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ELCOME TC THE RANDOM WORLD OF HAPPY HARRY—

famed restaurateur, happy hour host, community figure, former
semi~pro basketball player, occasional software engineer, talent agent, bud-
ding television star, world traveller, nemesis of the street gang called the
Mutant Creepazoids, theatre patron, supporter of precise and elegant use
of the English language, supporter of the war on drugs, unsung hero of the
fairy tale Sleeping Beauty, and the target of a vendetta by the local chap-
ter of the Young Republicans. Harry and his restaurant are well known
around his Optima Street neighborhood both to the lovers of fine food and
the public health service. Obviously this is a man of many talents and
experiences who deserves to have a book written about his life.
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Preface

While this is a book about Harry and his adventurous life, it is primarily
a serious text about stochastic processes. It features the basic stochas-
tic processes that are necessary ingredients for building models of a wide
variety of phenomena exhibiting time varying randomness.

The book is intended as a first year graduate text for courses usually
called Stochastic Processes {perhaps amended by the words “Applied” or
“Introduction to ... ") or Applied Probebility, or sometimes Stochastic
Modelling. It is meant to be very accessible to beginners, and at the same
time, to serve those who come to the course with strong backgrounds. This
flexiblity also permits the instructor to push the sophistication level up or
down. For the novice, discussions and motivation are given carefully and in
great detajl. In some sections beginners are advised to skip certain devel-
opments, while in others, they can read the words and skip the symbols in
order to get the content without more technical detail than they are ready
to assimilate. In fact, with the numerous readings and variety of prob-
lems, it is easy to carve a path so that the book challenges more advanced
students, but remains instructive and manageable for beginners. Some
sections are starred and come with a warning that they contain material
which is more mathematically demanding, Several discussions have been
modularized to facilitate flexible adaptation to the needs of students with
differing backgrounds. The text makes crystal clear distinctions between
the following: proofs, partial proofs, motivations, plausibility arguments
and good old fashioned hand-waving.

Where did Harry, Zeke and the rest of the gang come from? Courses in
Stochastic Processes tend to contain overstuffed curricula. It is, therefore,
useful to have quick illustrations of how the theory leads to techniques for
calculating numbers. With the Harry vignettes, the student can get in
and out of numerical illustrations quickly. Of course, the vignettes are not
meant to replace often stimulating but time consuming real applications.
A variety of examples with applied appeal are sprinkled throughout the
exposition and exercises. Our students are quite fond of Harry and enjoy
psychoanalyzing him, debating whether he is “a polyester sort of guy”
or the “jeans and running shoes type.” They seem to have no trouble
discerning the didactic intent of the Harry stories and accept the need
for some easy numerical problems before graduating to more serious ones.
Student culture has become so ubiguitous that foreign students who are
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not native English speakers can quickly get into the swing. I think Harry
is a useful and entertaining guy but if you find that you loathe him, he is
easy to avoid in the text.

Where did they come?
I can’t say.
But I bet they have come e long long way.!

To the instructor: The discipline imposed during the writing was that
the first six chapters should not use advanced notions of conditioning which
involve relatively sophisticated ideas of integration. Only the elementary
definition is used: P(A|B) = P(A N B)/P(B). Instead of conditioning
arguments we find independence where we need it and apply some form
of the product rule: P{AN B) = P{A)P(B) if A and B are independent.
This maintains rigor and keeps the sophistication level down.

No knowledge of measure theory is assumed but it is assumed that the
student has already digested a good graduate level pre—measure theoretic
probability course. A bit of measure theory is discussed here and there
in starred portions of the text. In most cases it is simple and intuitive
but if it scares you, skip it and you will not be disadvantaged as you
Journey through the book. If, however, you know some measure theory,
you will understand things in more depth. There is a sprinkling of refer-
ences throughout the book to Fubini’s theorem, the monotone convergence
theorem and the dominated convergence theorem. These are used to jus-
tify the interchange of operations such as summation and integration. A
relatively unsophisticated student would not and should not worry about
justifications for these interchanges of operations; these three thecrems
should merely remind such students that somebody knows how to check
the correctness of these interchanges.

Analysts who build models are supposed to know how to build mod-
els. So for each class of process studied, a construction of that process
is included. Independent, identically distributed sequences are usually as-
sumed as primitives in the constructions. Once a concrete version of the
process is at hand, many properties are fairly transparent. Another benefit
is that if you know how to construct a stochastic process, you know how
to simulate the process. While no specific discussion of simulation is in-
cluded here, I have tried to avoid pretending the computer does not exist.
For instance, in the Markov chain chapters, formulas are frequently put in
matrix form to make them suitable for solution by machine rather than by
hand. Packages such as Minitab, Mathematica, Gauss, Matlab, etc., have
been used successfully as valuable aids in the solution of problems but local
availability of computing resources and the rapidly changing world of hard-
ware and software make specific suggestions unwise. Ask your local guru

1Dr. Seuss, One Fish, Two Fish, Red Fish, Blue Fish
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for suggestions. You need to manipulate some matrices, and find roots of
polynomials; but nothing too fancy. If you have access to a package that
does symbolic calculations, so much the better. A companion disk to this
book is being prepared by Douglas McBeth which will allow easy solutions
to many numerical problems.

There is much more material here than can be covered in one semester.
Some selection according to the needs of the students is required. Here
is the core of the material: Chapter 1: 1.1-1.6. Skip the proof of the
continuity theorem in 1.5 if necessary but mention Wald’s identity. Some
instructors may prefer to skip Chapter 1 and return later to these topics,
as needed. If you are tempted by this strategy, keep in mind that Chapter
1 discusses the interesting and basic random walk and branching processes
and that facility with transforms is worthwhile. Chapter 2: 2.1-2.12,2.12.1.
In Section 2.13, a skilled lecturer is advised to skip most of the proof of
Theorem 2.13.2, explain coupling in 15 minutes, and let it go at that. This
is one place where hand-waving really conveys something. The material
from Section 2.13.1 should be left to the curious. If time permits, try to
cover Sections 2.14 and 2.15 but you will have to move at a brisk pace.
Chapter 3: In renewal theory stick to basics. After all the discrete state
space theory in Chapters 1 and 2, the switch to the continuous state space
world leaves many students uneasy. The core is Sections 3.1--3.5, 3.6, 3.7,
and 3.7.1. Sections 3.8 and 3.12.3 are accessible if there is time but 3.9~
3.12.2 are only for supplemental reading by advanced students. Chapter 4:
The jewels are in Sections 4.1 to 4.7. You can skip 4.3.1. If you have a group
that can cope with a bit more sophistication, try 4.7.1, 4.8 and 4.9. Once
you come to know and love the Laplace functional, the rest is incredibly
casy and short. Chapter 5: The basics are 5.1-5.8. If you are pressed for
time, skip possibly 5.6 and 5.8; beginners may aveid 5.2.1, 5.3.1 and 5.5.1.
Section 5.7.1 is on queueing networks and is a significant application of
standard techniques, so try to reserve some time for it. Section 5.9 is nice
if there is time. Despite its beauty, leave 511 for supplemental reading
by advanced students. Chapter 6: Stick to some easy path properties,
streng independent increments, reflection, and some explicit calculations.
I recommend 6.1, 6.2, 6.4, 6.5, 6.6, 6.7, and 6.8. For beginners, a quick
survey of 6.11-6.13 may be adequate. If there is time and strong interest
in queueing, try 6.9. If there is strong interest in statistics, try 6.10. I like
Chapter 7, but it is unlikely it can be covered in a first course, Parts of it
require advanced material.

In the course of teaching, I have collected problems which have been
inserted into the examples and problem sections; there should be a good
supply. These illustrate a variety of applied contexts where the skills mas-
tered in the chapter can be used. Queueing theory is a frequent context
for many exercises. Many problems emphasize calculating numbers which
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seems to be a skill most students need these days, especially considering
the wide clientele who enroll for courses in stochastic processes. There is
a big payoff for the student who will spend serious time working out the
problems. Failure to do do will relegate the novice reader to the status of
VOYEeur.

Some acknowledgements and thank you’s: The staff at Birkh&user has
been very supportive, efficient and colleagal, and the working relationship
could not have been better. Minna Resnick designed a stunning cover and
logo. Cornell’'s Kathy King probably does not realize how much cumu-
lative help she intermittently provided in turning scribbled lecture notes
into something I could feed the TEX machine. Richard Davis (Calorado
State University), Gennady Sammorodnitsky (Cornell) and Richard Ser-
fozo {Georgia Institute of Technology} used the manuscript in classroom
settings and provided extensive lists of corrections and perceptive sugges-
tions. A mature student perspective was provided by David Lando (Cor-
nell) who read almost the whole manuscript and made an uncountable
number of amazingly wise suggestions about organization and presenta-
tion, as well as finding his quota of mistakes. Douglas McBeth made useful
comments about appropriate levels of presentation and numerical issues.
David Lando and Eleftherios Iakavou helped convince me that Harry could
become friends with students whose mother tongue was different from Eng-
lish. Joan Lieberman convinced me even a lawyer could appreciate Harry.
Minna, Rachel and Nathan Resnick provided a warm, loving family life
and generously shared the home computer with me. They were also very
consoling as I coped with two hard disk crashes and a monitor melt-down.

While writing a previous book in 1985, I wore out two mechanical pen-
cils. The writing of this book took place on four different computers.
Financial support for modernizing the computer equipment came from the
National Science Foundation, Cornell’'s Mathematical Sciences Institute
and Cornell’s School of Operations Research and Industrial Engineering.
Having new equipment postponed the arrival of bifocals and made that
marvellous tool called TEX almost fun to use.

CHAPTER 1

Preliminaries
Discrete Index Sets
and/or Discrete State Spaces

HIS CHAPTER eases us into the subject with a review of some useful

techniques for handling non-negative integer valued random variables
and their distributions. These techniques are applied to some significant
examples, namely, the simple random walk and the simple branching pro-
cess. Towards the end of the chapter stopping times are introduced and
applied to obtain Wald’s identity and some facts about the random walk.
The beginning student can skip the advanced discussion on sigma-fields
and needs only a primitive understanding that sigma fields organize infor-
mation within probability spaces.

Section 1.7, intended for somewhat advanced students, discusses the
distribution of a process and leads to a more mature and mathematically
useful understanding of what a stochastic process is rather than what is
provided by the elementary definition: A stochastic process is o collection
of random wariables {X(t),t € T} defined on a common probability space
indezed by the index set T which describes the evolution of some system.
Often T = [0,00) if the system evolves in continuous time. For example,
X(t) might be the number of people in a queue at time ¢, or the accu-
mulated claims paid by an insurance company in [0,¢]. Alternatively, we
could have T' = {0,1,... } if the system evolves in discrete time. Then X (n)
might represent the number of arrivals to a queue during the service interval
of the nth customer, or the socio-economic status of a family after n gen-
erations. When considering stationary processes, T = {...,—1,0,1,...} is
a common index set. In more exotic processes, T might be a collection of
regions, and X (A), the number of points in region A.

1.1. NON-NEGATIVE INTEGER VALUED RANDOM VARIABLES.

Suppose X is a random variable whose range is {0,1,... ,00}. (Allowing a
possible value of 0o is a convenience. For instance, if X is the waiting time
for a random event to occur and if this event never occurs, it is natural to
think of the value of X as co.) Set

PX=kl=ps k=01, .,
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so that
[+ o]
PlX < oc]l= ZP’“‘ X:oo}zlfz_pk::pm.
k=0
(Note that the notation “=:" means that a definition is being made. Thus

1~ 5% Pk =1 Poo means that pe is defined as 1 — 3,2 px. In general
A =: Borequivalently B := A means B is defined as A.} If P[X = oo] > 0,
define E(X) = oo; otherwise

X)= Z kpk.
k=0
If f:{0,1,... ,00} — [0,c0] then in an elementary course you probably
saw the derivation of the fact that
EfiX)= > [l
0<k<oo

If f:{0,1,..., 00—
f~ by

[—o0, 00] then define two positive functions f* and
fP=max{f,0}, [~ =-min{f,0}
so that EfT(X) and Ef~(X) are both well defined and

Ef¥(X)= Y [=(km

D<k<oo
Now define
Ef(X)=EfT{X) - Ef7(X)

provided at least one of EfT(X) and Ef~(X) is finite. In the contrary
case, where both are infinite, the expectation does not exist. The expecta-
tion is finite if 3 ) oo ()P < 00

fpe=0and

Jk)Yy = k" thenEf( X} = EX™ = nth moment;
f{R) = (k — E(X))", then Ef(X) = E(X - E(X}))"

= mth central moment.
In particular, when i = 2 in the second case we get

Var(X) = B(X - B(X))* = EX? - (B(X))*.

1.1, INTEGER VALUED VARIABLES 3

Some examples of distributions {px} that you should review and that
will be particularly relevant are

1. Binomial, denoted b(k; n, p), which is the distribution of the number
of successes in n Bernoulli trials when the success probability is p. Then

P[X = k| =blk;n,p) := (:);)k(l —p)"k 0<k<n0<pLl,
and E(X) = np, Var(X) = np(1 — p).
2. Poisson, denoted p(k; A). Then for k= 0,1,..., A>0
PIX = k] =p(k,\) =e *XX/E
and F(X) = A Var(X) = A
3. Geometric, denoted g(k;p), so that for k =0,1,...
PIX =k =g{k,p) = (1-p)p, 0<p<],

which is the distribution of the number of failures before the first success
in repeated Bernoulii trials. The usual notation is to set g =1 — p. Then

and reversing the order of summation yields

—pZqu —pij/(l - q)

j=1k=j

(1.1.1) => d=q/(1-q)=g/p

=1

Alternatively, we could have computed this by summing tail probabili-
ties:

Lemma 1.1.1. If X is non-negative integer valued then

(1.1.2) E(X) = iP[X > k.
k=0
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Proof. To verify this formula invelves reversing the steps of the previous
computation:

=] =] oo o fi-1
SNPX>E=Y Y p=> (Zl)pj
k=0 k=0 j=k+1 F=1 \k=0

=Y jpj=E(X). m
i=1

In the multivariate case we have a random vector with non-negative
integer valued components X' = (X,,... , Xk) with a mass function

PX)=d1, - Xk =Gkl = ps i
for non-negative integers j1,...,J%. If
F:{0,1,...,00} = [0, 00]

then
Ef(X],...,Xk) = Z f(Jl: :jk)pjh---,jk'

(J1,-0,38)

Iff:{0,1,...,00}* — R then
Ef(Xla"':Xk) :Ef+(X17"'7Xk) _Ef-(X17"'7Xk)

as in the case k = 1 if at least one of the expectations on the right is finite.
Now recall the following properties:

1. For ay,... ,ar € R

k k
FE (Z a,-Xi) = Z%E(Xi}
=1 i=1

(provided the right side makes sense; no co — oc pleasel).

2. If X5,..., X, are independent so that the joint mass function of
X1,..., X% factors into a product of marginal mass functions, then for
any bounded functions fi, ..., fk with domain {0,1,...,0c} we have

k k
(1.1.3) EHfi(Xi) = HEfi(Xi)-
i=1 i=1

1.2. CONVOLUTION 5

The proof is easy for non-negative integer valued random variables based
on the factorization of the joint mass function.

3. FEX? < o00,i=1,... kand
then

fore; € R,i=1,... k.

1.2. CONVOLUTION.

Suppose X and Y are independent, non-negative, integer valued random
variables with

PX=k=ay, PlY==k=b k=01

Sinece for n > 0

[X-i-Y:n}:O[X:i,Y:n—i]

i=0

we get
P[X-w‘-Y—n]:P{O{X:i)Y:nAi]}
=0

n
=> PIX=iY=n—4
=0

n
= Za«bnq =: Pn.
i=0

This operation on sequences arises frequently and is called convolution:

Definition. The convolution of the two sequences {a,,n > 0} and
{bn,n > O} is the new sequence {c,,n > 0} whose nth element c, is

defined by
Ch = Z Ailtn. -
i=0
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We write
{en} = {an} * {ba}.

Although this definition applies to any two sequences defined on the
non-negative integers, it is most interesting to us because it gives the dis-
tribution of a sum of independent non-negative integer valued random vari-
ables. The calculation before the definition shows that

{PIX +Y = nl} = {PX = nl} + {P]Y =n]}.
For the examples, the following notational convention is convenient:

Write X ~ {pi} to indicate the mass function of X is {px}. The notation

X 4 Y will be used to mean that X and Y have the same distribution. In
the case of non-negative integer valuied random variables, the mass func-
tions or discrete densities are the same.

Example 1.2.1. If X ~ plk;)) and ¥ ~ p(k;p)} and X and Y are
independent then X + Y ~ p(k; A + p).

Example 1.2.2. If X ~ b(k;n,p) and ¥ ~ b(k;m,p) and X and Y are
independent then X +Y ~ b{k;n + m,p) since the number of successes in
1 Bernoulli trials coupled with the number of successes in m independent
Bernoulli trials yields the number of successes in n + m Bernoulli trials.

The results of both examples have easy analytic proofs using just the
definition and a bit of manipulation. Easier proofs using generating func-
tions are soon forthcoming.

Some obvious properties of convolution are:

1. The convolution of two probability mass functions or the non-
negative integers is a probabelity mass function.

2. Convolution is a commutative operation (which corresponds to the
probability statement that X +V Ly 4 X). Thus

{an} * {bn} = {ba} * {an}.

3. Convolution is an associative operation so that the order in which
three or more sequences are convolved is immaterial. Thus

{an} » ({n} * {en}) = ({an} * {ba}) * {ca}.
The last assertion corresponds to the probability statement that
X+{¥Y+ D)2 (X+Y)+Z

where X,Y, and Z are independent non-negative integer valued random
variables.

1.3. GENERATING FUNCTIONS 7

It is convenient to have a power notation when we convolve a sequence
with itself repeatedly; thus we define

{pa}? i={pn} * {pn}

so that if Xy, X5 are independent, identically distributed (iid) with common
density {pi} we get

X1+ Xy~ {p-n}z*-
Similarly for Xq,..., X iid we get

X1+--'+Xk’\’{pn}k* Z={pn}*"'*{pn}

and recall that it does not matter in what order we perform the convolu-
tions on the right side since the operation is associative.

1.3. GENERATING FUNCTIONS.

Let ag, a1, as,... be a numerical sequence. If there exists sy > 0 such that

Als) = Z a;8

=0

converges in |s| < sp, then we call A(s) the generating function (gf) of the
sequence {a;}.

We are most interested in generating functions of probability densi-
ties. Let X be a non-negative integer valued random variable with density
{pk, k > 0}. The generating function of {px} is

oo
P(s)= 3 pist
k=0

and by an abuse of language this is also called the generating function of
X. Note that

P(s)= Es¥

and that P(1) = 3°% i px < 1 so the radius of convergence of P(s) is at

least 1 (and may be greater than 1). Note P(1) =1 iff PX <] =1.
We will sce that a generating function, when it exists, uniquely de-

termines its sequence (and in fact we will give a differentiation scheme
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which generates the sequences from the gf). There are five main uses of
generating functions:

(1)

(2)

Generating functions aid in the computation of the mass func-
tion of a sum of independent non-negative integer valued ran-
dom variables.

Generating functions aid in the caleulation of moments. Mo-
ments are frequently of interest in stochastic models because
they provide easy {but rough) methods for statistical estima-
tion of the parameters of the model.

Using the continuity theorem (see Section 1.5), generating
functions aid in the calculation of limit distributions,
Generating functions aid in the solution of difference equa-
tions or recursions. Generating function techniques convert
the problem of solving a recursion into the problem of solving
a differential equation.

Generating functions aid in the solution of linked systems of
differential-difference equations. The generating function tech-
nique necessitates the solution of a partial differential equa-
tion. This technique is applied frequently in continuous time
Markov chain theory and is discussed in Section 5.8.

Example 1.3.1. X ~ p(k;A). Then

o e“/\/\k oo (As)k
P = k = =4
(s) 2 T e kgo o
:e/\(s_l)
for all s > 0.
Example 1.3.2. X ~ b{k;n,p). Then
P(s) = Z ((:)pkq"—k) s
k=0
. (n
=3 (F)wste =t por
k=0

for all s > 0.

Example 1.3.3. X ~ g(k;p). Then

P(s) =Y _(¢*p)s* =p (gs)*
k=0 k=0

=p/(1 —qs)

for 0 <s < g 1.
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1.3.1. DIFFERENTIATION OF GENERATING FUNCTIONS.

A generating function P(s) is a power series with radius of convergence at
least equal to 1. P can be differentiated as many times as desired by the
interchange of summation and differentiation to obtain

%P(s) =Y k(k—1)...(k—n+)pes*"

k=n

k!
: k—n
(1.3.1.1) _kE _(k )!pks

for 0 € s < 1. For instance we may readily verify formula (1.3.1.1) for the
case n = 1 with the following argument. (Novices may skip this argument
and resume reading at the next paragraph.) We have that

P'(s) = lim(P(s + k) - P(s))/h

— E_ _k
_Alﬂ%zp"((s + Rk — 55)/h.
For s € (0, 1), there exist 5 < 1,k > 0 such that for |h| < hg
|s+hivs<m

Now

s+h
(s + R)* — 5) /] =|h*i/ ket~ du|

<|h " Yken® s+ h — s = kn*!
independent of h. Since

(o u] e o]
Skt < St <o
k=1 k=1

by dominated convergence we get,

m;pk((s +h)F —s*)/h =§m lim ((s + B)" — s%)/h

= ]
=Zpkk3k_1,
k=1

which gives (1.3.1.1) for n = 1. The procedure just outlined and induction
yield the general case.

If we evaluate (1.3.1.1) at s = 0 we get
dﬂ
ds™
and we conclude that the following result must be true.

(1.3.1.2) P(s)s=0o =nlp,, n=0,1,2...,
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Proposition 1.3.1. A generating function uniquely determines {or gen-
erates) its sequence.

1.3.2. GENERATING FUNCTIONS AND MOMENTS.

As a lead in to the subject of finding moments of non-negative integer
valued random variables, consider the following relation between the gf of
{pr} and the gf of the tail probabilities {P[X > k]} .

Proposition 1.3.2. Let X have mass function {p;} = {P{X = k|, k > 0}
satisfying 50 . px = 1. Define
P(s) = Es*®,
=PX >k, k=01,...

and
Qs) =Y ars®.
k=0
Then
(1.3.2.1) Qs) = %, D<s <1

Proof. Follow your nose: Since gx = 3.~ 7 we have
oo oc oo i—-1
S a)e-2 (T
k=0 \i=k+1 i=1 \k=0

and summing the geometric terms shows that ((s) equals

(%)
-3 (5=5)

=(1- 971~ P(s)). m

n (1.3.2.1) let & 7 1. On the one hand, by menotone convergence, we
get

li =i k=
ﬁ?Q(s) ;ﬁ)kzﬂ)qjcs kZ_qu

:ip[x > k] = E(X)

k=0

1.3. GENERATING FUNCTIONS i1

the last step following from Lemma 1.1.1. On the other hand
i =lm(1 - P 1-
imQ(s) =lim(1 — P(s))/(1 - 5)
=lim(P(1) — P(s))/(1 = 5) = P'(1}.
(Strictly speaking, P'(1} is the left derivative of P at 1.) We conclude that
(1.3.2.1) E(X)= P'(1).

Of course, this would also follow from {1.3.1.1).
For example, if X ~ g(k; p) then

P(s)=p/(1 —g¢s)
P'(5) = pa/(1— gs)*
and
E(X)=P'(1) =pg/(L - q)* = pg/p* = q/p

in agreement with (1.1.1).
Higher order derivatives of P(s) may be used to calculate higher order
moments. From (1.3.1.1) we have

adinp(s) ;(k(k—l)(k 2. (k- nt 1))pest"

=5 (k(k = 1){k = 2)..(k —n+ 1)) prs™

so that letting s 7 1, from monotone convergence, we get

sTl dasm

ip() P ik k—1{k-2)...(k—n+ lpx
k=0
=E(X(X-1...(X—-n+1)).

In particular, when n = 2 we get

P'(1 Zk(k—lpk—z pk—zkpk

50 that
P'1) = E(X)2 —EX
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and therefore
(1.3.2.3) Var(X) = P{1)+P(1) - (P’(l))z.

For example, continuing with the case that X ~ g(k;p), we found
P(s) = p/(1 - ¢s) and P'(s) = gp/(1 — gs)? so that

P(s)=2¢°p(1 — ¢5)/(1 — gs)".
Thus
P(1)y=q/p
P"(1) = 2¢*/p”
and from (1.3.2.3)
Var(X) =P"(1) + P/(1) — (P'(1))?
=2¢°/p" + q/p— ¢*/P"
22 949
=q°* /v’ +q/p= » (p+1>
=q/p".

1.3.3. GENERATING FUNCTIONS AND CONVOLUTION.

Convolution is an awkward operation to perform on sequences. Asshown in
FProposition 1.3.3 below, convolution is converted into an ordinary product
by the process of taking generating functions. The price paid for this gain in
simplicity is the work that must be expended in recovering the convolution
sequence from the product of gf’s. For emphasis, the statement and proof
contain redundancies.

Proposition 1.3.3. The gf of a convolution is the product of the gf’s.

(1) If X;,i = 1,2 are independent non-negative integer valued
random variables with gf’s (i = 1,2)

Px.(s) = EsSs, 0<s<1,
then

le+x2(s) = le(S)Px‘z(S)‘

(2) If{a;} and {b;} are two sequences with gf’s A(s}, B(s), then
the gf of {an} * {b,} is A(s)B(s).

1.3. GENERATING FUNCTIONS 13

Note that if in (1), X, < X3 in addition to X7, X» being independent,
we have

PX1+X2(S) = (PX1(5))2‘

Proof. Although (2) implies (1), there is something to be learned by prov-
ing each separately.
(1) We have

Px,ix,(8) = BsX11Xz = Es%r gz

=Es*1Es™? = Py, (s)Px,(s)

X
1.s

since 8 X2 are independent random variables.

{2) Suppose for concreteness that the radius of convergence of both
A(s) and B(s) is sg. The gf of the convolution is

(= =) v
5 (zb) 5l <o
n=0 \k=0

and, since Fubini’s Theorem allows us to reverse the order of summation,
we get

i i apbp_js™ = iaksk i b ixs" % = A(s)B{s). &
k=0 n=k

k=0n=k

We now consider some examples illustrating the techniques involved.

Example 1.3.4. If X; ~ p(k; A), X5 ~ p(k; ) and X, X are independent
then

Px,4+x,(s) :PXI(S)PXZ(S) = Mo uls-1)
:e(r\ﬂ.t)(s—l),

so we conclude
Xu+ Xg ~plk; A+ p)

Example 1.3.5. If X; has range {0,1} with
PlX1=1=p=1-P[X =9

then
Px (5) = Es™* = qs" + ps* = g+ ps.
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If X ~ b(k;n,p), think of X as the number of successes in n Bernoulli

trials and let X; be 1 if the ith trial is a success and 0 otherwise. Thus
X=X+ +X,

and

Px(s) =[] Px.(s) = (Px,(s))" = (g + ps)"

tez]
in agreement with Example 1.3.2.
Example 1.3.6. Let X;,... , X, be iid, ~ g(k;p) and set

X=Xy 4+ X,

so that X is the number of failures necessary to obtain r successes in re-
peated independent Bernoulli trials. The density of X is called the negative
binomial distribution, and we now derive its form using gf’s. Since we know

Px,(s) =p/(1—gs)

we have

Px(s) =HPX.-(S) = {(Px,;(s))

= (/1 - gs))" = 3 PIX = Hs".

k=0

The plan is to expand (p/(1 — ¢s})" as a power series in 5, and then the
coefficient of s* is P[X = k|. We tequire the binomial theorem: For a € R,

1+t = i (Z)tk

k=0
for |t| < 1. Recall that the definition of (}) is
(i) = (a)i/H = afa - 1).(a — k + 1)/K.

Using this with ¢ = —r, we get

(p/(1—gs)) =p (1—gs)™"
T -r (—1)%gks*
p féo(k) s

from which
—r
PX =k = (—1)’“( § )p’qk-
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1.3.4. GENERATING FUNCTIONS, COMPOUNDING AND RANDOM SuMs.

There is a useful and simple generalization of Proposition 1.3.3 which will
prove basic to our study of branching processes. Let {X,,n > 1} be inde-
pendent, identically distributed (iid) non-negative integer valued random
variables and suppose X3 ~ {px} and

Es%r = Py, (s), 0<s<1l.

