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Life’s most important questions are, for the most part,
nothing but probability problems.

Pierre Simon de Laplace



Preface

This book is based on the lecture notes that I have been using since 1988
for the course entitled Processus stochastiques at the Ecole Polytechnique de
Montréal. This course is mostly taken by students in electrical engineering
and applied mathematics, notably in operations research, who are generally
at the master’s degree level. Therefore, we take for granted that the reader
is familiar with elementary probability theory. However, in order to write a
self-contained book, the first chapter of the text presents the basic results in
probability.

This book aims at providing the readers with a reference that covers the
most important subjects in the field of stochastic processes and that is ac-
cessible to students who don’t necessarily have a sound theoretical knowledge
of mathematics. Indeed, we don’t insist very much in this volume on rigor-
ous proofs of the theoretical results; rather, we spend much more time on
applications of these results.

After the review of elementary probability theory in Chapter 1, the remain-
der of this chapter is devoted to random variables and vectors. In particular,
we cover the notion of conditional expectation, which is very useful in the
sequel.

The main characteristics of stochastic processes are given in Chapter 2.
Important properties, such as the concept of independent and stationary in-
crements, are defined in Section 2.1. Next, Sections 2.2 and 2.3 deal with
ergodicity and stationarity, respectively. The chapter ends with a section on
Gaussian and Markovian processes.

Chapter 3 is the longest in this book. It covers the cases of both discrete-
time and continuous-time Markov chains. We treat the problem of calculating
the limiting probabilities of the chains in detail. Branching processes and birth
and death processes are two of the particular cases considered. The chapter
contains nearly 100 exercises at its end.

The Wiener process is the main subject of Chapter 4. Various processes
based on the Wiener process are presented as well. In particular, there are sub-
sections on models such as the geometric Brownian motion, which is very im-



viii Preface

portant in financial mathematics, and the Ornstein—Uhlenbeck process. White
noise is defined, and first-passage problems are discussed in the last section
of the chapter.

In Chapter 5, the Poisson process, which is probably the most important
stochastic process for students in telecommunications, is studied in detail.
Several generalizations of this process, including nonhomogeneous Poisson
processes and renewal processes, can be found in this chapter.

Finally, Chapter 6 is concerned with the theory of queues. The models
with a single server and those with at least two servers are treated separately.
In general, we limit ourselves to the case of exponential models, in which both
the times between successive customers and the service times are exponential
random variables. This chapter then becomes an application of Chapter 3
(and 5). :

In addition to the examples presented in the theory, the book contains ap-
proximately 350 exercises, many of which are multiple-part problems. These
exercises are all problems given in exams or homework and were mostly cre-
ated for these exams or homework. The answers to the even-numbered prob-
lems are given in Appendix B.

Finally, it is my pleasure to thank Vaishali Damle, Julie Park, and Eliza-
beth Loew from Springer for their work on this book.

Mario Lefebvre
Montréal, November 2005
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1

Review of Probability Theory

1.1 Elementary probability

Definition 1.1.1. A random experiment is an experiment that can be re-
peated under the same conditions and whose result cannot be predicted with
certainty.

Example 1.1.1. We consider the following three classical experiments:

E;: a coin is tossed three times and the number of “tails” obtained is recorded;
Es: a die is thrown until a “6” appears, and the number of throws made is
counted;

Es5: a number is taken at random in the interval (0,1).

Remark. A closed interval will be denoted by [a, b], whereas we write (a,b) in
the case of an open interval, rather than ]a, b, as some authors write.

Definition 1.1.2. The sample space S of a random experiment is the set
of all possible outcomes of this experiment.

Example 1.1.2. The sample spaces that correspond to the random experiments
in the example above are the following:

Sl = {0717273}’
822{1,2,...};
Sy = (0,1).

Definition 1.1.3. An event is a subset of the sample space S. In particu-
lar, each possible outcome of a random experiment is called an elementary
event.

The number of elementary events in a sample space may be finite (S1),
countably infinite (S3), or uncountably infinite (S3).
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S

C

Fig. 1.1. Venn diagram.

We often use Venn! diagrams in elementary probability: the sample space
S is represented by a rectangle and the events A, B, C, etc. by circles that
overlap inside the rectangle (see Fig. 1.1).

Ezample 1.1.3. We can define, in particular, the following events with respect
to the sample spaces associated with the random experiments of Example
1.1.1:

Ay = “tails” is obtained only once, that is, A; = {1};

Ag = six or seven throws are made to obtain the first “6,” that is, A, = {6,7};
Az = the number taken at random is smaller than 1/2, that is, A3 = [0,1/2).

Notations
Union: AU B (corresponds to the case when we seek the probability that one
event or another one occurred, or that both events occurred).

Intersection: AN B or AB (when we seek the probability that an event and
another one occurred). If two events are incompatible (or mutually exclusive},
then we write that AN B = § (the empty set).

Complement: A°¢ (the set of elementary events that do not belong to A).

Inclusion: A C B (when all the elementary events that belong to A also
belong to B).

Definition 1.1.4. A probability measure is a function P of the subsets of
a sample space S, associated with a random experiment E, that possesses the
following properties:

Axiom I: P[A] >0 VACS;

Axiom II: P[S] =1;

! John Venn, 1834-1923, was born and died in England. He was a mathemati-
cian and priest. He taught at the University of Cambridge and worked in both
mathematical logic and probability theory.
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Axiom III: If Ay, As, ... is an infinite sequence of events that are all incom-
patible when taken two at a time, then

P[ D Ak] = iP[Ak] (1.1)
k=1 k=1

In particular,

P[AUB]=P[A|+ P[B] ifAnB=40 (1.2)

If the number n of elementary events is finite and if these events are
equiprobable (or equally likely), then we may write that

n(A)
n

P[A] = (1.3)

where n(A) is the number of elementary events in A. However, in general,
the elementary events are not equiprobable. For instance, the four elementary
events of the sample space S; in Example 1.1.2 have the following probabil-
ities: P[{0}] = P[{3}] = 1/8 and P[{1}] = P[{2}] = 3/8 (if we assume that
the coin is fair), and not P[{k}] =1/4, for k =0,1,2,3.

Remark. 1t is said that the French mathematician d’Alembert? believed that
when a fair coin is tossed twice, then the probability of getting one “tail” and
one “head” is equal to 1/3. His reasoning was based on the fact that there
are three possible outcomes in this random experiment: getting two “tails”;
two “heads”; or one “tail” and one “head.” It is easy to determine that the
probability of obtaining one “tail” and one “head” is actually 1/2, because
here there are four equiprobable elementary events: Hy H, (that is, “heads”
on the first and on the second toss); H17T»; T1 Ha; and T1T3. Finally, the event
A: getting one “tail” and one “head” corresponds to two elementary events:
H1T2 and TlHQ.

Proposition 1.1.1. We have
1) P[A€]=1-P[4] VACS.
2) For all events A and B,
P[Au B] = P[A] + P|B] — P[AB| (1.4)

3) For any three events A, B, and C,

P[AUBUC] = P[A] + P{B] + P[C] — P[AB] — P|AC] — P|BC] + P|ABC)]
(1.5)

% Jean Le Rond d’Alembert, 1717-1783, was born and died in France. He was a
prolific mathematician and writer. e published books, in particular, on dynamics
and on the equilibrium and motion of fluids.
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Counting

Proposition 1.1.2. Ifk objects are taken at random among n distinct objects
and if the order in which the objects were drawn does matter, then the number
of different permutations that can be obtained is given by

nxnx..xn=n" (1.6)

if the objects are taken with replacement, and by

n!

nx(n—1)x...x [n*(k—l)]z(T_'—k-)—! =Py fork=0,1,...,n
(1.7
when the objects are taken without replacement.
Remark. If, among the n objects, there are n; of type ¢, where 1 =1,2,...,7,

then the number of different permutations of the entire set of objects is given
by (the multinomial coefficients)
n!

—_— (1.8)
nilngt. - my !

Example 1.1.4. The combination of a certain padlock is made up of three
digits. Therefore, theoretically there are 10 = 1000 possible combinations.
However, in practice, if we impose the following constraint: the combination
cannot be made up of two identical consecutive digits, then the number of
possible combinations is given by 10 x 9 x 9 = 810. This result can also be
obtained by subtracting from 1000 the number of combinations with at least
two identical consecutive digits, namely, 10 (with three identical digits) +
10x1x9 4+ 10x9x 1 (with ezactly two identical digits, either the first two
or the last two digits).

Proposition 1.1.3. If k objects are taken, at random and without replace-
ment, among n distinct objects and if the order in which the objects were
drawn does not matter, then the number of different combinations that can
be obtained is given, for k=0,1,...,n, by

nx(n-1)x...x[n—(k—=1)] n! (7Y
k! T n-k)l (k) =Gk (1.9)

Remark. If the objects are taken with replacement, then the number of different
combinations is CF+*~1, In this case, k may take any value in N® := {0,1,...}.

Remark. In the preceding example, according to the common use, the word
“combinations” was used for a padlock. However, they were indeed “permu-
tations.”
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Ezample 1.1.5. In a given lottery, 6 balls are drawn at random and without
replacement among 49 balls numbered from 1 to 49. We win a prize if the
combination that we chose has at least three correct numbers. Let

F = we win a prize
and

Fy, = our combination has exactly k correct numbers, for k =0,1,...,6.
We have

: . @5
PIFl=1-Y PRj=1-) -k ok
k=0 k=0 (6)
(1-6,096,454) + (6 - 962, 598) + (15 - 123,410)
13,983, 816
1 —0.9814 = (0.0186

:1—-

13,723,192 _
13,983,816

Notation, The expression P[A | B] denotes the probability of the event A,
given that (or knowing that, or simply if) the event B has occurred.

Definition 1.1.5. We set

[AN B]

PlA| B = PP[B] if PIB) >0 (1.10)

Proposition 1.1.4. (Multiplication rule) We have

P[ANB] =PJ|A| B|x P|B] = P[B | A] x P[A] if P[AJP[B]>0 (1.11)

Ezample 1.1.6. In the preceding example, let
F}. = the number of the kth ball that is drawn is part of our combination.
Generalizing the multiplication rule, we may write that

P{Fl ﬂFQﬂFg] = P[Fg I Fy ﬂFQ]P[FQ I FI]P[Fl}
4 5 6 120

S22 Loo0n
7’19 T 110,544

Definition 1.1.6. The events Bi, Ba,..., B, constitute a partition of the
sample space S if

i) B;NB; =0V i#j,
i) UZ=1 B, =25,
i) P|By} >0, fork=1,2,... ,n.
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If By, Bs,..., B, is a partition of S, then we may write, for any event A,
that

A=(ANB))U(ANB)U...U(ANBy) (1.12)

where (AN B;)) N (AN B;) = BV i # j. Making use of Axiom III in the
definition of the function P, p. 2, we obtain the following result.

Proposition 1.1.5. (Total probability rule) If A C S and the events By,
By, ..., B, form a partition of S, then

ZZPAan :ZPA‘Bk Bk] (1.13)
k=1 k=1

Finally, we deduce from the total probability rule and from the formula

P[B | AlP[A]

PlA| Bl = =50

if P[A|P[B] >0 (1.14)

the result known as Bayes’ 2 rule (or formula, or also theorem).
Proposition 1.1.6. (Bayes’ rule) If P{A] > 0, then

P[A | B;]P[B,]
Y k=1 P[A| Bx]P[Bi]

where By, By, ..., B, is a partition of S.

P[B;| Al =

fori=12,...,n (1.15)

Example 1.1.7. In a certain institution, 80% of the teaching staff are men.
Moreover, 80% of the male teachers hold a Ph.D. and 90% of the female
teachers hold a Ph.D. A teacher from this institution is taken at random. Let
F = this teacher is a woman
and
D = this teacher holds a Ph.D.
We may write, by the total probability rule, that

P[D] = P|D | F|P|F]+ P|D | F°|P[F°] = 0.9 x 0.2 4+ 0.8 x 0.8 = 0.82
Furthermore, we have

P[D| F|P[F] _ 0.9 x0.2

= ~ 0.2195
PD] 0.82

P|F | D] =

® The Reverend Thomas Bayes, 1702-1761, was born and died in England. His
works on probability theory were published in a posthumous scientific paper in
1764.
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Definition 1.1.7. Two events, A and B, are said to be independent if

P[AN B] = P|A|P|B] (1.16)

Remark. Let C be an event such that P[C] > 0. We say that A and B are
conditionally independent with respect to C if

P[ANB|C] = P[A|CIPIB|C] (1.17)

If, in particular, A and C, or B and C, are incompatible, then A and B are
conditionally independent with respect to C, whether they are independent
or not. Moreover, A and B can be independent, but not conditionally inde-
pendent with respect to C. For instance, this may be the case if 4 and C, and
B and C, are not incompatible, but ANBNC = 0.

For events A and B such that P[A]x P[B] > 0, the next proposition could
serve as a more intuitive definition of independence.

Proposition 1.1.7. Two events, A and B, having a positive probability are
independent if and only if

P[A|B] = P[A] or P|B|A]=P[B] (1.18)

Proposition 1.1.8. If A and B are independent, then so are A and B, A
and B¢, and A° and B°.

Remark. The preceding proposition is obviously false if we replace the word
“independent” by “incompatible” {and if A and B are not the sample space

S).

All that remains to do is to generalize the notion of independence to any
number of events.

Definition 1.1.8. The events A, As, ... , A, are said to be independent f
we may write that

k
PlAy, NAi, N...N A, = [] PlAs;] (1.19)

j=1

fork=2,3,... ,n, where the events A, € {A1,...,An} V j are all different.

Remark. If the preceding definition is satisfied (at least) for k = 2, we say that
the events Ay, As, ..., A, are pairwise independent.
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@ ®)

Fig. 1.2. Examples of (a) a series system and (b) a parallel system.

Ezample 1.1.8. A given system is made up of n components placed in series
and that operate independently from one another [see Fig. 1.2 (a)]. Let
F = the system is functioning at time tg
and
Fy, = component k is functioning at time ¢g, for k =1,...,n.
We have

PIF| = PR, NFyn...n F) " ] P
k=1

Remark. To help out the reader, the justification of the equality, as here by
independence (abbreviated as ind.)}, is sometimes placed above the equality
sign.

When the components are placed in parallel, we may write that

P[Fl=1-P[F]=1-P[Ffn...nF)" 1 - ﬁ(l — P[Fy])
k=1

1.2 Random variables

Definition 1.2.1. A random variable (r.v.) is a function X that associates
a real number X (s) = x with each element s of S, where S is a sample space
associated to a random experiment E. We denote by Sx the set of all possible
values of X (see Fig. 1.3).

Remark. The reason for which we introduce the concept of a random variable
is that the elements s of the sample space S can be anything, for example,
a color or a brand of object. Since we prefer to work with real numbers, we
transform (if needed) each s into a real number z = X (s).
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§ X)) =x

v

* R

L 45

Fig. 1.3. Graphical representation of a random variable.

Ezample 1.2.1. Consider the random experiment E5 in Example 1.1.1 that
consists of taking a number at random in the interval (0,1). In this case, the
elements of S are already real numbers, so that we can define the r.v. X that
is simply the number obtained. That is, X is the identity function which with
s associates the real number s.

We can define other random variables on the same sample space S, for
example:

1 if the number obtained is smaller than 1/2
Y= .
0 otherwise

(called the indicator variable of the event A: the number obtained is smaller
than 1/2) and Z(s) = Ins; that is, Z is the natural logarithm of the number

taken at random in the interval (0,1).
We have

SX ESZ(O‘,l), Sy :{0,1}, and SZZ (—-O0,0)
Definition 1.2.2. The distribution function of the r.v. X is defined by
Fx(z)=P[X <z} VzelR (1.20)
Properties. i) 0 < Fx(z) < L.
il) limg—, —oo Fx (z) = 0 and lim,;_,o Fx(z) = 1.
111) If x1 < x9, then Fx(.’Ijl) < Fx(l'g).

iv) The function Fx is (at least) right-continuous:

Fx(at) ZFx(;L'+) = leiglFx(J)—I-E) (1.21)

Proposition 1.2.1. We have
1) Pla < X <b] = Fx(b) — Fx(a),
@) P[X =z] = Fx(z) — Fx(z™), where Fx(z~) = lim¢jo Fx(z — €).

Remark. Part ii) of the preceding proposition implies that P[X = x| = 0 for
all  where the function Fy () is continuous.
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Definition 1.2.3. The conditional distribution function of the r.v. X,
given an event A for which P[A] > 0, is defined by

Pl{X <z} N 4]

(1.22)

Remark. A marginal distribution function Fx (z) is simply the particular case
of the preceding definition where the event A is the sample space S.

Ezample 1.2.2. The distribution function of the r.v. X in Example 1.2.1 is
given by

0ifx <0

Fx(z)=PX<z]l=<zif0<z<1

lifzx>1
It is easy to check that this function possesses all the properties of a distribu-
tion function. In fact, it is continuous for all real z, so that we can state that
the number that will be taken at random in the interval (0, 1) had, a priori,
a zero probability of being chosen, which might seem contradictory. However,
there are so many real numbers in the interval (0,1) that if we assigned a
positive probability to each of them, then the sum of all these probabilities
would diverge.

Next, consider the event A: the number obtained is smaller than 1/2. Since
P[A] =1/2 > 0, we calculate

Fx(z|A)=P[X<z|X<1/2]=2PX<z] if0<z<1/2
so that we may write that

0ifz<0
Fx(z|A) =< 2zif0<x<1/2
1ifz>1/2
Definition 1.2.4. If the set Sx of values that the r.v. X can take is finite or
countably infinite, we say that X is a discrete r.v. or an r.v. of discrete

type.

Definition 1.2.5. The probability mass function of the discrete r.v. X is
defined by

pX(-’L'k) = P[X = .’L‘k] ¥V x, € Sx (1.23)

Remarks. i) Properties: a) px(xx) >0V zg; b) 3o, g, Px(xk) = 1.
ii) We may write that

Fx(z)= Y px(z)ule - x) (1.24)
TRrE€ESX
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where u(z) is the Heaviside! function, defined by

0ifx <0

iii) Generalization: the conditional probability mass function of X, given an
event A having a positive probability, is defined by

PH{X =z} N 4]

(1.26)
Exzample 1.2.3. An urn contains five white balls and three red balls. We draw
one ball at a time, at random and without replacement, until we obtain a white

ball. Let X be the number of draws needed to end the random experiment.
We find that

T 1 2 3 4 X
IERCEORIEROIOIOIE
and
T 1 2 3 4
)5 B0 O+O0 Q@O0 !

Finally, let A: the first white ball is obtained after at most two draws. We

have P[A] = Fx(2) =2+ 2 x 2 =82 and

T 1 2 | X

px(@l4) | § 5|1

Important discrete random variables

i) Bernoulli® distribution: we say that X has a Bernoulli distribution with
parameter p, where p is called the probability of a success, if

px(z) =p*(1 —p)'™® forz =0and1 (1.27)

4 Oliver Heaviside, 1850-1925, who was born and died in England, was a physicist
who worked in the field of electromagnetism. He invented operational calculus to
solve ordinary differential equations.

5 Jacob (or Jacques) Bernoulli, 1654-1705, was born and died in Switzerland. His
important book on probability theory was published eight years after his death.
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Remark. The term (probability) distribution is used to designate the set of
possible values of a discrete random variable, along with their respective prob-
abilities given by the probability mass function. By extension, the same term
will be employed in the continuous case (see p. 13).

ii) Binomial distribution with parameters n and p: Sx = {0,1,... ,n} and

pxta) = (1)1 - (129

We write X ~ B(n,p). Some values of its distribution function are given in
Table 6.4, p. 358.

iii) Geometric distribution with parameter p: Sx = {1,2,...} and

px(z)=(1-p) Ip (1.29)
We write X ~ Geom(p).
iv) Poisson® distribution with parameter A > 0: Sx = {0,1,...} and

N

- (1.30)

px(z)y=e

We write X ~ Poi(A). Its distribution function is given, for some values of A,
in Table 6.4, p. 361.

