (1.4). |
By the definition of conditional probabilities we obtain

Pr{Xo = ig, X; =iy, Xy =iy, .0, X, =iy}
———Pr{anin |X0—‘_—i0,X1 — il o coep Xn—l zin—l}

'Pr{X0=i0,X1:i1,'..., Xn—lzi‘n—-l}' (1.5)
Now by the definition of a Markov process,
Pr{anin XO':iO’Xl:il?"” Xn—l_——in—l} (1.6)

=Pr{Xn=in 'Xn—l =in—1}: Pin—l,ln .
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Substituting (1.6) into (1.5) gives
Pr{XO — io, Xl — il 9 ssvy an in}

— Pin— ,in Pl‘{XO == io, ‘Xl = il 9 seee Xn—-l = in—l}' (1.7)

1

If we proceed by induction (1.4) becomes

PI‘{XO :io, Xl — il 9 sooy Xn: in} = Pin—l,in Pin—Z,in—l ‘o PiO,iIPiO' (1.8)
2: Examples of Markov Chains

The importance of Markov chains lies in the large number of natural
physical, biological, and economic phenomena that can be described by
them. We now formulate several such examples.

A. SPATIALLY HOMOGENEOUS MARKOV CHAINS

Let £ denote a discrete-valued random variable whose possible values
are the nonnegative integers, Pr{é =i}=4a;,a;,>0, and Y2 a;,=1.
Leté, ,¢,,...,&,, ... represent independent observations of .

We shall now describe two different Markov chains connected with the

sequence of &,’s.
In each case the state space of the process coincides with the set of
nonnegative integers.

(i) Consider the process X,,n=0,1,2,..., defined by X, =¢,,
(Xo =¢, prescribed). Its Markov matrix has the form

P—=

Each row being identical plainly expresses the fact that the random
variable X, , ; is independent of X, . ‘

(i) Another important class of Markov chains arises from considera-
tion of the successive partial sums #, of the ¢;, i.e.,

M=&+ &+ +&, n=12..

and, by definition, 7, = 0. The process X, =17, is readily seen to be a
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Markov chain. We can easily compute its transition probability matrix
as follows:

PI'{}(n+1 :] |Xn: i}
=PI’{€1 +"' +€n+1 ———jlél + +€n=i}: Pr{€n+1 :j_l’}
a;_; for j>i,

0 for j<i,

where we have used the assumed independence of the &,.
Schematically, we have

P— (2.1)

If the possible values of the random variable ¢ are permitted to be
the positive and negative integers, then the possible values of #, for each
n will be contained among the totality of all integers. Instead of labeling
the states conventionally by means of the nonnegative integers, it is more
convenient to identify the state space with the totality of integers, since
the probability transition matrix will then appear in a more symmetric
form. The state space consists then of the values ... —2, —1,0,1,2, ....
The transition probability matrix becomes

a_, a, a; @, G,
P: a_, a_; ag a, a, eee il
a_y a_, a_; a, ay

where Pr{{ =k}=1a,,k=0,+1,4+2,..., and a, >0, z,‘f’:_ooakz 1.

B. ONE-DIMENSIONAL RANDOM WALKS

In discussing random walks it is an aid to intuition to speak about the
state of the system as the position of a moving “particle.”

A one-dimensional random walk is a Markov chain whose state space
is a finite or infinite subset a, a + 1, ..., b of the integers, in which the
particle, if it is in state i, can in a single transition either stay in i or
move to one of the adjacent states t — 1, ¢ + 1. If the state space is taken
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as the nonnegative integers, the transition matrix of a random walk
has the form

ro Po 0 O
qg; 1 p;1 O
P= 0 12 ' 2 P2 - ” (2'2)

.0 qg; 1, p; O

where p; >0, ¢;>0, r; >0, and ¢q;+r;4+p;=1, i=1, 2,... 1 >1),

pPo=>0,ry >0, ry+ po=1. Specifically, if X, =i then, for : > 1,
Pr{Xn+1=i—{—1|X,,=i}:Pi= PT{Xn+1:i_1{Xn:i}29i
Pr{X,, =1 |Xn:i}: Fi»

with the obvious modifications holding for i = 0.

The designation *‘random walk’ seems apt since a realization of the
process describes the path of a person (suitably intoxicated) moving
randomly one step forward or backward.

The fortune of a player engaged in a series of contests is often depicted
by a random walk process. Specifically, suppose an individual (player A)
with fortune k plays a game against an infinitely rich adversary and has
probability p, of winning one unit and probability ¢, =1 —p, (k> 1) of
losing one unit in each contest (the choice of the contest at each stage
may depend on his fortune), and ry=1. The process {X,}, where X,
represents his fortune after n contests, is clearly a random walk. Note
that once the state 0 is reached (i.e., player A is wiped out), the process
rcmains in that state. This process is also commonly known as the
““gambler’s ruin.”