Let N be independent of {X,,n > 1} and suppose N is non-negative
integer valued with

PIN=jl=a;j>0; Es" =Py(s),0<s<1.
Define

Sp=0
Sn=X1+-"+Xn, n21

Then Sy is a random sum with a cornpound distribution: For j > 0

P[Sy = 4] =§:P[SN =j,N =}
Jo=

=3 PiSi=j,N=kl=Y_ PiS =jlPIN = k|
k=0 k=0

where P[S, = j] = pf* is the jth element of the kth convolution power of
the sequence {pn}. Thus the gf of Sy is

P, (s)=> P[Sy =3¢’
3=0
=2 (pr*ak) o= (Z?’f*s""
5=0 \k=0 k=0 7=0
=ch ZP[Sk =gl | = Zak (Px,(s)"
k=0 =0 k=0

(from Proposition 1.3.3)
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=PN(PX1(3)}!

and we conclude

(1341) PSN(S) ZPN(PX1(5))'

Note the gf of the random index is on the outside of the functional com-
position.

In the special case where N ~ p(k; A} we get a compound-Poisson
distribution with gf given by (1.3.4.1): Since Pnx(s) = exp{A(s — 1)}

(1.3.4.2) Pg,, (8) = exp{MPx,(s) - 1)}.

Example. Harry Delivers Pizzas. Harry’s restaurant has a delivery
service for pizzas. Friday night Harry goes on a drinking binge, which
causes him to be muddled all day Saturday while answering the phone at
the restaurant. A Poisson(A ) number of orders are phoned in on Saturday
but there is only probability p that Harry notes the address of a caller
correctly. What is the distribution of the number of pizzas successfully
delivered?

Let

X { 1, if the address of the ith caller is correctly noted,;
i =

0, otherwise.

Let N ~ p(k,)). The number of successful deliveries is Sy with gf
Psy{s) =Pn{Px,(s)) = Pn(q+ ps)
and from (1.3.4.2) this is
= exp{AMg +ps — 1)}
= exp{AMps — p)} = exp{dp(s — 1)}
so we recognize that

Sn ~ p(k; Ap). W

The effect of compounding has been to reduce the parameter from A to
Ap, a phenomenon which is called thinning in Poisson process theory. The
Poisson compounding of Bernoulli variables occurs often, and the previous
simple example serves as a paradigm. Other examples: Imagine a Poisson
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number of customers have arrived at a service facility to be served in turn.
Each customer has probability p of being satisfied with the service received
so that Sy s the number of satisfied customers. Alternatively, imagine
telephone traffic arriving at a gateway are of two types, I and II. Type
I traffic gets routed through trunk line I and type II traffic gets routed
through trunk line IL If 100p% of the calls are of type II and if the net
number of calls to arrive in an hour is Poisson distributed with parameter
X then the number of calls routed to trunk line I is Poisson with parameter
p. This thinning procedure is further discussed in Chapter 4.

Example. Harry Drives Cross-Country. For a vacation Harry drives
cross-crountry. Because of his lead foot he encounters a seemingly infinite
sequence of patrolling police cars which stop him. Half of the time he is
stopped, he has to pay a fine of $50 and the other half he pays a fine of
$100. However when it comes to dealing with the police, Harry is a smart-
aleck with an uncontrollable mouth. So whenever he is stopped, there is
probability p that not only will he have to pay a fine but he will foolishly
make some sarcastic and rude comment which will result in his license
being taken away. What is the distribution of the total fines assessed until
his license is revoked?

Let {X,,n > 1} be iid with

PX; =50 =1/2,

and let N be independent of {X,,,n > 1} with
PIN=k=¢"1p, k=1
(Note this N has range {1,2,...}. Earlier we considered the geometric

distribution which concentrates on {0,1,2,...}.) The total fines paid is
Sy and since

o0 oo
Py(s) =Y q"lps* =ps ) (gs)¥?
k=1 k=1
=ps/(1 - gs)
we get

1 1
P (s) = Pn(Px,(s})) = PN(ESE'O + 53100)_ -
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Note from {1.3.4.1)
ESy =P§_(s)se=1 = Py(Px, ()P, (8)|s=1

(remember how to differentiate the composition of two functions?) and
assuming Py, (1) = 1 this gives

= Py (Px, (1))Px, (1) = Py (1)P%, (1)
50
(1.3.4.3) ESn = E(N)E(X1).

The pattern of this expectation will repeat itself when we discuss Wald’s
Identity in Section 1.8.1.
In the second example, EX; = 3(50 + 100) = 75 and

Pl =R O tpn

=(p — pg +pg)/p’ = p/p* = 1/p=E(N)

therefore
E(Sy)="T5/p.

1.4. THE SIMPLE BRANCHING PROCESS.

We now discuss a significant application of generating functions. The sim-
ple branching process {sometimes called the Galton-Watson-Bienymé Pro-
cess) uses generating functions in an essential manner.

Informally the process is described as follows: The basic ingredient is
a density {px} on the non-negative integers. A population staris with a
progenitor who forms generation number (). This initial progenitor splits
into k offspring with probability px. These offspring constitute the first
generation. Each of the first generation offspring independently split into
a random number of offspring; the number for each is determined by the
density {py}. This process continues until extinction, which occurs when-
ever all the members of a generation fail to produce offspring.

Such an idealized model can be thought of as the model for population
growth in the absence of environmental pressures. In nuclear fission exper-
iments, it was an early model] for the cascading of neutrons. Historically,
it first arose from a study of the likelihood of survival of family names:
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How fertile must a family be to insure that in no future generation will the
family name die out? The branching process formalism has also been used

in the study of queues; the offspring of a customer in the systemn are those
who arrive while the customer is in service.

Here is a formal definition of the model: Let {Z, ;,n > 1,7 > 1} be iid
non-negative integer valued random variables, with each variable having
the common distribution {p;}. For what follows, interpret a random sum
as 0 when the number of summands is 0. Define the branching process

{Zn,n >0} by
Zy=1
Zy =2y,
Zy=Loy++ Zo g

Iy = m,1 + -+ Zn.Zn—u

so that Zn ; can be thought of as the number of members of the nth
generation which are offspring of the jth member of the {n—1)st generation.

Note that Z,, = 0 implies Znyy = 0 so that once the process hits 0 it
stays at 0. Also observe that Z,., is independent of {Z,,,7 > 1} which

i(s crucial to what follows, since we will need this independence to apply
1.3.4.1).

For n > 0 define P,(s) = Fs?~ and set
oo
P(s) = Es® = Zpksk, 0<s<1,
k=0

Thus Py(s) = s, Py(s) = P{s), and from (1.3.4.1) we get
Pa(s) = Po_1(P(s)).
And therefore

Po(s) = P(P(s})
Pa(s) = Pa(P(s)) = P(P(P(s))) = P(Pa(s))

Fuls) = Faor(P(s)) = P(Pr-a(s)).

Thgs, the analytic equivalent of the branching effect is functional com-
position. In general, explicit calculations are hard, but in principle this
determines the distribution of Z, for any i > 0. One case where some
explicit calculations are possible is the case of binomial replacement.
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Example. Binomial replacement: If P(s) = ¢+ ps then

Pa(s)=q+plg+ps) = g+pg+p’s
Py(s) =g +pq+p°(g+ps) = q+pg+p°q+p’s

Poii(s)=q+pg+pig+ - +p"g+p s

For later purposes note that for 0 <s <1
oo .
lim Poyi(s) =g 9 =¢/1-p) =1
n—od =0

Moments: Although the distribution of Z, is determined by the awk-
ward process of functional iteration of generating functions, certain explicit
expressions are possible for moments. These are generally obtained by solv-
ing difference equations. Set

oG
m =E(Z1) =Y kpk
k=0
02 :Var(Zl)

and assume m < oo and o2 < oco. To compute E(Z,) =: m, we note
ma = P1(1), and since P, (s) = Pnp-1(P{s)} we get

Pr(s) = Py 1(P(s))P'{(s).

Letting s T 1 yields
My = Mp-1TM

and iterating back gives

3 n—1 _
My = mn—zm2 = Mp_-3M" = ="T1h =m

since m; = m.

In the special case of binomial replacement where P(s) = q+ ps, we
have m = p and E{(Z,)} = ™. -

For the general case, we may calculate Var(Z,) by a similar but more
tedious procedure starting with the relation

Pn(s) = P(anl(s))-
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The procedure yields (if you do not make an algebraic error)

1—m

c*(n+1),

2.1 { 1—m"*tl :
Lm™)  fm £
Var(Zn_,_l):{Um ( ) ifm

fm=1.

Extinction Probability: Define the event

[ extinction | = U [Z, = 0].
n=1
We seek to compute
7 = P[ extinction ].
Since
{Zn = 0] - [Zn+1 = 0]

we have

n=P{J(2e =0} = Jim P{| J(Z: = 0}
k=1 k=1

= lim P[Z, =0\ = lim P,(0)

n—00

=: lim 7,
T— OO

= lim P[ extinction on or before generation n |.

n—od

This yields = in principle, but the goal is to be able to calculate it without
having to compute all the functional iterates P,(s). The method to do
this is given in the next result. To prevent degeneracies, assume that
0<po<l. fpo=0,7=0;if pg =1,7=1.) We will need to use the
fact that P(s) is convex on [0, 1].

Theorem 1.4.1. If m = E(Z;) < 1 thenw=1. If m > 1, then 7w < 1
and is the unique non-negative solution to the equation

s = P(s)
which is less than 1.

Proof. STEP 1: We first show 7 is a solution of the equation s = P(s).
Since the events {[Z, = 0]} are non-decreasing,

(Zn = 0] C [Zny1 =0

we have
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is & non-decreasing sequence converging to . Since

Pria(s) = P(Pu(s)),
we get, by setting s =0, that
Tny1 = Plan).
Letting n — oo and using the continuity of P(s) yields
7 = P(m).

STEP 2: We show 7 is the smallest sclution of s = P(s) in [0,1].
Suppose ¢ is some solution of the equation s = P(s) satisfying 0 < ¢ < 1.
Then, since 0 < g,

m =P(0) < Plg)=g¢

and therefore
Tg = P‘Z(O) = P(Wl) < P(Q) =q

and, continuing in this manner one more step,
m3 = P3(0) = P(m) < P(g) = ¢.

In general we obtain
T < g

Letting n — oo yields m < ¢ showing 7 is minimal among solutions in [0, 1}.
STEP 3: Note P(s) is convex since

P(s) = k(k—1)pks*~ >0,
k=2

Because of convexity and the fact that P(0} = pg > 0, the graphs

for 0 < s < 1 have at most two points in common. One of these is s = 1.
If P/(1) = m < 1, then in a left neighborhood of 1 the graph of y = P(s)
cannot be below that of y = s and hence by convexity of P(s) the only
intersection is s = 1. In the contrary case, if P’(1) = m > 1 then in a left
neighborhood of 1 the graph of ¥ = P(s) is below the diagonal and there
must be an additional intersection to the left of 1 of the two graphs. See
Figure1.4.1. W
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m > 1 m<1
Ficure 1.4.1

Note in the binomial replacement example that s = P(s) yields the
equation

s=q+ps

whose only solution is s = 1 which agrees with the fact that m = p < 1.

We now give the following complement, which ties in with the conti-
nuity theorem of the next section.

Complement. For0 <s<1

(1.4.1) lim P,(s) = .

T— 00

Verification. First suppose that s < 7. Then P(s) < P{m) =7 and
P(s) < .
Therefore Pa(s) = P{P(s)) < P(x) = m; thus
Pyls) < 7.
In general, by continuing this procedure we get
P.s)<m
from which, for 0 < s < 7,
Tn = Po(0) < Pa(s) <.

And, since m, — 7, by letting n — co we get that Pols) — =
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To finish the complement we must suppose 7 < 1 and investigate what
happens on the domain 7 < s < 1. We have for this range

7 = P{n) < P(s) <s,

the last inequality following from the fact that the graph of y = P(s) must
be under the diagonal on the set {s : ¥ < s < 1} (See Figure 1.4.1 for the
case m > 1.} Since P(s) is non-decreasing, from the previous inequalities
we get

P(r)=m < Pa(s) < P(s) <s.

Continuing in this manner, for the general case we obtain
T < P(s) € Paq(5) €--- < P(s) <.

Thus we conclude that {F,{s)} is non-increasing for # < s < 1. Let
Po,is) = limp—00 Pn(s). Suppose for some sp € (7,1) we have Py (sg) =
a > m. Then

Pla)= lim P(P.(sp)) = lim P,ti(s) =«

and on the domain (7, 1) we have P(s) < s. If P(s) is linear then P(s) = s
on (m,1). But then we would have py = 0fork>2andm < 1lsonr =1
against our supposition that = < 1. If P(s) is not linear, then by convexity,
P(s) < s for s € {x,1). Thus we have

7T<CkiPOO(SQ)SP(So)<Sg<1

but also
a = Pla),

which contradicts the fact that there are no solutions of s = P(s) in (m, 1).
The contradiction arose because of the supposition o > 7. M

What P,(s) — 7 says is that
oC o2
S PlZn=ks* s w=ns"+) 0s".
k=0 k=1

Anticipating the Continuity Theorem for generating functions presented in
the next section, this implies that

PlZ, =0 -,
PlZ,=k —0, fork>1
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1n fact, using Markov Chain or martingale methods, we can get a stronger
result, namely that

PlZ,—0 orZ, —ox]=1

and
m=P{Z, =0 =1-P[Z, — o0].

The simple branching process exhibits an instability: Either extinction
occurs or the process explodes.

Example. Harry Yearns for a Coffee Break. In order to help some
friends, Harry becomes the east coast sales representative of B & D Soft-
wore. The software has been favorably reviewed and demand is heavy.
Harry sets up a sales booth at the local computer show and takes orders.
FEach order takes three minutes to fill. While each order is being filled there
is probability p; that j more customers will arrive and join the line. As-
sume pg = .2,p1 = .2 and p; = .6. Harry cannot take a coffee break until
a service is completed and no one is waiting in line to order the software.
[f present conditions persist, what is the probability that Harry will ever
take a coffee break?

Consider a branching process with offspring distribution given by
(po,p1,p2). Harry can take a coffee break if and only if extinction occurs
in the branching process. We have

P(s) = 2+ 2s + .65°

and
m= {21+ (0)(2)=14>1,

80 8 = P(s) yields the equation
§=.2+4 .2s+ .65
Therefore we must solve the quadratic equation
B5° — Bs+.2=0,
and the two roots

8+/(8)2—-4(6)(2) .8—/(8)?-4(6)(2)
2(.6} ’ 2(.6)

yield the numbers 1, §, and thus m = 1. Thus the probability that Harry
can ever take a coffee break if present conditions persist is 1/3. B
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When P(s) is of degree higher than two, solution by hand of the equa-
tion s = P(s) may be difficult, while a numerical solution is easy. The
procedure is first to compute m = ZE’;O kpg. If m <1, then # = 1 and
we are done. Otherwise we must solve numerically. Root finding packages
are common. A program such as Mathematica makes short work of finding
the solution. Typing

Solve[P(s) — s =0, 5]

will immediately yield all the roots of the equation and the smallest root
in the unit interval can easily be identified. Alternately, = can be found by
computing 7 = limp_, o Pr{0}. The recursion

Ty = P(O)’ Tntl = P(Wn)

can be easily programmed on a computer and the solution will converge
quickly. In fact the convergence will be geometrically fast since for some

p € (0,1}
0<T—mp, <p™ — 0.

The reason for this inequality is that by the mean value theorem and the
monotonicity of P’

T — 7 = Po(m) — Po{0) < Pi(m).
We need to check that
Plx)=(P'{m))" and P'(m) < 1.

Since

Py (s) = PL(P(s))P'(s)

we get
Bryi(m) = Py (m)P'(m).

The difference equation when iterated shows the desired power solution.
It remains to check that P’(x) < 1. If this were false and P'(#) > 1, then
for § > 7, by monotonicity and the mean value theorem, we get

P(s)— P(z) 2 Pl{m)(s —m) > (s — 7),

i.e.,
Plsy>nm+s—m=s

which for s > 7 is a contradiction since on (7,1) we have P(s} < s (as
surning F(s) is not linear}.
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1.5. LimviT DISTRIBUTIONS AND THE CONTINUITY THEOREM.

Let {Xn,n > 0} be non-negative, integer valued random variables with
{n=0,k=>0)

(1.5.1) PX, =kl =p™, Pu(s) = Es*~.

Then X,, converges in distribution to Xy, written X,, = X, if

(1.5.2) lim pf:) = pgco)

n—0o0
for k=10,1,2,.... As the next result shows, this is equivalent to
(1.5.3) Fr(s) — Po(s)

for0<s<1asn— co.

Theorem 1.5.1. The Continuity Theorem. Suppose for each n =

1,2,... that {pfcn),k > 0} is a probability mass function on {0,1,2,...} so
that

o0
P z0, > =1
k=0
Then there exists a sequence {pECD) .k > 0} such that

(15.4) Jm g =p”, k20

H

iff there exists a function Py(s),0 < s < 1 such that

(1.5.5) lim Py(s) = lim 3" p"s* = Ry(s).
k=0

ffJF 0 < s < 1. In this case Po(s) = Y 1oy piﬁ)sk and Z?;Upgco) =1if
limgy; Py(s) = Py(1) = 1.

Remarks. As we will see, this provides an alternative to brute force when
Proving convergence in distribution. Frequently it is easier to prove that the
generating functions converge rather than trying to show the convergence
of a sequence of mass functions.

From (1.5.4) we have

(15.6) 0<p™ <1
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(n

since the same is true for p; ) and limn, oo pﬁ") = pg)). But it does not
follow that 3 zeo pg)} = 1 since mass can escape to infinity. As a graphic

example suppose
P ™ 5 = 1, fk=n
P m%n= N0, ifk#n

For any fixed &,

(1.5.7) Jim p{™ =0,

n—00

from which o
(PD P 7) = (0,0,)

This phenomenon arises because we consider the state space {0,1,2,... }.
If we enlarge the state space to {0,1,2,... ,00} then X, = oo and the
limit distribution concentrates all mass at oo.

Proof. Suppose (1.5.2). Fix s € (0,1) and for any € > 0 we may pick m so
large that

]

Z Si‘ < E.

i=m+1

We have
IPa(s) — Pa(s) <D el — o
1

SO
k=m+1

k
M O

k=
m
<> Ip
k=1
m
<>Ip
k=1
Letting n — oo, we get

limsup |P(s) — Po(s)| < ¢

n—oQ

and because ¢ is arbitrary we obtain (1.5.5).

The proof of the converse is somewhat more involved and is deferred to
the appendix at the end of this section, which can be read by the interested
student or skipped by a beginner.
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Example. Harry and the Mushroom Staples.* Each morning, Harry
buys enough salad ingredients to prepare 200 salads for the lunch crowd
at his restaurant. Included in the salad are mushrooms which come in
small boxes held shut by relatively large staples. For each salad, there
is probability .005 that the person preparing the salad will sloppily drop
a staple into it. During a three week period, Harry’s precocious twelfth
grade niece, who has just completed a statistics unit in high school, keeps
track of the number of staples dropped in salads. (Harry’s customers are
not reticent about complaining about such things so detection of the sin
and collection of the data pose no problem.) After drawing a histogram,
the niece decides that the number of salads per day containing a staple is
Poisson distributed with parameter (200)(.005) =1. H

Harry’s niece has empirically rediscovered the Poisson approximation
to the binomial distribution: If X, ~ b(k;n,p(n)) and

(1.5.8) lim np(n) = lim EX, = X € (0, co),
n—0o0 n—o0
then
Xn = XU
as i — oo where Xp ~ p(k; A).
The verification is easy using generating functions. We have

nlin;lo P.(s) :nlin;c Es%n -—-nllngo(l —p{n)+p(n)s)”

- lim (1 . (s - 11)1”:0('-'1)) = pAMe-1)

n-—0o

using (1.5.8).
Appendix: Continuation of the Proof of Theorem 1.5.1.

We now return to the proof of Theorem 1.5.1 and show why convergence
of the generating functions implies convergence of the sequences.

Assume we know the following fact: Any sequence of Mass functions
{{f;"),j > 0}, n > 1} has a convergent subsequence {{f;n),j > 0}}
meaning that for all j

lim £
n —oc
exists. If {pL")} has two different subsequential limits along {n’} and {n"},
by the first half of Theorem 1.5.1 and hypothesis (1.5.3), we would have

Jim 37 p(sk = tim Pu(s) = Pofs)

n'—oo
k=0

*A semi-true story.



30 PRELIMINARIES
and also

oo

n’l'l—l?oo ij(cn Yok — nflrEHm P.(s) = Po(s).
k=0

Thus any two subsequential limits of {psc")} have the same generating func-

tion. Since generating functions uniquely determine the sequence, all sub-

sequential limits are equal and thus limp, .o p.(h") exists for all k. The limit

has a generating function Po(s).

It remains to verify the claim that a sequence of mass functions
{1/ j(n),j > 0}, n > 1} has a subsequential limit. Since for each n we
have

{5 > 0} Cfo, 1],

and [0, 1]° is a compact set {being a product of the compact sets [0, 1)),
we have an infinite sequence of elements in a compact set. Hence a subse-
quential limit must exist.

If the compactness argurnent is not satisfying, a subsequential limit can
be manufactured by a diagonalization procedure. (See Billingsley, 1986,
page 566.)

1.5.1. THE Law oF RARE EVENTS.

A more sophisticated version of the Poisson approximation, sometimes
called the Law of Rare Events, is discussed next.

Proposition 1.5.2. Suppose we have a doubly indexed array of random
variables such that for each n = 1,2,..., {Xnk, k 2 1}, is a sequence of
independent (but not necessarily identically distributed ) Bernoulli random
variables satisfying

(1.5.1.1) P[Xn,k = 1} =p(n)=1- PlXpx= 0],
(1.5.1.2) \ piln) = 8(n) =0, n— oo
1<k<n
(1.5.1.3) Y () =EY Xpp— A€ (0,00, n— oo,
k=1 k=1

If PO()) is a Poisson distributed random variable with mean A then

> Xnx = PO(A)
k=1
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Remarks. The effect of (1.5.1.2) is that each X, 4,k = 1,... ,n has a
uniformly small probability of being 1. Think of X, ;. as being the indicator
of the event Ak, viz X, x = 14, , in which case

L L
Z KXok = Z 14, , = the number of A, x,1 < k < n which ocecur.
k=1 k=1

So when each of a large number of independent events has a small proba-
bility of occurring (i.e. events are rare), the number of events which occur
is approximately Poisson distributed.

A stochastic process version of this result is frequently used as one
of the justifications for assuming a queueing model has input determined
by a Poisson process: Imagine several different streams of customers from
independent sources converging on a service facility. Each stream is fairly
sparse. If the different inputs are combined, then the arrival pattern ob-
served by the service facility is approximately that of a Poisson process.
The Poisson process will be defined in Chapter 3 and studied carefully
in Chapter 4, but for now you should understand by this that the total
number of arrivals in time [0, 7] to the service facility from all the different
sources is approximately Poisson distributed.

Example. Traffic to Harry’s Restaurant. Harry’s restaurant is sur-
rounded by 25 small Mom and Pop shops (i.e., small family owned and
operated businesses). Between noon and 1 p.m., each Pop has his lunch
break, but for the ith Pop there is only the small probability p; that he
will eat at Happy Harry's. (Alternatives include the sprouts bar across the
street or a low cholesterol lunch of jogging.) The number of Pops to come to
Happy Harry’s between noon and 1 PM is approximately plk; A) = 21221 ;.

|

Proof. The gf of S.7_, X is

H Px, () = H(l — px(n) + pe(n}s).
k=1 k=1

So it suffices to show (take logarithms)
(1.5.1.4) lim " log(1— pe(n)(1 —s)) = Als = 1)
for 0 < s < 1 since this would imply after exponentiating that

PE:=1xn,k (S) — el
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To prove this we need the following estimate. For 0 <z < 1

(1.5.1.5) —log(l — z) = z + R(z),
where R(x) is non-decreasing and
(1.5.1.6) R(zy<2z%, O0<z<1/2

To check these inequalities, use the infinite series representation: For
O<z<l

o xP X o
~log(l—z} = E ?=I+ E o
n=1 n=2

and set R(z) =3 o ,z™/n. Since z™/n < ™ we have
B(zx) <Z:c =z?/(1-z).

Next, if 0 <z < 1/2, (1 —x)~! < 2, giving (1.5.1.6).
So multiplying the left side of (1.5.1.4) by —1, and using {1.5.1.6) yields

lim Z—log(l—pk( )(1—s)—Zpk(n)(1—s +ZRpk(n) (1-9).

k=1 k=1
Since

n
,}Lngo;pk(n)(l —5) = M1~ s},
the desired result will be proved if we show

lim Y R(pe{n)(1—5)) =0.

k=1
For 0 < s < 1 and n so large that
V pe(n) <8(n) <1/2,
1<k<n

we get from the monotonicity of R and {1.5.1.6)

ZRm n)(1-35)) <Y R(pa(n)) <2 (pr(n)’
k=1 k=1 k=1

SQ\/Pk Z n)
k=1

T

<28(n) D pr(n) =2 0-A=0.

k=1
Thus (1.5.1.4) is true, W
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1.6. THE SiMPLE RaNpoM WALK.

Let {Xa,n > 1} be independent, identically distributed random variables
with only two possible values {—1,1} and

PXi=1=p=1-PX;=-1=1-g,

0 <pg=lptg=
{Sn,n > 0} by

1) and define the simple random walk process

Sp=0,8,=X1 4+ X,,n>1.

Such a process is important didactically and as a source of examples. It
is often used in the following primitive gambling model: Toss a coin. If the
outcome is heads, you win one dollar; if the outcome is tails you lose one
dollar. S, is the fortune after n plays. Many of the problems encountered
in the study of {5,} are typical of those with more sophisticated models.

There are powerful martingale and Markov chain methods for the study
of {S,}. Here we emphasize generating function methods.

Define

=inf{n>1:8,=1}

to be the first time the random walk hits 1, i.e., the first time the gambler
is ahead. We wish to derive the distribution of N. The plan is to write a
difference equation and solve it using generating functions. Set

¢ =P[N=n],n>0

so that @9 = 0, ¢y = p. What equations do we expect for {¢,}? If n > 2,
then in order for the random watk to go from 0 to 1 in n steps the first step
must be to —1 (which has probability ¢). From —1 the walk must make its
way back up to 0. Say this takes j steps. Then it seems reasonable that
the probability of the walk going from —1 to 0 in j steps is ¢;. From 0
the random walk still must get up to 1. Say this takes & steps. Then this
probability should be ¢ and the constraint on j and kisthat 1+j+k=n
where the 1 is used for the initial step to —1. Thus the equation should be

n—2

= Z qbifn—j_1, m>2.

i=1

The argument just given seems plausible and we now make it precise.
(Those who found the argument convincing can skip to (1.6.2).)
For n > 2 we have

(1.6.1) [N =n}= U[X1 1N A; N Brejy
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where

A; =[the random walk makes a first return from —1 to 0 in j steps]

=[inf{n : Z-Xi+l =1} = j]

and

By—j—1 =[the random walk makes a first passage from 0 to 1 in
n — j — 1 steps}
T
=finf{n: > Xjpp=1}=n-j-1].

i=1

When n = 2, interpret the right side of (1.6.1) as @, the empty set. Note
A; is determined by Xp,. .., X;41, and similarly B, ;1 is determined by
Xit2,..-Xn Thus, the three events

[X1=-1], A;, Bn_j

are independent because they depend on disjoint blocks of the X’s. Since
the union in {1.6.1) is a union of disjoint events we have

n-2

P[‘N = n] = by = ZqP(Aj)P(Bn—j—l)'

=1

Now P
{XlaXQ:---}: {X2)X33X4s”'}

meaning the finite dimensional distributions of both sequences are identi-
cal; i.e., for any m and sequence ki, ..., kq, of elements chosen from {—1,1}
we have

P[XIZ)'C]_,...,Xmka}ZP[XQZkl,...,Xm+1:km]

since both sequences are just independent, identically distributed. There-
fore,

P(A;) = Plinf{n: ) X; =1} =j]=¢;
=1

and similarly
PBn—j—l = an-‘j*lr
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from which we get the recursion

¢D = 05 ¢1 =p
n—2
(1.6.2) $n= qbiPn j-1, N2
=1

This difference equation summarizes the probability structure.
To solve, multiply (1.6.2) by s™ and sum over n. Set ®(s) =
E:’;D @n5". We have

] oo n—2
(1.6.3) S hnsm =) | D aditns1 | "
n=2 n=2 \ j=1
o n—2
= quﬁj%—jq s".
n=2 j=0

Reversing the summation order (note n — 2 > j > 0 implies n > j+ 2}, we
get the above equal to

The Ieft side of (1.6.3) is

Y bus™ ~ 15 = &(s) - ps,

n=1

and we conclude
®(s) — ps = gs®?(s).
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Solve the quadratic for the unknown ®(s). We get
B(s) = (1 +4/1— 4pq32) /2gs.