Poisson approximation. If n is large enough (>20) and p is sufficiently
small (<0.05), then we may write that

P[B(n,p) = k] ~ P[Poi(A =np) = k] fork=0,1,...,n (1.31)
If the parameter p is greater than 1/2, we proceed as follows:

P[B(n,p) = k] = P[B(n,1 —p) =n —k]
=~ P[Poi(A =n(l —p)) =n — k] (1.32)

When p > 1/2, we also have

P[B(n,p) < k] = P[B(n,1-p) = n~ ]
~ P[Poi(A =n(l —p)) > n— k| (1.33)

5 Siméon Denis Poisson, 1781-1840, was born and died in France. He first stud-
ied medicine and, from 1798, mathematics at the Ecole Polytechnique de Paris,
where he taught from 1802 to 1808. His professors at the Ecole Polytechnique
were, among others, Laplace and Lagrange. In mathematics, his main results
were his papers on definite integrals and Fourier series. The Poisson distribution
appeared in his important book on probability theory published in 1837. He also
published works on mechanics, electricity, magnetism, and astronomy. His name
is associated with numerous results in both mathematics and physics.
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Ezample 1.2.4. Suppose that we repeat the random experiment in Example
1.2.3 20 times and that we count the number of times, which we denote by
X, that the first white ball was obtained on the fourth draw. We may write
that X ~ B(n = 20,p = 1/56). We calculate

55 2° 1 55\ 19

The approximation with a Poisson distribution gives
P[X €1] ~ PlY <1], whereY ~ Poi(20/56)
5
_ ,—5/14 -5/14 Y ~ (0.9496
e +e 11

Definition 1.2.6. A continuous random variable X is an r.v. that can
take an uncountably infinite number of values and whose distribution function
Fx is continuous.

Definition 1.2.7. The (probability) density function of the continuous r.v.
X is defined (ot all points where the derivative exists) by

Fx(@) = 2 Fx(a) (1.34)

Remark. The function fx(z) is not the probability P[X = ] for a continuous
r.v. since P[X =z] = 0V z in this case. The interpretation that can be given
to fx(x) is the following:

fx(z) ~ Pla-§<X<ots] (1.35)

€

Nlm
Nl

where € > 0. The equality is obtained by taking the limit as € | 0.

Properties. i) fx(z) > 0 [by the formula (1.35), or by the formula (1.34),
because Fx is a nondecreasing function].
ii) We deduce from the formula (1.34) that

Fx( / Fx(8) (1.36)
It follows that
/oo fx(z)dz =1 (1.37)
We also have -
Pla < X < b] = Fx(b) — Fx(a) = /ab fx(z)da (1.38)

Thus, the probability that X takes a value in the interval (a, b] is given by the
area under the curve y = fx(z) from a to b.
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Definition 1.2.8. The conditional density function of the continuous r.v.
X, given an event A for which P[A] > 0, is given by

Fx(z] A) = %Fx(x | 4) (1.39)

Remark. We find that the function fx(x | A) may be expressed as follows:

fx(z)
== 1.40
for all z € Sx for which the event A occurs. For example, if Sx = [0,1] and
A= {X <1/2}, then Sy =[0,1/2), where Y := X | A.

Remark. If X is an r.v. that can take an uncountably infinite number of
values, but the function Fx is not continuous, then X is an r.v. of mized type.
An example of an r.v. of mixed type is the quantity X (in inches) of rain
or snow that will fall during a certain day in a given region. We certainly
have the following: P[X = 0] > 0, so that X is not a continuous r.v. (since
P[X = 0] = 0 for any continuous r.v.). It is not an r.v. of discrete type either,
because it can (theoretically) take any value in the interval [0, c0).

Example 1.2.5. Suppose that

1/4 f-1<z<1
fx(z)=<¢1/(2z)if1 <z <e
0 elsewhere

We can check that the function fx is nonnegative and that its integral over
R is indeed equal to 1.
We calculate

0 ifz < -1
(z+1)/4 if-1<z<1
(I+lnz)/2if1<z<e

1 ifx>e

Fx(x)=

Note that the density function fx(z) is discontinuous at z = 1 (and at
z = —1 and z = e}, which is allowed, whereas the distribution function Fx is
a continuous function, as it should be (for a continuous random variable).

Next, we can calculate Fx(z | X < 0) and differentiate this function
to obtain fx(z | X < 0). It is, however, more efficient to simply calculate
P[X < 0] =1/4 and write that

lif-1<a<0
0 elsewhere

fX(:le<0):{

Finally, note that the function fx (x| X < 0) also satisfies the two properties
of probability density functions: it is nonnegative and its integral over R is
equal to 1.
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Important continuous random variables

i) Uniform distribution on the interval [a, b]:
fx(z)=(b—-a)"t fora<z<b (1.41)
Notation: X ~ Ula, b}.
il) Exponential distribution with parameter A > 0:
fx(z)=xe™* forz>0 (1.42)
Notation: X ~ Exp(A).
iii) Gamma distribution with parameters o > 0 and A > 0:

)\e-—,\x()\x)a—l

T(a) forz >0 (1.43)

fx(z) =
where I'(a) = (a — 1)! if @ € N (see p. 115). Notation: X ~ G(a, A).
iv) Gaussian” distribution with parameters 1 and o2, where ¢ > 0:

)2
exp {_%éﬁ_} forz e R (1.44)

Ifx(z) =

2no

Notation: X ~ N(u,a?).

Remarks. i) In the particular case where u = 0 and o =1 (see Fig. 1.4), X is
called a standard Gaussian distribution. Its distribution function is denoted
by &:

B(2) = / T L g, (1.45)

—oo V2T

The values of this function are presented in Table A.3, p. 370, for z > 0. By
symmetry, we may write that #(—z) =1 — &(z).

ii) If we define Y = aX + b, where X has a Gaussian distribution with pa-
rameters ;1 and o2, then we find that Y ~ N(apu + b,a?c?). In particular,
Z = (X —u)/o ~N(0,1).

Transformations. If X is a r.v., then any transformation Y := g(X), where
g is a real-valued function defined on R, is also a random variable.

7 Carl Friedrich Gauss, 1777-1855, was born and died in Germany. He carried out
numerous works in astronomy and physics, in addition to his important mathe-
matical discoveries. He was interested, in particular, in algebra and geometry. He
introduced the law of errors, that now bears his name, as a model for the errors
in astronomical observations.
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Fig. 1.4. Standard Gaussian distribution.

Proposition 1.2.2. Suppose that the transformation y = g(x) is bijective.
Then the density function of Y := g(X) is given by

o) = fx (1)) ]%g*(y)] (1.46)

fory € lg(a), g(b)] (respectively, [g(b), g(a)]) if g is a strictly increasing (resp.,
decreasing) function and Sx = [a,b].

Ezample 1.2.6. 1f X ~ U(0,1) and we define Y = e¥, then we obtain

d
fr(y) = fx (lny) ld—ylny %
for y € (1,e).

Definition 1.2.9. The mathematical expectation (or the mean) E[X] of
the r.v. X is defined by

EX]= imk px(zy) (discrete case) (1.47)
k=1
or
EX] = /00 z fx{xz)dx (continuous case) (1.48)

Remarks. i) Generalization: we obtain the conditional (mathematical) ex-
pectation E[X | A] of X, given an event A, by replacing px(z) by px(z | 4)
or fx(z) by fx(x | A) in the definition.

i) The mathematical operator E is linear.

Proposition 1.2.3. The mathematical expectation of g(X) is given by
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Elg(X)] = Zg(wk)px(xk) (discrete case) (1.49)
k=1
or
Elg(X)] = /00 g{z) fx(x)dx (continuous case) (1.50)

Remark. We can calculate the mathematical expectation of g(X) by condi-
tioning, as follows:

n

Elg(X)] =Y _ Elg(X) | B,|P|Bi] (1.51)
i=1
where By,... , B, is a partition of a sample space S.

The next two definitions are particular cases of mathematical expectations
of transformations g(X) of the r.v. X.

Definition 1.2.10. The kth moment (or moment of order k) of the r.v.
X about the origin is given by E[X*], for k =0,1,2,....

Definition 1.2.11. The variance of the r.v. X is the nonnegative quantity

V[X] = E[(X - B[X])’] (1.52)

Remarks. i) The standard deviation of X is defined by STD[X] = (V[X])/2.
The r.v. X and STD[X] have the same units of measure.

ii) We can also calculate the variance of X by conditioning with respect to a
partition of a sample space S, together with the formula (1.52):

VIX] = 3 B{(X - E[X))? | BJP[B]

=1

ili) Generalization: the conditional variance of X, given an event A, is de-
fined by

VIX | A] = E[(X — E[X | A)?| 4] (1.53)

Proposition 1.2.4. 1) V[aX + b = a?V[X] Va,beR.
i) VIX] = E[X?] — (EIX])2.

Ezample 1.2.7. The mean (or the expected value) of the r.v. Y in Example
1.2.6 is given by

c 1
E[Y]:/1 y-g;dy:e—l

We also have
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© .1 y?|"_ et -1
EY2=/ Pidy==| =
[Y~] V=g 3
It follows that
2 _ 2 _
V[Y].—_e21—(e—1)2—_——ei;—e—3-20.2420
Now, let Z :=InY. We have
€ 1 (ny)?|° 1
EZ——:/lny—dy=—— ==
1Z] 1 Y 2 |, 2

Note that Z is identical to the r.v. X in Example 1.2.6 and that the mean of
X ~ U(0,1) is indeed equal to 1/2.

A very important special case of the mathematical expectation E[g(X)]
occurs when g(X) = e/@X,

Definition 1.2.12. The function
Cx(w) = E[e?X] (1.54)
where j = +/—1, is called the characteristic function of the r.v. X.

If X is a continuous r.v., then Cx(w) is the Fourier® transform of the
density function fx(z):

o0
Cx(w) :/ 9% fx () dx (1.55)
We can invert this Fourier transform and write that
1 © .
Fx(z) = — / =197y () dw (1.56)
27 J_ o

Since the Fourier transform is unique, the function Cx(w) characterizes en-
tirely the r.v. X. For instance, there is only the standardﬁaussian distribution
that possesses the characteristic function Cx (w) = ™% /2,

We can also use the function Cx(w) to obtain the moments of order n
of the r.v. X, generally more easily than from the definition of E[X™] (for
ne{2,3,...}).

Proposition 1.2.5. If the mathematical expectation E[X"] exists and is fi-
nite for alln € {1,2,...}, then

B[X") = (=) Cx(@)luma (1.57)

8 Joseph (Baron) Fourier, 1768-1830, was born and died in France. He taught at
the Collége de France and at the Ecole Polytechnique. In his main work, the
Théorie Analytique de la Chaleur, published in 1822, he made wide use of the
series that now bears his name, but that he did not invent.
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Table 1.1. Means, Variances, and Characteristic Functions of the Main Random
Variables (with ¢:= 1 — p)

Distribution | Mean | Variance | Characteristic function
Bernoulli p g pe?¥ +q
B(n,p) np npq (pe” + )"
2 pe’®
Geom(p) 1/p qa/p [
Poi()\) A A exp{\(e* — 1)}
a+b (b—a)? elwb — eiwe
Ula, b _—
[a,t] 2 12 jw(b—a)
1 1 A
Exp(X - —
*p() ) N2 X jw
« «@ A @
G(oy A = il
(2. 2) ) 2 (A - jw)
N(u,0?) It o exp{jwp — jwo?}

Remark. Table 1.1 gives the mean, the variance, and the characteristic function
of all the discrete and continuous random variables mentioned previously.

Many authors prefer to work with the following function, which, as its
name indicates, also enables us to calculate the moments of a random variable.

Definition 1.2.13. The moment-generating function of the r.v. X is de-
fined, if the mathematical expectation exists, by Mx (t) = E[etX).

Remarks. i) When X is a continuous and nonnegative r.v., Mx(t) is the
Laplace® transform of the function f x ().

ii) Corresponding to the formula (1.57), we find that

dn
E[X" = prm Mx (t)|,—g forn=1,2,... (1.58)

® Pierre Simon (Marquis de) Laplace, 1749-1827, was born and died in France. In
addition to being a mathematician and an astronomer, he was also a minister and
a senator. He was made a count by Napoléon and marquis by Louis X VIII. He par-
ticipated in the organization of the Ecole Polytechnique of Paris. His main works
were on astronomy and on the calculus of probabilities: the Traité de Mécanique
Céleste, published in five volumes, from 1799, and the Théorie Analytique des
Probabilités, whose first edition appeared in 1812. Many mathematical formulas
bear his name.
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Ezample 1.2.8. If X ~ Poi()), we calculate
% k 0 t)\\k
Mx(t) = Z etke")‘)\— = e Z GV e exp(ef))
We deduce from this formula and from Eq. (1.58) that

EX]=M4%(0)=X and E[X? =X+

so that V[X] = A2+ X - (\)2 =\
Note that to obtain E[X?], we can proceed as follows:

_/\ = -
E[X? = Zk2 AN Z _ /\ZdA —1)'

d Ak d
a4 o=
- ¢ )\d/\k= RSN

Aty = A+ 22

It is clear that it is easier to differentiate twice the function e~ exp(et)) than
to evaluate the infinite sum above.

When we do not know the distribution of the r.v. X, we can use the
following inequalities to obtain bounds for the probability of certain events.

Proposition 1.2.6. a) (Markov’s!? inequality) If X is an r.v. that takes
only nonnegative values, then

PIX > <

E—[c)ﬂ Ve>o0 (1.59)

b) (Chebyshev’s!! inequality) If E[Y] and V|Y] exzist, then we have

Py ez d < veso (1.60)

¥ Andrei Andreyevich Markov, 1856-1922, who was born and died in Russia, was a
professor at St. Petersburg University. His first works were on number theory and
mathematical analysis. He proved the central limit theorem under quite general
conditions. His study of what is now called Markov chains initiated the theory of
stochastic processes. He was also interested in poetry.

" Pafnuty Lvovich Chebyshev, 1821-1894, was born and died in Russia. By using
the inequality that bears his name, he gave a simple proof of the law of large
numbers. He also worked intensively on the central limit theorem.
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1.3 Random vectors

Definition 1.3.1. An n-dimensional random vector is a function X =
(X1,...,Xy) that associates a vector (X1(s),... ,Xn(8)) of real numbers with
each element s of a sample space S of a random experiment E. Each compo-
nent Xy of the vector is a random variable. We denote by Sx (C R®) the set
of all possible values of X.

Remark. As in the case of the random variables, we will use the abbreviation
r.v., for random vector, since there is no risk of confusion between a random
variable and a random vector.

Two-dimensional random vectors

Definition 1.3.2. The joint distribution function of the r.v. (X,Y) is
defined, for all points (z,y) € R?, by

Fxy(z,y) = P{X <z}n{Y <y} =PX <z,Y <y (1.61)
Properties. i) Fx y(—oc,y) = Fx,y(z,—00) = 0 and Fx,y(00,00) = 1.

il) Fx,y(z1,1) £ Fx,y(z2,12) if 11 < z2 and y1 < yo.
iii) We have

lilrg Fxv(z+ey)= lifgl Fxy(z,y+e¢)=Fxy(z,y) (1.62)

Remark. We can show that

P[a <X <begY <L d] = FX!y(b, d) — FX’y(b,C) - FX,y(a,d) + FX,y(a,C)
(1.63)

where a, b, ¢, and d are constants.

It is easy to obtain the marginal distribution function of X when the
function Fxy is known. Indeed, we may write that

Fx(z) = P|X <z,Y < o0] = Fx,y(z,00) (1.64)

Definition 1.3.3. A two-dimensional r.v., Z = (X,Y), is of discrete type
if Sz, is a finite or countably infinite set of points in R?:

Sz ESXXY :{(m]-,yk),jzl,Q,... ;k=1,2,...} (1.65)

Definition 1.3.4. The joint probability mass function of the discrete r.v.
(X,Y) is defined by

px.v{(zj,y) = PIX =2;,Y = yi] (1.66)
forjk=1,2,....
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To obtain the marginal probability mass function of X, from pxy, we
make use of the total probability rule:

o

px(z;) =P|X =z/] = ZP[{X =z;}N{Y =w}] = ZPX,Y(mj,yk)
k=1 k=1
(1.67)

Ezample 1.5.1. The generalization of the binomial distribution to the two-
dimensional case is the joint probability mass function given by

m!

pX1,X2($17$2) = 2)] pzlmpgz(l 4! ___p2)m—z1—m2 (168)

zleel(m —z1 — 2

where 11,72 € {0,1,... ,m} and x1 +z2 < m € N. We say that (X1, X2) has
a trinomial distribution with parameters m, p;, and p2, where 0 < pi, < 1, for
k = 1,2. We can generalize further the binomial distribution and obtain the
multinomial distribution (in n dimensions).

Definition 1.3.5. A two-dimensional r.v., Z = (X,Y), is of continuous
type if Sz is an uncountably infinite subset of R?. (We assume that X and
Y are two continuous random variables.)

Remark. We will not consider in this book the case of random vectors with at
least one component being a random variable of mixed type.

Definition 1.3.6. The joint (probability) density function of the con-
tinuous r.v. Z = (X,Y) is defined by

0?2
= —F 1.69
fxy(z,y) 520y X,Y(xay) ( )

for any point where the derivative exists.

Remarks. i) Corresponding to the formula (1.67), the marginal (probabil-
ity) density function of X can be obtained as follows:

e}
fx@ = [ frxtudy (1.70)
—00
where we integrate in practice over all the values that Y can take when X = .

ii) The probability of the event {Z € A}, where A C Sz, can be calculated as
follows:

Pzed= [ [feviopdedy (L.71)
A

iii) The distribution function of the continuous r.v. (X,Y) is given by
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Fx y(:IZ y / / fXY u ’U)dudU (1.72)
In the discrete case, the formula above becomes
Fyy(x,y) = Z ZPXY Tj,Yk) (1.73)
z;<x Yy <y

Ezxample 1.3.2. The continuous r.v. (X,Y’) has the joint density function

1—n—1f1<33<e,0<y<£
fxylzy) =< *

0 elsewhere

We calculate el
fX(-T)Z/ 2Ty =g ifl<z<e
0

T
and e
/ln:z: ‘z _1 ifo<y<1
. 2
— € 2 € —_— 2
Frly) = /ln_;cdlenm Iy e oy e
y T 2y 2
0 elsewhere

Ezample 1.3.3. Let

_f2yeTifz>0,0<y<1
fX,Y(‘T>y) - { 0 elsewhere

First, we calculate

1
fx(z) = / 2ue Fdy=¢e " ifz>0
0
and -
fY(l/)z/ uePdr=2y ifO0<y<l1
0
Moreover, we find that

0 ifr<Oory<0
Fxy(@y)=4 Ql-e )y ife>0and 0<y<1
e * fz>0andy>1
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Finally, we calculate
1 1-y
P[X+Y>1]=1—P[X+Y§1]=1—// 2ye " drdy
0o Jo

1
=1—/ 2yl —e' Vdy=1—-(1-2e"1)=2e""
0

because . .
/ yeydy=yey]é—/ ldy=e—(e—1)=1
0 0

Definition 1.3.7. Let (X,Y) be a random vector. We say that X and Y are
independent random variables if

px,v (%, yk) = px(z;)py (ye) o (X,Y) is discrete (1.74)
or
fxv(z,y) = fx@)fy(y) if (X,Y) is continuous (1.75)
Remarks. 1) More generally, X and Y are independent if (and only if)
P[X € A)Y € B] = P[X € A]P}Y € B| (1.76)

where A (respectively, B) is any event that involves only X (resp., Y). In
particular, we must have

Fyy(z,y) = PIX <z,Y <y]=Fx(x)Fy(y) VY (z,y) (1.77)

ity If X and Y are independent r.v.s, then so are g(X) and A(Y).

iii) Let Z := X +Y, where X and Y are two independent r.v.s. Then [see the
formula (1.102)],

Mz(t) = Elet?] = E[e!X*Y)] = E[e"X|E[eY] = Mx (t)My(t)  (1.78)
Similarly, Cz(w) = Cx{w)Cy (w).

Ezxample 1.3.4. We deduce from Eq. (1.75) that the r.v.s X and Y in Example
1.3.2 are not independent, whereas those in Example 1.3.3 are.