The random walk corresponding to p,=p, ¢, =1 —p=gq for all
k 1 and ry =1 with p > q describes the situation of identical contests
with a definite advantage to player A in each individual trial. We shall
prove in Chapter 3 that with probability (q/p)*°, where x, represents his
fortune at time 0, player A is ultimately ruined (his entire fortune is lost),
while with probability 1 — (¢/p)*°, his fortune increases, in the long run,
without limit. If p <<q then the advantage is decidedly in favor of the
house, and with certainty (probability 1) player A is ultimately ruined if
he persists in playing as long as he is able to. The same (i.e., certainty of
ultimale ruin) is true even if the individual games are fair, that is,
Pr = qx= 2-

If the adversary, player B, also starts with a limited fortune y and
player A has an initial fortune x (let x + y = a), then we may again
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consider the Markov chain process X, representing player A’s fortune.
However, the states of the process are now restricted to the values
0,1,2,...,a. At any trial, @ —X, is interpreted as player B’s fortune.
If we allow the possibility of neither player winning in a contest, the
transition probability matrix takes the form

1 0 0 0
9 1 p; O
p_ 0 92 T’z P2 (2.3)

s

qa—l ra—l pa—l

0 v v 0 0 1

Again p(q;), 1=1,2,...,a —1, denotes the probability of player A’s
fortune increasing (decreasing) by 1 at the subsequent trial when his
present fortuneis i, and r; may be interpreted as the probability of a draw.
Note that, in accordance with the Markov chain given in (2.3), when
player A’s fortune (the state of the process) reaches 0 or a it remains in
this same state forever. We say player A is ruined when the state of the
process reaches 0 and player B is ruined when the state of the process
reaches a.

Random walks are not only useful in simulating situations of gam-
bling but frequently serve as reasonable discrete approximations to physi-
cal processes describing the motion of diffusing particles. If a particle
is subjected to collisions and random impulses, then its position fluctuates
randomly, although the particle describes a continuous path. If the future
position (i.e., its probability distribution) of the particle depends only
on the present position, then the process {X,}, where X, is the position
at time t, is Markovian. A discrete approximation to such a continuous
motion corresponds to a random walk. A classical discrete version of
Brownian motion (see Section 2 of Chapter 1) is provided by the
symmetric random walk. By a symmetric random walk on the integers
(say all the integers) we mean a Markov chain with state space the totality
of all integers and whose transition probability matrix has the elements

(p if j=1+41,

B if j=i—1, ..
Pij—<?v lf ]:i, l’vJ—Ov :l:la izvﬂw
0 otherwise,

where p >0,r >0, and 2p 4 r = 1. Conventionally, *“ symmetric random
walk ” refers only to the case r=20, p = 1.

Motivated by consideration of certain physical models we are led to
the study of random walks on the set of the nonnegative integers. We
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classify the different processes by the nature of the zero state. Let us
fix attention on the random walk described by (2.2). If p, = 1, and there-
fore ro = 0, we have a situation where the zero state acts like a reflecting
barrier. Whenever the particle reaches the zero state, the next transition
automatically returns it to state one. This corresponds to the physical
process where an elastic wall exists at zero, and the particle bounces off
with no after-effects.

If po=0 and ry=1 then 0 acts as an absorbing barrier. Once the
particle reaches zero it remains there forever. If p, > 0 and r, > 0, then
0 is a partially reflecting barrier.

When the random walk is restricted to a finite number of states S,
say 0, 1, 2, ..., a, then both the states 0 and a independently and in any
combination may be reflecting, absorbing, or partially reflecting barriers.
We have already encountered a model (gambler’s ruin, involving two
adversaries with finite resources) of a random walk confined to the states
S where 0 and a are absorbing [see (2.3)].

A classical mathematical model of diffusion through a membrane is
the famous Ehrenfest model, namely, a random walk on a finite set of
states whereby the boundary states are reflecting. The random walk is
restricted to the states 1= —a, —a+1,..., —1,0,1, ..., @ with tran-
sition probability matrix

(“2’;‘, if j—idt1.
P.. = )
ij <a+l, if ]:L—]_
2a
. 0, otherwise.

'The physical interpretation of this model is as follows. Imagine two con-
lainers containing a total of 2a balls. Suppose the first container, labeled
A, holds k balls and the second container B holds 2a — k balls. A ball is
nelected at random (all selections are equally likely) from among the
totality of the 2a balls and moved to the other container. Each selection
generates a transition of the process. Clearly the balls fluctuate between
the two containers with a drift from the one with the larger concentra