The solution with the “+” sign is probabilistically inadmissible. We know
®(0) < 1 but the solution with the “+” sign has the property

l++4/1—4dpgs® 1+1 2

2gs 2gs 2qs

— OQ

as s — 0 (where a(s) ~ b(s) as s — 0 means lim,_,p a(s)/b(s) = 1). So we
conclude

- — 2
(1.6.4) sy = 1V oy

2qs ’

We can expand this to get an explicit solution for {¢,} using the Binomial
Theorem. On the one hand we know

d(s) = Z Pns”
n=1

and on the other, by expanding 1.6.4, we also have

25 = [ 1= () -0tamas?y | 2

=0

The “1” and the “j = 0” terms cancel; taking the minus sign in front of
the sum inside the sum yields

sy =) (1/2)(-—1)j+1(4pq)fszi/2qs

=17

= (1/2 _ 41 (dpg)? $2i-1
1;( j )( ST
(Vs+(1+ ()P +....

‘We conclude
1/2 ‘ . }
$rj-1 = ( ﬁ )(—1)J+1(4pq)3/29, iz

and, for the even indices, we have for j > 1
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(}52_:,' = 0.

For obtaining qualitative conclusions, it may be easier to extract in-
formation from the generating function. For instance, from (1.6.4)

PIN < o0] =8(1) = (1 — /1 —4p(1 —p)) /2q
= (1 — V1= 4p+4p2) /2g = (1 NTE 1)2) /2q

=(1-|2p-1))/2¢=(1-2p~p—ql)/2g
=(1—|p—ql)/2g,

and we summarize

PIN < ool =(1-1|p—4ql)/2q
_{L ifp>q
p/e, ifp<q
Note that if p < g, Le., the pressure pushing the random walk in the
positive direction is weak so that
PN =w]=1-p/qg>0.
In this case P[5, <0, for all n > 0] > 0 and on the set of positive proba-
hility
ﬂ?f:o [Sn S D]

the gambler is never ahead.
When P[N = oc] > 0 we have by definition EN = 00. When p > ¢ we
compute EN = ®'(1) by differentiating in (1.6.4)

p(s) < a0~ 4pgs?)~Y/%(=8pgs) — (1 — /1 — 4pgs®)2g

4g?s?

(ugly but correct), and letting s T 1 yields

EN = (2(] (%) —2q(1— \/TE;E) ra

bividing numerator and denominator by 2q we get

4pq
BN = (ot -l 1)) /2
2p (I-p—gl)

T lp—al 2q

H
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and so
o, fp=qg=1/2

ENz{ _
{p_q)—lv lfp)q'

An extension of these techniques can be used to analyze the distribu-
tion of the first return time to 0. Define

Ny =inf{n >1:8, =0},

set fo =0 and
fon =P[Ny=2n],n > 1.
Also
.03
F(s)= ngnszn, 0<s<1
n=0

Now we have

{ 1+inf{n: 3" | X =1} on [X; = —1]
NO =

1+inf{n: 3 ", X;1=-1} on[X; =1]

Set

n
Nt =inf{n; ZXHI =1}

i=1

n
N™ :mf{n . ZXH-I = —1}
i=1

and observe that because {X;,i > 1} 4 {X;,i > 2} we have N L N+,
Also N7 is determined by {X;,,i > 1} and is therefore independent of
X,. Similarly N~ is independent of X;. We have

F(S) = ESNG = ESNO].[Xl:_]] + ESN01[X1=1]

+ -
=Es't 1[X1=—1] + EsttV 1[X1=1]-
By independence this is

=sEs"TP(X, = ~1] + sEsY T P[X, =1]
(1.6.7) =s®(s)g+ spEs? .
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Note

n k)
N™=inf{n:Y Xy =-1}Einffn:> X; = -1}
i=1 i=1

= inf{n: Z(——X,-) =1} =inf{n: Zn:Xl# =1}.

i=1

Moreover, the process {37, X,n > 1} is a simple random walk with
step distribution

PXF =1=P-X,=1=P[X; =-1=¢
To get
@~ (s) = Es™7,

we simply use the formula (1.6.4) with p and ¢ reversed. Consequently,
from (1.6.7),

F(s) =sq (1—\/1—4pq52) +sp (1—\/1—4pqs2)

2gs 2ps

(1.6.8) =1—+/1—4pgs2.

Further,
F(1) = P{Np <00l =1-+/T—4pg=1—|p—q
so0
1, ifp=gq
P[Ny <ool=1{ 29, ifp>gq
2p, ifp<yg

and only in the balanced case p = ¢ = 1/2 does the random walk return to
0 with probability 1. However, even in the balanced case when p = q = 1/2
and P[Ny < oo] = 1 we have

Fls)=1-+1~4s2
from which ]
F'(s) = —5(1 -9 M2
a5 s — 1 so that
ENO = F’(S)]5=1 = Q.

Thus, a return to the origin is certain but only after a random amount of
time whose expectation is infinite.
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1.7. THE DISTRIBUTION OF A PROCESS*.

Given a probability space ({2,.4, P), a random variable is a measurable
mapping X : (2, A) — (R, R) where R are the Borel subsets of R; i.e., the
sigma. field generated by open sets (or open intervals). This mneans that for
every Borel subset B € R we have

X YB):={w: X(w} e B} € A

Define
o(X) =X R)y={X"YB): BeR}C A

This is the o-algebra generated by X. It is the smallest o-algebra contain-
ing all sets of the form

{w: X{(w)eB}=[XeB],BeR.

Think of ¢(X) as that portion of the information in the probability space
obtainable from a knowledge of X.

The distribution of X is the probability measure on (R, R) defined by
P o X~1 50 that for B € R we have

PoX~Y(B)=P|X € B).

The sets {{—o0, z}, z € R} are closed under finite intersection and generate
R; hence by a set induction result called Dynkin's Theorem (Billingsley,
1986, p. 37, 38) Po X! is determined by its values on semi-infinite in-
tervals. This is the familiar statement that the distribution of a random
variable is determined by

F(z)=Po X !(~o00,z] = PIX < 7]

z € R; i.e., the distribution is determined by the distribution function.
The distribution of X is important because it determines all probabilities
pertaining to X since the distribution of X determines probabilities of all
sets in X1 (R) =o(X) C A

Now we generalize the previous discussion. Let (£2,.4, P) be a prob-
ability space as before and let (5,5) be a measurable space where S is a
complete, separable metric space and & is the o-algebra generated by open
subsets of 5. A measurable mapping

X 1 (2, 4) — (S, 8)

is called a random element of S. Reaching into our (-bag, we pull out
an w, put it into the map X and out comes an element of 5. Important
examples are:

* This section contains advanced material which may be skipped on first
reading by beginning readers.
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(1) If S = R then X is a random variable.

(2) If S = R?for d > 2, then X is a random vector.

(3) If § = R, then X is a stochastic sequence; i.e., a stochastic
process with a discrete index set. So a stochastic process with
index set {0,1,...} is a random element of R*.

(4) If § =C, the space of continuous functions on [0, co), then X
is a continuous path stochastic process. A prominent example
of such a process is Brownian motion.

(5) I § = M,(FE), the space of all point measures on some nice
space F, then X is a stochastic point process. Some promi-
nent examples when E = [0, 00) are the Poisson processes and
renewal processes.

Other examples abound.

The distribution of the random element X is the probability measure
on (8, 8) induced by X, namely P o X~! so that for B S

Po X~Y(B)= P[X € B].

As before, the distribution of X determines the probabilities of all events
determined by X, namely X 1(S).

Usually it is convenient to find a small class of sets, as we did in the
case of random variables, so that P o X! is determined by its values on
this small class. Recall that the relevant technique is the consequence of
Dynkin’s Theorem {Billingsley, 1986, p. 38) given next.

Proposition 1.7.1. If C is a class of subsets of § which is closed under
finite intersections and generates 8, i.e., if o(C) = &, and if two probability
measures Py, Py agree on C, then P, = P, on S.

Sequence Space: We now concentrate attention on
R® ={x:x=(21,22,...)and z; € R, i > 1}

since this class is most appropriate for discrete time stochastic processes.
Let C be the class of finite dimensional rectangles in BR*; ie, A € C if
there exist real intervals Iy,... , I, for some k and

A={xeR®:z;el;, i=1,... k}.

Note that C is closed under intersections, and it is also true that R, the
o-algebra generated by the open sets in R®, is generated by the finite
dimensional rectangles in C (cf. for example, Billingsley, 1968). So we
have the important conclusion that any measure on (R®°, R®) is uniquely
determined by its values on the finite dimensional rectangles C.
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Suppose X = {X;, X5, ... ) is a random element of R* defined on the
probability space (2,.4, P). Its distribution P o X~ is determined by its
values on the finite dimensional rectangles C. This can be expressed another
way. We say two random elements X and X’ are equal in distribution

(written X £ X') if Po X~! = Po (X')~! on R®. X' is then called a
version of X.

Proposition 1.7.2. If X and X' are two random elements of R* then

X<x

if
forevery k> 1: (Xa,... . Xo) 2 (XC,... , XL) € R*.

Proof. Define the projections IT; : R~ — R* by
He(z1,20,...) = (z1,.-. , T)-
Fach II; is continuous and hence measurable. If X 2 X’ then also
(X)) = (X3, Xi) = IR(X) = (X1, , X})
as desired. Conversely if
for every k> 1: (Xy,...,X) S (X],... . X}) e R*

then the distributions of X and X’ agree on C and hence everywhere. B
Call the collection of distributions
PoX 1olli() = P[(X1,...,Xx) € ]
on R* (k > 1) the finite dimensional distributions of the process X and our
proposition may be phrased as the distribution of a process is determined

by the finite dimensional distributions.
Define a new class €’ as follows: A set A’ is in £’ if it is of the form

A’={y€Rw-'y‘zSIt,i:1,.’k}

for some k > 1,{z1,...,xx) € R%. Note that ' is still closed under
intersections and still generates R°°; also

PoX YA =PX, <zy,..., Xk < zg),
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which is a k-dimensional distribution function. The analogue of Proposition
1.7.1 is that the distribution of the process i1s determined by the finite
dimensional distribution functions.

Two random elements X, X' in R* which are equal in distribution
will be probabilistically indistinguishable. This last statement is somewhat
vague. What is meant is that any probability calculation done for X yields
the same answer when done for X'. {This rephrases the statement

P[X e Bj=P[X’' € B], YBeR>)

In succeeding chapters we frequently will construct a convenient represen-
tation of the stochastic process X = {X,}. (This was already done with
the branching process.) We are assured that any other version X' = {X/,}
will have the same properties as the constructed X.

Here is one last bit of information: Define the coordinate map g :
R*®— Rby

(21, 22, .. ) = Tk

for k > 1. The following shows there is nothing mysterious about a mea-
surable map from €} to R*™.

Proposition 1.7.3. If X js a random element of R™ then foreach k > 1
we have that m¢(X) is & random variable. Conversely, if X1, X,,... are
random variables defined on 1, then defining X by

X(w) = (X1(w), Xa(w), ...}

Vields a random element of R®.
A random element then is just a sequence of random variables,

Proof. 7, is continuous and hence measurable. Therefore if X is a random
element of R>,

mroX : 0 R
being the composition of two measurable maps is measurable and hence is
a random variable,
For the converse, we must show
X~ HR®)C A

However, R® = ¢(C) and

X~ o(C) = a(XHO)).
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But for a typical A €,

k
XA =X elie A

3=1
since X1,..., X are random variables. Hence
X HOyc A

and

(X)) c A

as desired. H
1.8. SToPPING TIMES. *

Information in a probability space is organized with the help of o-fields.
If we have a stochastic process {X,,n > 1} we frequently have to know
what information is available if we hypothetically observe the process for n
time units. Imagine that you will observe the process next week for n time
units. The information at our disposal today from this hypothetical future

experiment is the o-algebra generated by X, ..., X, which we denote as
o(Xy,...,X,). Another way to think about this is that a(Xy,..., Xn)
consists of those events such that when we know the value of Xy,..., X,

we can decide whether or not the events occurred. Note for n > 0
O’(Xl,. .. ,Xn) C O'{Xl,‘ N an+1)
and the information from hypothetically observing the whole process is
oo
o(X;,3 >V =o{| ) o(Xy,..., Xn)}.
n=_

In general, suppose we have a probability space (€, A, P} and an in-
creasing family of o-fields F,,n > 0; ie., F, T Frn CT A Define

s

Foo =\ Fui=0l

n>0 mn

Fu)
0

* This section contains advanced material which may be skipped on first
reading by beginning readers.
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so that Fp C Feo C A. Think of {F,,0 < n < oo} as a history; as time
goes on, more information accumulates. Note if F,, = ¢(X,,... , X,) then
Foo = U('X.‘f!j 2 1)

Anp important technical and conceptual concept is that of a stopping
time. A tandom variable o : 2 ++ {0,1,... ,00} is a stopping time with
respect to {Fy,,n > 0} if for every n > 0 we have

(1.81) [a=n] € Fn,

or equivalently

(1.8.2) la <n] €F,.

In the case F, = o(X1,...,Xy), the event [@ = n] is determined by
Xy, .., Xn. It is necessary to allow oo as a possible value of & since
when ¢ is the waiting time for an event to oceur, it may be possible that
the event will never occur, in which case the waiting time is infinite. The

terminology “stopping time” suggests a gambler whose decision when to
stop playing must be based on past events and not on future ones.

Example 1.8.1. Let {X;,j > 1} be iid,
PX,=1=p=1-PX, =-1],
0 < p<1andlet {S,} be the associated random walk. Then
N=inf{rn>1:5,=1}

is a stopping time. Note the convention: The infimum of an empty set is
+00. S0

[Sn<l, foralln|=[{n>1:5,=1}=0]= [N =]
We have that N is a stopping time with respect to {F,,n > 0} where
Fo=1{0,Q}, Fo=o(X1,...,Xn)n>1.
The reason is that forn > 1

[N=n]=[5 <1,..,8-1<1,5, =1] € F..

Example 1.8.2. A slight generalization shows hitting times are stopping
times. Let {£;,j > 0} be a process on (§2,.4, P} and define

Fo=0(0,--r&n),n > 0.
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Suppose the state space of the process is (5, §) and let B € S be a subset
of the state space. Define the hitting time of B to be

g =inf{n > 0:¢, € B}.
Then Tg is a stopping time with respect to {F,,} since for n > 1
ire =n}=[ € B%,... ,&u_1 € B%, £, € Bl € Fr.

In Markov chain models, the state space may be {0,1,... }. A typical
case is that B = {0}. We are interested in 7 where

T0 =inf{k >0:& =0}.

Back to the general discussion. If o is a stopping time with respect to
{F.}, the information up to time « is contained in the o-field

Fo={AeFu:ANfja=nle F, forall 1 <n < co}.

Thus A € F, if, when imposing the additional restriction that [a = n],
the resulting set is placed in F,. Check that F, is a o-field and that F,
consists of sets of the form

U le=nlNA,

0<n<oo

where A, € F,,0 < n < 0.
Suppose {&-,n > 0} is a process on {1, A, P) with state space (5,5)
so that each £ has domain £ and range §. Suppose

U(EO}' - :E'n) - -7:11,-
The post-a process is the process

{Ea+ﬂ}n 2 1}

which is only defined on [ < co]. The definition of £,4, is that, at w €
lar < 00], the value of the function £aqr 15 £auy+n(w). If [@ < 00} = 2 then
£, is F, measurable, written &, € F,, sincefor BeSand 0 < n < oo

[, € Bln[a=n]= [ € BlN|a=n] € Fxr.
If @ < o0] C 9 but [@ < oo} # £, then one can check that either
&al[a<oo] €EFqoréy € [Oc < 00] N Fa,

the latter considered in the trace space (2N [a < =], [a < o] N A). The
post-ar field F), is the subfield of [@ < oo] N Fy generated by the post-a
process {£4.n, % > 1}. It is the information available after time o.
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1.8.1. WaLD’s IDENTITY.

Wald's identity and its generalizations are special cases of martingale stop-
ping theorems. They are useful for computing moments of randomly
stopped sums, although checking the validity of moment assumptions nec-
essary for the identities to hold can be tricky. We have already seen an
identity like Wald’s in (1.3.4.3).

If you did not read Section 1.7, think of a stopping time o with respect
to the sequence {X,,n > 1} as a random variable such that the set [o = m}
is determined only by X,..., X, for any m > 1. Thus o takes on the
value m regardless of future (beyond time ) values of the process.

Proposition 1.8.1. Suppose {X,,,n > 1} are independent, identically
distributed with E|X1| < oco. Suppose o is a stopping time with respect
to {X,,n > 1} and

Ea < 0o,

Then o
E() " Xi) = E(X,)Ea.
i=1

Proof. We have
o (o]
EQ X)=EY  Xiljza.
i=1 i=1

If we can interchange expectation and the infinite sum, then the above is

> EXiljca)-

i=1

Since [{ < af = [a < 1]¢ = [@ < i — 1]° depends only on X1,...,X;_1, we
have that X; and ljicq) are independent. The above then equals

oo o0 o0
Y BX Bl = B(X3) S Pla 2 i = B(X))S Pla > i] = E(X))Ea
i=1 =1 i=0

from Lemma 1.1.1.

The rest of the proof justifying the interchange of E and 3 .o, requires
a bit of measure theory. A student who does not have this background
should skip the rest of the proof and proceed to the example below. For
those who continue, note

oo oo
EZ | Xilp<ayl = EZ 1Xilljga)-
i=1

i=1
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Since all terms are positive, Fubini or monotone convergence justify the
interchange and

oo
> E|Xi|ljca) = E|X1|Ea < 00

i=1
by assumption. Therefore the function of two variables ¢ and w
Xi (W)l icqy(w)
is absolutely integrable with respect to the product of P and counting

measure. This justifies a Fubini interchange of the iterated integration. W

Example. Consider the simple random walk {5, } with Sy = 0 and set
N=inf{n >1: 85, =1}.

Recall P[X; =1 =p=1—P[X; = —1] so that EX; =p—gq. On IN < o0
we have Sy = 1. If EN < 0o then Wald's identity holds and

ESy = E(X1)EN = (p— @)EN.

If p = ¢, we get a contradiction: If EN < oo then PN < ] = L
morecver, on the one hand

ESy=FE1=1 (since Sy=1)

and on the other, by Wald
1 1
E =|- — — = .
Sn (2 2)EN 0

Hence EN = co. If EN < co and p < ¢ then Wald implies 1 = (p—g)EN <
0, a contradiction. So we get the weak conclusion EN = oo, whereas we
know from (1.6} that in fact P[N = oo] > 0. If p > ¢ and EN < oo we
conclude from Wald EN = (p ~ ¢)~!, in agreement with (1.6.6), but this
argument does not prove EN < oa.

1.8.2. SPLITTING AN IID SEQUENCE AT A STOPPING TIME*.

Suppose {X,,n > 0} are ild random elements and set

.7'-,1 ZU(XQ, e ,Xn),
f;-; :U(Xﬂ+11Xﬂ+2J R )
*This section contains advanced material which may be skipped on first

reading by beginning readers. However, the main result Proposition 1.8.2 is easy
to understand in the case that «a is finite a.s.
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F, represents the history up to time n and FI is the future after n. For
iid random elements, these wo o-fields are independent. The same is true
when n is replaced by a stopping time o; however care must be taken to
handle the case that Pla = oo} > 0. As before, we must define

o0 [e2]
Fo=\ Fa=0oll) 7).
n=0 =0

If @ = oo it makes no sense to talk about splitting {X,} into two
pieces——the pre- and post-a pieces. Instead we restrict attention to the
trace probability space. If (2,4, P) is the probability space on which
{Xn} and « are defined, the trace probability space is

(QF, A%, P*) = (QN o < 00, AN [ < o0, P{-]a < o0})

(assuming Pla < oo] > 0). If Pla < o] = 1, then there is no essential
difference between the original and the trace space.

Proposition 1.8.2. Let {X,,n > 0} be iid and suppose o is a stopping
time of the sequence {i.e., with respect to {F,}). In the trace probability
space (0¥, F# P#), the pre- and post-o o-fields F,, F/, are independent
and

{Xn,n 2 0} £ {Xopr, k > 1}

in the sense that for B € R™
(1.8.2.1) P#¥[(Xa4k, k> 1) € Bl = P[(X,,n > 0) € B].
Proof. Suppose A € F,. Then

P{AN fo < 0] N [{ Xask, k = 1} € B}

(1.8.2.2) - i P{AN @ =n]N[(Xnsxk 2 1) € B]}.

n=0

From the definition of F, we have
ANfa=n] € F,.

Since [( Xngk, k > 1) € B] € F}, which is independent of F,, we get (1.8.2.2)
equal to

i PlAN|e = nllP[{Xnik k 2 1} € B]
=0

:iP{Aﬂ[a:n]]P[{Xk,kEO} € B

;[Ozm e < 00]} P[{Xx.k > 0} € B.

It
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By dividing (1.8.2.2) by Pla < oo] we conclude
(1.8.2.8)  P*ANH{Xatr, k>1} € B]] = P*(A)P{ X,k = 0} € B).

Let A = 2. We conclude that (1.8.2.1} is true. Once we know (1.8.2.1) is
true we may rewrite (1.8.2.3) as

(1.8.2.4) P#[AN[{Xoik,k > 1} € B)| = PRA)YP#[{ X,k > 1} € B]
which gives the required independence. ®
Example. Let {X,,n > 1} be iid Bernoulli,
PX,=1=p=1-P[X; = 1]
and let the associated simple random walk be
5% =05 =X+ +Xa,n2L
We derive the quadratic equation for ®{s) = Es" where
N=mf{n>1:5, =1}
without first deriving a recursion for {P[N = k], k > 1}. We have

®(s) :ESNI[XI:” + ESN1[X1=_1]
:Sp+ ESNI[Xii__I].

Define

Ny=inf{n>1: ZXH;E =1}
i=1

and on [Ny < oc] define

n
Npy=inf{n>1: > Xn,4145 =1}

j=1
so that on [N} < 00, X; = —1]
N =14 Ny + No.

Define P# = P{:|N; < co). Now on [N1 < oc], N is the same functional
of {Xwn,+145,7 2 1} as Ny is of {X14;,7 = 1}. So from the previous
results, for any k,

P{Nl = k} = P#[Ng = ]C]

1. EXERCISES 51

Thusfor 0 < s <1
Ele[Xlz«-li = E31+N1+N21[x1=_1,N:<°o]

(since on [X; = —1,N; = oo] we have N = oo and sV = 0). Let E# be
expectation with respect to the measure P¥. Then

ESNI[Xlz_I] :qusN1+N21[NJ<°°]
=sgE#sN1 N2 PIN) < 0,
and since Ny, N, are independent with respect to P# (by 1.8.2.4), this is
=sqE* sN1E#* N2 P|N; < ).
Using (1.8.2.1) we get
=sqE*sVN1 EsN1 PN, < oo
=sqEs™ 1N, <OO}E3N1
=3qEs™N1 EsV1
=s5q®*(s)
and we conclude as in Section (1.6) that

B(s) = sp + sg®*(s).

EXERCISES

1.1. {a) Let X be the outcome of tossing a fair die. What is the gf of X7
Use the gf to find EX.

(b) Toss a die repeatedly. Let p, be the number of ways to throw die
until the sum of the faces is n. (So g; = 1 (first throw equals 1), pp = 2
(either the first throw equals 2 or the first 2 throws give 1 each), and so
on. Find the generating function of {u,,n > 1}.

1.2. Let {X,,,n > 1} be iid Bernoulli random variables with

and let S, = 3" | X; be the number of successes in n trials. Show S, has
a binomial distribution by the following method:

(1) Proveforn>0,1<k<n+1
P[Sp41 = k| = pP[Sn = k — 1] + qP[S, = k|-

(2) Solve the recursion using generating functions.
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1.3. Let {X,,n = 1} be iid non-negative integer valued randem variables
independent of the non-negative integer valued random variable N and
suppose

E(X1) < oo, Var(X;) < 00, EN < oo, Var(N) < oc.
Set S, = Y., X:. Use generating functions to check

Var(Sy) = E(N)Var(X,) + (EX:)?Var(N).

1.4. What are the range and index set for the following stochastic pro-
cesses:

(a) Let X; be the quantity of beer ordered by the ith customer at Happy
Harry’s and let N{t) be the number of customers to arrive by time ¢. The
process is {X (t) = Z,fi(lt) X;,t > 0} where X|(t) is the quantity ordered by
time {.

(b) Thirty-six points are chosen randomly in Alaska according to some
probability distribution. A circle of random radius is drawn about each
point yielding a random set S. Let X(A) be the value of the oil in the
ground under region AN S, The process is {X(B), B C Alaska}.

(c) Sleeping Beauty sleeps in one of three positions:

(1) On her back looking radiant.

(2} Curled up in the fetal position.

(3) In the fetal position, sucking her thumb and looking radiant only
to an orthodontist.

Let X (&) be Sleeping Beauty's position at time t. The process is
{X(t),t = 0}

(d) For n =10,1,..., let X, be the value in dollars of property damage
to West Palm Beach, Florida and Charleston, South Carolina by the nth
hurricane to hit the coast of the United States.

1.5. If X is a non-negative integer valued random variable with

X ~{pc}, P(s)=Es*,
express the generating functions if possible, in terms of P{s)}, of (a) P[X <
n|, {b) P[X < n], (c) P[X = n].

1.6. (Karlin and Taylor, 1975, p. 38) Let X and Y be jointly distributed
non-negative integer valued random variables. For [s| < 1,|t| < 1, define
the joint generating function

o0
Px y{s,t) = Z s'HP[X =4, = 3.
4,320
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Prove that X and Y are independent iff

Px v(s,t) = Px(s)Py(t) Y, t.

1.7. A Skip Free Negative Random Walk. Suppose {X,,n > 1} is
independent, identically distributed. Define Sy = Xg=1and forn > 1

Spn=Xg+ X1+ + X,..
For n > 1 the distribution of X, is specified by
P[Xﬂ:J_l]:pjr j=0y1""

where
o0 o0
dopi=1, flsy=> p;s0<s< L
=0 =0

(The random walk starts at 1; when it moves in the negative direction,
it does so only by jumps of —1. The walk cannot jump over states when
moving in the negative direction.) Let

N =inf{n: S, =0}.

If P(s) = Es™, show P(s) = sf(P(s)). (Note what happens at the first
step: Either the random walk goes from 1 to 0 with probability pg or from 1
to 7 with probability p;.) If f(s) = p/(1— ¢s) corresponding to a geometric
distribution, find the smallest solution.

1.8. In a branching process
P(s)=as®* +bs+c

where a > 0,6 > 0,c > 0, P(1) = 1. Compute 7. Give a condition for sure
extinction.

1.9. In a binomial replacement branching model with P(s) = ¢ + ps, let
T'=inf{n: Z, = 0}.

(1) Find P[T =nl forn > 1.

(2) Find P[T = n] assuming Zp =1 > 0.

1.10. Harry lets his health habits slip during a depressed period and
discovers spots growing between his toes according to a branching process
with generating function

P(s) = .15+ 055+ .03s% + .07s% + .4s* + .255° + .05s°.
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Will the spots survive? With what probability?

1.11. A Point Process. Let N(A) be the number of points in re-
gion A. Assume that for any n, the set A can be decomposed, A =

n_ A™, such that AT, ..., ALY are disjoint, N(4) = S N (AP
and N(AP), ..., N(A{M) are independent. Assume

PIN(A) = 0] = exp{-3/n), PIN(AT™) 22 < 26(2)

where 8(z) is a positive function such that §(x) -+ 0 as z — 0. Show N (4)
has a Poisson distribution.

1.12. For a branching process {Z,}, let § =14 37", Z, be the total
population ever born. Find a recursion which is satisfied by the generating
function of §. Solve this in the case P(s) = g+ ps and P(s) = p/(1 — gs).
‘What is E(5)7

1.13. Let [z] be the greatest integer < x. Check by integral comparison
or another such method that

[Ne]
li it = =1
A Z j loge
i=N+1

Let {X;,j > 1} be independent random variables with
PIX;=1=1/j =1- P[X; = 0]
andset S, =%, Xi, n>1
(1) What is the generating function of

[ve]
Spe =S =Y X;7

=N+1
(2) Use the continuity theorem for generating functions to show
lim P[Sine — Sy = k] =p(k,1) = e~ L/kL
N—oo
(3) Define
L) =mf{j >1:X; =1}.

Compute the generating function of {P[L(1) > nj,n > 2}. What
. is EL{1)?
(4) If {Z,,n = 1} is a sequence of iid random variables with a contin-
uous distribution, show that

d .
{1[Zn>v,7‘;1‘z.-]=” >1}={X;,i 21}
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1.14. Harry comes from a long line of descendents who do not get along
with their parents. Consequently each generation vows to be different
from their elders. Assume the offspring distribution for the progenitor has
generating function f(s) and that the offspring distribution governing the
number of children per individual in the first generation has generating
function g(s). The next generation has offspring governed by f(s) and the
next has g(s) so that the functions alternate from generation to generation.
Determine the extinction probability of this process and the mean number
of individuals in the nth {assume n is even) generation.