Definition 1.3.8. IfY is a discrete r.v., then the conditional distribution

function of X, given that Y = yi, is defined by

P[X <z, Y = yk]
PlY = yi]

Fxiy(z | yx) = if PIY = 3] >0 (1.79)

Remark. In theory, Y can be a continuous r.v. in the preceding definition.
However, in practice, most of the time the two random variables in the pair
(X,Y) are of the same type.
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Definition 1.3.9. If (X,Y) is a discrete r.v., then the conditional proba-
bility mass function of X, given that Y =y, is defined by
_pxy(@iouk)  PIX =x;,Y =y

pxy(z; | yk) = s - P = if PIY = yk] >0
(1.80)

Remark. The conditional functions possess the same properties as the corre-
sponding marginal functions.

When Y is a continuous r.v., we cannot condition on the event {Y = y}
directly, because P[Y = y] = 0 for all y. We must rather take the limit as
dy decreases to zero of the functions defined by conditioning on the event
{y <Y <y + dy}. We then obtain the following proposition.

Proposition 1.3.1. If (X,Y) is a continuous r.v. and fy(y) > 0, then the
conditional distribution function aend the conditional density function
of X, given that Y =y, are given, respectively, by

2 fxy(uy)du
fr(y)

and fuy(ely) = EED )

Fxiy(z|y) =

Ezxample 1.3.5. The conditional density function of Y, given that X = z, in
Example 1.3.2 is

fy;x(yfﬂf)zlp&(x’—y):% fo<y<z

Ix(z)

That is, Y | {X = x} has a uniform distribution on the interval (0, z). Hence,
we easily find that Fyx(y | ) =0if y <0,

Fy|X(y|x)=§ fo<y<m

and Fy|x(ylz)=1ify >z

Proposition 1.3.2. The r.v.s X and Y are independent if and only if the
conditional distribution function, the conditional probability mass function,
or the conditional density function of X, given that Y =y, is identical to the
corresponding marginal function.

Ezample 1.3.6. We say that the continuous random variables X and Y have
a binormal (or bivariate normal) distribution with parameters ux € R,
py € R, 0% > 0,02 >0, and p € (~1,1), and we write that (X,Y) ~
N(ux,py;o0%,0%; p), if their joint density function is

1
2roxoy(l — p2)l/2

fX,Y(:E7y) =
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ol () ()

_2p($—ux)(y—MY)}} (1.82)

TxXOoy

for (z,y) € R?.
We easily find that X ~ N(ux,0%) and Y ~ N(uy,0%). It follows that

X [ {Y =y} ~N(ux + plox/oy)(y — py),0x (1 — p?)) (1.83)

Since X and X | {Y = y} have the same distribution if p = 0, we can state
that X and Y are independent r.v.s if the parameter p is equal to zero. This
parameter is actually the correlation coefficient of X and Y.

Definition 1.3.10. The conditional expectation of X, given that Y =y,
is defined by

EX|Y =y = imj pxiy(z; | y) (discrete case) (1.84)
7=1
or
EX|Y =y = /00 z fxjy(z | y)dx (continuous case) (1.85)

The mean E[g(X)] of a transformation g of a random variable X is a real
constant, while E[g(X) | Y = y] is a function of y, where y is a particular
value taken by the r.v. Y. We now consider E[g(X) | Y]. It is a function of
the r.v. Y that takes the value E[g(X) | Y = y] when Y = y. Consequently,
Elg(X) | Y] is a random variable, whose mean can be calculated. We then
obtain the following important proposition.

Proposition 1.3.3. We have
Elg(X)] = E[Elg(X) | Y]] (1.86)
Remarks. 1) We deduce from the preceding proposition that

21?;1 E|X |Y =y py(yx) (discrete case)
EX]=E[E[X |Y] =
2 EIX |Y =y] fr(y)dy (continuous case)
(1.87)

il) We can calculate the variance of X by conditioning on another r.v. Y as
follows:
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VX] = E[EX? | Y]] - (BIEIX | Y])® (1.88)

iii) Let X1, X2,... be r.v.s that possess the same distribution as the r.v. X,
so that E[X;] = E[X] and V[X;] = V[X], for k =1,2,..., and let N be an

r.v. independent of the X;’s and taking its values in the set {1,2,...}. By
making use of the formula (1.86), we can show (see p. 254) that

N
E [Z X
k=1

If the r.v.s X} are independent among themselves, we also have (see p. 254)

= E[N)E[X] (1.89)

14

N
ZXkJ = E[N|V[X] + V[N]|(E[X])* (1.90)
k=1

iv) Suppose that we wish to estimate a random variable X by using another
r.v. Y. It can be shown that the function ¢g(Y') that minimizes the mean-square
error (MSE)

"MSE := E[(X — g(Y))?] (1.91)
is g(Y) = E[X | Y]. If we look for a function of the form g(Y) = aY + 3, we
can show that the constants o and 3 that minimize MSE are

E[XY] - E[X]E[Y]

VY] and f = E[X] - GE[Y] (1.92)

& =

Finally, if g(Y) = ¢, we easily find that the constant ¢ that yields the smallest
MSE is ¢ = E[X].

The function g(Y') = E[X | Y] is the best estimator of X, in terms of Y,
while g(Y) = &Y + 3 is the best linear estimator of X, in terms of Y. If X

and Y both have a Gaussian distribution, then the two estimators are equal
(see Ex. 1.3.6).

Proposition 1.3.3 also enables us to calculate the probability of the event
{X € A} by conditioning on the possible values of an r.v. Y. We only have
to define the r.v. W such that W =1if X € Aand W =01if X ¢ A, and use
the fact that E[W] = P[X € A]. We can then show the following proposition,
which is the equivalent of the total probability rule for random variables. This
proposition and Proposition 1.3.3 will be very useful in the next chapters.

Proposition 1.3.4. We may write that

Yooy PIX € ALY = yi] py () (discrete case)
ffooo P[X € A|Y =vy| fy(y)dy (continuous case)
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Corresponding to the definition of the conditional variance VX | A} that
was given in the preceding section, we now have the following definition.

Definition 1.3.11. The conditional variance of X, given the r.v. Y, is
defined by

VIX| Y] = E[(X - BIX | Y]} | Y] (1.94)
Remarks. i) We find that

VIX|Y]=E[X?|Y]-(EX|Y])? (1.95)
il} We can show the following useful result:

VIX]=E[VIX Y]+ VI[EX|Y] (1.96)

Example 1.3.7. Instead of calculating the variance of the r.v. Y in Example
1.3.2 from the density function fy that we obtained and from the definition of
VY], we can use the fact (see Ex. 1.3.5) that Y | X ~ U(0, X). It follows that
ElY | X] = X/2 and V[Y | X] = X?/12, and then, by the formula (1.96),

VY] = %E[Xﬂ + iV[X] = %E[Xz] - 211-(E[X])2 =~ 0.4252

because

E[X]=/ xlnxd:c:%(eQ-}.l) and E[X2]=/ 2’ Inzdr =
1 1

(2¢% +1)

O =

Remark. We can check that

ElY] = %(e2 +1) and E[Y? = %(2e3 +1)
Remark. We can consider conditional expectations E[X | A}, or conditional
density functions fx y(z,y | A), etc., with respect to more general events
A like Y <y, Y >0, etc., and also with respect to events A that involve
both random variables, X and Y. For instance, let X; and X5 be independent
random variables having a U(0, 1) distribution. We have

P[Xl <z le < Xz]

P[Xl <z, X5 < XQ]
PIX, < X5

. 1 X1 1
ind. 2/ P[Xl <ri,X; < :L‘g] dzro = 2{/ To dxo +/ T dﬂ:g}
0 0 T

1

1
=2/ P[X1 <z1,X3 <X2|X2=.’L‘2]~1d.1‘2
0

= .'131(2 - .'L‘l)
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so that
le(.Tl ] X1 < XQ) = 2(1 —[El) forO0<z; <1

Next, we have

1
1
E{Xl |X1 < Xz] =/ T -2(1 —:El)d$1 = 3‘
0
Actually, if we are only looking for the mean of X, given that X; < X, we
can directly write that

1
[Xl | X1 < X2 / / - dl‘zd.’L‘l 3

where we used the formula

le,Xg($17x2)

for 0 < < <1
P[X; < X5 oS TsT

fXx,Xz('Tl’xQ I X1 < XQ)

The following proposition is the two-dimensional version of Proposition
1.2.2.

Proposition 1.3.5. Let W := ¢;(X,Y) and Z := g2(X,Y), where X and Y
are two continuous r.v.s. If

1) the system w = g1(x,y), z = g2(z,y) has the unique solution x = hi(w, z),
Y= h2(wa Z)

and

2) the functions g; and go have continuous partial derivatives ¥V (z,y) and the
Jacobian J(z,y) of the transformation is such that

J(x,y) = 891 392 392 391

B 8y B 8y #0 V(z,y) (1.97)
then
fwz(w, z) = fxy(hi(w, 2), ho(w, 2)) |J (h1(w, 2), ho(w, z))j_1 (1.98)

Remarks. i) The proposition can be easily generalized to the n-dimensional
case, where n € {3,4,...}.

ii) In the particular case where X and Y are independent and Z := X +7Y, we
could use the proposition to obtain the density function of Z. We must first
define an appropriate auziliary variable W, then calculate the joint density
function of the r.v. (W, Z), and finally integrate this joint density function
with respect to w to obtain fz(z). We can also proceed as follows:

Fz(z) = / / (v)dvdu = fz(z / fx (W) fy(z = u) du
(1.99)

Note that the density function of Z is the convolution product of the density
functions of X and Y.
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Proposition 1.3.6. The mathematical expectation of the random variable
Z :=g(X,Y) is given by

D ge1 Sonet 9(T4, k) Px,y (T4, yk) (discrete case)
E|Z] = (1.100)
2, ffooo 9(z,y) fxv(z,y)dz dy (continuous case)

Remark. If the mathematical expectations E[X] and E[Y] exist, we have
ElaX +bY] =aE[X]+bE[Y] Va,beR (1.101)
Moreover, if X and Y are independent r.v.s and g(X,Y) = ¢1(X)g2(Y), then
E[g(X,Y)] = Elg1(X)]E[g2(Y)] (1.102)
Definition 1.3.12. The covariance of X and Y is defined by

Cov[X,Y] = E[(X - E[X])(Y - E[Y])] = E[XY] - E[X|E[Y] (1.103)

Remarks. 1) The covariance generalizes the variance, since Cov[X, X] = V[X],
but the covariance Cov[X, Y] can be negative. For example, if Y = — X, then
we have

Cov[X,Y] = Cov[X, ~X] = E[X(~X)] - E[X]E[-X] = =V[X] <0
(1.104)

ii) We deduce from Eq. (1.102) that if X and Y are independent, then
Cov[X,Y] = 0. However, the converse is not always true.

iii) We also define the correlation coefficient of X and Y by

Cov[X,Y]

X~ STOXISTDW] e

We then deduce from Example 1.3.6 that, in the case of the bivariate normal
distribution, the r.v.s X and Y are independent if and only if their correlation
coeflicient is equal to zero.

An important particular case of transformations of random vectors is the
one where the random variable Z := g(X1,... , X,) is a linear combination of
the roves Xy, ..., Xp:

Z=ag+ar1 X1+ +a X, (1.106)

where the ai’s are real constants V k. We can show the following proposition.
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Proposition 1.3.7. Let Z be a linear combination of the r.v.s X1,...,X,.
We can write (if the mathematical ezpectations exist) that

E[Z] = ap + mE[X1] + - + an E[X,)] (1.107)
and
1 n o n
Viz) =Y aViXi] +2Y Y ajaCov[X;, Xi) (1.108)
k=1 j=1 k=1
=
i<k

Ezxample 1.3.8. If X and Y are two independent r.v.s having a uniform distri-
bution on the interval [0,1} and Z := X + Y, then Sz = [0,2] and

0 1
fz(z):/_ fx(u)fy(z—u)du=/0 fy (= — u) du

Since

lifz—-1<u<z
0 elsewhere

e ={
we may write that

z
/ ldu=2 if0<z<1
0

o 1
fz(2) = / ldu=2—-2zif1l<2<2
z—1

0 elsewhere

\
Remark. If we define the auxiliary variable W = X, then we find that
fwzw,z)=1 f0<w<1,0<2<2,w<z<w+1

Integrating fw z (w,2) with respect to w, we retrieve the function fz (2)
above.

Next, if Z := X — % and W := 72, we calculate
Cov[Z, W) = E[ZW] — E|Z|E[W]| = E[Z%] -0=0
because E[Z%+1] = 0, for all k € {0,1,...}. However, Z and W are not

independent, since Z = 0 = W = 0, in particular.
Finally, Eq. (1.108) enables us to write that
2
1
X - =
(3]

VIZ —3W] = V[Z] +9V[W] — 6 Cov[Z, W] =V {X - %} +oV
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11
=VI[X]+9V[T?], where T ~U [__, _}

2°2
1 1 2
—ﬁ”(m)—ﬁ

because
1/2 1/2 2
VIT? =E[T4]—(E[T2])2=/ . 1dt — / 2. 1dt
-1/2 —1/2

1 1\ 64 1
T 5x16 3x4/ ~ 80x144 180

We continue with limit theorems that will be used in the subsequent chap-
ters.

Proposition 1.3.8. Let X1, Xo,... be an infinite sequence of independent
and identically distributed (i.i.d.) r.v.s, and let Sp := X1 +-+- + Xy

a) (Weak law of large numbers) If E[X ] = p € R, then

n—oo

lim P['%—u‘ <c] =1 V ¢>0 (1.109)

b) (Strong law of large numbers) If E[X?] < oo, then we may write that
. Sy

Pllim = =pu}j=1 (1.110)
n—oo N

¢) (Central limit theorem) If E[X;] = u € R and V[X;] = 02 € (0,00),
then we have

lim P {5"7;;33 < z] = P[N(0,1) < 2] (1.111)

Remarks. i) Actually, the condition E[X?] < oo is a sufficient condition for
the strong law of large numbers to hold. It may be replaced by the weaker
condition E[|X1|] < oo, which reduces to E{X;] < oo in the case when X; > 0.

ii) The central limit theorem (CLT) implies that

S, ~ N(np,no?) and ~ N(u,o?/n) (1.112)

-
n
In general, from n = 30, the approximation by the Gaussian distribution
should be rather good.
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iii) An application of the CLT is the Moivre'?-Laplace Gaussian approzima-
tion to a binomial distribution:

P[B(n,p) = k| =~ fz(k), where Z ~ N(np,np(1 —p)) (1.113)

For the approximation to be good, the minimum between np and n(l — p)
should be at least equal to 5.

Ezample 1.3.9. If X;, ~ Exp(1), for k = 1,...,30, and if the X}’s are inde-
pendent r.v.s, then we can show that

S30:=X1+...4+ X3~ G(30,1)
Making use of the formula
P[G(n, \) < z] = P[Poi(\z) > n] (1.114)

we obtain (from a table of the distribution function of the Poisson distribution)
that
P[S30 < 30] = P[Poi(30) > 30] =~ 0.5243

The approximation by the CLT yields

P[Ss0 < 30] ~ P[N(30,30) < 30] = 0.5

Ezample 1.3.10. Suppose that 1% of the tires manufactured by a certain com-
pany do not conform to the norms (or are defective). What is the probability
that among 1000 tires, there are exactly 10 that do not conform to the norms?

Solution. Let X be the number of tires that do not conform to the norms
among the 1000 tires. If we assume that the tires are independent, then X
has a binomial distribution with parameters n = 1000 and p = 0.01. We seek

PIX =10] ~ fz(10), where Z ~ N(10,9.9)

1 1(10 - 10)2}
= ————exp{ —=——> 5 ~0.1268
V9.9 p{ 27 9.9

Remarks. 1) In fact, we obtain that P[X = 10] ~ 0.1257. By using the Poisson
approximation (see p. 12), we find that

12 One of the pioncers of the calculus of probabilities, Abraham de Moivre, 1667
1754, was born in France and died in England. The definition of independence of
two events can be found in his book The Doctrine of Chance published in 1718.
The formula attributed to Stirling appeared in a book that he published in 1730.
He later used this formula to prove the Gaussian approximation to the binomial
distribution.
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P[X = 10] ~ P[Poi(10) = 10] ~ 0.1251

In this example, the Poisson approximation is slightly more accurate. However,
if we increase the value of the probability p, the Moivre-Laplace approxima-
tion should be better.

ii) To calculate approximately a probability like P[5 < X < 10|, we would
rather use the distribution function of the Gaussian distribution. It is then
recommended to make a continuity correction to improve the approximation.
That is, we write that

P[5 < X <10} = P[4.5 < X < 10.5] ~ P[4.5 < Z < 10.5]

1.4 Exercises

Section 1.1

Question no. 1

In urn A, there are four red balls and two white balls, while urn B contains
two red balls and four white balls. We throw, only once, a coin for which the
probability of “tails” is equal to p (0 < p <.1). If we get “tails,” then we will
draw balls from urn A; otherwise, urn B will be used.

(a) What is the probability of obtaining a red ball on any draw?

(b) If we obtained a red ball on each of the first two draws, what is the
probability of obtaining a red ball on the third draw?

(c) If we obtained a red ball on each of the first n draws, what is the probability
that we are using urn A?

Question no. 2

Box 1 contains 1000 transistors, of which 100 are defective, and box 2
contains 2000 transistors, of which 100 are also defective. A box is taken
at random and two transistors are drawn from it, at random and without
replacement.

(a) Calculate the probability that both transistors are defective.

(b) Given that both transistors are defective, what is the probability that they
come from box 17

Question no. 3

Assume that there is a leap year every four years. How many (independent)
persons must be in a room, at minimum, if we want the probability that at
least one of these persons was born on February 29 to be greater than 1/2?
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Question no. 4

Object O moves on the z-axis between 0 and 2, while object Op moves
on the y-axis between 0 and 1. Suppose that the position of each object is
completely random. What is the probability that the distance between the
two objects is greater than 17

Question no. 5

A certain user of the public transport system can take bus no. N; or bus
no. Nz to go to work. A bus no. Nj runs near his home every hour, from 6:00
a.m., while a bus no. N, runs there d minutes after the hour, where d € (0, 30].
The user arrives at the bus stop at a completely random time between 7:45
a.m. and 8:15 a.m. What is the value of d if he takes a bus no. Nj thrice more
often than a bus no. Ny?

Question no. 6

Two sport teams play a series of (independent) games to win a trophy. The
first team that wins four games gets the trophy. There are no draws. What is
the probability that a team having, for each game, only a one-in-three chance
of winning gets the trophy?

Question no. 7
In how many ways can we permute the numbers 1,2,... ,n if we do not
want a single number to remain in its original position?

Question no. 8

In the dice game called craps, the player tosses two (fair) dice simultane-
ously. If the sum of the two numbers that show up is equal to 7 or 11, the
player wins. If the sum is equal to 2, 3, or 12, he loses. When the sum is a
number z different from the preceding numbers, the player must toss the two
dice again until he gets a sum equal to = or 7. If z is obtained first, the player
wins; otherwise, he loses. What is the probability that the player wins?

Question no. 9

A says that B told her that C has lied. If the three persons tell the truth
and lie with probability p € (0, 1), independently from one another, what is
the probability that C has indeed lied?

Question no. 10

A man takes part in a television game show. At the end, he is presented
with three doors and is asked to choose one among them. The grand prize is
hidden, at random, behind one of the doors, while there is nothing behind the
other two doors. The game show host knows where the grand prize has been
hidden. Suppose that the man has chosen door no. 1 and that the host tells
him that he did well in not choosing door no. 3, because there was nothing
behind it. He then offers the man the opportunity to change his choice and,
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therefore, to select door no. 2 instead. What is the probability that the man
will win the grand prize if he decides to stick with door no. 1?7

Section 1.2

Question no. 11

Boxes I and IT both contain n transistors. At each step, a fair coin is tossed.
If “heads” (respectively, “tails”) is obtained, we take, at random and without
replacement, a transistor in box I (resp., II). We repeat this experiment until
one of the two boxes is empty. Let N be the number of transistors that remain
in the other box at that moment. If we assume that the repeated trials are
independent, what is the probability mass function of N?