1.15. (a) Suppose X is a non-negative integer valued random variable.
Conduct a compound experiment. Observe X items and mark each of the
X items independently with probability s where 0 < s < 1. What is the
probability that all X items are marked?

(b) Suppose X is a non-negative integer valued random variable with
mass function {p,}. Suppose T is a geometric random variable independent
of X with

PTznl=s* 0<s<l.

Compute P[T > X].

1.16. Stopping Times. {a) If ¢ is a stopping time with respect to the
o-fields {F,} then prove F, is a o-field.

{b) If ag,k > 1 are stopping times with respect to {F,}, show Vioy
and Agay are stopping times. (Note V means “max” and A means “min”.)
If {v } is a monotone increasing family of stopping times then limy_ o0 ck
15 a stopping time.

(¢) If 1 < avp show Fy, C Fa,-

L.17. For a simple random walk {5, } let uo = 1 and for n > 1, let
un = P[S, = 0].

Compute by combinatorics the value of u,. Find the generating function
Uls) = 2;‘;0 U, 8" in closed form. To get this in closed form you need the

identity ,
2n on nl—3
(n) = ()

1.18. Happy Harry’s Fan Club. Harry's restaurant is located near
Orwell University, a famous institution of higher learning. Because of the
Crucial culinary, social and intellectual role played by Harry and the restau-
rant in the life of the University, a fan club is started consisting of two types
of members: students and faculty. Due to the narrow focus of the club,
Membership automatically terminates after one year. Student members of
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the Happy Harry’s Fan Club are so fanatical they recruit other members
when their membership expires. Faculty members never recruit because
they are too busy. A student recruiter will recruit two students with prob-
ability 1/4, one student and one faculty member with probability 2/3 and
2 faculty with probability 1/12. Assume the club was started by one stu-
dent. After n years, what is the probability that no faculty will have yet
been recruited? What is the probability the club will eventually have no
members?

1.19. At 2 AM business is slow and Harry contemplates closing his estab-
lishment for the night. He starts flipping an unfair coin out of boredom and
decides to close when he gets r consecutive heads. Let T be the number of
flips necessary to obtain r consecutive heads. Suppose the probability of a
head is p and the probability of a tail is ¢. Define p = P[T = k] so that
pr=0for k<,

(1) Provefor k > r
=Pl =kl=pql—po—pr — - = pr—r—1].

(2) Compute the generating function of T and verify P(1) = 1.
(3) Compute ET. If you are masochistic, try Var{T).

The next night at midnight, Harry is bored, so again he starts flipping
coins. To vary the routines he looks for a pattern of HT (head then tail).
Forn > 2, let

fn = P| the pattern HT first appears at trial number n ].

Compute the generating function of {f} and find the mean and variance.
1.20. In a branching process, suppose P(s) = g+pst,0< ¢,p<l,9+p=
1. Let T be the time the population first becomes extinct:

T=inf{n>1: 2, =0}

(1} Find the probability of eventual extinction.
(2} Suppose the population starts with one individual. Find P[T > n].

1.21. Let {N{t), t > 0} be a process with independent increments which
means that for any 4 and times 0 < ¢; < --- < t& N(t1), N(t2) -
Nit1),...,N{tx) — N(tg_,) are independent random variables. Suppose
for each t that N(t) is non-negative integer valued with

Pi(s) = EsV®),

1. EXERCISES 57

For T < t express Es™V{)=N() in terms of P, (s), P.(s).

1.22. Harry and the Mutant Creepazoids. The neighborhood where
Harry’s restaurant is located starts to deteriorate, largely due to the rise
of a weird teenage gang called the Mutant Creepazoids. By eavesdropping
in the bar of the restaurant and similar techniques, Harry learns of the
gang’s plans for neighborhood domination. Each week, every creepazoid
is required to recruit new members. The number recruited per member is
random with generating function P(s). (Note that this number includes
the recruiter; if the number is zero, this means the recruiter died or left
the gang.) However, each week a certain proportion of the recruits and
members, namely ¢,0 < ¢ < 1, drop out since they apparently decide the
weird life style is not for them. Let Z,, be the number of gang members in
the nth generation.

{1} Assuming the gang started with one member. What is the gener-
ating function of the number of gang members after a week; i.e.,
what is the gf of Z,7

(2) If we start with one recruit (someone who is not sure he will stay
with the group), what is the distribution of the number of recruits
rounded up by the initial recruit after one week?

(3) Show the means of the two distributions found above are the same.
When is the variance the same? If the variance is the same, are
the distributions the same?

(4) Under what conditions is the disturbance to the neighborhood
transitory?

(5) Finding that the gang strains his nerves, Harry decides to leave for
Florida every other week. He therefore observes the population of
the gang to be {Za,,n > 0}. Is this a branching process? If so,
what is the offspring distribution which generates this process?

1.23. For a branching process with offspring distribution
pn=pg", n20p+g=10<p<l,

find the extinction probability and give conditions for sure extinction.

1.24. Branching in Varying Environments. This is the same model as
the simple branching process except that individuals in the nth generation
reproduce according to a reproduction law {p.x, k& > 0} with generating
function ¢n(s} = 3., paxs®. As before, let Z, be the number in the nth
generation.

(1) Construct a model for this population analogous with the con-
struction of Section 1.4.
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(2) Express the generating function
fn{s) = Es%n

in terms of ¢i(s),k > 0 where ¢gy(s) = s.
(3} Express m, = EZ,, in terms of pu;,1 > 0 where y; = ¢ (1).

1.25. Harry and the Management Software. Eager to give Happy
Harry’s Restaurant every possible competitive advantage, Harry writes in-
ventory management software that is supposedly geared to restaurants,
Harry, sly fox that he is, has designed the software to contain a virus that
wipes ont all computer memnory and results in a restaurant being unable to
continue operation. He starts by crossing the street and giving a copy to
the trendy sprouts bar. The software is presented with the condition that
the recipient must give a copy to two other restaurateurs, thus spreading
the joy of technology. The time it takes a recipient to find someone else
for the software is random. Upon receipt of the software, the length of
time until it wipes out a restaurant’s computer memory is also random.
Of course, once a restaurant’s computer memory is wiped out, the owner
would not continue to disburse the software. Thus a restaurateur may
distribute the software to 0, 1 or 2 other restaurants.
For j =0,1,2, define

p; = Pl a restaurateur distributes the software to j other restaurants |.
Suppose pg = .2,pp = .1,pp = .7. What is the probability that Harry’s

plans for world domination of the restaurant business will succeed?

1.26.* Suppose X;, X3 are independent, N{0, 1) random variables on the
space (£, A, P).

Ea% Prove X, L ~X,; e, prove that Po X;* = Po(—-X,) 1 on R.
b) Prove

(X1, X1+ X3) A (X1, X1 — Xo)
in R?%; ie., prove
Po(X), X1+ Xg)™h = Po (X1, X1 — Xo)7!

on R2.

Now suppose { X,,,n > 1} is an iid sequence of N(0, 1) random variables.

* This problem requires some advanced material which should be skipped on
the first reading by beginning readers.
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(c) Prove

(X1, X1+ Xa, .. ) & (=X, X1 — Xo,...)

in B*=,
(d) f X,Y are random elements of a metric space S,and g: § — ' is
a mapping from S to a second metric space S’, show that X iy implies

g(X) 2 g(¥).

1.27. ¥ X, has a negative binomial distribution with parameters p,r (cf.
Example 1.3.6, Section 1.3.3), show that if r — oo and r¢ — A > 0, then
the negative binomial random variable X, converges in distribution to a
Poisson random variable with parameter .

1.28. Consider the simple branching process {Z,} with offspring distribu-
tion {p;} and generating function P{s).

{(a) When is the total number of offspring > o Zn < cof

{b) When the total number of offspring is finite, give the functional
equation satisfied by the generating function (s} of }°7° o Z,, < co.

(¢) Zeke initiates a family line which is sure to die out. Lifetime earnings
of each individual in Zeke’s line of descent (including Zeke) constitute iid
random variables which are independent of the branching process and have
common distribution function F(z), where F concentrates on [0, co). Thus
to each individual in the line of descent is associated a non-negative random
variable. What is the probability H(x) that no one in Zeke’s line earns more
than z in his/her lifetime, where of course 2 > 0.

(d) When :

1-.5s

P(s) =
find ¥(s). If in addition,
Flzy=1-e™™, x>0,

find H(z).



CHAPTER 2

Markov Chains

N TRYING to make a realistic stochastic model of any physical situation,

one is forced to confront the fact that real life is full of dependencies. For
example, purchases next week at the supermarket may depend on satis-
faction with purchases made up to now. Similarly, an hourly reading of
pollution concentration at a fixed monitoring station will depend on pre-
vious readings; tomorrow’s stock inventory will depend on the stock level
today, as well as on demand. The number of customers awaiting service
at a facility depends on the number of waiting customers in previcous time
periods.

The dilemnma is that dependencies make for realistic models but also for
unwieldy or impossible probability calculations. The more independence
built into a probability model, the more possibility for explicit calcula-
tions, but the more questionable is the realism of the model. Imagine the
absurdity of a probability model of a nuclear reactor which assumes each
component of the complex system fails independently. The independence
assumptions would allow for calculations of the probability of a core melt-
down, but the model is so unrealistic that no government agency would be
so foolish as to base policy on such unreliable numbers—at least not for
long.

When constructing a stochastic model, the challenge is to have depen-
dencies which allow for sufficient realism but which can be analytically
tamed to permit sufficient mathematical tractability. Markov processes
frequently balance these two demands nicely. A Markov process has the
property that, conditional on a history up to the present, the probabilistic
structure of the future does not depend on the whole history but only on
the present. Dependencies are thus manageable since they are conditional
on the present state; the future becomes conditionally independent of the
past. Markov chains are Markov processes with discrete index set and
countable or finite state space.

We start with a construction of a Markov chain process {X,,n > 0}.
The process has a discrete state space denoted by S. Usually we take
the state space S to be a subset of integers such as {0,1,...} (infinite
state space) or {0,1,...,m} (finite state space). When considering sta-
tionary Markov chains, it is frequently convenient to let the index set be
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{ . ,—1,0,1,...}, but for now the non-negative integers suffice for the
index set.

How does a Markov chain evolve? To fix ideas, think of the following
scenario. During a decadent period of Harry's life he used to visit a bar
every night. The bars were chosen according to a random mechanism.
Harry’s random choice of a bar was dependent only on the bar he had
visited the previous night, not on the choices prior to the previous night.
Wwhat would be the ingredients necessary for the specification of a model
of bar selection? We would need an initial distribution {a,} so that when
Harry's decadent period commenced he chose his initial bar to be the kth
with probability az. We would also need transition probabilities p;; which
could determine the probability of choosing the jth pub if on the prior
night the ith was visited.

Section 2.1 begins with a construction of a Markov chain and a discussion
of elementary properties. The construction also describes how one would
simulate a Markov chain.

2.1. CONSTRUCTION AND FIRST PROPERTIES.

Let us first recall how to simulate a random variable with non-negative
integer values {0,1,...}. Suppose X is a random variable with

oc
PlX=k=ar, k20, ) a;=1
i=0

Let U be uniformly distributed on [0, 1]. We may simulate X by observing
U, and if U falls in the interval (Ei:ol a;, Zf:o a;] then we pick the value

k. {As a convention here and in what follows, set Ei_zlo a; = 0.) Now if we
define

Y= kZH(zr;;m.zr:Da.-](U)
=0

sothat YV = kiff U € (Zf;ol ai, Zi;n a;], then ¥ has the same distribution
as X, and we have simulated X.

We now construct a Markov chain. For concreteness we assume the
state space S is {0,1,...}. Only minor modifications are necessary if the
state space is finite, for example S = {0,1,... ,m}. We need an initial
distribution {ax} where ax > 0,3 4., ex = 1 to govern the choice of an
initial state. We also need a transition matrix to govern transitions from
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state to state. A transition matrix is a matrix which in the infinite state
space case is P = (py;,1 > 0,7 > 0) or, written out,

Poo Por
P=|Pio P1n

and where the entries satisfy
o0
pij 20, ZP:‘;':L i=0,1,....
—

(In the case where the state space S is finite and equal to {0,1,... ,m}, P
is (m +1) x (m + 1) dimensional.)

We now construct a Markov chain {X,,n > 0}. We need a scheme
which will choose an initial state k with probability a, that will generate
transitions from i to § with probability p;;. Let {U,,n > 0} be iid uniform
random variables on (0,1). Define

XO = Z kl(E?;.;ﬂi,ELDGi] (UD)
k=0

This is the construction given above, which produces a random variable
that takes the value k with probability ar. The rest of the process is defined
inductively. Define the function f(i, ) with domain § x {0,1] by

Jliw) = kz_% kl(Ef;SPij:ELnPijl(u)

so that f(i,u) = k iff u € (Y52 Pij» Lneo Pij). Now for n > 0 define

Xn.+1 = f(th Un+1)'

Note that if X,, = 4, we have constructed X, so that it equals k with
probability p;x. Also observe that Xy is a function of Uy, X is a function
of Xy and U7 and hence is a function of Uy and Uy, and so on so, that in
general we have X, is a function of Up, U1, ..., Upq1.

Some elementary properties of the construction follow.
1. We have

(2.1.1) PlXo=k=ar, k20

¥
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and for any n > 0

(2.1.2) PiXon1 = j|Xn =i = piy.

This follows since the conditional probability in (2.1.2) is equal to

Pf(Xn,Unt1) = §1Xn = 4] = P{f(i,Un41) = §iXn =]
= P[f(4,Uns1) = j)
since U,y and X, are independent. By the construction at the beginning
of Section 2.1, this probability is pi;.

2. As a generalization of (2.1.2) we show we may condition on a history
with no change in the conditional probability provided the history ends in
state i. More specifically we have

(2.1.3) PXnt1=31Xo =d0,... , Xn_1 =in—1, Xn = 1] = py
for integers ip,éy,...,én_1,%,7 in the state space (provided P[X, =
i,y Xne1 =1, Xn = 7'] > 0)
As with property 1, this conditional probability is
Pf{i,Ups1) = j|Xo = t0,--- , Xn = j]
and since Xp,..., X, are independent of U, 11, the foregoing probability
is
Plf(i, Uns1) = j] = pyj-

Processes satisfying (2.1.2) and (2.1.3) possess the Markov property
Imeaning

PlXniy =jlXo=140,... , Xno1 =tin_1,Xn =1]

= Pf(Xn,Uns1) = j|Xn =1

3. As a generalization of (2.1.3), we show that the probability of the
future subsequent to time n given the history up to 7, is the same as the
probability of the future given only the state at time »; and this conditional
Probability is independent of n (but dependent on the state). Precisely, we
have for any integer m and any states ki, ..., kn

P{Xn+1 =ki,.. ., Xntm = k‘mIXD =1ip,.-- s Kp1 = A1, X = 1]
=P[Xn+1 =ky,... ,Xn-}—m = klen = "'4]
(2.1.4) =P[X; = k1, ., X = k| Xo = 4.
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In shorthand notation, denote the event (X1 = k1,..., Xntm = km]
by [(X;j,j > n+ 1) € B]. Note that in the probability of (2.1.4) we can
replace X, 11 by f{z,U.1), and we can replace X,, 12 by f(Xuy1,Uns2) =
F(f (i, Uny1), Unyo) and so on. Thus in the probability of (2.1.4) we can
replace (X;,j > n+1) by something depending only on Uj, j > n+1 which
is independent of Xg, ..., Xn- Therefore the conditional probability is

P(f (i, Uns1), F(F (5, Uns1), Una), ...) € B].

Since this also equals

P[(f(?., Ul)! f(f(z: Ul)) U2)1 .- } € B]1
the result follows.

The three properties above are the essential characteristics of a Markov
chain.

Definition. Any process {Xn,n > 0} satisfying (2.1.2}—(2.1.3) is called
a Markov chain with initial distribution {ax} and transition probability
matrix P.

Sometimes a transition probability matrix is called a Markov or a sto-
chastic matrix.

The constructed Markov chain has stationary trensition probabilities

since the conditional probability in {2.1.2) is independent of n. Sometimes
a Markov chain with stationary transition probabilities is called homo-
geneous.
Warning. Although the constructed process possesses statlonary transition
probabilities, the process in general is not stationary. For the process {X,,}
to be stationary, the following condition, describing a translation property
of the finite dimensional distributions, must hold: For any non-negative
integers m, v and any states kg, ..., kn we have

PXo = ko ..., Xm = km] = P[X, = ko, ..., Xyim = kum].

{Roughly speaking, this says the statistical evolution of the process over an
interval is the same as that of the process over a translated interval.) The
concept of a Markov chain heing a stationary stochastic process and having
stationary transition probabilities should not be confused. Conditions for
the Markov chain to be stationary are discussed in Section 2.12.

The process constructed above will sometimes be referred to as the sim-
uleted Markov chain. We will show in Proposition 2.1.1 that any Markov
chain {X# n > 0} satisfying (2.1.1), (2.1.2) will be indistinguishable from
the simulated chain {X,,} in the sense that

(X >0} 2 {X# n>0},
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that is, the finite dimensional distributions of both processes are the same.
Together, the ingredients {a;} and P in fact determine the distribution of
the process as shown next.

Proposition 2.1.1. Given a Markov chain satisfying (2.1.1)-(2.1.3), the
finite dimensional distributions are of the form

(21.8)  P[Xo =10, X1 =11,..., Xk = k]| = GicPicir Piria " " Pix—1in

for o, - - - ik integers in the state space and k > 0 arbitrary. Conversely
given a density {ax} and a transition matrix P and a process {X,} whose
finite dimensional distributions are given by (2.1.5), we have that {X,,} is
a Markov chain satisfying (2.1.1)—(2.1.3}.

So the Markov property, i.e., (2.1.2)-(2.1.3), can be recognized by the
form of the finite dimensional distributions given in (2.1.5).

Proof. Recall the Chain Rule of conditional probability. If Ag,... , Ax are
events then

k k-1 k-2
P([)As) = P(Ax] [} A)P(Ak-1| [] 4s) .- P(A1]Ao) P(Ao)
i=1 i=0 i=0

provided P((Y_, A:) > 0,7 =0,1,...,.k — 1.
Suppose {2.1.1)—(2.1.3) hold and set A; = [X; = i;] so that if

(2.1.6) PXg=1ip,....X;=1%]>0,j=0,..,k -1
then

PlXy=1g,..., Xk =ik
k
= HP[XJ = ile(} = ?:0, e ,Xj_l = ij_l]P[Xg = 1:0]
i=1

and applying (2.1.3) to the right side we get
k k
T PIXs = 451X = d51)as, = ai |
i=1 i=1

What if (2.1.8) fails for some j? Let

j‘=inf{j20:P[X0=io,___ ,XJ' =!J]=O}
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If j* = 0 then a;, = 0 and (2.1.5) holds trivially. If ¥ > 0 then by what Example 2.2.2. The Simple Branching Process. Consider the sim-
was already proved ple branching process of Section 1.4. Recall {Z,,;} are iid with common
distribution {pi} and Zp = 1 and
PlXo =10, , Xjo-1} = QigPigiy -~ Pije_sije, > 0.

Ly = n,l +..+ Zn.,Zn_l-

Consequently,
Piyesiye = P[Xo =io,... , Xjo = igs)/P[Xo =g, ... , Xoeoy =ige_] =0 So
so again (2.1.5) holds. PlZy =in|Z0 =0, ..., Zn-1=in-1]
: . . s
For Conversely, suppose for all k and choices of 4q, . . . , 7 that (2.1.5) holds. _ P[z Ty = o= oo T = ]
@igPigiy " Pigozixey =~ 0 =1

th—1

=P} Zn; =inl,
=1

we have

PXe =ig|Xo =10, .. , Xec1 = ig-1)
=P[Xo =0, .. , Xk = ]/ P[Xo =dg,... , Xp—1 = te—1] giving the Markov property since this depends only on i5,_; and i,. Thus

=AigPigi, - - 'pih_ﬂk/a‘iopinh ceePig_pig—1 = Pig_qix

showing that the Markov property holds. B PlZ, =jlZp.1 =1 =P [Z Zng =J]=p;'
k=1

where #; denotes i-fold convolution.

Example 2.2.3. Random Walks. Let {X,,n > 1} be iid with

2.2. EXAMPLES.

Here are some examples of Markov chains. Some will be used to illustrate
concepts discussed later and some show the range of applications of Markov
chains.

PX,=Fk =ar, -—o0o<k<oo.

Define th d lk b
Example 2.2.1. Independent Trials. Independence is a special case of fié the random walk by

Markov dependence. If {X,} are iid with

PXp=kl=ar, k=0,1,...,m, i=1
then Then {S,,} is a Markov chain since
PlXpt1=tnr1lXo =to, .1 Xn = tn] =P[Xny1 = inp1] = a4, PlSpi1 = in411S0 = 0,8, =1d1,... ,5: = 1a)
=P[X, 41 =tn+1|Xn = in] =P[Xps1+in =ins1|So=0,...,5 = in]

a‘nd =P[Xﬂ+1 = z‘ﬂ+1 - iﬂ.] = ain+]—in

ap a1 - 2778 =P[Sn+1 - iﬂ+l|Sn — zn]

P = : Y. .
Gy a1 - Om since X, is independent of Sg, ... ,Sn.
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A common special case is where only increments of £1 and 0 are al-
lowed and where 0 and m are absorbing barriers. The transition matrix is
then of the form

1 0 0 0 ... 0 0

i onop;p 0 ... D 0

0 g r2 p2 ... 0O O
p| .2 -2

0 ... 0 0 gn T™m Dm

0o 0 0 0O ... 0 1

The tri-diagonal structure is indicative of a random walk with steps +1, 0.
Note

PlSp, =0|S,_1 =0 = P[S, =m|Sp_1 =m] =1,
which models the hypothesized absorbing nature of states 0 and m and
P[-Xn+1 = ?. -+ ].an = 1.] =D
PlXnp1=i—1|X, =i =¢
PXp+1 =1|X,

il

'b] =Tj

forl1<:i<m-—1.

The case where r; = 0,p; = p,¢; = ¢ is the Gamblers Ruin: Harry
starts with initial fortune 1 and his opponent Zeke has m —i. A coin tossing
game is played and the state of the system is Harry’s fortune. When Harry
wins on a toss, his fortune increases by 1; when he loses a toss, his fortune

decreases by 1. If the process enters state m, Zeke is ruined; if the process
enters state 0, Harry is ruined.

Example 2.2.4. Success Runs. This is marvelous as a source of ex-

amples. The state space is {0,1,2,...} and the transition matrix is of the
form
0 po 0 0O O

@1 0 pp 0O O
P=1g 0 0 p 0

To see why the name success run chein is suitable, concentrate on
the case where p; = p for all ¢ > 0. During Harry’s semi-pro basketball
days, his free-throw shooting constituted independent Bernoulli trials with
success probability p. Given a success run of n shots, Harry can extend this
success run to length n+ 1 if he makes the next foul shot (with probability
p); but if he misses the next foul shot {with probability ¢) the length of
the current success run becomes 0.
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Example 2.2.5. The Deterministically Monotone Markov Chain.
This example in the context of discrete time seems hopelessly trivial but
supplies useful counterexamples and turns out to be not so trivial when we
discuss birth processes in continuous time in Chapter 5. The state space is
{1,2,...}. a1 = P{Xo = 1] =1, and, for i > 1, we have p; ;+1 =1, so that
the process marches deterministically through the integers towards -+occ.

A common method for generating Markov chains with state space S,
discussed in Exercise 2.6, is the following: Suppose {V,,n > 0} are iid
random elements in some space E. For instance, E could be R or R? or
RB°. Given two functions

gi:SxEw § i=1,2
define
Xo =014, Vo),
andforn >1

Xn :g2(Xn—1y Vn)

The branching process and random walks follow this paradigm, as do the
following examples.

Example 2.2.6. An Inventory Model. Let I(t) be the inventory level
of an item at time t. Stock levels are checked at fixed times Tp, 71,75, .. ..
A commonly used restocking policy is that there be two critical values of
inventory s and S where 0 < 5 < S. If at time T}, the inventory level
I{T,) =: X, is less than or equal to s, immediate procurement is done to
bring the stock level up to level S. If the stock level X,, = I{T,,) € (s, 5],
then no replenishment is undertaken. Let D, be the total demand during
the time interval [T,_1,T,), n =1,2,..., assume {D,,n > 1} is iid and
independent of X, and suppose Xy < §. Then

(2.2.1) X ={ (X — Dnt1)y, ifs<X, <8,
- s (S - Dn+1)+: if X, <s,
where as usual (a ia>0,
T+= 0, z<o.

This follows the paradigm X, 11 = ¢(Xn, Dnt1), 7 = 0, and hence {X,.}
is a Markov chain.
For this inventory model, descriptive quantities of interest include:



70 Markov CHAINS

1. Long run average stock level

N
: -1
A N2 X
=0
From the law of large numbers for Markov chains (Section 2.12.1) this will
turn out to be calculated as

s
RILH;OZJP[XR =j].

F=1
In Sections 2.13 and 2.14 we discuss how to calculate lim,, o P[X, = j].

2. Long run cumulative unsatisfied demand. For n > 1 let {/,, be the
unsatisfied demand in period {T,_1,7},), » > 1 so that

3 { (Dp ~ Xa1) A0, ifs<X,_; <38,
"l (Da-98) A0, if Xooy < 5.

We are interested in Z_‘;V:l U; for large N.

3. Long run fraction of periods when demand is not satisfied. This
can be represented as

N
: -1
Jm N7V g5
i=1
Inventory models are further discussed in Exercises 2.58 and 2.59. A
simple example of a calculation of the long run average stock level is given
in Example 2.14.2 of Section 2.14.

Example 2.2.7. The Moran Storage Model. Consider a reservoir of
capacity ¢. The levels {X,} of the reservoir are observed at time points
0,1,.... During the interval [n,n + 1) there is random input An4; to the
reservoir. This input may result in spillage. At the end of the interval
[n,n + 1), m units of water (if available) are instantaneously removed.
These m units include material not stored due to spillage and we assume
m < c. If the reservoir contains less than m units of water, the total
contents are removed. The inputs {A,} are assumed to be iid and inde-

pendent of the initial level Xp. Thus the contents process {X,} satisfies
the recursion

(2.22) Xn+1 = (Xn + An+l - m)+ A,

where ¢ A b means the minimum of a and 5. Thus the contents process
satisfies a recursion of the type

Xn+1 = Q(Xm Vn+1)
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and, therefore, is Markov. The state space is {0,1,...,¢}. Note that the
recursion merely says that the new contents level equals the old contents
level plus input minus outflow with some adjustments for the boundary
conditions at 0 and c.

If

P{Al = ﬂ'] = Iy, P[Al S n] = a’Snv P[Al 2 n‘] =Q>n,

then we can write the transition matrix of the contents process as

d<m Qm+1 Gm42 .- G oo Qegm-1 A>ectm
G<m—1 Im m4yr -+ Qg1 -+ Qegm-1 G2eim—1
P=
0 0 ap PN Am—1 A>m
Note that the column with entries (ac, @c—1,...,0p) is column number
c—m+ L

Further material on storage models is discussed in Section 2.13 and in
Exercises 2.60, 2.61, 2.62.

Example 2.2.8. Discrete Queueing Models. There are two types of
models which we will categorize roughly as type M/G/1 type and type
G/M/1. This reason for this terminclogy will not be clear until the next
chapter.

Customers arrive at a facility and wait for service on a first-come first-
served basis. Assume there is one server. Let X(t) be the number of
customers in the systern at time #, that is, the number waiting or in service.

For the queueing model of type M/G/1, we assume that service com-
pletions occur at times Ty, 71, ... so these times are when departures from
the system occur. Set X, = X(T,+) where the “+” reminds us that we
measure the number in the system just subsequent to a departure. Let
Any1 be the number of arrivals during the service period of the customer
who departs at time T5,+1. Thus {X,,} satisfies the recursion

Xn+1 = (-Xn - 1)+ + An-i—la

since the number in the system at T,,,, is the number at T}, plus arrivals
minus the customer who departed when his service was completed. If
the assumptions on input to the system and service times make {A4n}
independent and identically distributed and independent of Xp, then {X,}
is a Markov chain. If

P[Alzk]:Gk, kZU,
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then one readily checks that the transition matrix P of this chain is

gy @i {Q»

ag @1 as
P=t0 g a

0 0 ag a;

Stationary distributions and recurrence criteria for this model are stud-
ied in Section 2.15. See also Exercise 2.6.

Now we consider the queueing system of type G/M/1. As before, let
X{(t) be the number in the system at time ¢t and suppose customers arrive at
epochs 70,71, . ... Let S,41 be the number of potential service completions
in the interval [7,, 7,41) and let X, = X {7r,—) be the number in the system
just prior to the nth arrival. Then

Xny1=(Xn — Snj1+1)4,

since the number in the system prior to the (n + 1)st arrival is 1 plus the
number in the system prior to the nth arrival minus the number who have
completed service and left, Assume assumptions on input and service have
been made to assure that the variables {5, } are iid and independent of X
and assume

PS5, =jl=a;.

Then one readily calculates the transition matrix P as

o0
EE{EI a; ap 0
Diceti a1 ap 0
— o
P Ei:a a; az a4 ap

2.3. HiGHER ORDER TRANSITION PROBABILITIES.

The tractability of Markov chain models is based on the fact that proba-
bilities of interest may be computed by matrix manipulations.

Let P = (p;;) be the transition matrix of a Markov chain {X,,n > 0}
and suppose the initial probabilities are P[Xy = j] = a;. Matrix powers of
P are defined as usual by

P’=P-P
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with the (i, j)th-entry p? given by

2
p,gj) = Z PikPk;-
k

(Note that when the state space S is infinite, the series above converges
since 3., PikPkj < Yo Pik = 1.) Similarly P* = P2 - P = P P? has the

(4, f)th-entry
2
P = pPprs =D pupy
k k
and in general P"*! = P? . P = P - P" has the (i, j)th-entry

1 n 71)
P = 3o = 3 opunl -
k k

Finally, define P? to be the identity matrix.
Define the n-step transition probabilities for the Markov chain by (n >
1, %,k in the state space)

P[X,, = k| Xo =i,

and it follows immediately from the second equality of (2.1.4) that for any
m>0

(2.3.1) P(X,, = k|Xo = i] = P[Xnym = k| Xm = i}.

So the probability that a path started at i ends at j after n steps does not
depend on the time at which the path is initiated.

Proposition 2.3.1. We have for alln > 0, and 4, in the state space
(2.3.2) 2} = P[X, = j1Xo = .

We compute the transition probabilities by taking matrix powers.

Proof. The formula is obviously true for » = 0, 1 and as a warm-up, let us
check it for n = 2. We have

PXa=j|Xp=1] =) P[Xz = j, X1 = k| Xo = 1]
k

Assuming P|Xg = 1] = a; > 0, this is
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ZP[Xz =5, X1 =k, Xo = i]/a;

= Z Q;DikPrj /at Zptkpkj p?,_? .

Now suppose (2.3.2) is true for n = 0,1,...
N+ 1:

, VN and verify it for n =

P[Xpy1 = jlXo =]

= ZP[XN+1 =5X1 =k X =i]/ai
k

= P[Xny1 =jiX1 =k, Xo = i|P{X1 = k, Xo = i]/as.
k

From {2.1.4} this is

> " P[Xy = j|Xo = KP[Xy = k| Xo = 1],
k

which, by the induction hypothesis, is
N 1
mep( = pltY,

as required. W

The obvious matrix identity
Pn.-i-m Pn
for n,m > 0, when written in component form

+
it ZPE??&T

is sometimes called the Chapman-Koelmogorov equation. It expresses the
fact that a transition from i to j in 7+ m steps can be achieved by moving
from ¢ to an intermediate state k in n steps (with probability pl(-:)}, and then
given that the process is in state k (the Markov property allows indifference
to the arrival route), a transition from k to j in m-steps must be achieved
(with probability p(m)). For the computation of the probability of the

n + m step transntlon the law of total probability requires summing over
the intermediate states k.
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Corollary 2.3.2. The unconditional probabilities P[X, = j] are com-

puted from

(2.3.4) af™ = P[X,=j] = Za,p

Proof. We have

PlX, =j] = ZP{X —JzXo—elP[Xo—z]~2a,p(“) n

We now pause and collect some conventions.

1. For the purposes of matrix manipulations, vectors are column vee-
tors or a matrix with a single column. Thus we write

al®) = {ag"),a,gn),.. .)', a= (00,01,- ‘e )’ .

and (2.3.4) can be rewritten in equivalent matrix form
(2.3.4") (al™y = a'P™.
Since (a(»~1) = a’P™~! an alternate form of (2.3.4') is the recursion

(a(n))f — (a(n—l))JP.

2. Write

Fi(-) = P{|Xo =1}
for the probability measure conditioned by X = 4. Alternatively we may
imagine

a; =1, akZD,k}éi,

or, equivalently, a; = &;;.

Caleulation of P™ must either be done by a computer or by using
eigenvalue expansions. In the 2 x 2 case elementary means suffice as shown
next.

Proposition 2.3.3. Suppose 0 <a <1, 0 <b< 1 andlet

l1-a a
P= ( b1 b)
be a transition matrix corresponding to a Markov chain with state space
{05 1} Then

P"=(a+b)_1{(g a)-l—(l—a—b)"( ) —ba)}_
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Proof. Let the initial probability vectors be (ap, a1) and note that if

(a0, a1) = (1,0) then P[Xny41 = 0] = pip*?

while if
(@g, a1) = (0,1) then P{X,. 4, =0} = pg16+1)

Proceed recursively. We have

P[Xp41 = 0] =P[Xns1 = 0, Xy = 0] + P[Xpp1 =0, X, = 1]
=P{Xn11 = 0|X = 0]P{X, = 0]
+ P[Xne1 = O|X = 1]P[X = 1]
=pooP[Xn = 0] + p1oP[Xn = 1]
=({1+ a)P[X, =0] +bP[X, = 1]
=(1—a)P[X, =0]+b(1 - P[X, = 0]},

which is where the assumption of only two states is used. We then get
PXpi1=0=(1-a-b)P[X,=0+b
Therefore
PXur1=0=b+(1—a-t{d+(1—a—-b)P[X._1=0]}
=b+b(1—a—>b)+(1—a—b2P[X,_1 =0

=b+b(l—a-b0)+{1—a—b*{b+ (1 —a—b)P[Xn_2 =0}

=bi(1 ~a—by + (1 ~a~b)*!
=0
PlXo = 0]

from which, replacing n + 1 by n, we get

P =0 =1 —a e + b T =200

=(1—a-—b" b
( @ )a0+( a+b

giving

2.4. DECOMPOSITION OF THE STATE SPACE i
(2.3.6)
PIX, =0=—— —I—b +{l1—-a-b) (ao——-—a+b.
Since P[Xn =01+ P[X, =1]=1
N PXa=1=— —(l-a—b(a0— —).
{2.3. ) n=H= ag oy
Setting (ao,a1) (1,0) yields
b b b
(n) — l—a-b"(1- —a—b)"
oy = gt el —) = b (et

and setting (ag, a1) = (0,1) yields

n b
The remaining values in the second column of P™ follow from (2.3.7). W

Note,if 0 <a <1, O<b<lthen0<l-a<land|l-a—b <1,

so, for the 2 x 2 case,
-1 b a
—{a+b) (b a)'

A limiting matrix exists and has constant columuns. This is noteworthy and
we will later explore the relation between existence of a limit matrix and
stationary distributions for more general chains. Also note that the above
calculations show that convergence to a limit is geometrically fast with

—= 1 -(l-a-8".

sup WPE?) —7;| < ( const ){(1—a—b)",
E%)

{n)

where m; = hmnﬁmp .

2.4. DECOMPOSITION OF THE STATE SPACE.

Let {X,.,n > 0} be a Markov chain with discrete state space S. To un-
derstand the evolution of the system it is critical to understand which
paths through the state space are possible and to understand the allowable
movements of the process. For B C § let

(2.4.1) 78 =inf{n > 0: X,, € B}

be the hitting time of B. Abuse the notation a bit and set 7; = (5.
To understand which states can be reached from a starting state ¢, the
following is basic.
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Definition. For 1,7 € 5§ we say j is accessible from 1, written 1 — 7§, if
Bir; <o) > 0.

In other words, starting from i, with positive probability the chain hits
state j. Synonyms: j is a consequent of 1, ¢ leads to 7, 7 can be reached
Jrom i.

Because n = 0 is allowed in (2.4.1), we get ¢ — i for all ¢ € 5 since
Pi[T,', < OO] = 1, in fa.ct, P,,;[‘T,' = 0] = P,;[XO = '1‘.] =1.

Here is the most useful criterion for accessiblility. We have ¢ — j§ iff

(2.4.2) An>0: pg-‘) > 0.
The sufficiency of (2.4.2) is easy. Note

[Xn =4l Cr; <0 Clry < o0,

so that
0<p{y < Bilr; < o],

Conversely, if for all n > 0, pg‘) =0, then
Pifr; < o] = lim Pifr; <n] = lim Pi{Ujmq[Xe = 5]}

SlimsupZPi{Xk =j]

n—oc k=0

k1%
= lim sup z pg.“) = 0.
k=0

H— oo

Here are some simple examples which illustrate the notion of accessi-
bility:

{1) The deterministically monotone Markov chain: Since for ¢ >
0, piizr = 1, we have ¢ —» 44+ 1, and, in fact, for any j > 4,
we get 1 — 7.

(2) Gamblers ruin on {0,1,...,m}. We have m — m, 0 — 0.
No other consequents of 0, m exist. 0 is a consequent of every
state except m.

(3} Simple branching: 0 — 0, and 0 has no other consequents.

The notion of accessibility tells us which states can ultimately be
reached from a given state 1. The following definition addresses the ques-
tion: If a path of positive probability exists from one state to a second, is
there a return path from the second state to the first?
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Definition. States i and j communicate, written i « j, ifi — j and j — 1.
Communication is an equivalence relation which means
(1) i« i (the relation is reflexive) since i — 1,
(2) i< jiff j « ¢ (the relation is symmetric)
(3) Ifi«s jandj e ktheni— k (the relation is transitive).
Only the last property needs comment: If ¢ «» j and § — k we show
i — k . If £ — 7 there is n such that 'pg-‘) > 0; similarly pg’;’:} > 0 for some
i since k — j. So by Chapman-Kolmogorov:

P = STl 2 el > 0
174

so that 1 — k.

The state space S may now be decomposed into disjoint exhaustive
equivalence classes modulo the relation “—”. We pick a state, say 0, and
we put 0 and all states communicating with 0 in a class, say Co. Then
we pick a state in S\Cj, call it i, and put it and all states communicating
with ¢ into another class which we name ;. Continue on in this manner
until all states have been assigned. We have

C’iﬂCj =@,?:7éj, and UC,' =S

The sets Cp, C1, ... are called {equivalence) classes.
Here are some examples:
{1) The Deterministically Monotone Markov chain: C; = {i},
i>0.
(2) Gambler’s ruin on {0,1,2, 3} with matrix

1 0 0 0

/2 0 1/2 0

0 1/2 0 1/2
o 0 0 1

There are three classes: {0}, {3}, {1,2}.
(3) Consider the Markov chain with matrix

1/2 1/2 0 0
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 172

P =

P=

on states {1, 2, 3,4}. There are two classes

C: ={1,2}, C>={34}.
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A Markov chain is irreducible if the state space consists of only one
class; i.e., for any £, € 5 we have ¢ — j.

None of the Markov chains in the three previous examples is irre-
ducible. The success run chain is irreducible if 0 < p; < 1. There is a finite
path of positive probability linking any two states. For example, 3 — 2
since

pg;!) = P3[X1 :D:XZ = 1’X3 = 2] = qzpop1 > 0.

Now we discuss which sets of states lead to other sets of states. The
key concept is closure. A set of states C C § is closed if for any 1 € C we
have

PFjlrge =] =1,

So if the chain starts in C, it never escapes outside C. If {j} is closed, we
call state j absorbing.
Here are two criteria which are useful:

(1} C is closed iff

{2.4.3) forallie C,7 € C°: py =0.
(2) jis absorbing iff

(2.4.4) pi; = 1.

Note that (2.4.4) is a special case of (2.4.3) with € = {j}. Observe that if
{2.4.3) holds, then for i € C, we have

Plrce=1= ) pi; =0.
jece

Similarly

Pi[rge € 2] =Fj[1ge = 1] + Bi[rge = 2]
=0+ F[X, € C, X5 € C

= Z Zpikpkj =0.

jeCe keC

Continuing on by induction, we get Pi[rge < n] = 0, and letting n — oo
gives Pi[rge < oo] = 0, showing C is closed.

Note that it is possible to enter a closed set, but it is impossible to
leave. In the deterministically monotone Markov chain, {n,n+1,...} is
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closed but n—1 — n. Similarly in the gamblers ruin on {0, 1,2, 3} we have
0 absorbing but 1 — 0. Consider the example on {0,1,2,3}:

1/2 1/2 0 O
1/2 1/2 0 0
0 0 1/2 1/2
0 0 1/2 1/2

P =

Here C1 = {0,1} is closed as is Co = {2,3}. It is impossible to exit C; or
C», and, in this case, it is also impossible to enter C; from C; or to enter
C, from C;. So if {X,} starts in C, it stays there forever. The same holds
for Cz. The two pieces of the state space ignore each other.

Note if C is closed then (p;;,i € C,j € C) is a stochastic matrix: We
have p;; > 0, B.Ild, forie C,

Zpij =1,

jec

Z Pij =0.

JEC*

since

‘We close this section with two remarks:

1. There may be an infinite number of closed sets in the state space
and closed sets need not be disjoint. In the deterministically monotone
Markov chain, the set {n,n+1,...} is closed for every n.

2. A class of states need not be closed. As remarked for the gamblers
ruin on {0,1,2,3} with {0}, {3} absorbing, we have 1 — 0 but pgpy = 1.
Hence {1,2} is a class but it is not closed.

2.5. THE DISSECTION PRINCIPLE.

In preparation for a study of recurrence we have to think about how to
decompose the process into independent, identically distributed blocks.
The blocks consist of the pieces of path between consecutive visits to a
fixed state, say ¢. It is frequently useful to think of the process as these iid
pieces knitted together.

Let {X,,n > 0} be a Markov chain, and suppose P{Xy =] = 1, so
that we assume the process starts from state . Define 7,(0) = 0 and

(1) =inf{m > 1: X =1i}.

On [1:(1) < o] define
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7:(2) =inf{m > (1) : Xp, = i}.
Continuing in this way, on [1;(1) < 00,...,7i(n) < oo define
Ti(n+1) =inf{m > n(n) : X, =i}

The times {7;(n}} are the times the Markov chain hits state i. We will
prove that successive excursions between visits to state ¢ are iid. Define
ap =0, a1 = (1), and on [ri(1} < 0o] define ap = 7;(2) — 7:(1) and so on.
The mth excursion between visits to state i is the block

(X.,-i(m-1)+1, v er,-(m)):

assuming 7;(m — 1) < co. Define
fl :(a].)Xh v :X'n(l)):
and on (a3 = 7;(1) < oo] define

€2 =(oz2, Xr;0)410-- - Xry(2) )

Continuing, define

£n+l :(an+1’XTi(n)+lv s HXTg(n-Fl))

on [(1) < 00,...,m(n) < o0
In order to give precision to the statement “{£,,} is independent, identi-

cally distributed” we must see in which space the £ ’s are random elements.
Define N = {0,1,...} and

E = (U2 ({k) x N¥)) U ({oo} x N°*°)

so F is all finite vectors of integers with the length of the vector appended

as well as infinite sequences of integers with oo appended. The &;’s live in
E.

We now prove that the Markov path can be broken into iid pieces.

Proposition 2.5.1. With respect to
PF = Pi(|n(1) < o0,..., m{k) < o0),

we have that &q,. .., are iid random elements of E.

Remark. In the important case that the Markov chain is irreducible and
recurrent (cf. Section 2.6), we will see that P; = P¥.
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Proof. For typographical ease, suppose k = 2. Consider

Rn,[gl = (k1 ila-- -y’ik)a£2 = (E,j]r' ‘1j£)aTi(1) < OO,T.,'(2) < OO}
=Poy=kX1=4,..., Xk =ik, 00 =4, Xps1 =71, -, Xkt = Jo,
{251) ) < 00,0 <OO].

This probability is (0 unless
k=1, je=1

and unless
B FE by gl F G E e o1 £ 1
and these are the only cases of interest. Therefore, the probability is
BiXy =41, s X1 = -1, X& = 4,
Xit1 =10 > Xert—1 = Je—1, Xpgr = i
= P[X] =141,..., Xk =1]
P Xks1 =01, Xete =iX; =1d1,..., X =]
=P[X;=4,.... Xe=iR[X; =j1,...,X¢ = i,

the last step following by the Markov property (2.1.4). The last product
can be written

R{Xl =4, X1 = i1, Xk = t.a'r'i(]-) = k]

(2.5.2) i ) . )
xP[X1 =51, Xeo1 = Je-1, Xe =1, m(1) = €.

Sum over ),... 4 and j1,...,j¢ in {2.5.1) and (2.5.2) to get
(2.5.3) Pilay = k,az = €] = Biloy = k| Pila; = ¢,
50 we conclude
Pjlay < 00,0 < 0] = Pr(1) < o0, 5(2) < o] = (Pifen < o0])?.
Divide this through in (2.5.1) and {2.5.2) to get

'Pq,#[gl = (k!?:h"' :ik)?§2 = (E'»jl)' sjf)]
= JDz[El = (kaih"' :ik)lal < OO]P;[ 1= (Esjla' v :jf)lal < OO]

Since the joint distribution of (£), £2) factors, this becomes
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Pi,#[fl = (k:il:-“)ik)]Pi#[gl = (E)jls"'!jf)L

and this identity suffices to give the desired result. B

Optional Exercise. Try proving this using the construction in Section
2.1 and Proposition 1.8.2.

There is a fairly obvicus extension which is needed when the process
does not start in state ¢: If the Markov chain starts in state j # ¢, or,
equivalently, if P; is replaced by F;, then, with respect to

PF = BLn(1) < oo, (k) < o],

we have £,. .., & independent, identically distributed random elements of
E and independent of &, but it is no longer true that & 2 &2
Here is a useful corollary.

Corollary 2.5.2. With respect to Pi#,
(o, .- ok = (1), w(2) —n(1),... , (k) — (k= 1))

are independent, identically distributed {1,2,...}-valued random vari-
ables. In particular,

k
(2.5.3) Pl =1, o = &] = | [ PFles = 2],

i=1

and

Pin(1) = k(X )40, 1 S €< p) = (ma, -, 1))
(2.5.4) = Pln(l) = k)B[Xe =ne, £=1,... 7]
for any k,p,n1,... ,fip.

The method of proof of (2.5.4) is the same and is thus omitted.
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2.6. TRANSIENCE AND RECURRENCE.

We now discuss several classifications of states which lead to useful de-
compositions of the state space. As we shall see, the most fundamental
classification of a state depends on how often the chain returns to that
state.

A state i is called recurrent if the chain returns to ¢ with probability 1
in a finite number of steps. Otherwise the state is transient. If we recall the
hitting time variables {r;(n),n > 1} introduced previously, we can define
these concepts precisely as follows: State 4 is recurrent if

Pln(1) < oo] = 1.

In the contrary case,
By[r(1) = o] > 0

and state 4 is transient; in this case there is positive probability of never
returning to state i. State i is positive recurrent if

E; (T;(l)) < 00.

So for a positive recurrent state, not only is the return time finite almost
surely, but the expected return time is finite.
For n > 1 define
5% = Blme(1) =]
to be the distribution of the hitting time of k starting from j. Note that
since 1¢(1) > 1, we have f}g) = (. We have that

o )

fik = Zf_,(:) = Pj[rx(1) < o9

n=0

is the probability of hitting k in finite time starting from j. In particular,
state i is recurrent iff f;; = 1, and a recurrent state i is positive recurrent
iff

o0
ma = Ei(n(1) = Y nf{ < cc.
n=0
It is important to have the best possible criteria for transience and
recurrence and to interpret the meaning of these concepts as fully as pos-
sible. As a start to a better understanding of these concepts, define the
following generating functions for 0 < s < 1:

o0

Fyls) =Y fs"

n=0
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Zp(“) n

n=0

and notice that the last generating function is not the generating function
of a probability mass function.

Proposition 2.6.1. (a) We have fori € S

T k
By = Z Pt nza,

and for0 <s <1 1

Piu(s) = 1 Fia Fuls)’

(b) We have for i # j

pgj _ngk} (n k)ﬁ n201
k=0

and for 0 <5 <1
Pij(s) = Fi;(s}Py;(s).
In principle, this determines the first passage probabilities F};(s) from
P. However, the relation between the generating functions does not always
provide a practical scheme for obtaining the first passage probabilities. A

technique which helps to compute the f’s will be given at the end of this
section.

Proof. (a) Since [X,, = i] C [r:(1) < n] we have that

n
PP =PXn=i=Y PlX.=i,7(l) =K

k=1
—ZP['r2

From Proposition 2.5.1 we can split this probability at 7;(1} to get

> Bilri(l) = k|Fi[Xn-k = i) = Zf(")pf? ",
k=1

k=1

=k, X () n-k = -

as desired. To obtain the generating function statement, multiply through
by s™ and sum from 1 to oo:

_1ﬁzpt?) ™.

Since fi(,-o) = 0 this is the same as

2.6. TRANSIENCE AND RECURRENCE 87

= f: o

n=0 k=0

Zp{" k) nwk)fuk) k

k=0 n
= E‘i(s)Pfii (s).

from which comes the result.
The proof of (b) is similar. B

An easy corollary of these relations is next.

Proposition 2.6.2. We have
(=]
i is recurrent iff fi; = 1 iff Z p,@;‘) ==
a=0

s0 that

i is transient iff fi; < 1 iff Zp(n) < 00.

n=0
Proof. We have i recurrent iff Fj;(1) =1 iff
l B } 1 =00
im wi(8) = im T Fale) \

and since Py (1) = 320 ™ we are done. W

This resuit has the following illuminating interpretation. Define for

JES
N; = Z 1[X,,=j]
n=1

to be the number of visits by the process to state ;7 after time 0 so that for
any 1,5 we have

oo oo
N; = ZEil[Xn=j] = Z;R[Xn = j] Zp(n)-
n=1 n=

Letting j = 4, the previous result says that when i is the initial state, 7 is
recurrent iff the expected number of visits by the chain to state 1 is infinite.

More can be said about the connection between recurrence/transience
and the number of visits to a state.
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Proposition 2.6.3. We have for any i,j € § and non-negative integer k

P[Nj=k|Xo==‘]={1_f_"; e
fiifi (L= f35), k=1
Thus, if j is transient, then for all states i
Pi[N; < 0] =1,
and -
Ei(N;) = fis /(L= f33) = X;P%%) < o,
n=
and N; is geometrically distributed with respect to P;:
B[Ny = k) = (1~ fy)(fi)¥, k20
If § is recurrent, then
Fj[N; = o0] =1,

and, for any 1,
Fi[N; = o] = fij.

Proof. Observe that for states i, §

R,'[Nj > 1] = P,’_[Tj(l) < 00] = f,;j.
From Proposition 2.5.1 (cf. 2.5.3), for any k& > 1,

FiIN; > k| = Pi[ry(k} < o0] = Bi[r3(1) < 00,... ,75(k) < o0
= Piry(1) < ool [r(1) < ool
(2.6.1) = fui{ £
In particular, with respect to P;j, we see that for k > 1
P[N; > K] = (£;;)*.
Suppose j is transient. We have
R[Nj =OO] = lim .P-,,[NJ Z k]
k—00

= lim Filf5) =0
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gince fj; < 1. Also from Lemma 1.1.1

E(N) = 3 Rl > m

m=0

=" ffin)™ = fis/ (1 = f5)- M
m=0

So if the chain starts from a recurrent state 4, then it visits 4 infinitely
often, which can also be written

PA[Xn =1 ko } =1,

and if ¢ is transient then the chain visits ¢ finitely often.
Although the generating function relationships provide a link between
pE?)} and { f,-(;‘)}, it is primarily of theoretical use. In practice, if the
quantities { f,.(;‘ )} are needed, one can use a recursive scheme for computa-

tion. For ¢,j € & we have f,-(;) = pij, while for n > 1 we have, by a first
jump decomposition,

f1(_-;n) :R[Xl 75.7? 1Xﬂ-—1 :IéJaX‘n =J}

= Y PBlXi=kXo#j.., Xn1# 5, Xn =]l
k#j, keS

=Y RilXz #j,..., Xac1 # 5, Xa = j1X1 = K| P[X1 = K],
k7T

which from (2.1.4) is

=3 PX1# ], Xaa # § Xno1 = §1 B[ X1 = K]
k#j

— S paf Y.
k#j

To summarize,

Pisy fn=1
(2.6.2) ™= (ne1)
Zk;éjpikfkj , fn>1

This is best expressed as a matrix recursion. Set U)P = (W)p;,), where

; pik, HkF]
26.3 Ulpy =
( ) Pik { 0, itk = J ,
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so that we get YP by setting the jth column of P equal to 0. For fixed
j € § define the column vector

£ = (£, i e 5).

tj

Then (2.6.2) becomes

(2-6.3’) £in) — { (pij?'i € S)’? ifn=1

Opsn-1 ifn>1,
which can also be expressed

fim) o Gpn-1p01)

Example 2.6.1. A famous UK. study of occupational mobility across
generations was conducted after World War II. Three occupational levels
were identified:

{1} upper level (executive, managerial, high administrative, pro-
fessional)

(2) middle level (high grade supervisor, non-manual, skilled man-
ual)

(3) lower level (semi-skilled or unskilled).

Transition probabilities from generation to generation were estimated to
be

1 /.45 48 .07
P=2{.05 .70 .25
3 v01 5 49

We are interested in (f”,i = 1,2,3)". We have

0 .48 .07
Wp=1{0 70 .25
0 5 .49
and
£ = (.45, .05, .01)".
Thus

£ =W p sl = (0247,.0375, .0299)
£ =P £ = ( 02009, .03372,.0334)

and by powering up (VP we find
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£ = (NP)*F = (.01519, .02644, .0279)".

Because all entries of P are positive, the chain is irreducible. As we shall
see, the state space being finite implies that all states are recurrent and
thus, as will be checked later, f;) = Fi[n(l) < o0] = 1, i = 1,2,3; ie,
the chain reaches state 1, the highest economic level, in a finite time.
Remember the time scale here is generations. By contimiing the recursive
scheme we find

5
(Pn(1) <8li=1,2,3 =(3 15V, i=1,2,3)

me=1
45 0247 .02009 0185261 0176657
=1.05]+1].0375 | + | .03372 | + { 0319577 | + | .0306777
01 .0299 0334 033229 0322611
530985
=| .183860
138791

Note P3fri(1) < 5] is small.

2.7. PERIODICITY.

The concept of periodicity is necessary for understanding the motion of a
stochastic system. It may well be the case that certain movements of the
system can only be completed in paths whose lengths are multiples of, say,
a certain number d. As a paradigm, think of the simple randem walk where
steps are 1. Returns to 0 can only occur along paths whose lengths are
even since every positive step must be compensated for by a negative step.

We now explain how to classify states as either periodic or aperiodic.
Define the period of state i to be

d(i) i= ged{n > 1: p > 0},

where ged means greatest common divisor. (If {n > 1 : pg?) >0} =0,
then set d(i) = 1.) If d(¢) = 1, call i aperiodic and if d(i} > 1 call i periodic
with period d{). The definition means that if pg?) > 0 then n is an integer
multiple of d(1), and d{4) is the largest integer with this property. Returns
to state i are only possible via paths whose lengths are multiples of d(z).
Example 2.7.1. (1) Unrestricted simple random walk (see Section 1.6)
{5 = > k=1 Xi,m > 0} with state space {...,—1,0,1,...}. The period
of 0 is 2 since pgg) = (} unless n is even.
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(2) Random walk with steps {X,} having possible values +1,0 and
satisfying

PXn=1=p>0, PXp=0=r>0, PX,=-1=¢>0.
Then d(0) = 1 since pgo = r > 0 and therefore 1 e {n > 1: ptgg) > 0}.

Note that whenever p;; > 0, 7 is aperiodic.
(3) Consider the chain on {1,2,3} with matrix

1/0 1 0
=201/2 0 1/2
3\t 0 0

Then pi; - =0, Pu Z p1zpa1 > 0, Pu = p12P23pa > 0 s0
{2,3} c{n :'pg?) > 0},

and, since ged{2,3} = 1, we have d(1) = 1, even though pﬂ) = 0.

Remark. It is possible to leave a periodic state and never return. For
example, in gamblers ruin on {0, 1,2, 3}, states 1 and 2 have period 2.

2.8, SOLIDARITY PROPERTIES.

A property of states is called a solidarity or class property if whenever i
has the property and ¢ « 7, then j also has the property. Put another
way, if C' is an equivalence class of states and ¢ € ( has the property, then
every state j € C has the property.