Question no. 12
Let X be a continuous random variable whose density function is given by

fx(x) = c?ze™® forz >0

where c is a positive constant. Calculate E[X | X < 1].

Question no. 13

A mathematician hesitates between three methods to solve a certain prob-
lem. With the first (respectively, second) method he will work in vain for two
(resp., three) hours, while the third method will give him the solution at
once. If we assume that at each step the mathematician uses a method taken
at random among those that he still has not tried, what is the variance of the
number of hours that he will have to work to solve his problem?

Question no. 14
Let X be a random variable whose moment-generating function, Mx (t),
exists for t € (—¢, c). Show that

P X >a]<e ®Mx(t) forO0<t<c
and

PX <al<e ®Mx(t) for—c<t<0
where a is a real constant.

Question no. 15
Suppose that the moment-generating function of X exists for every real
value of ¢t and is given by

et —e?
c~c 0
Mx(t) = 2t i #
1 ift=0
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Use the results of the preceding question to show that

P[X>1=0 and P[X<-1]=0

Question no. 16

Let X be a continuous random variable whose set of possible values is the
interval [a, b]. We define Y = g(X).
(a) Calculate the probability density function of Y if g(z) =1 — Fx(x).
Indication. The inverse distribution function F'y ! exists.
(b) Find a transformation g(x) such that

fy(y):% for1<y<3

Question no. 17
Calculate E[X | X > 1], where X is a random variable having a standard
Gaussian distribution.

Question no. 18
Two players, X and Y, take turns at tossing a fair coin. The first one that
gets “tails” wins. Calculate, assuming that X starts,

(a) the probability that X wins,

(b) the probability that X wins, given that she did not obtain “tails” on her
first two trials,

(c) the average number of tosses needed to end the game, given that X lost.

Question no. 19
Suppose that the probability that a family has exactly n children is given
by
P,=¢cp" forn=12,...

where ¢ >0and 0 <p < 1,and Py =1- 3>, P,. Suppose also that every
child is equally likely to be a male or a female.

(a) Calculate the probability that a family with n children has exactly £ male
children, for k =0,1,... ,n.

(b) Find the probability that a family has no male children.

(c) What is the average number of male children per family?

Question no. 20

A box contains 200 brand A and 10 brand B transistors. Twenty transistors
are taken at random. Let X be the number of brand A transistors obtained.
(a) Calculate P[X = 20], assuming that the transistors are taken without
replacement.
(b) Calculate P[X = 19] if the transistors are taken with replacement.
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(c) Use a Poisson distribution to calculate approximately P[X = 18] when
the transistors are taken with replacement.

Question no. 21
The density function of the random variable X is given by

_Jk1-2?)ifo<z<1
fx(@) = { 0 elsewhere

where k is a positive constant.

(a) Calculate fx(z | X2 <1/4).

(b) Find the constant b that minimizes E[(X — b)?].
(c) Find the constant ¢ that minimizes E[|X — ¢|].

Indication. The value z,,, for which Fx(z,,) = 1/2 is called the median of the
continuous r.v. X. It can be shown that, for any real constant a,

Tn

Eljz - af] = E{jz — 2m|] +2 / (z - a)fx () dz

a

Question no. 22

We say that the continuous random variable X, whose set of possible values
is the interval [0, 00), has a Pareto'® distribution with parameter 6 > 0 if its
density function is of the form

9 )
fx(z) = mﬁlfzzo

0 elsewhere

In economics, the Pareto distribution is used to describe the (unequal) dis-
tribution of wealth. Suppose that, in a given country, the wealth X of an
individual (in thousands of dollars) has a Pareto distribution with parameter
0=1.2

(a) Calculate fx (2|1 < X <3).

(b) What is the median wealth (see Question no. 21) in this country?

(c) We find that about 11.65% of the population has a personal wealth of at
least $5000, which is the average wealth in this population. What percentage
of the total wealth of this country does this 11.65% of the population own?

Question no. 23
Let 2
_fkz?e T 2ifx >0
fx(a) = { 0 elsewhere

13 Vilfredo Pareto, 1848-1923, born in France and died in Switzerland, was an
economist and sociologist. He observed that 20% of the Italian population owned
80% of the wealth of the country, which was generalized by the concept of Pareto
distribution.
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where k is a positive constant.
(a) Calculate fx (x| X < 1.282).

Indication. We have P[N(0,1) < 1.282] ~ 0.9.
(b) Find the value of zy for which Fx(zg) ~ 0.35.

Remark. The random variable X defined above actually has a Mazwell'* dis-
tribution with parameter a = 1. In the general case where o > 0, we may
write that
fx(z) = Y—— Q!sze‘“‘z/(2o‘2) ifz>0
o

We find that E[X] = 2a+/2/7 and V[X] = o?[3 — (8/x)]. This distribu-
tion is used in statistical mechanics, in particular, to describe the velocity of
molecules in thermal equilibrium.

Question no. 24
Let X be a continuous random variable having the density function

Fx(@) { %6"3”2/(292) fz>0
X -

0 elsewhere

We say that X has a Rayleigh'® distribution with parameter 6 > 0.

(a) Show that E[X] = 6+/7/2 and V[X]| = 2 [2 — (7/2)].

(b) Let Y := In X, where X has a Rayleigh distribution with parameter § = 1.
Calculate (i) fy (1) and (ii) the moment-generating function of Y at ¢ = 2.

(c) We define Z = 1/X. Calculate the mathematical expectation of Z if § = 1
as in (b).

Section 1.3

Question no. 25

The lifetime X (in days) of a device has an exponential distribution with
parameter A. Moreover, the fraction of time during which the device is used
each day has a uniform distribution on the interval [0, 1], independently from
one day to another. Let N be the number of complete days during which the
device is in a working state.

(a) Show that PI[N >n] = (1 —e™")"/A", forn =1,2,....

4 James Clerk Maxwell, 18311879, was born in Scotland and died in England. He
was a physicist and mathematician who worked in the fields of electricity and
magnetism.

% John William Strutt Rayleigh, 1842-1919, was born and died in England. He
won the Nobel Prize for physics in 1905. The distribution that bears his name
is associated with the phenomenon known as Rayleigh fading in communication
theory.
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Indication. Because of the memoryless property of the exponential distribu-
tion, that is,

PIX>s+t|X>t|=PX>s] Vs,t>0

it is as if we started anew every day.
(b) Calculate E[N | N < 2] if A =1/10.

Question no. 26
Let X; and X» be two independent N(u, 02) random variables. We set Y}
=X+ Xoand Y5 = X; +2X5.
(a) What is the joint density function of ¥; and Y37
(b) What is the covariance of Y; and Y5?

Question no. 27

Let X1 and X5 be two independent random variables. If X; has a gamma
distribution with parameters n/2 and 1/2, and Y := X; + X2 has a gamma
distribution with parameters m/2 and 1/2, where m > n, what is the distri-
bution of X9?

Indication. If X has a gamma distribution with parameters « and A, then (see

Table 1.1, p. 19)
)\a
=T

Question no. 28
Show that if E[(X — Y)?] = 0, then P{X = Y] =1, where X and Y are
arbitrary random variables.

Question no. 29
The conditional variance of X, given the random variable Y, has been
defined (see p. 28) by

VIX|Y]=E[[X - B[X | Y]]?| Y]
Prove the formula (1.96):

VIX]=E[VIX | Y]]+ VIEIX | Y]]

Question no. 30

Let X be a random variable having a Poisson distribution with parameter
Y, where Y is an exponential r.v. with mean equal to 1. Show that W := X 4-1
has a geometric distribution with parameter 1/2. That is,

pw(n) = (1/2)" forn=12,...
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Question no. 31
Let X; and X5 be two independent random variables, both having a stan-
dard Gaussian distribution.
(2) Calculate the joint density function of Y := X? + X2 and Ys := Xo.
(b) What is the marginal density function of Y17

Question no. 32

Let X and Y be independent and identically distributed random variables.
(a) Show that h(z) :=E[X | X +Y =z] = /2.
(b) Evaluate E[(X — h(Z))?] in terms of V[X].

Question no. 33
A company found out that the quantity X of a certain product it sells
during a given time period has the following conditional density function:

4
Ixiy(@|y) = -—Qme_%/y ifx>0
Y

where Y is a random variable whose reciprocal Z := 1/Y has a gamma dis-
tribution. That is,

(/\Z)a_l

fz(z) = e~ M T(a)

forz>0
(a) Obtain the marginal density function of X.
(b) Calculate E[Z | X = z].
Question no. 34
Let X and Y be continuous and independent random variables. Express

the conditional density function of Z := X + Y, given that X = z, in terms
of fy‘

Question no. 35
Show that for continuous random variables X and Y, we have

E[Y}ng]:al(}—;/j E[Y | X = ulfx(u) du

if Fx(z) > 0.
Question no. 36
Let Xi,..., X, be independent random variables such that
ag/m
Mo =
for —-co<z <ooand k=1,2,... ,n, where ap, >0V k.

(a) Calculate the density function of the sum Z := X1 +... + X,
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Indication. The characteristic function of X}, is given by
Ox, () = e~

(b) Assuming that a; = ay, for k = 2,3,..., can we state that fz(z) tends
toward a Gaussian probability density? Justify.

Question no. 37

Suppose that X ~ N(0,1) and Y ~ N(1, 1) are random variables such that
px,y = p, where pxy is the correlation coefficient of X and Y. Calculate
E{X?Y?).

Question no. 38

Let
e Vifr>0,y>z
0 elsewhere

fxy(z,y) = {

be the joint density function of the random vector (X,Y).

(a) Find the estimator g(Y) of X, in terms of Y, that minimizes the mean-
square error MSE := E[(X — g(Y))2].

(b) Calculate the minimum mean-square error.

Question no. 39
The joint density function of the random vector (X,Y) is given by

3@ +ay+yd)if-1<zr<land -1<y<l1
13
Fxy(z.y) = { 0 elsewhere

Calculate (a) E[X | Y =1/2], (b) E[Y | X], (c) the mean-square error MSE

:= E[(Y — g(X))?] made by using g(X) := E[Y | X] to estimate the random
variable Y.

Indication. It can be shown that

MSE = E[Y?] - E[¢*(X)] ifg(X)=E[Y | X]

Question no. 40

A number X is taken at random in the interval [0, 1], and then a number
Y is taken at random in the interval [0, X]. Finally, a number Z is taken at
random in the interval [0,Y]. Calculate (a) E[Z], (b) V[Y], (c) P[Z < 1/2].
Question no. 41

An angle A is taken at random in the interval [0,7/2], so that

2
fala) = —~ for0 <a<m/2
Let X :=cos A and Y := sin A. Calculate

(a) PIX =1]Y =0], (b) E[Y | X], (c) E[Y], (d) E[X|X+Y],
(0 E[X*| X +Y], () E[X|4], (g) PIX =0]{X=0}u{X=+3/2}]
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Indication. We have

1
— arccosr = —————r- for -1 < <1

dx N
(h) VX | Y] if the angle A is taken at random in the interval (0, 7).

Question no. 42
Let
fxiy(z|y) =ye ™ forz>00<y<l1

Calculate, assuming that Y has a uniform distribution on the interval (0, 1),
(a) fx(z), (b) PIXY >1], (¢ VIX|Y], (d) E[X].

Question no. 43

We suppose that the (random) number N of customers that arrive at
an automatic teller machine to withdraw money, during a given hour, has
a Poisson distribution with parameter A = 5. Moreover, the amount X of
money withdrawn by an arbitrary customer is a discrete random variable
whose probability mass function is given by

1
px(e) = if z =20, 40, 60, 80, or 100

Finally, we assume that N and X are independent random variables. Let Y
be the total amount of money withdrawn over a one-hour period. Calculate

(a) E[Y | N >0}, (b) P[Y =60], (c) P[N=3]Y =60].

Question no. 44

Let X; and X, be two independent random variables having a uniform
distribution on the interval (0,1). We define Y = max{X;, X»}. Calculate (a)
Fyix,(y | 21), (0) EYY | X, =], (o) VIE[Y | Xall, (&) E[VIY | Xa]).
Indication. If X is a nonnegative continuous (or mixed type) random variable,
then

EX] = /000[1 — Fx(z)]dz

Question no. 45

We consider a system made up of two components placed in parallel and
operating independently. That is, both components operate at the same time,
but the system functions if at least one of them is operational. Let T; be the
lifetime of component 4, for 1 = 1,2, and let T be the lifetime of the system.
We suppose that T; ~ Exp{1/2), for i = 1,2. Calculate
(@) E[T | Ty =1], (b) E[T|Ty>1], (c) E[T|{T1>1}U{Ty > 1}].

Indication. In (c), we can use the formula

E[X|AUB]=FE[X | A P[A|AUB])+ E[X | B] P[B| AU B]
— E|X|AnB] P[ANB| AU B
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Question no. 46
Let X; ~ U[-1,1], X2 ~ U[0, 1], and X3 ~ U[0, 2] be independent random
variables. Calculate

(a) PIX) < X, (b) PX1 < Xz < Xol, (¢) E [
where Y := X; + Xs and Z := X; + Xs.

X1
m}, (d) E[YZ | Xi],

Question no. 47
Suppose that X; and X, are independent random variables such that

Ix;(w:) = %)\ie_’\""""l forz; €R

where ); is a positive constant, for ¢ = 1, 2. Calculate

(a) P[X) < X3), (b) V[X1| X1 >0], (c) B[ X1 |Xa] > 1],
(d) E[Xl + X5 | X; < Xz] if Ay = Aq.

Question no. 48

Calculate P[Y > X]if X ~ B(2,1/2) and Y ~ Poi(1) are two independent
random variables.

Question no. 49
Use the central limit theorem to calculate (approximately)

PXi+...4+ X4 < Xg1 + ... + X100

where X1,..., Xigo are independent random variables, each having a U[0, 1]
distribution.

Question no. 50
Suppose that the random variables X7, ..., X3¢ are independent and all
have the probability density function

fx(gr:):l forl<z<e
T

What is the approximate density function of the product X;Xa - X307

Question no. 51

Let (X,Y) be a random vector having a bivariate normal distribution.
(a) Calculate P[XY < 0] if ux =0, uyy =0, 0% =1, 0% =4, and p = 0.
(b) What is the best estimator of X? in terms of Y when ux = 0, py = 0,
0% =102 =1,and p = 0?
(c) Calculate E[XY] when px =1, uyy =2, 0% =1, 0% =4, and p = 1/2.
Question no. 52

Let X and Y be two random variables, and let g and h be real-valued
functions. Show that
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(a) E[g(X) | X] = g(X),
(b) E[g(X)MY)] = E[MY)E[g(X) | Y]]

Question no. 53

Letters are generated at random (among the 26 letters of the alphabet)
until the word “me” has been formed, in this order, with the two most recent
letters. Let N be the total number of letters that will have to be generated to
end the random experiment, and let X be the kth generated letter. It can be
shown that E[N] = 676 and V[N] = 454,948. Calculate (a) E[N | X3 = €],
(b) E[N | X; =m], and (c¢) E[N? | X; = m].

Remark. The variable X}, is not a random variable in the strict sense of the
term, because its possible values are not real numbers. We can say that it is an
example of a qualitative (rather than guantitative) variable. It could easily be
transformed into a real random variable by defining X}, instead to be equal to
7 if the kth generated letter is the jth letter of the alphabet, for j = 1,...,26.

Question no. 54
Let X;, for i = 1,2,3, be independent random variables, each having a
uniform distribution on the interval (0, 1). Calculate
(a) E[Xl + X + X3 f X +X2],
(b) E[X1 + 31Xz | X1+ Xo + X3,
() E[V[Xy | X1 + X2 + X3]].
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Stochastic Processes

2.1 Introduction and definitions

Definition 2.1.1. Suppose that with each element s of a sample space S of
some random experiment E, we associate a function X (t,s), where t belongs
to T C R. The set {X(t,s),t € T} is called a stochastic (or random)
process.

Remarks. i) The function X (¢, s) is a random variable for any particular value
of ¢.

ii) In this book, the set T will generally be the set N® = {0,1,...} or the
interval [0, 00).

Classification of the stochastic processes

We consider the case when T is either a countably infinite set or an uncount-
ably infinite set. Moreover, the set of possible values of the random variables
X(t,s) can be discrete (that is, finite or countably infinite) or continuous
(that is, uncountably infinite). Consequently, there are four different types of
stochastic processes (s.p.).

Definition 2.1.2. If T is a countably infinite set (respectively, an interval or
a set of intervals), then {X (t,s),t € T} is said to be a discrete-time (resp.,
continuous-time) stochastic process.

Remarks. i) Except in Section 2.3, it will not be necessary to write explicitly
the argument s of the function X (¢, s). Thus, the stochastic process will be
denoted by {X(t),t € T}. However, in the discrete case, it is customary to
write {X,,n € T}.

il) We will not consider in this book the case when 7" is the union of a set of
points and of an uncountably infinite set.
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X

n o

Fig. 2.1. Example of a random walk.

Ezample 2.1.1. A classic example of a stochastic process is the one where we
consider a particle that, at time 0, is at the origin. At each time unit, a coin
is tossed. If “tails” (respectively, “heads”) is obtained, the particle moves one
unit to the right (resp., left) (see Fig. 2.1). Thus, the random variable X,
denotes the position of the particle after n tosses of the coin, and the s.p.
{Xp,n = 0,1,...} is a particular random walk (see Chapter 3). Note that
here the index n can simply denote the toss number {or the number of times
the coin has been tossed) and it is not necessary to introduce the notion of
time in this example.

Ezample 2.1.2. An elementary continuous-time s.p., {X(t),t > 0}, is obtained
by defining
X(t)y=Yt fort>0

where Y is a random variable having an arbitrary distribution.

Definition 2.1.3. The set Sx;) of values that the r.v.s X (t) can take ts called
the state space of the stochastic process {X(t),t € T}. If Sx () is finite or
countably infinite (respectively, uncountably infinite), {X (t),t € T} is said to
be a discrete-state (Tesp., continuous-state) process.

Ezample 2.1.3. The random walk in Example 2.1.1 is a discrete-time and
discrete-state s.p., since Sx, = {0,+£1,£2,...}. For the continuous time s.p.
in Example 2.1.2, it is a continuous-state process, unless Y takes on the value
0, because Sx () = [0,00) if Y > 0 and Sx ) = (—00,0] if Y < 0.

As we mentioned above, for any fixed value of ¢, we obtain a random
variable X (t) (= X(¢t,s)). Although many authors use the notation X(t) to
designate the stochastic process itself, we prefer to use the notation {X(¢t),t €
T} to avoid the possible confusion between the s.p. and the random variable.
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Definition 2.1.4. The distribution function of order k of the stochastic
process {X (t),t € T} is the joint distribution function of the random vector

(X(t1),-.., X(tx)):
Flzy, oo xrsty, ... tg) = PX(t) <z,... , X (t) <z (2.1)

Similarly, we define the probability mass and density functions of order
k of an s.p.:

T, TN, k) = PlXp, =21, Xy = Tk (2.2)
and (where the derivative exists)

ak
e Tty yte) = e F(T1, o Tt ot 2.3
flz1 Tp; 1 k) 9rr .. 9as (z1 Tkit k) (23)
Remark. When & = 1 or 2, the preceding definitions are in fact only new
notations for functions already defined in Sections 1.2 and 1.3.

Ezample 2.1.4. If the tosses of the coin are independent in Example 2.1.1,
then we may write, with p := P[{Tails}|, that the first-order probability mass
function (or probability mass function of order 1) of the process at time n = 2
is given by

2p(1-p)ifx=0

2 fx=2
plan=2) =Py =a]=¢ o ¥ 5 77
0 otherwise

First- and second-order moments of stochastic processes

Just like the means, variances, and covariances enable us to characterize,
at least partially, random variables and vectors, we can also characterize a
stochastic process with the help of its moments.