The good news:

Proposition 2.8.1. Recurrence, transience and the period of a state are
solidarity properties.

The practical impact is that these properties need to be checked for
only one representative of a class, not every element of the class. Thus, for
example, if ¢ « j then d(i) = d(j)

Proof. Suppose i — j and 7 is recurrent. Since i — 7 there exists n such

that pl(ﬂ) > ) and since § — 4 there exists m such that p(m) > 0. From the
matrix identity

Pm+n+k — PmPkPn,
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we get
(n+m+k) _ (m)_ (k)
(2.8.1) Pjj Z Pja paﬁpﬁj
a,fes
k k
2 = (p70) ol
&
- Cp»fl )7

where ¢ > 0. Since i is recurrent we have from Proposition 2.6.2 that
Sk pg) = oo, and therefore

ZPE? > ZPE"‘*“““) > chﬁf =
= k=

from which j is also recurrent.

This argument is symmetric in 1, 7, so if 1 «+ § then 7 is recurrent if and
only if j is recurrent. Since transient means not recurrent, we also have
that if 2 < j, then ¢ transient if and only if j is transient.

Suppose i «+ j and i has period d(¢) and j has period d(7). From (2.8.1)
we have for ¢ > 0

k
(2.8.2) p ) > P

(nbm)

Now p(m =1, so from (2.8.2} we get p;; > 0, which means n + m =

k1 d(7) for some positive integer k;. For any k > 0 such that p(k) > 0, we

have p§"+m+k} > cp(k) > 0 so that
n+m+ k= kad(j)

(k)

for a positive integer ky. Now for & such that p;;” > 0 we have

k=n+m+k—(n+m)=kd(f) — kad(j) = (k2 — k1)d(j)-

So d(j) is a divisor of
{n>1:p >0}

Since the greatest common divisor of this set is by definition d(%), we know
that d(j) is a divisor of d(i) and hence d(i) > d(j). By the symmetry of
this argument between ¢, j we also get that d(i) is a divisor of d{j) so that
d(i} < d(j). Hence d(z) = d(j). &
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2.9. EXAMPLES.

Here we consider some examples and obtain criteria for recurrence or tran-
sience using the basic definitions. More sophisticated techniques for decid-
ing on recurrence or transience will be considered later.

First a reminder about the significance of the concept of recurrence.
Recurrence may be thought of as a stability property for a stochastic sys-
tem. It describes the strong tendency of the model to return to the center
of the state space. Transience may be associated with a tendency toward
the extremes of the state space: Queue lengths build up without bound,
busy periods may become infinite, branching processes explode, random
walks drift to infinities, etc.

Example 2.9.1. Success Run Chain. Recall the transition matrix for
this chain is of the form

g po 0 O
i 0 py 0
p|® 1

gz 0 0 po

where 0 < p; < 1,7 > 0. When is a state recurrent? This chain is irreducible
and therefore i > 0 is recurrent iff 0 is recurrent and thus it suffices to
determine a criterion for the recurrence of 0. We have féé) = qp, and for
n > 2 we get

M opxi=1,X=2,...
=P - Pn-20n—1.

an—-l =n- l}X'ﬂ:O}

Write "
un=[[p, n20,
i=0
and we obtain from ¢,—1 =1 — pn—y

S =upp—uply, n22

from which
N41

Z Joo —90+ up —ur}+ (w —ug)+ - Fun-1 —uN

_q0+’LLD—UN=1-UN.

So 0 is recurrent iff uy = Hﬁr__opi -  as N — oc. A condition for this
can be obtained by the the following lemma from our toolbox.
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Lemma 2.9.1. If0 < p; <1, fori > 0 then

uN—le_’OIEZg: Z(l—pi)=00

i=0

and

HP‘>OJEZQ“_Z 1—p;) < oo.

=0 1

Proof. Recall that if a,, ~ b, as n — oo, then 3 a, < oo iff 3, b, < 00,
since ap ~ by, means that lim,, .. an/by = 1. Equivalently, for any € > 0,
we have for all large n that (1 — €)b, < an < {1+ €)by.

le>01ff Z—log(l—ql ) < oo iff th<oo

i=0

The last equivalence follows from
—log(l—z}~z, x—0
since by L'Hépital’s rule or Taylor expansion

lim —log(l — z)
z—0 €

=1

Note, both 3, —log(l1 — ¢;) < oc and ¥, g; < oo imply ¢; — 0. B

We conclude 0 is recurrent iff 3 ;(1—p;) = oo, which says that the p;’s
are not too close to 1; the ¢;’s, measuring pressure toward 0, are substantial.

Example 2.9.2. Simple Random Walk. Recall the setup in Section
L.6. Let {X,} be iid, and

Sa=Y X;, PXi=1l=p=1-P[X,=-1]
i=1

Ifp > q then by the strong law of large numbers

P[lim Su =EX;] =1

L—O0 TN

Since EX; = p— ¢ > 0, we have

P[lim S, =] =1,
n— OO
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so there is a last visit to D almost surely, and 0 is transient. Similarly, if
P < q, we find 0 transient. If p = ¢, we have already seen in the discussion
of the simple randem walk in Section 1.6 that Fy[mp(1} < oo] = 1, hence 0
is recurrent in this case.

Alternatively, note that when p =g = %, we have p[(,%”“) ={, and

(2n) 2n 1\" /1N .
oo ={, )13 5 = P[n steps right, n steps left ].

Pull Stirling’s formula from youwr toclbox:
n! ~V21e " n™ 2 n s o,

from which we get

2
( n) ~ ()72 s oo
n

p(2n) — 2n\ (1 "N(vm)-uz
00 n 4 3

we have 507 ) pgf)) = 00, and therefore 0 is recurrent.

These methods generalize to multidimensional random walks. Let

Since

X, = (X, X{9)

7 1t

be a d-dimensional random walk step and define as before Sy =0, S8, =
Xi+...+X,. If

EX, =(ExDY,. .. Ex1¥) #o,

then again the argument using the strong law of large numbers shows 0 is
hit finitely often. Suppose the range of X; is {—1,1}¢ and that EX; = 0.
Suppose each value {—1,1}¢ is equally likely with

1

PIXy = (i1,...,8q)] = o

for (i;,...,44) € {-1, 1}¢. This implies the components Xgl),...,Xﬁd) of
X, are iid and have a symmetric distribution P[X{‘7 ) = +1)=1/2, j =

1,...,d. Therefore
S, = (SM,..., 8,
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where {Sﬁl},n > 0},... ,{.S’,(.d) ,n > 0} are independent symmetric, sirmple
random walks. Thus

P = P[Sz, = 0] = P =0,... , S{¥ = q]

ot (()r)

—d/2

~{mn) as n — co,

by Stirling’s formula. So, since

<ocford>3,

we find

oQ
Zpgg) =poford=1,2
n=1

<o for d > 3.

Therefore for the simple symmetric random walk in B¢ we have that 0 is
recurrent if d = 1,2 and transient if d > 3.

Example 2.9.3. Simple Branching Process. Assume to avcid a de-
generate situation that p; # 1. Since 0 is absorbing, 0 is recurrent. As
we now demonstrate, however, 1,2,... are transient. If pg = 0, then the
number of offspring per individual is at least 1, and therefore {Z,} is non-
decreasing. If we start in state k, the only possible way to return to state
k is if each of the k members of the current generation have exactly one
offspring. Thus for £ > 1

fxx = P[ eventual return to k]
= P Zpy1 = k| Z, = K]
=P[Zns1;=1,7=1,... K
=p} <1,
so that in the case py = 0 we have k transient. For the next case consider

Po = 1. Then prg = 1 50 frx = 0 < 1 and again state k is transient. Finally
consider the case where 0 < pp < 1. Since 0 is absorbing,

fek SR #0=1-PRfZ =0 =1-pf < 1.
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So for this case too, k > 1 is transient.

‘We now consider the instability property remarked on in Section 1.4,
Pick M. Since the states 1,2,...,N are all transient, there is a last time
{Z,} visits these states. So eventually either Z, = 0 or Z, > N, whence
PlZ, — 0 or Z,, — oo] = 1. Since

PlZ, - Qor Z, = 0] = P[Z, — 0]+ P[Z, — ool

and since
P[Z, — 0] = P[ extinction | = ,

we get
PiZ,—ool=1-m.

Compare this with the results proven by the methods of Section 1.4.

2.10. CANONICAL DECOMPOSITION.

For studying a Markov chain with a large state space, it is helpful to
decompose the state space into subclasses and then to study each class
separately. We first prove that a recurrent class (a class such that all
states are recurrent) is closed. This will allow us to decompose the state
space as

S=TuU (UiC,;),

where T consists of transient states (T is not necessarily one class) and
1, Ca, . .. are closed, recurrent, disjoint classes.

Proposition 2.10.1. Suppose 7 € § is recurrent and for k # § we have
j-— k. Then

(1) k is recurrent,
(2) jek
(3) fix=/ =1
This proposition implies that a recurrent class is closed: If j is recur-

rent, any consequent is in the same class {from (2}). Repeated use of this
argument shows that it is impossible to exit from this class.

Proof. (1) follows from (2} and solidarity. We concentrate on {2), and we
need to prove & — 7. In order to get a contradiction, suppose j is not a
consequent of k, which means

PlXp.#j, ¥n21 =1
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Since § — Kk, there exists m such that pg.:l) > (. Since § is assumed

recurrent, the chain visits state 7 infinitely often starting from j, and thus

0=F;[Xy#j, VI 2 m]
>PlXi#4, VI2m Xn = k|

Conditioning on the path up to time m and applying (2.1.4), we get

=p§‘:)Pk[XI #i,1>1]

= ;’:) >0,

which yields the required contradiction.
Now focus on (3). Assume j — k and thus there exists m such that

PiXh# i s X # 5, Xm = k] > 0.
Then we have from the recurrence of j that

0=1-fj; = P;[r;(1) = o]
ER‘,"[T:{(I) =00, X = k}

Again, conditioning on the path up to time m and applying (2.1.4) gives

=PX1 # 5, Xmo1 # §, Xm = K] Pefr(1) = o0

:PJ[XI #j)-"aXm—l ?é]me = k](l _fkj)u
and therefore we get 1 — fi; = 0, which is the desired result. Symmetry
also gives fjr =1. B

The result just proved quickly gives the decomposition of the state
space promised in the beginning of the section.

Corollary 2.10.2. The state space S of a Markov chain may be decom-
Dosed as
S’—‘TUC} UCQU...,

where T' consists of transient states (but T' is not necessarily one class),

C1,Cy, ... are closed, disjoint classes of recurrent states, and if j € C,
then
1, ifkeCy
fik = .
0, ifké¢C,.
Fhrthermore, if we relabel the states so that for i = 1,2,... states in C;

have consecutive labels, with states in C' having the smallest Jabels, those
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of Cp having the next smallest, etc., then the transition matrix P can be
rewritfen as

P 0 0 0
60 P 0 0

1 Q2 @
where P, Py, ... are square stochastic matrices with transitions within C;

being governed by P;. Transitions from states in T are governed by the
matrices ;.

If § contains an infinite number of states, it is possible for § = T so
that there are no closed, recurrent classes. The deterministically monotone
Markov chain is a good example. If 5 is finite, however, not all states can
be transient, as shown by the next result.

Proposition 2.10.3. If S is finite, not all states can be transient.

oo (n)

Proof. Suppose S = {1,2,... ,m}, m <oc.Ifj € T weknow 3_ 7 p;.” <
(n)

iy
1 —-jii ) 0
i=1

if all states are transient. B

oo for any i. Therefore, as n — oo, p;;’ — 0. Summing over j gives

For a Markov chain, a basic task is deciding which states are transient
and which are recurrent. For a finite Markov chain, the results of this
section provide a clasgification method:

{1) Decompose S into equivalence classes.
(2) The closed classes are recurrent.
{3) The classes which are not closed consist of transient states.

Decomposing S into equivalence classes can be accomplished by the
following steps:

(1) Pick a state i and find all consequents of i and all consequents
of the consequents of i, and so on. This will give cl{z), the
smallest closed set containing i. Find & ¢ cl{3), and determine
cl(k). Keep this up until 5 is exhausted.

{2) The resulting closed sets may contain more than one equiva-
lence class. Non-closed classes which are subsets of closed sets
will contain transient states.

(3) Writing down directed graphs of the states may help if the
number of states is reasonable.
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(4) Teaching the computer to do this may be wise if the number
of states is large,

Example 2.10.1. Gamblers Ruin on {0,1,2,3,4). We have

0/s1 0000
1{g 0 p 0 0
P=210q 0 p 0
310 0 g 0 p
4 \0 0 0 0 1
In canonical form this is
0,10 000
410 1 0 0 0
P=1|q 0 0 p 0],
210 0 ¢ 0 p
3\0 p 0 g 0

so Gy = {0},C2 = {4}, T = {1,2,3}.
Example 2.10.2. Let § = {1,2,...,5} with
1/1/2 0 172 0 0
2{ 0 1/4 0 3/4 0
P=3 0 0 1/3 0 2/3
al1/4 12 0 1/4 0
5\1/3 0 1/3 0 1/3

The directed graph is given in Figure 2.1.

m
C«/ \53

Co2D

FIGURE 2.1
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Note that cl{1)} = {1, 3,5}, and this is a class. Further, {2,4} is also
a class, but it is not closed. Hence § = TUC) where T = {2,4} and
Cy = {1,3,5}. In canonical form the matrix is

1/1/2 1/2 0 0 0
3{ 0 1/3 2/3 0 0
P=5|1/3 1/3 1/3 0 0
210 0 0 1/4 3/4
4\1/4 0 0 1/2 1/4

£

2.11. ABSORPTION PROBABILITIES.

Frequently we are interested in the time until the system goes from some
initial state to some terminal critical state. Such a terminal state may
represent “breakdown” in a reliability context, bankruptcy in a financial
or business context, or simply a state of interest. For instance, in the
occupational mobility example at the end of Section 2.6, we are interested
in the number of steps necessary to go from the lowest economic class to
the highest.

Such problems can often be cast as absorption problems with the fol-
lowing sort of formulation: Let § = T 4 U Cz U ... be the canonical
decomposition of the state space. T consists of the transient states and
the classes C; are closed and recurrent. Define

r=inf{n>0: X, ¢T}

to be the exit time of T. Note that there are cases where P{r = oc] > 0.

For example, in the deterministically monotone Markov chain we have

Plr=o00]=1foralli € S, since T = 3. For now, however, assume that

Pi[r < 00] =1 for all i. We shall see that this is the case if the state space

is finite. Note that when 7 is finite, X, is the first state hit outside T
Partition the transition matrix P as

Q R
p=(5 )

where Q is the restriction of the matrix P to the states corresponding to
T; that is,

and
R= (R, kel el =(py, kT, cT).
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Now define for ¢ € T and k € T
uig = B[ X, = k).

Recall that we assume 7 is finite for all starting states ¢. Once the chain
leaves T, it will hit one of the closed recurrent classes and hence can never
return to T. Thus, we can interpret u;; as the probability that the chain
leaves T because of absorption at state k in the closed, recurrent class when
the initial state is 7. Quantities related to absorption are easily computed
from the {wu:}. For example,

w(C) =FBlX, cCl= > ua,
kel

the probability that absorption takes place at class O}, is easily computed
by summing the absorption probabilities corresponding to the states in €.

We now give some properties of the matrix @. For4,jeT andn = 0
we have

(211.1) iy = Q.

To check this, observe that

o= X

leTv---njn—leT
(2.11.2) =F[X,=j,7r>nl

PinPirje -+ - Pin1d

However, since for j € T
[Xn=j]Clr>n),

we get the right side of (2.11.2) is just pg?), and thus we have verified
(2.11.1). A consequence of (2.11.1) is

oo o
(2.11.3) 3P =B Y 1x, <0,
n=x0 n=0

80 that S QE;‘) is the expected number of visits to the transient staie
J starting from transient state 1.
Keep in mind the following two examples:

1. Gambler’s ruin on {0,...,m}. Here T = {1,... ,m — 1} and the
absorption probabilities of interest are

uzg = P;| Harry goes broke], 1<i<m -1,
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and

Uim = P;| Zeke goes broke and Harry wins ], 1<i<m -1

2. Occupational mobility. Recall the state space was {1,2,3} with 1
representing the highest economic class and 3 the lowest. The matrix is

45 48 .07
P=105 7 .25
01 5 49

We are interested in calculating the expected time to go from 3 to 1. At
first glance this problem seems to have little to do with absorption. The
matrix has all entries positive and hence is irreducible; because the state
space is finite the irreducible class is recurrent and there are no transient
states. However, by changing P to

1 0 0
PP=[.05 .7 .25
.01 .5 49

and analyzing the expected time to absorption in state 1 starting from 3
for this modified chain, the problem is indeed cast as one of absorption.
If we are interested in the expected first passage time to 1, changing the
probabilities of how the system leaves 1 does not affect the absorption
times. For the Markov chain corresponding to the modified matrix, T =
{2,3} and interest centers on

wy -—*E,-T, 1= 2,3
where for this problem 7 =inf{n > 0: X;, = 1}.

To compute u;; we use first step analysis and decompose the event
[X- = j] according to what happens at the first transition:

[Xr=J] = UlX, =3, X1 = &].

This gives a recursion for the u;;’s. In the finite state space case this
recursion can be neatly solved via matrix manipulations. We have for
1 €T,7eTe,

'Lﬁ-ij = Pi[X-r = ]] = ZP;[XT :j,X] =k‘]
kes
=3 R, =5,X1=K+ Y R[X,=jX =kl
keT keTe
=A+ B
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To analyze B, observe that if £ € T° then the events X, =jl and [X) = K]

are disjoint unless j = k, so we have B = py;. For A we have that 7 > 2,
and by conditioning on X and using the Markov property,

A=S S Pfr=nX,=jX =k

keT n>2

=S N RAXeT,...  Xo €T, Xn =5, X1 = 4]
keET n22

=S S Pl eT,... Xa1 €T, Xn =j|X1 = K| P[Xy = K]
keT n>2

=3 Y paBlX1€T,... , Xoy € T, Xno1 =]
kel n>2

=35 puPlr=n-1,X. =}
kET n>2

= Zp-ikpk (X, =4] = Zpikukj-
keT keT

Since for 4,k € T' we have p;x = Qix. By combining A + B, we get that
the recursion becomes (i € T, j € T¢)

(2.11.4) iy =Y Qiruk;j + Pij-
keT

This recursion, of course, merely says that absorption by a recurrent state
j can take place in two ways: Either absorption is accomplished in one
step (with probability p;;), or, if not in one step, then a transition must
be made to an intermediate transient state k (probability () and then
from % the chain must be absorbed by state 7 (probability ux;).

If we set U = (u;;,1 € T,j € T¢), then in matrix notation (2.11.4)
becomes

(211.4') U=QU+R

which is the same as U — QU = U(I — Q) = R. If I — Q has an inverse,
we get the matrix solution

U=(-Q 'R

The matrix

-



106 MARKOV CHAINS

arises frequently in absorption calculations and is known as the fundamen-
tal matriz. When the state space is finite (or when 7 is finite) f — € indeed
has an inverse, which can be represented as

I-Q7'=> "

n=0

so that from (2.11.3) we have that

(- i3 =E Y Lixamy):

n=0

Example. Amateur Night at Happy Harry’s. Friday night is ama-
teur night at Happy Harry’s Restaurant where a seemingly infinite stream
of performers dreaming of stardom perform in lieu of the usual profes-
sional floor show. The quality of the performers falls into five categories
with “1” being the best and “5” being unspeakably atrocious, representing
for Harry’s discriminating clientele an exceedance of the threshold of pain
which may cause a riof. The probability a class 5 performer will cause the
crowd to riot is .3. After the riot is quelled, performances resume—the
show must go on. Since performers tend to bring along friends of similar
talent to perform, it is found that the succession of states on Friday night at
Happy Harry’s can be modelled as a six-state Markov chain, where state 6
represents “riot” and state “i” represents a class “¢” performer, 1 < ¢ <5.
The transition matrix for this chain is

05 15 3 3 2 0
0 3 3 3 05 0
p= 00 2 3 35 1 0
0502 3 3 1 0
o1 101 .39 03
2 2 2 2 2 0

To play it safe Harry starts the evening off with a class 2 performer. What
is the probability that a star is discovered (a class 1 performer) before a riot
is encountered? What is the expected number of performers seen before
the first riot?
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To solve this problem we make states 1 and 6 absorbing and solve for
ugy. Although it is a bit pedantic, we first write the modified matrix in
canonical form so that states 1 and 6 correspond to the last two rows and
columns:

2 /3 3 3 05 05 O

312 .3 3 1 05 0

P = 4 1.2 3 35 1 .05 0

511 1 a1 39 01 3

110 0 0 0 1 0

6 \0O 0 O 0 0 1

Thus we have

3 3 3 .05 .05 0
2.3 35 1 {05 0
Q= 2 3 35 1) R= 05 0
1 1 1 .39 .01 3

With the help of a package like Minitab we find

3.68 340 3.76 1.48
1 {251 432 372 1.52

- = 251 331 472 152 |’
1.43 181 200 2.38

from which
BT 443
i m—tp_ | D42 457
U_(I Q) R= 543 457 )’
285 .T14

and the required probability is u; = .557. B

In order to analyze the expected number of performers seen in this
example we first need to develop some new equations. Suppuose

g:8—R
18 a function on the state space, and define for i € T

(211.5) w; = E (TZ—: g(Xn)) -

n=0

Think of g as a reward for being in state 4; then w; is the cumulative reward
Starting from i € T until absorption in 7. Some useful examples of g are
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(1} Ifg=1 then
Wi = Ei'r,
the expected absorption time.

If g(i) = ;5 fori,j € T (that is, g(4) = 1if 1 = § and g(i) =0
if 7 £ 5), then

(2)

wi=Fi ) =),
n=0

the expected number of visits to transient state 7, starting from

1. We already know this is the (4, 7)th entry of the fundamental
matrix, if 5 is finite.

We now derive a recursion for {w;} in a manner similar to the way we
obtained the recursion for the absorption probabilities. We have that

=1 -1
wi=Ei Yy g(Xa) = g(@) + E: Y 9(Xa)lyrsa,
n=0 n=1

where the first term on the right results from the reward from being in
state Xy = 7. The second term on the right is
(2.11.6)

o0 e <]
E; ZQ‘(Xn)l[n<r] = Z B (Z Q(Xn)]-[XleT,... XeeT)| X1 = .’f) Pij.
n=1 n=1

JET

Now define f: §+— R*™ by

flzr,zs, .. ) = Z 9(za)liz 6T .. 2neT)

n=1

and the right side of (2.11.6) becomes

ZEi (f(X1, Xo,. . X1 = ) pij.
JjeT
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From the Markov property (2.1.4) this equals
Z EJf(XU, Xl, e )p13
JET
o0

= Z E; Z 9 Xn 1)1lixser.... Xo_1€TIPij
jJET n=1
o0

= Z E; Z 9(Xm) [ XoeT, .. XmeTIPij
JjET m=0

=2 Bi ) 9(Xm)iromppi

We conclude that w; satisfies

wy = g(z) + Zp«;j’u.’j, 1eT.
JET

(2.11.7)

In the case when S or T is finite, a matrix solution is again possible in
terms of the fundamental matrix. Define the column vectors

w = (w,t € T)la g=(g(i),i € T)’1
and then (2.11.7) becomes
w=g+ Quw
which has the solution
w=(I-Q) .
Recall that in the case g = 1,
(Bi(r)ieTY = (1 -Q)7'1,
where 1 = (1,1, .. -
Example continued. To find the expected number of performers starting
from state 2 seen before the first riot, make state 6 absorbing. We have

05 15 3 3 2

.Y is a column vector of 1’s.

05 3 3 3 05
o=0 2 3 35 1/,
05 2 3 35 .1
n 1 .1 1 .39
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and the desired answer is {7 — ))711. Using Minitab, we find that the
fundamental matrix is

2068 4854 6.541 7.220 3.333
1152 6.389 7.046 7.78% 3.333
(I-Q)'=]1123 5149 7.869 7.644 3.333
1122 5149 6.869 8.644 3.333
0591 2815 3.678 4.066 3.333

Multiplying by the column vector (1,1,1,1,1) yields
(r- Q)_ll = (24.026, 25.710, 25.119, 25.119, 14.484)"

and the desired expected value is 25.710.

‘We now discuss the general solution to the famous gamblers ruin prob-
lem on the states {0,...,m}.

Example 2.11.1. Gambler’s Ruin. Suppose p # ¢ (if p = ¢ modifica-
tions are necessary te prevent dividing by 0 in what follows) and set

’U,I'ZP.,‘[X-,-=O]='U.,‘0, 1<i<m-1

for the probability that Harry loses and Zeke wins. Here 7' = {1,...,m—1}.
The equations (2.11.4) become

Uy = Zpikuk +pio, t€T,
keT

so that

Uy = puz +4¢
U = qui—y + Puiyy, 2<i<m -2

Um—1 = Um-2
If we set up = 1, u,, = 0, these equations can be combined into the system

g =1,uUm =10
(2.11.8) Ui == qu;_1 +PUip1, 1Zi<m-—1.

This becomes pu; + qu; = gu;_1 + Puiy1, so that

P(Ui+1 - ui) = Q('U-z' - ui—l)-
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Let p= g¢/p # 1, and we have
(2119) Uil — W = p(ui — 'U.i'_]_), 1 Sl S m— 1.

Tterating back, we see that

(2.11.10) Upgy —u; = p(ug —up) = pluy — 1), 1<ism-—1
By inspection, the equation holds also for i = 0. Sum over %:

m~1 m—1 .

S (s —w) = 3w - 1),

i=0 i=0

The left side telescopes so
m—1 )
Up —Ug =0 —1=~—1= (Z pt) {u; —1)
i=0

from which

m—1
1—u1=1/ Z Pi-

i=0
From (2.10.10) we get
—nt
B agismot
Ej:o p‘l

and summing again yields (0 < j <m —1)

Uil — U =

m—1
Z (g1 — W) =Um — Uj = U
i)
-1
_‘Z?:j 4
e
2?:0 4
from which
(211.11) ujz%, 0<jsm

We now discuss the case when (2.11.4) has a unique solution and the
fundamental matrix exists. When S is finite, we have already remarked

that
(e =]
Sorm,
n=0
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and it is easy to see from this that
(-Q@t=3 Q"
n=0

This covers most of the elementary and usual applications. The rest of this
section discusses the uniqueness of the solution to (2.11.4) and the existence
of the fundamental matrix in more general contexts. This discussion may
contain more detail than is necessary for the beginning student; therefore
some readers may wish to skip the rest of this section and continue reading
at the beginning of Section 2.12.

When § is infinite, (2.11.4) need not have a unique solution, and this
case will now be considered in some detail.

Example 2.11.2. Consider the transient suceess run chain with

g po O
aq 0 m 0

P=lg 0 0 pp

and [T2,pi > 0, 3,(1 ~ ps} < oo. (Refer to Lemma 2.9.1.) Make 0
absorbing so the matrix becomes

1 0 8 0
@1 0 pr O
Pr=1g 0 0 p
Ignoring the initial row and column gives
0m 0 O
0 0 p O
Q=10 0

0 p3

Thus the system (2.11.4) becomes (I > 1,u;0 = u;)
(2.11.12) Uy = Pitlip) + .

Set 1] = 1 — u; and we get

(21113) uT;:p,-ui_,_l.
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One readily checks that for any 0 < ¢ < 1, a solution of (2.11.13) is

oD
w=c]]pe
k=1

and thus a solution of (2.11.12) is

o0
U{=1—CHPA:

k=1

for any 0 < ¢ < 1. Note that if ¢ = 1 we have

l—HPk=1—-Pi[T:OQl:P‘i[T<OO]!
k=1

which seems to be the desired solution of (2.11.12).
The most useful solution of (2.11.4) is what turns out to be the minimal

solution:
od

Ut =3 Q"R

n=0

where for i € T, 7 € T° we have

(Z Q”R) =3 QWRy
i

n=0 n=0keT

oo
=EZP¢[X1 eET,..., Xn ET,Xn=k,Xn+1 =.7]
n=0keT

PIX,€T,..., X0 € T, Xns1=J]

s

3
1]
=

s

Pi[T=T1+1,X1— =_ﬂ
0
i[T < OO,X-,— =J]

n

This last calculation shows that the infinite series defining U™ converges.
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To check that U” is indeed a solution of (2.11.4), simply observe
oo o
S Q"R=R+Y Q"R
n=>0 n=1

=R+§:Q"“R

n=0

=R+iQQ“R

e
=R+Q) Q"R
n=0

So U” is a solution of (2.11.4'), and, moreover, we can show it is
the minimal solution satisfying 0 < w; < 1. To see this, suppose U

is some other solution satisfying the inequalities 0 < I/ < 1 interpreted
componentwise, Then

U=QU+R>R
so that
U=QU+R>QR+ R
Repeating this procedure

U>QQR+R)+R=Q*R+ QR+ R.