Definition 2.1.5. The mean E[X(t)] of an s.p. {X(t),t € T} at timet is de-
noted by mx (t). Moreover, the autocorrelation function and the autoco-
variance function of the process at the point (t1,t2) are defined, respectively,

by

Rx(tl,tg) = E[X(tl)X(tg)] (2.4)
and
Cx(t1,t2) = Rx(t1,t2) — mx(t1)mx(t2) (2.5)
Finally, the correlation coefficient of the s.p. at the point {t1,t2) is
Cx(t1,¢t
px(tr,b2) = x(t1,t) (2.6)

[Cx (t1,t1)Cx (2, 12)]1/2
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Remarks. i) In the case of pairs of random variables, the quantity E[XY]
is called the correlation of the vector (X,Y). Here, we use the prefix “auto”
because the function is calculated for two values of the same stochastic process
{X(t),t € T}. The function Rx y(t1,t2) := E[X(t1)Y (t2)], where {Y (t),t €
T*} is another s.p., is named the cross-correlation function, etc. In fact, we
could simply use the term correlation function in the case of the function
Rx(t1,t2).

ii) The function Rx (t,t) = E[X?(t)] is called the average power of the stochas-
tic process {X(t),t € T'}. Furthermore, the variance of the process at time ¢
is

VIX(®)] = Cx(t,1) (2.7)

Since V[X(t)] > 0, we then deduce from Eq. (2.6) that px(t,t) = 1.

Two properties of stochastic processes that will be assumed to hold true
in the definition of the Wiener! process (see Chapter 4) and of the Poisson?
process (see Chapter 5), in particular, are given in the following definitions.

Definition 2.1.6. If the random variables X (t4) — X (t3) and X (t2) — X (t1)
are independent V t; < t3 < t3 < t4, we say that the stochastic process
{X(t),t € T} is a process with independent increments.

Definition 2.1.7. If the random variables X (t2 + s) — X(t1 +s) and X (t2) —
X(t1) have the same distribution function for all s, {X(t),t € T} is said to
be a process with stationary increments.

Remarks. i) The random variables X (t5 + ) — X(t; +s) and X (t2) — X(¢1) in
the preceding definition are identically distributed. However, in general, they
are not equal.

il) The Poisson process is a process that counts the number of events, for
instance, the arrival of customers or of phone calls, that occurred in the in-
terval [0,t]. By assuming that this process possesses these two properties, we
take for granted that the r.v.s that designate the number of events in disjoint
intervals are independent, and that the distribution of the number of events
in a given interval depends only on the length of this interval. In practice,
we can doubt these assertions. For example, the fact of having had many (or

! Norbert Wiener, 1894-1964, was born in the United States and died in Sweden.
He obtained his Ph.D. in philosophy from Harvard University at the age of 18.
His research subject was mathematical logic. After a stay in Europe to study
mathematics, he started working at the Massachusetts Institute of Technology,
where he did some research on Brownian motion. He contributed, in particular,
to communication theory and to control. In fact, he is the inventor of cybernet-
ics, which is the “science of communication and control in the animal and the
machine.”

% See p. 12.



2.1 Introduction and definitions 51

very few) customers on a given morning should give us some indication about
how the rest of the day will unfold. Similarly, the arrival rate of customers
at a store is generally not constant in time. There are rush periods and slack
periods that occur at about the same hours day after day. Nevertheless, these
simplifying assumptions enable us, for instance, to obtain explicit answers to
problems in the theory of queues. Without these assumptions, it would be
very difficult to calculate many quantities of interest exactly.

Ezample 2.1.5. Independent trials for which the probability of success is the
same for each of these trials are called Bernoulli trials. For example, we can
roll some die independently an indefinite number of times and define a success
as being the rolling of a “6.”

A Bernoulli process is a sequence X1, X3,... of Bernoulli r.v.s associated
with Bernoulli trials. That is, X = 1 if the kth trial is a success and X =0
otherwise. We easily calculate

ElXyl=p Vke{l,2,...}
where p is the probability of a success, and

p?if ki # ko

Rx(kl,kQ) = E[Xk:lez] = { pifk = ko

It follows that Cx(k’l, kg) =0if k1 7é kg and Cx(kl, k‘z) = p(l -—p) if kl = k‘2.

Ezample 2.1.6. Let Y be a random variable having a U(0,1) distribution. We
define the stochastic process {X(¢),¢ > 0} by

X(t)=e"t fort>0

The first-order density function of the process can be obtained by using Propo-
sition 1.2.2 (see Example 1.2.6):

Flz;t) = fxp () = fy(In(z/t)) ’d_m;xi/ﬂi

1
z

1
=1 == ifze(tte)
T

Next, the mean E[X(t)] of the process at time ¢ > 0 is given by
1
EX({t)] = / eYt-1dy=t{le—-1) fort>0
0
or, equivalently, by

te
E[X(t)]:/ x~§dz=te-—t:t(e—1) fort >0
t
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Finally, we have
X)X(t+s)=e¥t-e¥ (t+s) =€ t(t+s)
It follows that
2

Rx(t,t+5) = E[X()X(t +5)] = E[e? t(t + )] = t{t +5)

V s5,t>0

2.2 Stationarity

Definition 2.2.1. We say that the stochastic process {X(t),t € T} is sta-
tionary, or strict-sense stationary (SSS), if its distribution function of
order n is invariant under any change of origin:

F(xi,...,&pitr, ... ytn) = F(x1,... ,Tn;t1 +8,... ,tn +9) (2.8)
for all s, n, and tq,... ,t,.

Remark. The value of s in the preceding definition must be chosen so that
tr+seT, fork=1,...,n. So, if T = [0, 00), for instance, then tx + s must
be nonnegative for all k.

In practice, it is difficult to show that a given stochastic process is station-
ary in the strict sense (except in the case of Gaussian processes, as will be
seen in Section 2.4). Consequently, we often satisfy ourselves with a weaker
version of the notion of stationarity, by considering only the cases where n =
1 and n = 2 in Definition 2.2.1.

If {X(t),t € T} is a (continuous) SSS process, then we may write that

flast) = fmt+s) Vst (2.9)
and
F(z1,225t1,t0) = f(x1, @25t + 5,82 +8) Vs,ty,to (2.10)

We deduce from Eq. (2.9) that the first-order density function of the process
must actually be independent of ¢:

flzt)=f(z) Vi (2.11)

Moreover, Eq. (2.10) implies that it is not necessary to know explicitly the
values of t; and t2 to be able to evaluate f(xj,z2;%1,t2). It is sufficient to
know the difference t5 — #1:

f(zr, 223t t2) = f(x1,@05t2 — 1) Vit (2.12)

In terms of the moments of the process, Eqs. (2.11) and (2.12) imply that
mx(t) is a constant and that the autocorrelation function Rx(t1,%2) is, in
fact, a function R% of a single variable: Rx (t1,t2) = R%(t2 — t1). By abuse
of notation, we simply write that Rx(t1,t2) = Rx(t2 — t1).
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Definition 2.2.2. We say that the stochastic process {X(t),t € T} is wide-
sense stationary (WSS) if mx(t) =m and

Rx(ty,t2) =Rx(ta—t1) Vi,ta €T (2.13)

Remarks. 1) Since mx(t) = m if {X(t),t € T} is wide-sense stationary, we
can also write that

Cx(tl,tg) = Rx(tl,tQ) - mlx(tl)mx(tg) = Rx(tg - tl) —m?= Cx(tg - tl)
(2.14)

Y t1,t2 € T. Similarly, we have

Cx(ta —t1)

) (2.15)

px(t1,t2) = px(t2 —t1) =
ii) By choosing t; = t, = ¢, we obtain that E[X%(¢)] = Rx(t,t) = Rx(0), for
all t € T. Therefore, the average power of a WSS s.p. does not depend on t.
iii) We often take t; = ¢ and ¢ty = t + s when we calculate the function Rx (or

Cx). If the process considered is WSS, then the function obtained depends
only on s.

iv) It is clear that an SSS stochastic process is also WSS. We will see in Section
2.4 that, in the case of Gaussian processes, the converse is true as well.

Ezxample 2.2.1. The most important continuous-time and continuous-state
stochastic process is the Wiener process, {W(t),t > 0}, which will be the
subject (in part) of Chapter 4. We will see that E[W(t)] = 0 and that

Cwl(t,t+s) = Rw(t,t+s)=0c%

where ¢ > 0 is a constant and s,t > 0. Since the function Rw (¢,t+s) depends
on ¢t (rather than on s), the Wiener process is not wide-sense stationary.

Ezample 2.2.2. The Poisson process, that we denote by {N(t),t > 0} and that
will be studied in detail in Chapter 5, possesses the following characteristics:

E[N(f)] =Xt and RN(tl,tg) = )\min{tl,tg}

for all ¢, t1, and ¢, > 0, where ) is a positive constant. It is therefore not
stationary (not even in the wide sense), because its mean depends on t. If we
define the stochastic process {X(t),t > 0} by

X{t)=—= fort>90
then the mean of the process is a constant. However, we find that we can-

not write that Rx(t1,t2) = Rx(to — t1). Consequently, this process is not
stationary either.
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Remark. By definition, the Wiener and Poisson processes have stationary in-
crements. However, as we have just seen, they are not even wide-sense sta-
tionary. Therefore, these two notions must not be confused.

Ezxample 2.2.3. An elementary example of a strict-sense stationary stochastic
process is obtained by setting

Xt)y=Y fort>0

where Y is an arbitrary random variable. Since X (t) does not depend on the
variable t, the process {X (t),t > 0} necessarily satisfies Eq. (2.8) in Definition
2.2.1.

Definition 2.2.3. The spectral density of o wide-sense stationary sto-
chastic process, {X(t),t € T}, is the Fourier transform Sx(w) of its auto-
correlation function:

Sx(w) = /00 e 7*Rx(s)ds (2.16)

—o0

Remarks. i) Inverting the Fourier transform, we obtain that
1 [ .
Rx(s) = —/ e’ Sx (w) dw (2.17)
27 J_

i) Since the autocorrelation function of a WSS process is an even function
(that is, Rx(—s) = Rx(s)), the spectral density Sx(w) is a real and even
function. We can then write that

o0 1 oo
Sx(w) = 2/ Rx(s)coswsds and Rx(s)= ;/ Sx{w) cosws dw
0 0
(2.18)
ili) It can be shown (the Wiener-Khintchin® theorem) that the spectral den-

sity Sx (w) is a nonnegative function. Actually, a function Sx{w) is a spectral
density if and only if it is nonnegative.

Suppose now that the following relation holds between the processes
{X(@),teT}and {Y(t),t €T}

Y(t) = X(8) » h(t) = /_ " X(t - $)h(s)ds (2.19)

3 Aleksandr Yakovlevich Khintchin, 1894-1959, was born and died in Russia. He
contributed in a very important way to the development of the theory of stochas-
tic processes. He was also interested in statistical mechanics and in information
theory.
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Remark. We can interpret the process {Y(t),t € T} as being the output of
a linear system whose input is the process {X(t),t € T'}. We write Y (t) =
LiX(@#)]-

We assume again that {X(t),t € T} is stationary in the wide sense. If
E[X(t)] = 0, we can show that {Y(¢),t € T} is a WSS process with zero
mean and such that

Sy (w) = Sx (@) [ H()? (2.20)
where
H(w) = / ” e I h(s)ds (2.21)
We also have h
B = Ry )= - [ Sx@IH@Pds (0) @2

2.3 Ergodicity

In statistics, to estimate an unknown parameter of a distribution function, for
example, the parameter A of an r.v. X having a Poi(\) distribution, we draw
a random sample of X. That is, we take n observations, Xi,...,X,, of X
and we assume that the X;’s have the same distribution function as X and
are independent. Next, we write that the estimator A of A (which is the mean
of the distribution) is the arithmetic mean of the observations. Similarly, to
estimate the mean mx(t) of a stochastic process {X(t),t € T'} at time t, we
must first take observations X (¢, sk) of the process. Next, we define

x (2) = %Z X(t, 5¢) (2.23)
k=1

Thus, we estimate the mean mx (t) of the s.p. by the mean of a random sample
taken at time ¢. Of course, the more o/bgmvations of the process at time ¢t we
have, the more precise the estimator mx (¢) should be. Suppose, however, that
we only have a single observation, X (¢, s1), of X(t). Since we cannot estimate
mx(t) in a reasonable way from a single observation, we would like to use
the values of the process for the other values of ¢ to estimate mx(¢). For this
to be possible, it is necessary (but not sufficient) that the mean mx(t) be
independent of t.

Definition 2.3.1. The temporal mean of the s.p. {X(t),t € R} is defined
by

S
(X(t))s = 515-, /_ X(t,s) e (2.24)
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Remarks. 1) In this section, we will suppose that the set T is the entire
real line. If T = [0, 00), for example, we can modify the definition above.
Moreover, in the discrete case, the integral is replaced by a sum. Thus, when
T = {0,£1,+2,...}, we can write that

Kol = e 3 X (8) (2.25)

where N is a natural number.

i) We call a realization or trajectory of the process {X(t),t € T} the graph
of X(t, s) as a function of ¢, for a fixed value of s.

Definition 2.3.2. The stochastic process {X (t),t € T} is said to be ergodic
if any characteristic of the process can be obtained, with probability 1, from a
single realization X (t,s) of the process.

A stochastic process can be, in particular, mean ergodic, distribution er-
godic (that is, ergodic with respect to the distribution function), correlation
ergodic (with respect to the correlation function), etc. In this book, we will
limit ourselves to the most important case, namely, the one where the process
{X(t),t € T} is mean ergodic (see also p. 72).

Definition 2.3.3. An s.p. {X(t),t € T} for which mx(t) = mVteTis
called mean ergodic if

P [SILH;O (X(t)s = m] =1 (2.26)

Now, the temporal mean, (X(t))s, is a random variable. Since

S S
E[(X(t))s]= 515 /_S E[X(t,s)]dt = QlS— /_Smdt =m (2.27)

we can state that Eq. (2.26) in the definition above will be satisfied if the
variance V{(X(t))s] of the temporal mean decreases to 0 when S tends to
infinity. Indeed, if limg_,o, V(X (t)}s] = 0, then (X (t)) s converges to its mean
value when S tends to infinity. To calculate the variance V[(X(t))s], we can
use the following proposition.

Proposition 2.3.1. The variance of the temporal mean of the stochastic pro-

cess {X(t),t € T} is given by

S S
VIX(D)s] = 753 / ) / Cx(tnt) dnd (2.28)
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Corollary 2.3.1. If the process {X(t),t € T'} is wide-sense stationary, then
we may write that

28 s
VK@) = 55 [ oxto|1- 2] s (229)

Often, it is not necessary to calculate V(X (t))s] to determine whether
the stochastic process {X(t),t € T'} is mean ergodic. For example, when the
process is WSS, we can use either of the sufficient conditions given in the
following proposition.

Proposition 2.3.2. The WSS s.p. {X(t),t € T'} is mean ergodic if

Cx(0)<oo and lim Cx(s)=0 (2.30)

[s]—o0

or if its autocovariance function Cx(s) is absolutely integrable, that is, if

/—OO [Cx(s)|ds < o0 (2.31)

Ezample 2.3.1. The elementary stochastic process defined in Example 2.2.3 is
strict-sense stationary. However, it is not mean ergodic. Indeed, we have

S
(X(t))s = %/_SYdt ~Y

Thus, we may write that V[(X(t))s] = V[Y]. Now, if Y is not a constant, the
variance VY] is strictly positive and does not decrease to 0 when S tends to
infinity (since VY] does not depend on S). Therefore, an arbitrary stochastic
process can be mean ergodic without even being WSS (provided that mx (t)
is a constant), and a strict-sense stationary process is not necessarily mean
ergodic.

Example 2.3.2. As will be seen in Chapter 5, the s.p. {X(t),t € T'} called the
random telegraph signal, which is defined from a Poisson process, is zero mean
and its autocovariance function is given by

CX(S) - 6—2)\131

where A is a positive constant. Using the conditions in Eq. (2.30), we can state
that the process is mean ergodic. Indeed, we have

Cx(0)=1<oo and lim Cx(s)= lim e~2Msl _

|s]|—00 |s] =00

Actually, we also have
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/ {Cx(s)lds:Q/ e P ds = ! <o
0 A

—0o0

Remarks. i) It is important to remember that the conditions in Proposition
2.3.2 are sufficient, but not necessary, conditions. Consequently, if we cannot
show that the process considered is mean ergodic by making use of this propo-
sition, then we must calculate the variance of the temporal mean and check
whether it decreases to 0 or not with S — oo.

ii) It can be shown that the random telegraph signal is an example of a strict-
sense stationary stochastic process. Therefore, we can calculate the variance
V(X (t))s] by using the formula (2.29):

S

VIX(@)s) = og /025 e [1- 2] ds

The integral above is not difficult to evaluate. However, here, it is not even
necessary to calculate it explicitly. It is sufficient to replace the expression
between the square brackets by 1, because this expression is comprised of
values between 0 and 1 when s varies from 0 to 2S. It follows that

1_ 48
VIIX®)s] < —55g
Finally, we have
1_ 428
Jim VIX@)s] < Jim —555— =0

Since the variance V[(X(t))s] is nonnegative, we can conclude that
lim V[(X(t))s] =0,
S—oo

which confirms the fact that the random telegraph signal is mean ergodic.

2.4 Gaussian and Markovian processes

The bivariate normal distribution was defined in Example 1.3.6. The general-
ization of this distribution to the n-dimensional case is named the multinormal
distribution.

Definition 2.4.1. We say that the random wvector (X1, ... , X, ) has a multi-
normal distribution if each random variable X, can be expressed as a linear
combination of independent random variables Z1,. .. , Zn,, where Z; ~ N(0, 1),
forj=1,...,m. That is, if

Xi=pmr+ Y cgjZ fork=1,...,n (2.32)
j=1

where py is a real constant, for all k.
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Just as a Gaussian distribution N(y,0?) is completely determined by its
mean yu and its variance o2, and a bivariate normal distribution by its pa-
rameters px, 4y, 03(, cr%, and p, the joint density function of the random
vector X = (Xj,...,X,) is completely determined by the vector of means
m = (ux,,...,Mx,) and the covariance matriz K, where

V[Xi] Cov[Xi,Xs] ... Cov[X1, Xy)

CovlXs, X1] V[Xs] ...Cov[Xs, X,]

K := (2.33)

Cov[X,,X1] Cov[X,, Xo] ... VI[X,]

By analogy with the one-dimensional case, we write that X ~ N(m, K).

The matrix K is symmetrical, because Cov[X,Y] = Cov[Y, X], and non-
negative definite:

n n
> ciekCov[X;, Xi] >0 Veicr €R (2.34)

i=1 k=1
If, in addition, it is nonsingular, then we may write that

1

1
Fx(x) = (27)"2 (det K)

1 -
775 XD {——2—(x —m)K 1 (xT — mT)} (2.35)
for x := (x1,...,2,) € R™, where “det” denotes the determinant and T
denotes the transpose of the vector.

Proposition 2.4.1. Let X ~ N(m,K). The joint characteristic function of
the r.v. X:

dx(wi,... ,wp) = Elexp{j(w1 X1+ ... +wpXn)} (2.36)
is given by
' n 1 n n ‘ . 1 r
¢x(w) = expej > px,wi— = Ouwiwg ¢ = exp { jmw’ — ~wKw
i=1 2 i=1 k=1 2
(2.37)
where o5, := Cov[X;, Xi} and w := (wy, ... ,wy).

Proof. We use the fact that any linear combination of Gaussian random
variables also has a Gaussian distribution. More precisely, we can write that

Yi=wiXi+...+wnXn ~ N(uy,0%) (2.38)

where
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n T n
py = ZwiNXi and o%, = ZZwiwkaik (2.39)

i=1 i=1 k=1

We obtain the formula (2.37) by observing (see Table 1.1, p. 19) that

bx(w) = E&¥] = éy(1) = exp (juy - %oi) o (240)

Properties. i) If Cov[X;, Xx] = 0, then the random variables X; and X are
independent.

iy IfY;, fori=1,...,m, is a linear combination of the random variables X},
of a random vector (X1,...,X,) having a multinormal distribution, then the
rv. (Y1,...,Y,,) also has a multinormal distribution.