In general, after N applications of this procedure, we have
N
U>y Q"R
n=0

Letting N — oo shows that U/ > U",

There is a unique solution to {2.11.4) bounded between 0 and 1 iff for
any UV satisfying (2.11.4") and 0 < U <1 we have

0<U-U=QU~-U")implies U - U" = 0.
To understand the last implication, we examine the system of equations

(2.11.14) > Quzi=wi, 0<z,<1, i€T,

JeT
or, in matrix form,

(2.11.14")
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Observe first that
(z),i € T):= (Bt =oc]i € T)
satisfies (2.11.14"), since for 1 € T we have

Plr ==Y PRy =k7=0o]

EET

= Z Py[r = 00| X1 = k| B[X, = K]
keT

= ZPikPJe[T = oo).
keT

Also z¥ has the analytical expression (i € T)
2y = Pj[r = o] = lim Br > n}

= L an:kaT>n
Jim, ) P 1

keT
(2.11.15) = lm > QR
keT

the last line following from (2.11.2). We have shown

gV = lim Q"1

TI— 00

In fact, ¥ is the mazimal solution of (2.11.14'}. This is easily seen ais
follows: If z is some other solution of (2.11.14%) therf z < 1, so that mul-
tiplying by @ we get z = ¢z < Q1; repeating this procedure n times
yields

r=0Q"%r <"1

and letting n — oo and using (2.11.15) we get

z < lim Q"1 =:z".

n—oo

We summarize these findings.

Proposition 2.11.1. There is & unique solution of

Rk . o
(211.4) Uiy = Z Qikuk; +Pij, 0<uiy =1, 0€ T,jeT”

keT
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or, equivalently, in matrix notation

(2.11.4") U=QU+R, 0<U <1,

iff the system
(2.11.14) Y Qurj=uz, 0<z <1, €T,
J€T

or, in matrix form,
(2.11.14%) Qz=z, 0<z<1,
has only the solution x; = 0,¢ € T. This last condition is equivalent to

Bir = oo} = B[ {X,.} stays forever in T)=0, i€T

Proof. We have already checked that if the only solution of (2.11.4'} is
z = 0 then {2.11.4') has a unique solution. We only need show that if
(2.11.4) has a unique solution, then the only solution of (21114} isx = 0.
If (2.11.14') has a non-zero solution then zV +# 0. Note if i € T, keTe,

D QuWUR +5))+ Ra =3 QuUp + Rin+ Y Qua
leT leT leT

Also,
OSU{?+J:,V:R[T<m,XT=l]+H[T=m]Sl

by definition of U} and zY, so (U4, 1) + 2Y,1 € T°,i ¢ T) is another
solution of (2.11.4). W

2.12. INVARIANT MEASURES AND STATIONARY DISTRIBUTIONS.

In this section we begin the study of stationary distributions for Markov
chains. Stationary distributions are a crucial characteristic of a Markov
chain because, as we will see, they control the long run behavior of the
chain in many ways. When a stationary distribution exists and is used
as the initial distribution of a Markov chain, the Markov chain becomes a
stationary stochastic process (cf. Proposition 2,12.1); we thus remind the
reader of the definition of stationarity: A stochastic process {Y,,n > 0} is
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stationary (sometimes called strictly stationary) if for any integers m >0
and k& > 0 we have

(YD) e }Ym) g (Yk1 tety Y‘H’l+k)3

that is, the two vectors have the same joint dis.tributions whatever the
length m of the vector and whatever the translation k& may be.

We now present the basic definition. Let m = {r;,j € S} be a prob-
ability distribution. It is called a stationary distribution for the Markov
chain with transition matrix P if

7 =aP

2

i.e, Tj = Y ke TkPkjr J €. _ _ o
We now check that if we start the chain with a stationary distribution,
we get a stationary process. Denote by P, the distribution of the Markov

chain when the initial distribution is 7. Thus
Pr(:) =3 P{(:)|Xo = i}mi.
i€S
Proposition 2.12.1. With respect to P, we have that {X,,,n > 0} isa

stationary stochastic process. It follows that

PolXn =i0, Xnp1 =01, o, Xtk = bk = TigPigi, *** Pin_in
(2.12.1) = Py(Xo =io,..., Xe = ix]

for any n > 0 and k > 0 and ig, ...,1x € S. In particular ,
Pr[Xn = j] = m

foranyn > 0,7 € .5.
Proof. Since the initial distribution is w, the left side of (2.12.1) is

Z Wipz('?o)pioil T Py gk

€S
Now 7' = 7’ P implies (right multiply by P successively} ©’ = n'P™, so the
foregoing is

TigPigiy ** Pig_ias

which is the right side of {2.12.1). B

Questions about the uniqueness and existence of stationary distribu-
tions must be resolved. For now we concentrate on interpretations.
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If v = {v;,; € S} is a sequence of non-negative constants (think of v
determining a measure on the subsets of §), we call v an tnvarient measure
if

V=P
If » is invariant and also a probability distribution, then it is a station-
ary distribution. There are invariant measures v, however, such that
Eje g¥j = 00, so that it is impossible to scale such a measure to get a
probability distribution.

When a recurrent state exists, the following is useful in manufacturing
invariant measures.

Proposition 2.12.2. Leti € S be recurrent, and define for j € S
o0
(2.12.2) =B Y ==Y BlXa=jm(1)>n]
DEn<r (1)-1 n=0

Then v is an invariant measure. Ifi is positive recurrent so that E;r;(1) <
oo, then

, E; 1ix s
(2.12.3) SN/ B i 20gngr(1)-1 1Xa=]
Ei(r;(1)) Ei(r(1))

is a stationary distribution.

Remark. v; given in (2.12.2) is the expected number of visits to j between
two visits to i and 7y is this expected number normalized by the expected
cycle length F;(m(1)).

Proof. We begin by showing v/ = +/P. In the next proposition, we check
that 1; < oc. We have that 1; = 1, and, with respect to F;, we have
Xo = Xr,1) = ¢ (note 73;(1) < oo since { is recurrent) so, for j # 1,

1€n<r:i(1) n=1

=pij+ Y PilXa=347m(1) 21|

n=2
oo
=ps+ > > PBlXa=35m)2n Xoy =k
k€S, k#in=2

o0
=pij + Z ZP,-{Xn =jlm(l) 2 n, X1 = &
keS, k#in=2

Pi[Ti(l) = n:Xn—l = k]

212, INVARIANT MEASURES AND STATIONARY DISTRIBUTIONS 119

Since [i(1) >, Xpy =k =[X1 #4,.., Xa1 FhAp1 = k], we have
from v; = 1 and the Markov property

[s %)
vi=vipg+ D 2 PriPilm(l) 20, Xa =]
keS, katin=2

oo
= V;Pij + Z Z _'pijé[Ti(l) >m-+ l,Xm = k]
k€S, k#im=1

oc
= Vipij + Z Pri £ Z Liri(1)>m X m=k]
kES, k#i m=1

Ti(l)—l

=Uipij+zpkjE£ Z U =k

ki m=1
Since k # {, this is

1',‘(1)—1

=Vipij+zpkjEi Z lix,, =k

ki m=0

= VD + Z VgPrs
ki

= viPij

kes

as desired.
If ¢ is positive recurrent then

Svi=2 B ) e

jes JES  0sngn{l}-1

=5y 2 lx.-)

ogn<r()—1J€S
=F; Z 1= E,;Ti(l) < 00,
OSHST,'(l)—l
s0 {v5/F;(r;(1)),1 € S} is a probability distribution. H
Now we consider the existence and uniqueness of invariant measures.

Proposition 2.12.3. If the Markov chain is irreducible and recurrent,
then an invariant measure v exists and satisfies 0 < v; < o0,Vj € 5,
v is unique up to multiplicative constants: If v; = viP, i = 1,2, then
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there exists ¢ > 0 such that 11 = cvy. Furthermore, if the Markov chain is
positive recurrent and irrecducible, we set m; := E(r;(1)), and there exists
& unique stationary distribution m where

7wy = 1/E5(7;(1)) = 1/m;.

Remarks.

(1) The most effective method of computing m; is to solve 7’ =
7’P. Do not overlook this computational recipe given in
Proposition 2.12.3.

(2} Without irreducibility, uniqueness of # cannot be expected.

Remark (2) is illustrated by Examples 2.12.1 and 2.12.2.
Example 2.12.1. Gamblersruinon {0,1,...,m}. Set 7y = (2,0,...,0,1-
@) for any 0 < a < 1. Since 7, concentrates on absorbing states, the pic-

ture at time 0 is frozen for all time, so not only is the stationary distribution
not unique, there are uncountably many stationary distributions.

Example 2.12.2. Consider the Markov chain on {1,2, 3,4}, where
(A 0
P (% &)

nen- (3 12)

and where

For each P; we have {1/2,1/2) is a stationary distribution. For any ,0 <
a < 1, we have
(a a l-a l- a)
2’2" 2 2
is a stationary distribution for P.

Remark. In a positive recurrent, irreducible Markov chain,

T,'(I)—l
'JTj/‘?T.; = TI'jEi(T.;(].)) = Ei, Z l[X“:j]

n=0

is the expected number of visits to j between two visits to 1.

The proof of Proposition 2.12.3 does not use any advanced tools. How-
ever, it is a bit long and somewhat tedious. Beginning students may skip
to the beginnhing of Section 2.12.1. For the more mature student, here is
the proof,
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Proof. Existence follows from the construction in Proposition 2.12.2. For
y constructed there, v; = 1 and for any j € 8, there exists m such that

p(,‘.“) > 0 (by irreducibility). Since v’ = 'P implies v = v P™, we have
J‘I
vi=1= Z uka‘;“) 2 VjP_(,-T),
kES

sov; < oo, To check v; > 0, note that the irreducibility assumption implies
i — 7, and therefore there exists an integer m guch that pg-") > 0. Since
/' = V' P implies v’ = v/ P™ we get
)
v; = Z Vkpg:;} 2 uipg?) = lp,E}n > 0.
keS

Now let y = {uj,7 € S} be another positive sequence satigfying uo=
i/ P. A modification of the foregoing shows (rule out p; =0, Vj)

O<pj<oo, Yi€esS.
We may divide through by u; to get a new sequence also called p with the

property y; = 1, y' = p'P. We need to show v = p.
We begin by showing p; > v; forall j € S. Note that

pi=1
pi= D MkPrj J# %
kes

These two statements can be summarized by

(2.12.4) =8+ > kg,
keS

where @ P is the P-matrix with its ith column set equal to 0. Note also

that
()

and keep in mind that

k_:Pk[Xn:jsTi(1)>n]: k#J)
IV

oo

(2.12.5) b= PlX, =) >0 =3 (9PP).

a=0 n=0 s
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Let §; = {6;;,7 € §8), and the translation to vector notation of (2.12.4) is

po=8+u0p
=8+ 8+ OPYOP =6+ 5OP 4 (1D P)?

N
= Z 5;((i)p)n +Mf((=‘)P)N+1_

n=0

Neglect the last term, and let N — oo to get

MBI (SIS

=0

S0 -
w2 (@Pr) =v
n=0 "

from {2.12.5).

To show that p; = v;, let Ay = y; —v; > 0, and observe A’ = A’P.
Since A; = p; — ¥, =1—-1=10, we have A; = 0 for all §, since otherwise,
if there were some jy such that Aj, > 0, we would find that A; > 0 for all
4, which would contradict A; = 0.

If the chain is positive recurrent, the invariant distribution is unique

up to the multiplicative constants. There can be only one stationary prob-
ability distribution. We see that

Ty = l/mt- = l/E,‘T,;(].).

Since the reference state i is arbitrary, the results follow. W

A simple numerical illustration of the results in this section is given
in the example of Section 2.14. A nice theoretical application of these
results is contained in Exercise 2.57, where the law of large numbers for
Markov chains provides just the right tool for proving almost sure consis-

tency of non-parametric maximum likelihood estimators for the transition
probabilities.

2.12.1. TIME AVERAGES.

Here we consider the strong law of large numbers for a Markov chain, so it
is wise to recall the strong law of large numbers for independent, identically
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distributed random variables. Suppose {Y;} are iid random variables with
EY1} < co. Then
n
g £
P[ lim Lot EY) =1
n—0o n

Sometimes this is written
i Y
=izl 2, E(YY) as,
n

where a.s. stands for almost surely, meaning with probability 1. .
Now for the application to Markov chains. Suppose f has domain S:
f:5— R,

and suppose [ is well behaved; say f = 0or fis bounded. Think of F(%)
as a reward for being in state i. We are interested in

N
;@ﬂZﬂf(&)/M

which is the average long run reward rate or the rate at which the system

earns, N _ N
Observe that if f(k} = 8k, then 3_ o lx =i I8 the number of visits

to %, and HmMy_ioo Ef:o f(X,)/N is the relative frequency that the chain
visits €. '
Proposition 2.12.4. Suppose the Markov chain is irreducible and posi-
tive recurrent, and let m be the unique stationary distribution. Then

N
im 3 F(X)/N = 7(f) =3 S
N—oo n=0 jeSs
almost surely for any initial distribution.

Remark. For later purposes, it is more convenient to have the limit in a
different form: From (2.12.3)
T:{1)—-1

S fim =Y f0E Y lpe=/Edn)
n=>0

JES je9

:Eiz > FUN X =)/ Biln(1)

FES 0gn<Ti(l)

=B Y | Y f x| [E(1)

0<n<ri{1) \JES
(2.12.1.1)

B ognenmy SR _ o
B E(m:(1)) ' Z

0<n<ri(l)
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since 3_jcs f(7)lix=5 = f(Xn)-

Remark. If f(k) = & then the long run frequency of being in state i is
2jes FU)ms = ma

Proof. The proof follows readily from the dissection principle Proposition
2.5.1 and the strong law of large numbers for iid random variables. For
simplicity, suppose f > 0; the case where f is bounded is not much harder,
Define

B(N)=sup{k > 0: ry(k) € N},

then B{N) is the number of blocks one can squeeze into [0, N].

{ Il
T + L

n{(B(V)) N ~(B(N) + 1)

Figure 2.2. TIME LINE.

Since the variables

7i(k+1)
me= 3. f(Xa), k21
n=ri{k)+1
are iid, we have
Litd Ti'(k'i'l 'r‘-(l)

(2.12.1.2)

)
S Y HX)m—EY f(Xa)
n=1

k=1 n=r;(k)+1

almost surely as m — oo. Now write

T (B(N)) N i (B(N)+1}
(2.12.1.3) SOHXD Y FXD S D f(Xa)
n=0 n=0 n=0
The left side of (2.12.1.3) is
B(N-1) B(N-1)

Z f(Xa) + Z e = J + Z ks
k=1 k=1

0gn<Ti(1)
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the right side is
nd s (N}
T+ Y ™

k=1
where J is a finite random variable, and hence J/N — 0, as N — oo. Now
we have

Ty M _ oy e BN}
N B(N) N

and, provided you can be convinced that B(N)/N — 1/E;(n(1)), we get
from (2.12.1.3) and (2.12.1.2) and the strong law of large pumbers the

following:

N B(N)
. —1 T -1
31050 = i 2
B(N—1)
= Lk -1 = Eym/E:7i(1
= Jim N > om m/E:7i(1)
k=1
=3 f()m;.
JES

Tt remains to show

(2.12.1.4) B(N)/N — I/Eq;(ﬂ'(l)).

Now, from the time line,
(2.12.1.5) n(B{(N)) SN < 7i( B{N) +1).

=3 i dent and aq,.-. ,0n
Recall 73(n) = 3_x_q @k Where co,...,Qx 3I€ indepen ,

are iid with E;ay = Eimi(1). So mi(n}/n — E;7:(1) asn — 0. In (2.12.1.4)
divide by B{N) and let N — o0 (which implies B{NV} — oa} and

r:( B(N)) < N n(B(N)+1) B(N) + 1.
B(N) — B(N)~ B(N)+1 B(N)

Both extremes of these inequalities converge to Ei{7{1)) and hence
(2.12.1.4) follows. W

Corollary 2.12.5. If f is bounded,

N
fim NS Ef(Xa) =n(f), i€ S.

N—co
n=1
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In particular, for f(k) = &; we have E;f(X,) = P[X, =jl= pl(-;‘) 50

N—oo

N
im NS p =7y, ies
n=1

or, in matrix notation,

N—oo

N
lim N1 EP" =TI,
n=1

where I1;; = 7; Is a matrix with constant columns.

Proof. If | f(i)] £ M then

N

1> HXIIN <M

n=1

and the result follows from dominated convergence. W
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We saw in Section 2.3 that for ¢ € (0,1),b€ (0,1)

n b _a
lim (l_a a ) __}(a-ti’-b a+b)
—_ a N
moeo\ b 10 o ath
We wonder when such behavior is true in general; i.e., when is it true that

: () ;o . -
(2.13.1) nli’rrgopi; =n;, 4,JESmT > O,Zﬂj =17
JES
If the m;"s were easy to obtain by means other than evaluating limits, they
could serve as approximations to the hard-to-obtain entries of P* and
allow rapid qualitative conclusions. A sequence # satisfying (2.13.1) will

be called a limit distribution. How easy is it to find limit distributions?
The foHowing helps.

Proposition 2.13.1. A limit distribution is a stationary distribution.

Proof. We have

. 1 .
= lim pii" = lim 3 plps.
kes
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1t is tempting to interchange limit and sum, but dominated convergence
does not apply when § is infinite since {pkj, k € S} is not a probability
distribution in k. If § = {0,1,2,... }, we proceed in an elementary way as
follows:

M
m > im S pej
k=0

Z (n)
- ™
=2 Jm pi’pes
k=0

M
= Z‘Trkpkj.
k=0
Since for all M,j € 5, o
T§ 2 Z"Tkpkja
k=0

we let M — oc to conclude

8]
(2.13.2) T > Zﬂkpkj,vj €5
k=0

If for some jo we had the strict inequality
(2.13.3) Tjo > 9 TkPkio;
=0

then summing (2.13.2) over j € S yields

Z Ty > z 2 Tk Pki

JES JESkES
DRSNS
k j k
= 1,

a contradiction. Hence (2.13.3) can happen for no jo. B

If the limits exist in (2.13.1), we know how to calculate them: Solve
7' = 7' P. The question is when the limits exist.
Support for the existence of limits is provided by Corollary 2.12.5,

which tells us N

o SN =

n=%
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when the chain is irreducible and pesitive recurrent. This Cesaro average
lirnit is weaker than the desired P™ -+ II. Sinceif j € T we have > p(")

oo, which implies p( . 0, and since p{ ) =0ifie Cao, j € Cpyix &
3 where C,,Cg are closed, recurrent classes, it is sensible to focus on
irreducible recurrent chains.

It is too much to expect that P* — II will always be true. In a chain
with period 2, for instance, p§§n+1) = 0 for all n and for all j € S. We focus
therefore on aperiodic, recurrent, irreducible chains.

Theorem 2.13.2. Suppose the Markov chain is irreducible and aperiodic
and that a stationary distribution 7 exists:

7' = 7' P, Z?Tj =1,m; > 0.
jes
Then

(1} The Markov chain is positive recurrent
(2) w is a limit distribution:

lim p{) =m;, Vi,jes.
(3) Forallje S, m >0.
(4) The stationary distribution is unique.

Remark. One of the most useful things about this result is that it pro-
vides a practical test for an irreducible chain to be positive recurrent: If a
stationary distribution exists, then the chain is positive recurrent. We will
give examples of how to apply this in Section 2.15.

Proof. If the chain were transient, then for alli,5 € §

P — 0, n — o0,

and so for all j

i = Z rip(n)

€S
by dominated convergence. Thus m; = 0 for all j € S, which contradicts
the fact that 3, m; = 1. Therefore, the chain must be recurrent.
Since the chain is irreducible and recurrent, an invariant measure,

unique up to multiplicative constants, must exist (Proposition 2.12.3).
From Proposition 2.12.2 for some ¢ > 0

vi=E ) L. = cmy,

0<n<re{1)
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and therefore

OO>ZVJ =ZE1 Z 1[)(“:_7‘]

j€S JjES 0<n<Ti(1)

= Fj Z Zl[xn:

0<n<ry (1) JES

=E1-ZI

0<n<T(1)
= E;ni(1),

from which we obtain positive recurrence. (Note that this argument did not
use aperiodicity.) So (1) follows, and (3} and (4) are covered by Proposition
2.12.2.

For (2) we need the following lemma. Beginning students should note
the staternent of the lemma and skip the proof.

Lemma 2.13.3. Let the chain be irreducible and aperiodic. Then for
i,j € S, there exists ng = no(i, j) such that

Yn > ng: pf;) >0.

Proof of the Lemma. Let
={n: pg?) > 0}.

Some important properties of A are the following:

(1) ged A = 1 since the chain is aperiodic.
(2) m,n € A implies m +n € A since

P = 2o wes 2 e > 0.
ke§

Now, (1) and (2) imply A contains all sufficiently large integers (a
cheery number theoretic fact; of. Billingsley, 1986, p. 569, for example),
N > ni, say.

Given i,j € S, there exists v such that pg) > 0. Then forn > r +mny

pg‘) sz iy 1”)—-I’J'SJJ'PE'J 7>0

by choice of r and due ton ~r > n;. B
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Proof of (2) by the “coupling method”. Let {X,} be the original Markov
chain. Let {Y,} be independent of {X,} and have transition matrix P
and initial vector « so that {¥,} is stationary and P[Y; = j] = m;. Define
En = (Xn, ¥3) so that {£,} is a Markov chain on § x § with the transition
matrix

P[€n+1 = (kaf)léﬂ = (7'!.7)] = DikPj¢
(see Exercise 2.2) and

Plén = (k. 0)ff0 = (i,9)] = P27y

From the previous lemma, given any (%, £) and (2, j) € 5 x S we have for
all sufficiently large n that pgz)pgn) > 0. Thus {£,} is irreducible.
A stationary probability distribution exists for {£,}, namely m g =

w7 To check this, note

> Pl = kOl = GGl = Y mimspipse

(i,j)eSx8 (i.))esx8

= Z TiPik Z TiPje = RETe = T(k,f)
i j
as required. We have an irreducible chain with a stationary distribution,
hence (£,) is positive recurrent.

Pick a state ip and let

T(’t'ogio) = 1nf{n 2 0: 61'1 = (‘ig, '1‘,())}
be the hitting time of (ig,ip). Since (£,) is recurrent,
P[En = (io,io) Lo ] =1,

and thus P[7i,, < o0] = 1. (Recall that 1.0 stands for infinitely often.)

The idea is this: Imagine two frogs, Sam and Suzie, hopping from rock
to rock. Sam hops according to Markov chain {X,,} and Suzie follows chain
{Y¥,.}, but there is a wrinkle. If they both land at rock ip together (at time
Tip,ia), then Sam jumps on Suzie’s back and follows {¥,} from time 7,
onward (the coupling time). Since X,, . =Y¥r, ., Sam’s total evolution
should be equal in distribution to what it would have been if he followed
{Xn}, but since after ., Sam rides Suzie on a stationary sequence of
states, his state probabilities at time n > 7,4, should be governed by
7. To make this precise, let P be the probability measure conditional on
Plto = (k,8)] = bpimy (i€, {X,,} starts at ¢ and {¥,,} starts according to
). Write T = T, 4, for the coupling time. QObserve

PlX,=j7<n]= ZP[Xn =j,T=m]:ZZ Plén = (4, k), 7 =m].
m=0

k m=0D
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Applying dissection t0 the Markov chain {£,} at the state (ip,%0), we have
the last expression equal to

S i Plr = m)Piiglin-m = G RN =3 ) Pl = mlp{ ™ plne ™

k m=0 k m=0
=3 Plr = miply; ™.
m=0
Similarly,

PlYa =7 <n) =3 3 Plén = (k,3),7 =)
k

m=0

which by dissection of {&n} I8

n

n—m)_ (n—m)
Z iP[‘T:m]-Pioin[&n—m :ksj] =Zz P[T:m]pgok Pioj "

k m=0 k m=0
n

=3 Plr=mpl; ™

m=0

We conclude '
PlX, =j,7 <n]=PYa=471 <0l

s0 the state probabilities after coupling are identical. Therefore,

P -y =|PXn = j] = P[Yn =7l
<|P[Xp=7j,7<n) = PlYa=471<7]
4 P[Xn =47 >n]— PlYa=4,7 > 7l
= |P[Xp=j,7 >n) - PYa=57>7l
= | E(x = ] = Ly =it lirsnl)!
<E|l[x,=) — Lyva=illr>a) £ Bliroa)
=Plr>n}—0,asn >

since Plr <ocl=1 B

The connection between stationary distributions, limit distributions
and positive recurrence is summarized next.



132 MARKOV CHAINS

Corollary 2.13.4. Assume the Markov chain is irreducible and aperiodic,
A (the) stationary distribution exists iff the chain is positive recurrent iff 4
limit distribution exists. If the chain is irreducible and periodic, exdstence
of a stationary distribution is equivalent to positive recurrence.

Proof. We merely put the pieces together. If the chain is aperiodic, we have
positive recurrence equivalent to the existence of a stationary distribution
(Proposition 2.12.3 and Theorem 2.13.2), which implies that a limit distri-
bution exists (Theorem 2.13.2), which implies that a stationary distribution
exists (Proposition 2.13.1). If the chain is periodic, combine Proposition
2.12.2 and the argument at the beginning of the proof of Proposition 2.13.2.

|

The phrase positive recurrent, aperiodic and irreducible is sometimes
subsumed under the name ergodic.

The story continues in Section 2.13.1. This may be skipped by begin-
ning students. Those skipping will miss a proof of the useful fact that o
finite state, irreducible, aperiodic Markov chain is always positive recurrent
and the stationary distribution always ezists.

‘We close this section with an example.

Example 2.13.1. The Infinite Capacity Storage Model. Consider
the Moran storage model of Section 2.2, but assume infinite storage capac-
ity, namely that the parameter ¢ = oo, and also suppose m = 1, so that
there is unit release. In this case, the contents process {X,} satisfies the
recursion l

(2.13.4) Xn1 = (Xn+ Anyy — Dy, n>0.

Recall that {A,} are the input variables and are assumed independent,
identically distributed and A,y is independent of X, for every n. For the
distribution of A, we have

PlAy=kl=ax, k20
and A, has generating function
(= o)
As) = Es™ = Zaksk, 0<s<1.
k=D
We seek the stationary distribution {my, & > 0} of the contents Markov
chain {X,} when it exists. If the stationary distribution exists, we know

from Theorem 2.13.2 that it is also a limit distribution. Letting n —
in (2.13.4), we get both sides converging in distribution to limit random
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variables. If X, converges in distribution to Xe, say, then X should
have the stationary distribution and satisfy the equation

(2-13'5) Xoo g (Xco + Aoo - 1)+ i
where A, has the same distribution as A; and is independent of Xo.
Recall that the notation £ 4 » means that £ has the same distribution as

To solve, let -
II{s) = Z'n‘ksk = Es%=,
k=0
and take generating functions on both sides of (2.13.5). This yields

TI(s) = $°P{(Xoo + Aco — 1)4 = 0}

00
+ 37 " PXoo + A — 1 =1
n=1

[eo)
= P[Xop + Aoo 1+ D PlXeo + Ao = n +1]5"

n=1

= P[Xoo + Ao S 1+ D P[Xoo + Ao = Flsi 1
i=2
=PH¢+Am=W+PWm+Am=H

+Y P[Xeo + A = jls7s™
j=2
= P[Xoo + Aoo = 0] + PXoo + Ao = 1]

4571 (BsXet4® — P[Xoo + Ao = 0] — P[Xoo + Aoe = 1)5)
= P[Xeo + Age = 0] + s TI(s)A(s) — s 7' P[Xeo + Ao =0}
= P[Xeo + Ao = 0)(1 — s71) + s~ TI(s)Als).

Solving for II{s) yields

P(Xo + Ao = 0](1 =571
1— s~ 1A(s)

_ PlXoot A =0](s = 1)

a s—Als)

_Pwm+Aw=m
- A(ls)—s

P[Xo + A = 0]
=_TTF%§§d.

f(s) =
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In c?rder to have a stationary distribution, we must have I{1) = 1, so
letting s 7 1 in the foregoing relation vields

P[Xoo + Aco = 0]
1-E4;

1=TI(1) =

Obviously, for this to be possible we need EA; < 1, and in this case we
see that

PlXoo+ Ag =0] =1 - EA,.

Using this fact, we arrive at the generating function of the stationary dis-

tribution:
(1-EA)1-5)
H(s) =
50, for instance, the long run percentage of time that the reservoir is empty
is
mo = I1(0) = ﬂl_
ag

2.13.1. MORE ON NULL RECURRENCE AND TRANSIENCE®.

As a cpmplement to the discussion in section 2.13, we discuss what happens
to limits when the chain is null recurrent or transient.