Example 2.4.1. Let X = (X4,...,X,) be a random vector having a multinor-
mal distribution N(0,1,,), where 0 := (0,... ,0) and I,, is the identity matriz
of order n. Thus, all the random variables X} have a standard Gaussian dis-
tribution and are independent (because o;; = 0V i # j). It follows that the
mathematical expectation of the square of the distance of the vector X from
the origin is

n n
EX?+X3+...+ XY= EX}'S Y 1=n
k=1 k=1

and the variance of the squared distance is

VIX2+ X3+ + X2 S vixyE Y 2=on
k=1 k=1

because if Z ~ N(0,1), then we have
d4
(4D —w/2 —
BZ) = (=)' 7| __

so that V[Z% =3 -12 =2.

Definition 2.4.2. A stochastic process {X(t),t € T} is said to be a Gaus-
sian process if the random vector (X (t1),... ,X(tn)) has a multinormal dis-
tribution, for any n and for all ty,... ,t,.

Remark. Let X be a random variable whose distribution is N(ux,0%). Any
affine transformation of X also has a Gaussian distribution:

Y:=aX+b = Y ~N(aux +b,a’0%) (2.41)
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Similarly, any affine transformation of a Gaussian process remains a Gaussian
process. For example, if {X(t),t € T} is a Gaussian process, then the s.p.
{Y(t),t € T} defined by

Y(t)=2X(t) -1 or Y(t)=X(t%) (2.42)
is Gaussian as well. We can also show that {Y'(¢),t € T’} is a Gaussian process
if

¢
Y(t) = / X(s)ds (2.43)
0

because an integral is the limit of a sum. However, the process is not Gaussian
if
Y(t)=X2%(t) or Y(t)=e® (2.44)

etc.

Proposition 2.4.2. If a Gaussian process {X(t),t € T} is such that its mean
mx(t) is a constant mx and if its autocovariance function Cx (t,t+s) depends
only on s, then it is stationary (in the strict sense).

Proof. Since the nth-order characteristic function of the s.p. {X(t),t € T} is
given by [see Eq. (2.37)]

n n n n
. , 1
P [exp {J zwim}] - {]mx RITEED 3 SN tmwk}
i=1 i=1 i=1 k=1
(2.45)
we can assert that the statistical characteristics of a Gaussian process de-

pend only on its mean and its autocovariance function. Now, we see that the
function above is nvariant under any change of time origin. O

Remark. The preceding proposition means that a wide-sense stationary Gaus-
sian process is also strict-sense stationary.

Definition 2.4.3. An s.p. {X(t),t € T} is said to be Markovian if
P[X(tn) < | X(t),t < tn—l] = P[X(tn) <z, X(tn—l)] (2.46)
where t,_1 < t,.

Remarks. i) We say that the future, given the present and the past, depends
only on the present.

il) If {X(t),t € T} is a discrete-state process, we can write the formula (2.46)
as follows:
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P[Xt+s =] | Xt = ’i,Xt" = in,. .o ,th = ’1;1] = P[Xt+s =] | Xt = Z] (247)
for all states 1,...,%n,1,5, and for all time instants t; < ... < t, <t and

s> 0.

iii) The random walk considered in Example 2.1.1 is a typical example of a
Markovian process, which follows directly from the fact that we assume that
the tosses of the coin are independent.

A Markovian, continuous-time, and continuous-state stochastic process,
{X(t),t € T}, is completely determined by its first-order density function:

flast) = —-PIX(0) <4] (2.48)
and by its conditional transition density function, defined by
p(x,T0;t,t0) = Fx(e))xte) (T | o) (2.49)
_ gﬂ% P[X(t) e (a:,w-lc—l;lz] | X(to) = x) for t >t

Since the process must be somewhere at time £, we have

o0 o]
/ flz;t)de =1 and / p(z, To;t, tg)dx =1 (2.50)
oo oo

Moreover, by conditioning on all possible initial states, we may write that
oo
$@6) = [ Flaosta)pla,moityto) oo (2.51)
—00

Similarly, we deduce from the Chapman®-Kolmogoror® equations (see
Chapter 3) that

o0

p(l’,l‘o;t,to) =/ . p(xvxl;tvtl)p(‘z‘hx@;tl’to)d‘rl (252)

-0

where to < t1 < t. Finally, since at the initial time the distribution of the
process is deterministic, we also have

4 Sydney Chapman, 1888-1970, was born in England and died in the United States.
He is especially known for his work in geophysics. One of the craters of the moon
is named after him.

® Andrei Nikolaevich Kolmogorov, 1903-1987, was born and died in Russia. He was
a great mathematician who, before getting his Ph.D., had already published 18
scientific papers, many of which were written during his undergraduate studies.
His work on Markov processes in continuous time and with continuous-state space
is the basis of the theory of diffusion processes. His book on theoretical probability,
published in 1933, marks the beginning of modern probability theory. He also
contributed in an important way to many other domains of mathematics, notably
to the theory of dynamical systems.
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Plftﬂp(l"» To; t,to) = 6(z — To) (2.53)
14

where &(-) is the Dirac® delta function defined by

5(z) = { O% i . i 8 (2.54)
so that
/00 0{z)de =1 (2.55)

Definition 2.4.4. The infinitesimal mean m(z;t) and the infinitesimal
variance v(z;t) of the continuous-time and continuous-state stochastic pro-
cess {X(t),t € T} are defined, respectively, by

m(ait) = lim }G—E[X(t +e)—X() | X(t) = o] (2.56)
and

i) = lim %E[(X(t +e)— X(8)* | X(2) = 2] (2.57)

Remarks. 1) We can also obtain m(z;tp) and v(zg;to) as follows:

m(zosto) = Him = BIX(8) | X(to) = o (2.58)
and
v(zo;to) = %lllg} %V[X(t) | X(to) = zo] (2.59)

ii) Suppose that the process {X(t),t € T} has infinitesimal moments m(z;t)
=m(z) V t and v(z;t) = v(z) and that its state space is the interval [a, b] (or
[a,b), etc.). Let

Y({#):=9¢[X(#)] forteT (2.60)

If the function g is strictly increasing or decreasing on the interval [a,b] and
if the second derivative g”(z) exists and is continuous, for @ < < b, then

6 Paul Adrien Maurice Dirac, 1902-1984, was born in England and died in the
United States. He was a physicist whose father was a French-speaking Swiss. He
won the Nobel Prize for physics in 1933 for his work on quantum mechanics. He
was a professor at the University of Cambridge for 37 years.



64 2 Stochastic Processes

we can show that the infinitesimal moments of the process {Y(t),t € T} are
given by

my () = m(@)d (@) + 50(2)g" (2) (261)
and

vy (y) = v(z)[g'(2))? (2.62)
where z = g~!(y). Moreover, the state space of the process is the interval
lg(a), g(b)] (respectively, [g(b), g(a)]) if g is strictly increasing (resp., decreas-
ing).

It can be shown that the function p(z, zg;t,to) satisfies the following par-
tial differential equations:

op 0 1 92
. _ =7 . = 2.63
%+ Lt ypl - Loty =0 (2.69)
and
dp op 1 0%p
. pa— * — 2~64
ET™ + m(mo,to)——axo + QU(iEo,to) 22 0 (2.64)

These equations are called the Kolmogorov equations or the diffusion equa-
tions. The first one is the Kolmogorov forward equation (or Fokker”-Planck®
equation), and the second one is the Kolmogorov backward equation.

Definition 2.4.5. If the function p(z,zo;t,te) depends only on (x, z¢ and)
the difference t — tg, the stochastic process {X(t),t € T} is said to be time-
homogeneous.

Remarks. 1) If the s.p. {X(¢),t € T} is time-homogeneous, then the functions
m(z;t) and v(z;t) do not depend on t.

ii) Note that a time-homogeneous s.p. is not necessarily (wide-sense) station-
ary, because the function f(z;t) may depend on the variable ¢. On the other
hand, if f(x;t) = f(z), then the process is strict-sense stationary, because it
is completely determined by f(r;t) and p(z, ze;t,to).

Definition 2.4.6. A stochastic process {B(t),t > 0} is called a white noise
(process) if its mean is equal to zero and if its autocovariance function is of
the form

Cplty,t2) = q(tl)é(tz - tl) (2.65)
where q(t1) > 0 and §(-) is the Dirac delta function (see p. 63).
7 Adriaan Daniél Fokker, 1887-1972, was born in Indonesia and died in the Nether-
lands. He was a physicist and musician. He proved the equation in question in
1913 in his Ph.D. thesis.

8 Max Karl Ernst Ludwig Planck, 1858-1947, born and died in Germany, was a
renowned physicist famous for the development of quantum theory.
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Remark. Actually, {B(t),t > 0} is not a stochastic process in the proper sense
of the term.

Finally, the following important result can be shown.

Proposition 2.4.3. A Gaussian and stationary process, {X(t),t € T}, is
Markovian if and only if its autocorrelation function is of the form

Rx(s) = g%ebl (2.66)
where a and o are positive constants.

Ezample 2.4.2. The Wiener process {W(t),t > 0} (see Example 2.2.1) is such
that E[W(t) | W(te) = wo] = wg and V[W(t) | W(ty) = wo] = o2(t — to).
It follows that its infinitesimal mean and variance are given by m(w;t) =
0 and v(w;t) = o%. Therefore, the conditional transition density function
plw, wp; t, ty) satisfies the Kolmogorov forward equation

We can check that W(t) | {W(ty) = wp} has a Gaussian distribution with
parameters wo and o?(t — to). That is, the function p(w, wo;t,to) given by
1 (w — wp)?

————————exp<{ —= for t > to
2mo2(t — tg) P { 2 0%(t —to) }

p(w,wost, tg) =

is a solution of the partial differential equation above. Moreover, we have

hmp(w, u)O;t»tO) = (S(’U) - w())
tlto

as required.

2.5 Exercises

Section 2.1

Question no. 1
We define the stochastic process {X(t),¢ > 0} by

Xt)y=eYt fort>0
where Y is a random variable having a uniform distribution on the interval
(0,1). Calculate
(a) the first-order density function of the process {X(¢t),t > 0},
(b) E[X(t)], for t > 0,
(c¢) Cx (t,t+ s), where s,t > 0.
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Question no. 2

Let {X,,n = 1,2,...} be a Bernoulli process. That is, the random vari-
ables X1, X5,... are independent and all have a Bernoulli distribution with
parameter p. Calculate

(a) the particular case p(0,1;n; = 0,n2 = 1) of the second-order probability
mass function of the process,

(b) the correlation coefficient px(n,m) of the process if p = 1/2 and n,m €
{1,2,...}.

Question no. 3
Calculate the first-order density function of the s.p. {X(t),t > 0} defined
by
X(t)=tY +1

where Y is a random variable having a U(0, 1) distribution.

Question no. 4
We define the stochastic process {X(¢),t > 0} by

X(t)z% fort >0

where Y has a uniform distribution on the interval (0,2). Calculate the func-
tion f(z;t), for z > t/2.

Question no. 5

We consider the process {X(t),t > 0} defined by X(t) = (tanY)t, for
t > 0, where Y is a random variable having a uniform distribution on the
interval (—m/2,7/2). Calculate the probability P[3 ¢t € (0,1): X(t) ¢ [0,1]].
In other words, calculate the probability that the process {X(t),t > 0} leaves
the interval [0, 1] between 0 and 1.

Indication. It can be shown that the r.v. W := tanY has the following density
function: )
= f eR
fww) = oy forw
That is, W has a Cauchy® distribution, or a Student'® distribution with one
degree of freedom.

9 Augustin Louis Cauchy, 17891857, was born and died in France. He is considered
the father of mathematical analysis and the inventor of the theory of functions
of a complex variable.

10 Pseudonym of William Sealy Gosset, 1876-1937, who was born and died in En-
gland. He worked as a chemist for the Guinness brewery, in Ireland, where he
invented a statistical test for the control of the quality of beer. This test uses the
distribution that bears his name.
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Question no. 6
Are the increments of the stochastic process {X(t),t > 0} defined in Ex-
ample 2.1.6 independent? stationary? Justify.

Question no. 7

(a) Find the autocorrelation function of the process {X(t),t > 0} defined by
X(@t)=1ifY >tand X(t) =0if Y < ¢, where Y is a random variable having
a U(0, ¢} distribution.

(b) Calculate Rx(t1,t2) in (a) if X(t) = 6(Y — ¢) instead, where d(-) is the
Dirac delta function.

Question no. 8

We consider the process {X(t),t > 0} defined by X(t) = e~ Y?, for t > 0,
where Y is a continuous random variable whose density function is fy(y), for
y=0.

(a) Find f(z;t) in terms of fy (y).
(b) Calculate E[X(t)] and Rx(t1,t2) when Y has an exponential distribution
with parameter 1.

Question no. 9
Let

X(t):/ot [/OSB(T)dT] ds fort>0

where {B(t),t > 0} is the white noise process defined on p. 64. What is the
average power of the stochastic process {X(t),t > 0}?

Section 2.2

Question no. 10
Is the stochastic process { X (t),t > 0} defined in Question no. 1 wide-sense
stationary? Justify.

Question no. 11
Let {X (t),t > 0} be a stochastic process whose autocorrelation and auto-
covariance functions are

Rx(t1,t2) = e lti—tal +1 and Cx(ti1,t2) = e~lti—tal

Is the process wide-sense stationary? Justify.

Question no. 12
Let {X(t),t > 0} be a wide-sense stationary stochastic process, with zero
mean and autocorrelation function given by Rx(s) = e~lsl. We define

Y(t) =tX?(1/t) fort >0

Is the stochastic process {Y (t),t > 0} wide-sense stationary? Justify.
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Question no. 13
We consider a stochastic process {X (¢),¢ > 0} for which

1
and Rx(ty,tp) = ————— +4

Cx(t1,t2) = T Ta—ti+1

[ta —t1] +1
Is the process wide-sense stationary? Justify.

Question no. 14
Let Y be a random variable having a uniform distribution on the interval
(—1,1). We consider the stochastic process {X(t),t > 0} defined by

Xt)=Y3 fort>0

Is the process stationary? J ustify.

Question no. 15
Let Y be a random variable such that ¢y (1) = 2¢y(—1) and ¢y (2) =
4¢y (—2), where ¢y (-) is the characteristic function of Y. We set

X(t)=cos(wt+Y) fort>0

Show that the stochastic process {X(t),t > 0} is wide-sense stationary.
Indication. We have the following trigonometric identity:

1
cos(wty + s) cos(wty + 8) = 3 {cosw(ty — t2) + cos(wty + wip +2s)}

Question no. 16
We set
Y(t)=X(t+1)—-X(t) forteR
where {X(t),t € R} is a wide-sense stationary stochastic process. Find the

spectral density of the process {Y(t),t € R} in terms of Sx(w).

Question no. 17
Consider the wide-sense stationary process {X(t),t € R} whose spectral
density is Sx(w) = 2/(1 + w?). We set
t+1
Y{t) = X(s)ds forteR

t—1

Calculate Sy (w).
Indication. Write Y (t) in the form

Y(t) = /_00 h(t — s)X(s)ds

for an appropriately chosen function h.
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Question no. 18
We consider the random variable Y (t) defined by Eq. (2.19). Calculate the
mean of X (¢)Y(t) if {X(t),t € T} is a white noise process.

Section 2.3

Question no. 19
Are the stochastic processes defined in Questions nos. 11, 12, and 13 mean
ergodic? Justify.

Question no. 20
Is the Bernoulli process defined in Example 2.1.5 mean ergodic? Justify.

Question no. 21
We define X (t) = m+B(t), for t > 0, where m is a constant and {B(t),t >
0} is a white noise process, so that E[B(t)] = 0 and

Cg(t1,t2) = q(t1) 6(t2 —t1)

where §(-) is the Dirac delta function. Show that the process {X(t),t > 0} is
mean ergodic if the function ¢ is bounded.

Question no. 22
Let {X(t),t > 0} be a wide-sense stationary stochastic process, with zero
mean and for which
Rx(s) = e~®ll cos 2nws

where a and w are positive constants. Is this process mean ergodic? Justify.

Question no. 23
The stochastic process {X (t),t > 0} is defined by

X(t) =Y + B(t)

where Y ~ N(0,1) and {B(t),t > 0} is a white noise process whose autocor-
relation function is Rp(s) = c¢d(s), with ¢ > 0. We assume that the random
variable Y and the white noise are independent. Is the process {X (t),t > 0}

(a) wide-sense stationary?
(b) mean ergodic?
Question no. 24
Let {B(t),t > 0} be a white noise process for which the function ¢(t;) is
a constant ¢ > 0. Calculate the variance of the random variable
1 T

IT = ﬁ _TB(t) dt
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Question no. 25

The standard Brownian motion is the particular case of the Wiener process
{W(t),t > 0} (see Example 2.2.1) for which E[W(t)] = 0 and Cw (t1,t2) =
min{tl, tz}.
(a) Calculate V[(W(t))s].

(b) Is the process mean ergodic? Justify.

Section 2.4

Question no. 26

Let (Xi,...,X,) be a random vector having a multinormal distribution
for which m = (0,... ,0) and the covariance matrix K is the identity matrix
of order n (> 4).
(a) Calculate the characteristic function of Y := X7 + Xo.
Reminder. The characteristic function of a random variable X having a Gaus-
sian N(u, 0?) distribution is given by ¢x (w) = exp (juw — Jo%w?).
(b) Does the random vector (Y, Z), where Z := X3 — X4, have a bivariate
normal distribution? If it does, give its five parameters; otherwise, justify.

Question no. 27
Let {X(t),t > 0} be a Gaussian process such that E[X (t)] = ut, fort >0,
where u is a nonzero constant, and

Rx(t,t +s) =2t + p’t(t +s) fors,t>0
We define Y (¢) = X (t) — pt, for t > 0. Is the process {Y (¢),t > 0} stationary?
Justify.

Question no. 28
We consider a Gaussian process {X(t),t > 0} for which E[{X(t)] = 0 and
whose autocovariance function is

Cx(t,t+s)=¢ " fors,t>0
Let Y (t) := X2(t), for t > 0. Is the stochastic process {Y (¢),t > 0} (a) sta-
tionary? (b) mean ergodic? Justify.

Question no. 29

Let {Xn,n =1,2,...} be a discrete-time and discrete-state process such
that
PXpi1=37|Xn=1,Xn1=tn-1,..., X1 =11]

= PXpt1 =7 | Xn =1, Xn_1 = in-1]

for all states 41,... ,%n—1,1,j and for any time instant n. This process is not
Markovian. Transform the state space so that the process thus obtained is
Markovian.
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Question no. 30
Suppose that {X(t),t > 0} is a Gaussian process such that

E[X(t) | X(to) =z0] =20 and VIX(£) | X{to) =z0] =¢ ¥t >0
Let
Y(t):=eX® fort>0

(a) Calculate the infinitesimal parameters of the process {Y(t),t > 0} by
using the formulas (2.56) and (2.57).

(b) Check your results with the help of the formulas (2.58) and (2.59).

Question no. 31
Find a solution of the Fokker—Planck equation

op 8 1 92
% o) " 3=

where p € R and ¢ > 0 are constants, for which

(6%p) =0 (for z € R and t >ty > 0)

lim p(z, zo;t, t0) = 8(x — To)
tito

Indications. i) Try the density function of a Gaussian distribution as a solution.

ii) We can take the Fourier transform (with respect to z) of the equation and
then invert the solution of the ordinary differential equation obtained. We
have

lim p(x,z0;t,t0) =0

x—+00
which implies that

. 0
z-l—I»I:Eoo . (z,x0;t,t0) =0

as well.
Question no. 32
Let {X(¢),t € R} be a wide-sense stationary Gaussian process, with zero

mean and Ry (s) = 2¢~45l. We define Y = X (¢t +s) and Z = X(t —s), where
s> 0.

(a) What is the distribution of the random variable X (¢)7?
(b) Calculate the mean of Y Z.
(c) Calculate the variance of Y + Z.

Question no. 33
The Gaussian process {X(¢),¢ > 0} is such that E[X(t)] =0V t and

Rx(t1,ts) = cle—Czlh—tzl

where ¢1,c¢y > 0.
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(a) Show that the stochastic process {X(¢),t > 0} is stationary and mean
ergodic.

(b) We define the process {Y (¢),t > 0} by

1if X(¢) <
Y = {0 if X(£) > .

We then have E[Y ()] = F(z;t). If the process {X(t),t > 0} is stationary,
we may write that F(z;t) = F(x). We say that the s.p. {X(t),t > 0} is
distribution ergodic if {Y'(t),t > 0} is mean ergodic. Is the stochastic process
{X(t),t > 0} distribution ergodic?

(c) When the process {X(t),t > 0} is stationary, we also define the process
{Zs(t),t > 0} by Z,(t) = X (t) X (t+s), where s > 0. It follows that E[Z,(t)] =
Rx(s). We say that the s.p. {X(t),t > 0} is correlation ergodic if { Z,(t),t > 0}
is mean ergodic. Can we assert that {X(¢),¢ > 0} is correlation ergodic?

Question no. 34
Suppose that {X(t),t € R} is a stationary Gaussian process such that

Cx(s)=Rx(s) =e 2 forseR

(a) What is the distribution of X (£)? Justify.
(b) We define the random variable

Y(#)=9X(@)]+1
where &(-) is the distribution function of the N(0,1) distribution. That is,

&(z) := P[N(0,1) < z]. What is the distribution of Y (¢)? Justify.
Indication. The inverse function ! exists.

Question no. 35
Let {X(t),t € R} be a stationary Gaussian process whose autocovariance

function is 1 (Jsl/2)] if 8] < 2
41— (Js|/2)] if Js| <
CX(S)z{ 0 if]s|>2
Is the stochastic process {X (t),t € R}
(a) mean ergodic?
(b) distribution ergodic (see Question no. 33)? Justify.
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Markov Chains

3.1 Introduction

The notion of a Markovian process was seen in Section 2.4. In the general
case, the stochastic process {X(t),t € T'} is said to be Markovian if

PlX(tnt1) € Al X(t) = 4, t <tp) = P[X(tng1) € A| X(tn) = 71,]  (3.1)

for all events A and for all time instants ¢, < t,41.

Equation (3.1) means that the probability that the process moves from
state x;,, where it is at time ¢,, to a state included in A at time t,11 does not
depend on the way the process reached x;, from x;,, where ty is the initial
time (that is, does not depend on the path followed by the process from zy,
to z¢, ).

In this chapter, we will consider the cases where {X (t),t € T’} is a discrete-
time process and where it is a continuous-time and discrete-state process.
Actually, we will only mention briefly, within the framework of an example,
the case of discrete-time and continuous-state processes.

When {X,,n=0,1,...} is a discrete-time and discrete-state process, the
Markov property implies that

P[Xn-f-l :j!Xn:ivXn—l =lp_1,... 7XO:i0]:P[Xn+1 :]]Xn:l]

(3.2)
for all states ig,... ,%,-1,4, 7, and for any time n. We also have
P[Xn-H =j l Xn—1 =in-1,Xpn-2 =1ln-2,... , X0 = iO]
= P[Xn+1 =7 [ KXn-1= Z‘n—l] (33)

etc., which means that the transition probabilities depend only on the most
recent information about the process that is available.
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Remark. We call a Markov chain a discrete-time process that possesses
the Markov property. Originally, this expression denoted discrete-time and
discrete-state Markovian processes. However, we can accept the fact that
the state space of the process may be continuous. By extension, we will call
a continuous-time Markov chain a discrete-state (and continuous-time)
Markovian stochastic process. Discrete-time and continuous-time Markov
chains will be studied in Sections 3.2 and 3.3, respectively.

We can generalize Eq. (3.2) as follows.

Proposition 3.1.1. If the discrete-time and discrete-state stochastic process
{Xn,n=0,1,...} possesses the Markov property, then

P[(Xn+1,Xn+2,...) €B | X =ip, Xpo1 =tpn—1,--. ,Xo= io]
= P[(Xn+1,Xn+2, .. ) €B | X, = ’Ln] (34)

where B is an infinite-dimensional event.

Remark. For example, by using the fact that
P[AnNBNnC] P[AnBNC]PBNC|
P[C] ~ P[BNC(] P[C]
— P[A| BN C|P|B| C] (3.5)

Pl[ANB|C] =

we can easily show that

P[(Xn+laXn+2) = (in+17in+2) l Xn - ian—l = 'i'n—l’ R ’XO = iO]
- P[(Xn+1’Xn+2) = (in+1ain+2) | Xn = Zn] (36)

We now give several examples of discrete-time and continuous-time Markov
chains.

Ezample 3.1.1. One of the simplest, but not trivial, examples of a Markovian
process is that of the random walk (see p. 48). We can generalize the random
walk as follows: if the particle is in state ¢ at time n, then it will be in state
J at time n 4- 1 with probability

pifj=i+1
. . ifj=i-1
PlFurs =31 %o =i = | 157

0 otherwise

where p, ¢, and r are nonnegative constants such that p + ¢ + r = 1. That
is, we add the possibility that the particle does not move from the position it
occupies at time n.

Another way of generalizing the random walk is to assume that the prob-
abilities p and ¢ (and r in the case above) may depend on the state i where
the particle is. Thus, we have
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pifj=i4+1
PXpi=jlXp=dl=d qifj=i-1 (3.7)
0 otherwise

and p; +¢; = 1, for any ¢ € {0, £1,42,... }.

Finally, we can generalize the random walk to the d-dimensional case,
where d € N. For example, a two-dimensional (d = 2) random walk is a
stochastic process {(Xy,Ys),n = 0,1,...} for which the state space is the set

Sixu vy = {(0,4): 4,5 € {0,£1,£2,...}}

and such that
P[(Xn-{-layn-i—l) = (in+17jn+1) I (Xnyyn) - (Zn»]nﬂ

Y41 if in—}-l =iy + 1»jn+1 = ]n
D2 if Ingl = invjn-f—l =Jn+1
=¢ qif in+1 =1y — Ljnt1 = Jn

g2 ifiny1 = tn,fn1 =Jn—1

0 otherwise
where p1 +p2 + @1 + ¢ =1 (and p; > 0 and ¢; > 0, for i = 1,2). Thus, the
particle can only move to one of its four nearest neighbors. In three dimensions,
the particle can move from a given state to one of its six nearest neighbors [the
neighbors of the origin being the triplets (£1,0,0), (0,£1,0) and (0,0, £1)],
etc.

Ezample 3.1.2. An important particular case of the random walk having the
transition probabilities given in Eq. (3.7) is the one where
N —4 i

D; = N and q@'zﬁ

If we suppose that the state space is the finite set {0,1,..., N}, then we can
give the following interpretation to this random walk: we consider two urns
that contain N balls in all. At each time unit, a ball is taken at random from
all the balls and is placed in the other urn. Let X, be the number of balls in
urn I after n shifts. This model was used by Paul and Tatiana Ehrenfest! to
study the transfer of heat between the molecules in a gas.

Ezample 3.1.3. Suppose that we observe the number of customers that are
standing in line in front of an automated teller machine. Let X, be the number
of customers in the queue at time n € {0,1,...}. That is, we observe the
system at deterministic time instants separated by one time unit, for example,

! Paul Ehrenfest, 1880-1933, born in Austria and died in the Netherlands, was
a physicist who studied statistical mechanics and quantum theory. His wife, of
Russian origin, was Tatiana Ehrenfest-Afanaseva, 1876-1964. She was interested
in the same subjects.
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every hour, or every 10 minutes (a time unit may be an arbitrary number of
minutes), etc. Suppose next that if a customer is using the teller machine at
time n, then the probability that he is finished before time n+1 is ¢ € (0,1).
Finally, suppose that the probability that k customers arrive during a time
unit is given by

for k=0,1,... and for any n € {0,1,...}. That is, the number Y, of arrivals
in the system in the interval [n, n+1) has a Poisson distribution with parame-
ter A Vn. Thus, we may write that X, = X, + Y, with probability p=1—¢
and Xp41 = (X, — 1) +Y, with probability q. We find that {X,,n =0,1,...}
is a (discrete-time and discrete-state) Markov chain for which the transition
probabilities are

k )\k+1

A
Y .Y o )
pe E!-+qe mﬂj—z—i—kandzéN
% . s s .
PXpy1=7|Xn=1i]= qe/\k ifj=i—landieN
e_}‘ﬁ fj=kandi=0
0 otherwise

(3.8)
This is an example of a queueing model in discrete-time.

Ezample 3.1.4. An example of a discrete-time, but continuous-state, Markov
chain is obtained from a problem in optimal control: suppose that an object
moves on the real line. Let X, be its position at time n € {0,1,...}. We
suppose that

Xnt1 = anXn +bpun +€n

where a,, and b, are nonzero constants, u, is the control (or command) vari-
able, and ¢, is the term that corresponds to the noise in the system. We
assume that e, ~ N(0,0?), for all n and that the random variables X,, and
€n are independent. The objective is to bring the object close to the origin.
To do so, we choose

Up = ——a—an Vn (3.9)
bn

Remark. In stochastic optimal control, the variable u,, must be chosen so as
to minimize the mathematical expectation of a certain cost function J. If the
function in question is of the form

o0

1
J(Xn,un) =Y (kX,% +5¢ u?,)

n=0

where ¢ > 0 and k are constants, then the optimal solution is indeed obtained
by using the formula (3.9) above.
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The s.p. {X,,,n=0,1,...} is a Markov chain. If fx_,.|x,(y | ) denotes
the conditional density function of the random variable X,.1, given that
X, =z, we may write that

1 y?
= — - foryeR
fromla) = ——ew{-25} tory
That is, X,+1 | X, ~ N(0,5?).
We can also suppose that the noise €, has a variance depending on X,,. For
instance, V[e,] = 02X?2. In this case, we have that X,+1 | Xn ~ N(0,0%X2).

Ezample 3.1.5. Suppose that X (t) denotes the number of customers who ar-
rived in the interval [0, ] in the example of a queueing system in discrete-time
(see Example 3.1.3). If we assume that the time 7, elapsed until the arrival
of a new customer into the system, when there have been n arrivals since
the initial time, has an exponential distribution with parameter A, for all n,
and that the random variables 79, 71,... are independent, then we find that
{X(¢),t > 0} is a continuous-time and discrete-state Markovian process called
a Poisson process. In this case, the number of arrivals in the system in the
interval [0, t] has a Poisson distribution with parameter At. Therefore, during
one time unit, the number of arrivals indeed has a Poi(\) distribution.

In general, if the random variable 7, has an exponential distribution with
parameter A, then {X(¢),t > 0} is a continuous-time Markov chain.

Ezample 3.1.6. In the preceding example, we considered only the arrivals in
the system. Suppose that the time an arbitrary customer spends using the
automated teller machine is an exponential random variable with parameter
u. Now, let X(t) be the number of customers in the system at time ¢ > 0.
If the customers arrive one at a time, then the process {X(t),t > 0} is an
example of a continuous-time Markov chain called a birth and death process. It
is also the basic model in the theory of queues, as will be seen in Chapter 6. It
is denoted by the symbol M/M/1. When there are two servers (for example,
two automated teller machines) rather than a single one, we write M/M/2,
etc.

Remark. Actually, the Poisson process is a particular case of the so-called pure
birth {or growth) processes.

3.2 Discrete-time Markov chains

3.2.1 Definitions and notations

Definition 3.2.1. A stochastic process {X,,n = 0,1,...} whose state space
Sx,, 1s finite or countably infinite is a stationary (or time-homogeneous)
Markov chain if
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P[Xn+1 =J | Xn = 7:7Xn—1 - in——l"- . 7X0 = ZO]
= P[Xn+1 :j I Xn = Z] = Di,j (310)

for all states ig, ... ,in—1,%,j and for any n > 0.

Remarks. i) In the general case, we can denote the conditional probability
P[Xny1 =j | Xn =1] by p; j(n). Moreover, when there is no risk of confusion,
we may also write p; ; simply as p;;.

ii) When the states of the Markov chain are identified by a coding system, we
will use, by convention, the set NC := {0,1,...} as the set space. For example,
suppose that we wish to model the flow of a river as a Markov chain and that
we use three adjectives to describe the flow X,, during the nth day of the year:
low, average, or high, rather than considering the exact flow. In this case, we
would denote the state low flow by state 0, the state average flow by 1, and
the state high flow by 2.

ili) Note that, in the example given above, the conditional probabilities
P[Xp+1 = j | Xn = 1] actually depend on n, since the probability of moving
from a low flow to an average flow, in particular, is not the same during the
whole year. Indeed, this probability is assuredly smaller during the winter and
higher in the spring. Therefore, we should, theoretically, use a nonstationary
Markov chain. In practice, we can use a stationary Markov chain, but for a
shorter time period, such as the one covering only the thawing period in the
spring.

In this book, we will consider only stationary Markov chains. Anyhow,
the general case is not used much in practice. Moreover, in the absence of an
indication to the contrary, we take for granted in the formulas and definitions
that follow that the state space of the chain is the set {0,1,...}.

Definition 3.2.2. The one-step transition probability matrix P of a
Markov chain is given by

0 1 2
0| po,o Po,1 Doz ---
1| pLopr1pi2---

T 2| P20 P21 P22 (3.11)

Remarks. 1) We have indicated the possible states of the Markov chain to the
left of and above the matrix, in order to facilitate the comprehension of this
transition matriz. The state to the left is the one in which the process is at
time n, and the state above that in which the process will be at time n + 1.

ii) Since the p; ;’s are (conditional) probabilities, we have

pi; >0 Vi,j (3.12)
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Moreover, because the process must be in one and only one state at time n+1,
we may write that

o0
> opig=1 Vi (3.13)
j=0

A matrix that possesses these two properties is said to be stochastic. The sum
Yio0 Pi,j, for its part, may take any nonnegative value. If we also have

oC
Spig=1 Y (3.14)
=0

the matrix P is called doubly stochastic. We will see, in Subsection 3.2.3, that
for such a matrix the limiting probabilities, in the case when the state space
is finite, are obtained without our having to do any calculations.

We now wish to generalize the transition matrix P by considering the case
when the process moves from state i to state j in n steps. We then introduce
the following notation.

Notation. The probability of moving from state i to state j in n steps (or
transitions) is denoted by

P = P Xy =j | Xm=1], form,n,i,j>0 (3.15)

From the pgj}) ’s we can construct the matrix P(™ of the transition prob-
abilities in n steps. This matrix and P have the same dimensions. Moreover,
we find that we can obtain P(™ by raising the transition matrix P to the

power n.

Proposition 3.2.1 (Chapman—Kolmogorov equations). We have
o 0]
PE? ™ = Zpgfﬁ)pff} form,n,i,j 20 (3.16)
k=0

Proof. Since we consider only stationary Markov chains, we can write, using
the total probability rule, that

P = PXnym = 5| Xo = i] (3.17)
X

= PlXpmin =5 Xm =k | Xo =] (3.18)
k=0

We then deduce from the formula (see p. 74)

P[ANB|C]=P[A| BnC|P[B|C) (3.19)
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that

pE’r;H-n) ZP m+n_J|Xm__k-X0_'L]P[X —k{Xo:l]
k=0
)

- Z e pl ™ = Z py;;)pi"} (3.20)

k=0

In matricial form, the various equations (3.16) are written as follows:

pim+n) _ pm)p(n) (3.21)
which implies that
PR = pLpd .. . pl (3.22)
N——— ————
nX

Since P(V) = P, we indeed have

P — p» (3.23)

Ezample 3.2.1. Suppose that the Markov chain {X,,n = 0,1,...}, whose
state space is the set {0, 1,2}, has the (one-step) transition matrix

0 1 2
0[1/31/31/3
P=1| 0 1/21/2

211 0 0

We have
4/95/18 5/18
P?®=P2=1{1/2 1/4 1/4
1/3 1/3 1/3

Thus, pgf(), = 4/9. Note that to obtain this result, it is sufficient to know the
first row and the first column of the matrix P. Similarly, if we are looking for

pg ), we can use the matrix P® to calculate the first row of P(4). We obtain

139/324 185/648 185/648
PW =pt= _ _ _

Next, we have

¢ 139 1 185 185 833
_ 139 1, 18 185 ~ 0.4285
Poo =351 "3 68 * 528 X'~ Toma
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(n)

So, in general, to obtain only the element p; /' of the matrix P it suffices

to calculate the ith row of the matrix P~ ) and to multiply it by the jth
column of P,

In Subsection 3.2.3, we will be interested in finding (if it exists) the limit
of the matrix P when n tends to infinity. To do so, we will give a theorem
that enables us to calculate the lmiting probabilities of the Markov chain.
By making use of a mathematical software package, we can also multiply
the matrix P by itself a sufficient number of times to see to what matrix it
converges. Here, we find that if n is sufficiently large, then

0.4286 0.2857 0.2857
P — P ~ | 0.4286 0.2857 0.2857
0.4286 0.2857 0.2857

Observe that the three rows of the matrix above are identical, from which
we deduce that whatever the state in which the process is at the initial time,
there is a probability of approximately 0.4286 that it will be in state 0 after a
very large number of transitions (this probability was equal to ~ 0.4285 after
only five transitions, from state 0). By using the theorem of Subsection 3.2.3,
we can show that the ezact probability that the process is in state 0 when it
is in equilibrium is equal to 3/7.

Sometimes, rather than being interested in the transition probabilities in
n steps of the Markov chain {X,,n = 0,1,...}, we want to calculate the
probability that the chain will move to state 7, from Xg = 1, for the first time
at time n.

Notation. The probability of moving to state j, from the initial state i, for
the first time at the nth transition is denoted by

sz =PX,=4Xp-1#J,...,.X1#j| Xo=14 forn>1landi,j>0
(3.24)

Remarks. i) When ¢ = j, pg;-) is the probability of first return to the initial

state i after exactly n transitions.

ii) We have the following relation between p ) and p,
k) (n—k)
pw ZPEJ pJT; (3.25)

When the p(n)’s are known, we can use the preceding formula recursively to
obtain the p( )’s, for k=1,2,.

Ezample 3.2.2. In some cases, it is easy to calculate directly the probabilities
of first return in n transitions. For example, let
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0 1

P (1)[1{3 2(/)3]

be the matrix of transition probabilities in one step of a Markov chain whose
possible values are 0 and 1. We find that

P = P{Xp =1,Xn-1=0,...,X; = 0] Xo = 0] = (1/3)""1(2/3) = =

forn =1,2,.... Similarly,
p(ll()) =1 and p({‘g =0 forn=2,3,...
Next, we have

Poa=1/3, py=1(2/3)x1=2/3, and pJJ=0 forn=34,...

Finally, we calculate p(lli =0, p(123 =2/3, and

n 2
A =1x(1/3)"2(2/3) = gy forn= 3,4...

Note that, in this example, we have ) >, p(lno) =1, .p 8"3 =1,

DI Z:T:g =1

1
n=1 3

and
1

1-—

I
—

C»JINJ
lOil\D

o
S =042 +Z3n
=

These results hold true because, here, whatever the initial state, the process
is certain to eventually visit the other state.

-

Ezample 3.2.3. In Example 3.2.1, we calculated P(®. We also find that the
matrix P®) is given by

0 1 2

0[23/54 31/108 31/108
P® = 1| 5/12 7/24 7/24
2| 4/9 5/18 5/18

From this, we deduce from Eq. (3.25) that, for instance,

1 (1-1 1 yp 1
3=Po1 =poapin D =phaxl = pol=3
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and
5 ) 2-1) 2) (2-2
E=P§)1=Polp§1 +P<()%p(11 )
1 1 2 (2)
=3% '2‘+P(()i><1 = Po1—9
and
31 1) (31 2) (3-2 3) (3-3
Tbg=pf),3=p”‘ )"'Pf);p(n )+P(()1p(11)
1111 @ 4
=3x3tgrgtmixl = su=g
and so on.

As in the preceding example, we can, at least for relatively small values of
n, try to calculate directly p(") Indeed, we have

(1) (1)

1 2
» (% P((),:{ OXP01—‘9

Po,1 = Pp 3»
and L 4
3 1 1 1 1 1
P61 = Bl X P X P + Py X Pt X iy = 7+§ =57
However, in general, the technique that consists in summing up the proba-
bilities of all the paths leading from 7 to j in exactly n transitions rapidly
becomes of little use.

Until now, we have considered only conditional probabilities that the pro-
cess {Xn,n =0,1,...} finds itself in a state j at a time instant n, given that
Xo = i. To be able to calculate the marginal probability P[X,, = j], we need
to know the probability that Xg = 4, for every possible state q.