Proposition 2.13.5. If the Markov chain is irreducible and aperiodic and
either null recurrent or transient, then

lim p™ =0, foralli,jeS.

00 iJ
We know that in the transient case 20 pgl) < 00, so of course
limy- 00 pg-b) = (. The new information in this result, therefore, is what
happens when the chain is null recurrent.

Proof. Assume the chain is null recurrent. Then a unique invariant mea-
sure v = {v;,j € S} exists with the property 2 jes ¥ = 00 since if the
sum were finite, the stationary distribution would exist and the chain would
be positive recurrent,

Suppose the assertion of the proposition were not true. Then P® —
0 would be false and there would exist i,5 such pg-”’) — & > 0 along
some subsequence {n'}. Now use a compactness argument to manufacture
subsequential limits for P™ which are not identically zero. Do it like this:
Think of the collection of numbers {p;;,i,j € S} as an element in the
sequence space [0,1]5%%. This space, being a product of the compact sets

* This section may be skipped on first reading by beginning readers.
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[0,1], is also compact. Therefore {P™,n > 1} is a sequence in this compact
set and hence must have subsequential limits. One of these subsequential
limits must be non-zero; just go to the limit along a subsequence of the
identified subsequence {n'}. At least for i, j the limit is non-zero.

Suppose P = L, where L is a limit matrix which does not have all
its entries zero. We must convince ourselves that L has constant columns;
ie., that L is independent of k. Go back to the coupling argument,
and suppose {X,} starts in state u and {¥,} starts in state v. As in
the original coupling argument, the chain {£,} is irreducible. If it were
transient, then the assertion of the proposition that we are trying to prove
would be obvious, since then

0= Bim Puylén=(s,6)] = Jim pip{7.

If the coupled chain is transient for one starting state (u,v), then it is
transient for every starting state, and we would have

0= lim g:))zv

which gives the desired conclusion. Accordingly, assume the coupled chain
is recurrent. The conclusion of the coupling argument is then (r is again
the coupling time)

lim |p() - p()| =0, %k € 5,
Nn—+0Q

50 the subsequential limit matrix L has constant columns. Now mimic the
proof of Proposition 2.13.1 to conclude that the rows of L form a stationary
probability distribution for P. This is a contradiction, however, to the
fact that the invariant distribution v for P is unique up to multiplicative
constants and ¢ v = 0. The contradiction arose because we assumed

there were states 4, f such that the limit of pf;-‘) was not zero. W
We may now conclude that in a finite state space Markov chain which
is irreducible and aperiodic we cannot have all states null recurrent. Since

we now know in a null recurrent chain that

("}_:0

hm p;;

— 0o
for all 1, j € S, the proof of this fact is exactly as the proof of the fact that
not all states can be transient (Proposition 2.9.4). We are therefore led
to the conclusion that a finite state, irreducible, aperiodic Markov chain is
always positive recurrent and the stationary distribution always exists.
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We know in the positive recurrent case that a stationary distribution
exists (Proposition 2.12.3). When the chain is null recurrent, a stationary
distribution does not exist, but an invariant measure v, unique up to mul-
tiplicative constants, exists which satisfies >°,c s = oo. If the chain is
transient, then an invariant measure may or may not exist; if it exists, it
is not a finite measure, and it need not be unique.

Example 2.13.2. Let us now consider the unrestricted random walk on
S={..,-1,0,1,...} with (p> 0, p+g=1)

Pi1i=0 DPit1,i =4

The transition matrix is doubly stochastic, which means that not only
is it true that row sums equal 1 but also that the column sums equal
1: 3 icspij = lforallj € S. From the doubly stochastic property it
is easy to check that 1 = (...,1,1,1,...) is an invariant measure. (See
also Exercise 2.23. Since this invariant measure is not summable, we have
independent corroboration of the fact that this chain is never positive re-
current.) However, if we try to solve the system g’ = p'P in the case p # g,
i.e., in the transient case, we get

Hi = Z#k?kz’ = fio1Pi-1i F Pl = pi-1P i g-
kes

Using our experience solving this type of system for the absorption prob-
abilities of the gamblers ruin problem, we might guess that a solution is

w=C), ies
q
Indeed, it is an easy verification to check that this is an invariant measure.

Note that this g is not a multiplicative variant of 1, so when the random
walk is transient we find invariant measures exist but they are not unique.

Example 2.13.3. In this example of a transient Markov chain, we find
that an invariant measure does not exist. Take the transient success run
chain on the state space § = {0,1,...} with p;;1, = p; and pp = g;.
Recall that transience means that [], pi > 0 or, equivalently, 3, ¢; < <.
The equation ' = i P yields

oo o
(2.13.1.1) po = Z HEPrO = Z#ka

k=0 k=0
and, fori > 1,

[e3]
(2.13.1.2) i = Z#k?ki = Hi-1Pk-1-
k=0
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This Jast system is easily solved to yield, for 1 = 1,

-1
(2.13.1.3) Hi = Ho HP:'-
F=0

If an invariant measure exists, we may always set o = 1. Doing so gives,
from (2.13.1.1), that
o0 oo k-l
1= Z,uk% =qo+ Z(H P; )0k
k=0 k=1 j=0
o0 k-1 k
=g+ (12— 19
k=1 j=0 =0
N k-1 K
=gqo+ JJEHwZ(H i~ | ;)
k=1 j=0 =0
N
=go+ lim (po+ Hpj)
N—oo "
=0
N
= qo+po+ Jim Hopj
3=

N
=1+ “!E’nwjl:[opj.

We get a contradiction in the transient case where H;io p; > 0, so no

invariant measure exists.
In the recurrent case the invariant distribution is

i—-1
po=1, m=][lp 121
j=0

2.14. COMPUTATION OF THE STATIONARY DISTRIBUTION.

For a finite state Markov chain, solutions of the equation 7' = P can
be found by hand, although this is tedious with even a mode?rate number
of states. Out of deference to tradition, the outline of this procec%ure,
applicable when the Markov chain has a small number m of states, is as
follows: - .
(1) The vector equation 7’ = 7' P yields m equations in the m un-
knowns 71,... ,Tm, but another equation, namely 3., m = 1, is
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also available. So survey the m equations, M = 3 4 TkPkis 1 <
t < m, and delete one that looks ugly. Try to keep equa-
tions with lots of zero coefficients. Add to this batch of m — 1
equations, the mth equation >, mx = 1.

(2) Replace m; by z;, and solve the resulting system of equations
by giving z1, say, an arbitrary but convenient value. Solve for
T9,...,Ty in terms of ;.

(3) Setmi=m/(Fzx).
This method will be illustrated after discussion of a more machine

oriented approach which is applicable when the solution by hand is overly
tedious.

Proposition 2.14.1. Let P be an m x m irreducible stochastic matrix
and suppose ONE is the m % m matrix all of whose entries are 1. Then, if
7 is the stationary distribution, we have

(2.14.1) 7' =(1,...,1){I — P+ ONE)™.

Proof. To check this, suppose temporarily that we know that I - P + ONE
has an inverse. Since 7’ satisfies '(I — P) = 0, we have

7'(I - P+ONE) =0 +7'(ONE) = (1, .. ., 1).
Solving for «* yields
7' =(1,...,1)(I — P+ ONE) ™,

as desired.

We now verify that I — P 4+ ONE has an inverse. We can do this by
showing that if (I - P+ ONE)x =0 thenx=0. Butif =’ isa stationary
vector it satisfies 7'(] — P) = 0, so0 if (I -~ P+ ONE)x = 0, we get by left
multiplying by =’ that

7'(I—P+ONE)x =0+ n'(ONE)x = 0.
Thus we conclude 7'(ONE)x = 0. But
7' (ONE) = (1,...,1)

so (1,...,1)x = 0, which implies (ONE)x = 0. We conclude (I-P)x=0,
which is the same as Px = x. This implies for any n that x = P™x, and
therefore that N™2 Y Phx = x. From Corollary 2.12.5 we have

N
N1 EP" —1I,
n=1
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where II is the matrix with constant columns: II; ; = m;. Thus we have as

N — oo that N

X = N_lz P'x — Tlx,
n=1

so x = [Ix, from which in coordinate form,

m
a=1

and the right side is independent of ¢. This means that for some constant
C?
x' =e(1,...,1Y.
Since we also have
0=(1,...,Hx=c¢c(l,...,)1,...,1) =em,
we get ¢ = 0 and consequently x = 0, Therefore, since

(I— P+ ONE)x =0

implies x = 0, we conclude that (I - P + ONE) is invertible. R

Example. Harry, the Semipro. Qur hero, Happy Harry, used to play
sernipro basketball where he was a defensive specialist. His scoring produc-
tivity per game fluctuated between three states: 1 (scored 0 or 1 points), 2
(scored between 2 and 5 points), 3 (scored more than 5 points). Inevitably,
if Harry scored a lot of points in one game, his jealous teammates refused
to pass him the ball in the next game, so his productivity in the next game
was nil. The team statistician, Mrs. Doc, upon observing the transitions
between states, concluded these transitions could be modelled by a Markov
chain with transition matrix

P =

k= L=
O O W
O wirtin

(1) What is the long run proportion of games that our hero had
high scoring games?

(2) The salary structure in the semipro leagues includes incentives
for scoring. Harry was paid $40/game for a high scoring per-
formance, $30/game when he scored between 2 and 5 points
and only $20/game when he scored nil. What was the long
rurn earning rate of our hero?
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Solution by hand: The system z' = 2’ P yields

1
g =
3 2+ T3 =2

13:
— =
3T1 =2
2 2
§$1+§$2 =ir3.
The second equation says
Xo —.'2'11/3,
and the third says
a::g(:c +$)_E($ -!-E)ﬁg-é =8
3 31 2—31 3—33$1—§$1
Now set
_ T r 9 9
1= = s = =—==45
1+ T2+ 23 :Z:1+*3J‘+§$!71 94+3+48 20
x 3 3
ko) L = 331/ 3 =.15

S miHT+2s 1)+ /34 5 T9+3+8 0
mg =1 —{m) +m) =4,

the answer to (1) is m3 = .40. For (2), recall from Proposition 2.12.4 that
if f:5+— R is bounded then

N 3
Jim > F(Xa)/N =n(f) =3 mf(i).
n=0 i=1

In our case f(1) = 20, f(2) = 30, f(3) = 40 and n(f) = (20)3 + (30)2 +
(40)% =9+ 2+ 16 =29.5.
Solution by machine: We have, with help from Minitab ,

2 66667 .33333
(I — P+ ONE) = | .66667 2 33333
0 1 2

so that

09 —.15 —.066667
B 53333

(I-P+ONE)!= (—.2 6 .066667
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and
(my, 72, m3) = (1,1,1)( ~ P + ONE)~! = (.45, .15, .4).
The long run earning rate is

20
x(f)=(45.15.4) 130 | =295 m
40

By the way, this chain is aperiodic since pﬁ) > 0 and pﬁ) > 0 and it
is irreducible.

Example 2.14.2. An Inventory Model. Recall Example 2.2.6 of Sec-
tion 2.2. We let s = 0 and § = 2. Suppose now that we have a simple
distribution of demands in any period, namely,

PiD,=0l=5, P[D;=1j=4, P[D;=2]=.1

From the recursions defining the inventory level Markov chain, we can
quickly check that the state space is {0,1,2} with transition matrix

01 04 05
P=105 05 00}.
0.1 04 05

We seek the stationary distribution and must therefore compute (I — P+
ONE)~!. Using Minitab, we obtain

1.9 06 05
I-P+ONE={05 15 10].
0.9 06 156

Inverting, we get

(I-P+ ONE)"! = | 0.055556  0.8888839 —0.611111

0.611111 0222222 -—0.055556
—0.388889  0.222222  0.944444

Thus, the stationary distribution is
(mo,m1,m2) = (1,1,1)(1 - P + ONE)™

= (0.277778,0.444444, 0.277778).

The mean of this distribution is 2.(.277778) +.444444 = 1. And, by Propo-
sition 2.12.4, with f(¢) = ¢, i = 0,1,2, this is also the long run average
inventory level: limpy oo N 7! Zf:o Xn.
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2.15. CLASSIFICATION TECHNIQUES.

Every finite state, irreducible Markov chain is positive recurrent. However,
when the state space is infinite, it can be challenging to classify the model
as positive recurrent, null recurrent or transient. Furthermore, for a model
depending on certain parameters (e.g., input rate, output rate, and so
forth} it is of qualitative interest to obtain these classifications as a function
of model] parameters.

To test for positive recurrence, the most straightforward approach is
to test for the existence of a stationary distribution since we know for
an irreducible aperiodic chain that positive recurrence and existence of a
stationary distribution are equivalent. This is the method used to obtain
a criterion for positive recurrence in the queueing example.

Queueing Example. Recall the queneing example from Exercise 2.6 or
from Section 2.2. The matrix is

Gy @1 a3
apg @1 da
P=|0 a a a2

0 0 ap a3

and the state space is {0,1,2,...}. Recall further that a; > 0, opai = 1.
The system 7' = «' P yields

g =Mpag + Mido
T =Tpdy + ma
o —Tgag + MGz + Aaay + Tadp

T3 =Mgag + 183 + Mzaz + mad1 + w409

Since the ith column of P is (as, 4:, @41, .., 30,0, ... )", we find for ¢ > 0
it+1

(2.15.1) T = Foli+ 3 Ty0iga—ge
j=1

Set TI(s) = Y io, mis'. We attempt to solve (2.15. 1) by generator function

methods. Multiply (2.15.1) by s* and sum to get

oo i+l

Z'rr,s = Wozaﬁ + ZZ‘JTJG,1+1_JS

i=0 j=1

(2.15.2)
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We need to reverse the order of summation in (2.15.2). Note 1<i<i+1
jmplies 1 > j —1 and j > 1, so, setting A(s) = S aist, the right side of

(2.15.2) is
o0 oo o0 )
TI'()A{S) +- Z?Tjsj_l Z a{wj+15i_3+1 —_—TTDA(S) + S—l Z‘ﬂ'jSJ A(S)
=1 i=j—1 =1
=y A(s) + 57! (TI(s) — 7o) A(s).
Therefore
H(s) = mpA(s)(1 — s71) + s TI(s) A(s)
from which
Ti(s) = moA(s)(1 —s71)/(1 — 572 A(s)
_ mpAls)
= TaTA(s
1 ls_s_gs}
WQA(S)
T iosideT-s lA(s] ’
1—s-1
thus we conclude
TFOA(S)

This solves for II(s) as a function of mp and A(s). Now the question is,
when is it possible to specify mp so II{1} = 35" mx = 17 In such cases a
stationary distribution exists.

In (2.15.3) let s T 1 on the left side to get

1) = > .
k=0

lim 1-As) Als)
st1 1—38

Let

o0
= Z kak

k=0
be the mean number of arrivals per service interval. Since we assume {ar}
s a probability distribution, we have A(1) = 1. If we take the limit on the
Tight side of (2.15.3), we get

moA(1) . m
1-lim,y 3548 1-p

and we see that it is possible to choose 7y so that II(1
0<p<1andmthlscase7rg*1-—
We conclude that this queueing model is positive recurrent iff p < 1,
which says the number of arrivals does not overwhelm the service facility.
Now consider the following criterion for transience or recurrence.

EO me = 1iff
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Proposition 2.15.1. Consider an irreducible Markov chain with state
space S. Pick a reference state, say 0, and set Q = (pi;,1,7 € S\{0}).
Then the Markov chain is transient iff the system

(2.15.4) Qr==z, 0<z <1, i S\{0},
has a solution not identically 0. The Markov chain is recurrent iff the only
solution of (2.15.4) is 0.

Proof. Pretend 0 is an absorbing state with T = S\{0} and 7 = 7y =
inf{n > 0: X, € T = inf{n > 0 : X, = 0}. We need the following
cheery fact about the original chain:

(2.15.5) 0 is recurrent iff Vi #0, fig = 1.

(Certainly if 0 is recurrent, then we know from Proposition 2.9.1 that
fio =1, ¥ i€ § Conversely, suppose fig =1, Vi # 0. Then

(2.15.6) foo=poo + Y, Pojfio.
3#0

since either we go to 0 in one step or to an intermediate state j from which
we ultimately pass to 0 (cf. Section 2.10.1 for the mathematics of this
argument). The right side then becomes

poo+ Y poj 1= poj = 1= foo,
70 j€s
implying recurrence.)
Observe that for i # 0

1~ fio = Pi[r = oo] =t

in the notation introduced following (2.11.14"), and also recall from Section
(2.11) that =¥ = {zY,4 € T} satisfies {2.15.4) and is, in fact, the maximal
solution satisfying (2.144) and 0 < z < 1.

The following holds.

Lemma 2.15.2. zV is the maximal solution of (2.15.4) and either z¥ = 0
or sup;er ¥ = 1.

Proof. We already know that 1V is a solution of (2.15.4), and that it is
maximal. If ¥ # 0, then sup, .oz = ¢ > 0 and, in matrix form, ¥ < cl.
2V =Q"xY < e@™1 from which, for 71 € T,

z) < cPi[r > n] — cz).
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But ¥ # 0 means that for some i € T we have z7 # 0, and, since z;’ <
ez, we divide by the nonzero z) to get ¢ > 1. Since ¢ = sup;er zy < 1,
wehavec=1 W

Now we are in a position to prove the proposition speedily. If the
original chain is transient, then (2.15.5} informs us that there exists i € T
with fio < 1. This means =¥ = 1 — fip > 0, and there exists a nonzero
solution of (2.15.4). Conversely, if a non-zero solution of (2.15.4) exists,
then for some i € T, =} > 0, from which f;p < 1. Another application of
(2.15.5) yields the conclusion that the chain is transient. This completes
the proof of Proposition 2.15.1.

Consider again the queueing example. The matrix, assumed irre-
ducible, is

dp a 23]

ap da) ag
P=]0 a a a2

0 0 ag a1

where a; >0, Y opai =1, 3 pey kar = p.

Proposition 2.15.3. The queueing example is

transient iff p > 1
pull recurrent iff p =1
positive recurrent iff p < 1.

Proof. We only need to focus on the statement about transience, since the
criterion for positive recurrence is already established.

If p > 1 we show z = Qz, 0 < z < 1 has a non-zero solution. With
T={1,23,... }thesystemxr =z is

[£.0]
(2.15.7) T=) @
t=1

L9 =agX; +d1Lo+ ...

Ty =agZz + a1T3 + ...

[&+]
{2.15.8) Tn :Zai$é+n_1, n>2
i=0
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Try a solution of the form z; = 1~ 5%, 0 < s < 1. (The more obvious choice
z; = & works fine for (2.15.8) but not for (2.15.7).) From (2.15.8) we get

e}
1—s"= Z a;(1— s 1)

Setting A(s) = 3 0, a:s' yields
5" = A(s)s™!

or

s = A(s).

This is also the equation that results from (2.15.7) with z; =1 — 5%, i > 1.
But since we are experienced in the art of branching processes, we know
that if p > 1 the equation s = A(s) has a solution in 0 < s < 1. Therefore

p > 1 implies a nonzero solution to x = Qx exists, and hence transience
ensues.

It is not clear how to get the fact that the chain being transient mplies
that 2.15.4 has a non-zero solution. The following simple approach suffices.
If {X,} is fransient, then for each j € {0,1,2...} there is a last visit.
Hence there is & last visit to {0,1,2,..., M} for any M. This implies that
there exists ng = ng(M,w) such that for n > ny we have X,{w) > M.
Then X, {w) — o0 as n — co. Since

Xng1 = (Xn — 1) + Ay,
where Ap1 is the number of arrivals in a service period and
PlAnsy =k = ag, FAn1 = p,
we have for large n (n > ng)
Knp1lw) = (Xnlw) = 1) + Ans1(w)

and for N > ng

N

N
D (Kngalw) = Xa@)) = (N =np) + Y Anpa(w).

n=ng =Ty

P
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Simplifying,
N+1
Xnr(w) = Xng(w) = (N —no)+ D, Anlw),
n=mnp+1
and
N+1 o
Xnr(@) = 3 (An @) = 1) = Xng(w) +70— 3 An(w).
n=1 n=1
The right side is constant, 50, since X1 — 00, We have
N+1
S (An 1) - o0,
n=1

Sums of iid random variables with finite mean g — 1 converge to +oo iff
p—13 0, ie., p> 1. (You have not really seen a proof of this here but
supporting evidence comes from the simple random walk; when the mean is
0 the walk is recurrent. Since it keeps coming back to 0 it cannot converge
to +0c.)

EXERCISES

2.1. Consider a Markov chain on states {0, 1, 2} with transition matrix

P=

b b o
CICREN U
FE IR

COmpu‘te P{Xlﬁ = 21X0 = 0] and P[Xlz = Q,X]_(-; = 2|X0 = 0} TI'Y not to
do this by hand.

2.2. Let {X,} and {¥,} be two independent Markov chains, each with
the same discrete state space S and same transition probabilities. Define
the process {Zn} = {(Xn,Yn)} with state space § x 5. Show {Z,} is a
Markov chain and give the transition probability matrix.

2.3. Show for a Markov chain that, for any n > 1 and subsets Ag,. .. LA
of the state space,

P[Xn+1 =j|X{J E AD, - ,Xn_l (= An_l,Xn = 't.] :pij'
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Verify by giving an example that the following statement is incorrect;
For subsets Ap, ..., A, where A, is not a singleton, we have

P[Xn+1 ‘—“J]X[) € A{'J, e ,Xn S An] =P[X,H.1 =j|Xn S An]

2.4. Suppose py; > 0, and let n; be the exit time from state 4:
n =inf{n > 1: X, #i}.

Show that 7; has a geometric distribution with respect to F;.

2.5. If {X,,n > 0} is a Markov chain, then by example show that
{f(X,),n > 0} need not be a Markov chain. (Hint: If f is 1 — 1 then
{f(Xn),n > 0} is a Markov chain.)

2.6. Suppose E is some space, say a metric space, and that {V,,n > 0}
are iid random elements in F. For instance, F could be the sequence space
R, Imagine that we have functions g;,¢ = 1, 2 such that

g SxE— 8
Define
Xo=g0,Vo) forsomejes
X1 = g2 X0, V1),
Xnp1= 92(Xn, Vi),
and so on.

(a) Show that {X,} is a Markov chain. (cf. the proof that the “simu-
lated chain” is Markov).

(b} Apply this to the simple branching process.
(c) Apply this to the following single server queueing model: Customers
arrive and wait until being served in a first come, first served basis. Between

times n — 1 and n, the number of arrivals is a random variable A, with
distribution

PlA,=k]=ax, ar>0, Zak = 1.
k=0

Assume the random variables {A,} are iid, and suppose the length of each
service is one unit. Let X,, be the number of customers in the system at
the start of the nth service period. Write a recursion linking X, 41 and
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X, Apply (1) to conclude that {X,} is a Markov chain. What is the
transition matrix?

2.7. For a subset Sg C S define the closure of 8y, written cl(So), to be the
smallest closed set containing So.

(a) Prove cl({j}) ={k € S: j — k}. . .

(b) For the deterministically monotone Markov chain, what is cl({7})?

(c) If 7 is recurrent, show cl({j}) is the equivalence class of j.

(d) In the gambler’s ruin chain on {0,1,2,3}, what is the closure of
{1,2}7

2.8. Consider a Markov chain on {1,2,3} with transition matrix

P =

ol s
= O
= ©

Find fi(;) forn=1,2,3,....

2.9. Consider a Markov chain on the states {1,...,9} with transition
matrix

05 006 5 0000
0 6100 0000
00010 O0O0O0O0
1 0 00 0 00000
P=|0¢ 0 000 100D0°0
0 000 0 0100
0 0000 CGOT10
0000 G 00O 1
1 0 000O0CO0O0O0

Is this chain irreducible? Find the period of state 1.

2.10. If {X,,n > 0} is an irreducible Markov chain with period d = 1,
show that {X.q,n > 0} is aperiodic. Is is irreducible?

2.11. Given is a Markov chain on S = {0, 1,2,3,4, 5}. In the following two
cases give the classes, and determine which states are transient and which
are recurrent. In each case compute fig}.

(a)

"o

il
NN e N L R e L L]
Dl == O R O
S O Ul O Rl O
= YL N e B e T s S s |
D= S O O O

G D O W= O Wik
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(b)
100 0 00
0 % % 0 0 0
0 3 £ 06 0 0
p— g8 8
A
3 95 3 30
0 00 0 01
2.12. Consider a Markov chain on S = {1,...,9} with transition matrix
(z signifies a positive entry)
1 /0 00z 0 00 0 z
210 zz 0z 0 0 0 =z
310 000 0 0 O0C z 0
41z 000 0 0D OO
P=510 00 0z 0 0 0 0
610 z 06 0 000 D0 0
T{0 = 00 0z 2 00
810 0 z 0 00 O 0 O
9 \0 00z 000 0 2z

Put the matrix in canonical form. Classify the states. Give the closed
recurrent classes. Which states are transient?

2.13. The Tenure System. A typical assistant professor is hired at
one of six levels or “states” which we designate 1, 2, 3, 4, 5, 6. State 7
corresponds to tenure, and state 8 corresponds to “leaving the university.”
An assistant professor in state 1 (i < 6) may move to state i+ 1 or to state
8. An assistant professor in state 6 may move to state 7 or 8.

A study has been done and data collected. On the basis of the data the
tenure system is modelled as a Markov chain with transition matrix

My
I

0O ~1 & N W2 b
[= R e R e N e B o e R =
OSCOOO OO
D000 0D O
DO O O g oo
[ e B s B o Y e B e R i
OO Oo oo o
c:»—-'gcooc:o
H O B oo kb

and initial probability vector {.9,0,0,.1,0,0,0,0)’.
{a) What are the closed sets? What are the equivalence classes?
{b} What is the probability an assistant professor receives tenure?
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(c) What is f{2)?

2.14. In the occupational mobility example given at the end of Section 2.6,
compuie the expected number of steps necessary to zo to state 1 for the
first time, starting from 3. What is the long run percentage of generations
that a family spends in state 37

2.15. The Media Police have identified six states associated with television
watching: 0 (never watch TV), 1 (watch only PBS), 2 (watch TV fairly fre-
guently), 3 (addict), 4 (undergoing behavior modification), 5 (brain dead}.
Transitions from state to state can be modelled as a Markov chain with
the following transition matrix:

WO oo
DO oo O
S OO @
CuUr Ly o @
oWr L O OO
O e & D

(a) Which states are transient and which are recurrent?

(b) Starting from state 1, what is the probability that state 5 is entered
before state 0; i.e., what is the probability that a PBS viewer will wind up
brain dead?

2.16. Zeke Prevents Bankruptcy. Without benefit of dirty tricks,
Harry’s restaurant business fluctuates in successive years between three
states: 0 ( bankruptcy), 1 (verge of bankruptcy) and 2 (solvency). The
transition matrix giving the probabilities of evolving from state to state is

1 0 0
P=15 25 25
5 .25 .25

(a) What is the expected number of years until Happy Harry's restaurant
80es bankrupt assuming that he starts from the state of solvency?

(b) Harry’s rich uncle Zeke decides it is bad for the family name if his
nephew Harry is allowed to go bankrupt. Thus when state 0 is entered,
Zeke infuses Harry’s business with cash returning him to soivency with
Probability 1. Thus the transition matrix for this new Markov chain is

0 0 1
P=15 25 .25
D26 28
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Is this new Markov chain irreducible? Is it aperiodic? What is the expecteg
number of years between cash infusions from Zeke?

2.17. Students Cope with Depression. A typical graduate student
exhibits four states of mind. States 2 and 3 correspond to depression
states. State 1 is a suicidal state and state 4 is 4 state which means the
student has decided to seek professional psychiatric help. Changes in state
of mind can be modelled as a Markov chain with transition matrix

1 0 0 0
|5 0 25 25
P=125 5 0o 25
0 0 0 1

Compute the probability the student will eventually commit suicide start-
ing from state 7 (1 = 2,3) and find the expected number of changes of state
of mind starting from state ¢ (i = 2, 3} necessary for this result or seeking
professional help.

2.18. Learning Experiments with Rats. A rat is put into compart-
ment 4 of the maze. (See Figure 2.3.} He moves through the compartments
at random; i.e., if there are k ways to leave a compartment, he chooses each
of these with probability 1/k. What is the probability the rat finds the
food in compartment 3 before feeling the electric shock in compartment 7?

! |
1 2 3
| roop
4 D I 6
[
;
SHOCK

Ficure 2.3. THE MAZE.

2.19. Harry and the F-Word. Harry has a keen appreciation for precise
and elegant use of the English language and cannot abide linguistic crudity.
Above all else, he abhors the use of the d