Definition 3.2.3. The initial distribution of a« Markov chain is the set
{a;,i=0,1,...}, where a; is defined by

Remarks. 1) In many applications, the initial position is deterministic. For
example, we often suppose that Xy = 0. In this case, the initial distribution

of the Markov chain becomes ag = 1 and a; = 0, for : = 1,2,... . In general,
we have > .oqa; = 1.

ii) The marginal probability ag-") = P[X, = j], for n = 1,2,..., is obtained
by conditioning on the initial state:

a;‘n) = P ZP n=1J ! Xo = Z Zp(n)az (3’27)

When a; = 1 for some k, we simply have a(") = p,inj)



84 3 Markov Chains

Ezample 3.2.4. Suppose that a; = 1/3, for i = 0,1, and 2, in Example 3.2.1.
Then, we may write that
9 2 3/ 54

and

It follows that

23 31 31 31
ElXo] =0 x =2 31 31 _ 3
(Kol =0x o3 +1x 7o+ 2% 12 =35
and 31 31 155
EX2 =041 x o 492 x o= = 22
X2 =0+ 15 x 10+ 27X 702 = 15
so that 9
155 /31 899
Vi, = 99 _ (31)\" 89
Xe) = 758 (36) 1296

Particular cases

1) A (classic) random walk is a Markov chain whose state space is the set
{-+.,—2,-1,0,1,2,...} of all integers, and for which

Pijr1t =p=1—-p;;—1 fori=0,£1,42,... (3.28)
for some p € (0,1). Its one-step transition matrix is therefore (with ¢ := 1—-p):

i—1 i i+1i42

p- q 2 P (3.20)

Thus, in the case of a classic random walk, the process can make a tran-
sition from a given state ¢ only to one or the other of its two immediate
neighbors: ¢ — 1 or ¢ + 1. Moreover, the length of the displacement is always
the same, i.e., one unit. If the state space is finite, say the set {0,1,... ,N},
then these properties can be checked for each interior state: 1,2,... ,N — 1.
When the process reaches state 0 or state N, there are many possibilities. For
example, if

Poo = PN,N = 1 (3.30)
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we say that the states 0 and N are absorbing. If pg1 = 1, the state 0 is said
to be reflecting.

Remarks. i) If p1 2 = p, p11 = ¢q, and p1g = (1 — ¢)g, where 0 < ¢ < 1, the
boundary at 0, when pg o = 1, is said to be elastic.

ii) We can also say that the process has a reflecting boundary at the point
1/2 if the state space is {1,2,...}, p1.1 = ¢, and py 2 = p.

2) We can easily construct a Markov chain from a set Yp,Y:,... of iid.
random variables, whose possible values are integers, by proceeding as follows:
let

Xn ::ZY;“ forn=0,1,... (3.31)

Then, {X,,,n=0,1,...} is a Markov chain and, if
o :=P[Y, =k] Yk (3.32)

we have

n+1

> V=3
k=0

n

ZYk:i

k=0

Ppij=PXnt1=j| Xn=i]=P (3.33)

=P N Py =J— 4] = oy

Yn+1:j_i

iyk =1
k=0

We say that the chain, in addition to being time-homogeneous, is also homo-
geneous with respect to the state variable, because the probability p;; does
not depend explicitly on ¢ and j, but only on the difference 7 — 1.

3.2.2 Properties

Generally, our first task in the study of a particular Markov chain is to de-
termine whether, from an arbitrary state 4, it is possible that the process
eventually reaches any state j or, rather, some states are inaccessible from
state .

Definition 3.2.4. We say that the state j is accessible from i if there exists
ann > 0 such that pgg-) > 0. We write i — j.

© -1 0, any

Remark. Since we include n = 0 in the definition and since p; ; =

state is accessible from itself.

Definition 3.2.5. If i is accessible from j, and j is accessible from i, we say
that the states i and j communicate, or that they are communicating. We
write § < j.
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Remark. Any state communicates with itself. Moreover, the notion of com-
munication is commutative: i < j = j « i. Finally, since (by the Chapman-
Kolmogorov equations)

pg,';wn) > pi?)pxc) for all m and n > 0 (3.34)

we can assert that this notion is also fransitive: if ¢ «— j and j < k, then
i — k. Actually, it is sufficient to notice that if it is possible to move from
state ¢ to state j in m steps, and from 7 to k in n steps, then it is possible
(by the Markov property) to go from 7 to k in m + n steps.

Definition 3.2.6. If i «+» j, we say that the states i and j are in the same
class.

Remark. The transitivity property (see above) implies that two arbitrary
classes are either identical or disjoint. Indeed, suppose that the state space is
the set {0,1,2} and that the chain has two classes: {0,1} and {1,2}. Since
0 & 1and 1 « 2, we have that 0 — 2, which contradicts the fact that the
states 0 and 2 are not in the same class. Consequently, we can decompose the
state space into disjoint classes.

Definition 3.2.7. Let C be a subset of the state space of a Markov chain. We

say that C is a closed set if, from any i € C, the process always remains in
C:

PXp1€C|Xp=i€Cl=1 forallicC (3.35)

Definition 3.2.8. A Markov chain is said to be irreducible if all the states
communicate, that is, if the state space contains no closed set apart from the
set of all states.

The following result is easy to show.

Proposition 3.2.2. If i — j or j — i for all pairs of states i and j of the
Markov chain {X,,n =10,1,...}, then the chain is irreducible.

Remark. We can also give the following irreducibility criterion: if there exists
a path, whose probability is strictly positive, which starts from any state ¢
and returns to ¢ after having visited at least once all other states of the chain,
then the chain is irreducible. We can say that there exists a cycle with strictly
positive probability.

Ezample 3.2.5. The Markov chain whose one-step transition matrix P is given
in Example 3.2.1 is irreducible, because we may write that
1

X X —1x1x1~—>0
Do,1 X P1,2 p2,0—3 5 =5
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Note that here the cycle 0 — 1 — 2 — 0 is the shortest possible. However, we
also have, for example,

Do,2 X P2,0 X Po,1 X Pr,2 X P20 >0
Remark. If a Markov chain (with at least two states) has an absorbing state,

then it cannot be irreducible, since any absorbing state constitutes a closed
set by itself.

Definition 3.2.9. The state i is said to be recurrent if

fig=P U{Xn =i}

n=1

X = 7} =1 (3.36)

If fiis <1, we say that i is a transient state.

Remarks. i) The quantity f;; is the probability of an eventual return of the
process to the initial state i. It is a particular case of

fij :=P[U{Xn:j}

n=1

Xo = z} (3.37)

which denotes the probability that, starting from state ¢, the process will
eventually visit state j. We may write that

o0
fg =Y p" (3.38)
n=1

i1) It can be shown that the state space Sx,, of a Markov chain can be decom-
posed in a unique way as follows:

Sx, =DUCLUCUCs... (3.39)

where D is the set of transient states of the chain and the Ci.’s, k = 1,2,...,
are closed and irreducible sets (that is, the states of each of these sets com-
municate) of recurrent states.

Proposition 3.2.3. Let N; be the number of times that state ¢ will be visited,
gwen that Xo = i. The state i is recurrent if and only if E[N;] = oco.

Proof. We have
P[N;=n]=f" 1~ f;;) forn=1,2,... (3.40)

That is, N; ~ Geom(p :=1 — f; ;). Since E[N;] = 1/p, we indeed have
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1

BN = 1— fis

=00 <<= fii=1 0 (3.41)

Remark. Since the set T = {0,1,...} is countably infinite, that is, time con-
tinues forever, if the probability of revisiting the initial state is equal to 1,
then this state will be visited an infinite number of times (because the process
starts anew every time the initial state is visited), so that P[N; = oo] = 1,
which directly implies that E[N;] = oo. Conversely, if £ is transient, then we
have :

P|N; = ] = lim P[N; > n]= lim

N~-r00 n—00

-1

i =0 (3.42)
That is, a transient state will be visited only a finite number of times. Conse-
quently, if the state space of a Markov chain is finite, then at least one state
must be recurrent (otherwise no states would be visited after a finite time).

Proposition 3.2.4. The state i is recurrent if and only if 3,0 g pg;) = 00.

Proof. Let Iyx,=i} be the indicator variable of the event {X, =i}. That is,

1 X, =i
Ix,=iy = {0 if X, £ (3.43)
We only have to use the preceding proposition and notice that, given that
X¢ = i, the random variable Iix,—i} has a Bernoulli distribution with pa-
rameter p := P[X, =i | Xg = ], so that

EN,]=FE [Z Iix, =i}

n=>0

Xo = {I = Z E[I{Xn=i} | Xo = 1]

n=0

o0 o0
=Y PlX,=i|Xo=d=) p7 O (3.44)
n=0

n=0

Remark. It can also be shown that if 7 is transient, then

oo
Z Pg’) < oo for all states k
n=1

The next result is actually a corollary of the preceding proposition.

Proposition 3.2.5. Recurrence is a class property: if states i and j commu-
nicate, then they are either both recurrent or both transient.
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Proof. It is sufficient to show that if ¢ is recurrent, then j too is recurrent
(the other result being simply the contrapositive of this assertion).

By definition of communicating states, there exist integers k and [ such
that p(k) > 0 and p(l) > 0. Now, we have

(l k l k
pEmHR) > plpn) p®) (3.45)
Then
l k (1
zp( +n+ ) > p] 2[)5]; Zp(n) (3.46)
> 0
=00

Thus, j is recurrent. O

Corollary 3.2.1. All states of a finite and irreducible Markov chain are re-
current.

Proof. This follows indeed from the preceding proposition and from the fact
that a finite Markov chain must have at least one recurrent state (see p. 88).
n

Notation. Let ¢ be a recurrent state. We denote by p; the average number
of transitions needed by the process, starting from state ¢, to return to 4 for
the first time. That is,

pi = Z npl") (3.47)

Definition 3.2.10. Let i be a recurrent state. We say that i is

positive recurrent if u; <
null recurrent if y; = 0o

Remarks. i) It can be shown (see Prop. 3.2.4) that ¢ is a null recurrent state
if and only if 0 pgz) = o0, but lim, e p( ") — 0. We then also have
lim, o0 p( o 0, for all states k.

i) It can be shown as well that two recurrent states that are in the same
class are both of the same type: either both positive recurrent or both null
recurrent. Thus, the type of recurrence is also a class property.

iii) Finally, it is easy to accept the fact that any recurrent state of a finite
Markov chain is positive recurrent.
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Ezample 3.2.6. Because the Markov chain considered in Example 3.2.1 is finite
and irreducible, we can at once assert that the three states—0, 1, and 2—are
positive recurrent. However, the chain whose one-step transition matrix is
given by
0 1 2
0[1/31/31/3
P,=1]| 0 1/21/2
210 1 O

is not irreducible, because state 0 is not accessible from either 1 or 2. Since
there is a probability of 2/3 that the process will leave state 0 on its very first
transition and will never return to that state, we have

foo<1-2/3=1/3<1 (actually, foo =1/3)

which implies that state 0 is transient. Next,

1
Pr2Xpai=3> 0
so that states 1 and 2 are in the same class. Because the chain must have at
least one recurrent state, we conclude that 1 and 2 are recurrent states. We
may write that Sx, = DU C}, where D = {0} and C; = {1,2}.
When
0 1 2
0[1/31/31/3
Py=1] 0 1/21/2
21 0 0 1

we find that each state constitutes a class. The classes {0} and {1} are tran-
sient, whereas {2} is recurrent. These results are easy to check by using Propo-
sition 3.2.4. We have

1
n=0 n=0 3
%) 00
1 1
Yo=Y gr=or=2<%®
n=0 n=0 2
and

o0 oo

S-S 1-c

n=0 n=0

As we already mentioned, any absorbing state (like state 2 here) trivially
constitutes a recurrent class. Moreover, the state space being finite, state 2
is positive recurrent. Finally, we have that Sx, = D U C;, where D = {0,1}
and C; = {2}.
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Definition 3.2.11. 4 state ¢ is said to be periodic with period d if pgz) =0
for any n that is not divisible by d, where d is the largest integer with this
property. If d = 1, the state is called aperiodic.

Remarks. 1) If pgz) =0 for all n > 0, we consider 7 as an aperiodic state. That
is, the chain may start from state ¢, but it leaves ¢ on its first transition and

never returns to i. For example, state 0 in the transition matrix

01 2
of01/21/2
P=1[01/21/2
210 0 1

is such that p((fg) =0 for all n > 0.

ii) As in the case of the other characteristics of the states of a Markov chain,
it can be shown that periodicity is a class property: if ¢ and j communicate
and if ¢ is periodic with period d, then j too is periodic with period d.

ifi) If p;li) > 0, then 7 is evidently aperiodic. Consequently, for an irreducible
Markov chain, if there is at least one positive element on the diagonal (from
Po,0) of the transition matrix P, then the chain is aperiodic, by the preceding
remark.

iv) If pg) > 0 and pgi-) > 0, then 7 is aperiodic, because for any n € {2,3,...}
there exist integers k1 and ko € {0,1,...} such that n = 2k + 3ks.

v) If d = 4 for an arbitrary state i, then d = 2 too satisfies the definition of
periodicity. Indeed, we then have

p§§n+1) =0 forn=0,1,...
so that we can assert that pgz) = 0 for any n that is not divisible by 2. Thus,
we must really take the largest integer with the property in question.

Ezample 8.2.7. If
01

0,01
P=, { 1 0}
then the Markov chain is periodic with period d = 2, because it is irreducible
and

(2n)

pggﬂ)zo and pyg =1 forn=0,1,...

Note that d is not equal to 4, in particular because 2 is not divisible by 4 and
(2)
p0,0 = 1 > 0.
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Example 3.2.8. Let
0 1 2
o[ 0 1/21/2
P=1|1/2 0 1/2
2(1/21/2 0
The Markov chain is aperiodic. Indeed, it is irreducible (since pg,1 Xp1,2Xp2,0 =
1/8 > 0) and
P53 (=1/2) >0 and piy (=1/4) >0

Example 3.2.9. Let

01 2 3 4
ofo1/21/2 0 0
110 0 0 1/32/3

P=2/00 0 2/31/3
310 0 0 0
410 0 0 0

be the one-step transition matrix of a Markov chain whose state space is the
set {0,1,2,3,4}. We have

Po,1 X P1,3 X P3,0 X Po,2 X P2,4 X pao >0
Therefore, the chain is irreducible. Moreover, we find that

w _ [1ifn=0,3,6,9,...
P00 = ) 0 otherwise

Thus, we may conclude that the chain is periodic with period d = 3.

Ezample 3.2.10. In the case of a classic random walk, defined on all the inte-
gers, all the states communicate, which follows directly from the fact that the
process cannot jump over a neighboring state and that it is unconstrained,
that is, there are no boundaries (absorbing or else). The chain being irre-
ducible, the states are either all recurrent or all transient. We consider state
0. Since the process moves exactly one unit to the right or to the left at each
transition, it is clear that if it starts from 0, then it cannot be at 0 after an
uneven number of transitions. That is,
pg{f“) =0 forn=0,1,...

Next, for the process to be back to the initial state 0 after 2n transitions, there
must have been exactly n transitions to the right (and thus n to the left). Since
the transitions are independent and the probability that the process moves to
the right is always equal to p, we may write that, forn =1,2,...,

(2n)!

(271): — — 2n ni1 — n\? — (1 — p)*
5 = PBenD) = ol = ()0 -0 = S -p)
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To determine whether state 0 (and therefore the chain) is recurrent, we

consider the sum -
2
> wlo = Z Poo
n=1

However, we do not need to know the exact value of this sum, but rather
we need only know whether it converges or not. Consequently, we can use
Stirling’s* formula:

n! ~n"tie /2 (3.48)

(that is, the ratio of both terms tends to 1 when n tends to infinity) to
determine the behavior of the infinite sum. We find that

(zn) _ [4p(1 —p)I"
0.0 TN

which implies that

Zp(n)<oo — ;M\l/-_;_np_)]ri<oo

Now, if p = 1/2, the stochastic process is called a symmetric random walk
and the sum becomes

because

When p # 1/2, we have
[4p(1 — s 4p(1 -
Z F <2 =

Thus, the classic random walk is recurrent if p = 1/2 and is transient if
p#£1/2.

Remark. It can be shown that the two-dimensional symmetric random walk
too is recurrent. However, those of dimension & > 3 are transient. This follows
from the fact that the probability of returning to the origin in 2n transitions
is bounded by ¢/ nk/2_ where c is a constant, and

Z s <oo ifk>3 (3.49)

2 James Stirling, 1692-1770, who was born and died in Scotland, was a mathemati-
cian who worked especially in the field of differential calculus, particularly on the
gamma function.
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3.2.3 Limiting probabilities

In this section, we will present a theorem that enables us to calculate, if it
exists, the limit lim,_, pgf;-) by solving a system of linear equations, rather
than by trying to obtain directly lim,_, P, which is generally difficult.
The theorem in question is valid when the chain is irreducible and ergodic, as
defined below.

Definition 3.2.12. Positive recurrent and aperiodic states are called ergodic
states.

Theorem 3.2.1. In the case of an irreducible and ergodic Markov chain, the
limit

mj = lim p(n-) (3.50)

n—oo”

exists and is independent of i. Moreover, we have

1
7r,~=ﬂ—>0 forallje{0,1,...} (3.51)
J

where p; is defined in Eq. (3.47). To obtain the 7;’s, we can solve the system

7 =7P (3.52)

o
dom=1 (3.53)
Jj=0

where T 1= (my, 71,...). It can be shown that the preceding system possesses
a unique positive solution.

Remarks. i) For a given state j, Eq. (3.52) becomes
X
’ﬂ'j = Z (i pi,j (354)
i=0

Note that, if the state space is finite and comprises k states, then there are k
equations like the following one:

k-1
7Tj = Z w5 pi,j (355)
1=0

With the condition Z;:é m; = 1, there are thus k + 1 equations and k un-
knowns. In practice, we drop one of the k equations given by (3.55) and make
use of the condition Z?;é m; = 1 to obtain a unique solution. Theoretically,
we should make sure that the m;’s obtained satisfy the equation that was
dropped.
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ii) A solution {r;,7 = 0,1,...} of the system (3.52), (3.53) is called a station-
ary distribution of the Markov chain. This terminology stems from the fact
that if we set

then, proceeding by mathematical induction, we may write that

3

PlXnsr =gl =3 PlXni1 = j | Xn =i P[Xn =]

o0
= Zpi’j T, = T4 (3.57)

where the last equality follows from Eq. (3.54). Thus, we find that

PX,=jl=m, Vnje{0,1,2...} (3.58)

iii) If the chain is not irreducible, then there can be many stationary distri-
butions. For example, let
01

0[10
P_JOJ

Because states 0 and 1 are absorbing, they are positive recurrent and aperi-
odic. However, the chain has two classes: {0} and {1}. The system that must
be solved to obtain the m;’s is

7]'0 = 7{'0 (359)
T =T (3.60)
mo+m =1 (361)

We see that mp = ¢, m; = 1 — ¢ is a valid solution for any c € [0, 1].

iv) The theorem asserts that the m;’s exist and can be obtained by solving
the system (3.52), (3.53). If we assume that the 7;’s exist, then it is easy to
show that they must satisfy Eq. (3.52). Indeed, since limp o0 P[Xny1 = j] =
limp, o P[X,, = j], we have

20
PXpp1 =41 =) PlXpy1 =3 | Xn = i]P[Xp = 1]
=0

= lim P[Xny1=7]= lim Y PlXnp1=j| X =i]P[Xn =]
i=0

o o0
= ;= Zpi,j = Zm Dij (3.62)
=0 i=0
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where we assumed that we can interchange the limit and the summation.

v) In addition to being the limiting probabilities, the 7;’s also represent the
proportion of time that the process spends in state j, over a long period of
time. Actually, if the chain is positive recurrent but periodic, then this is the
only interpretation of the 7;’s. Note that, on average, the process spends one
time unit in state j for u; time units, from which we deduce that 7; = 1/,
as stated in the theorem.

vi) When the Markov chain can be decomposed into subchains, we can ap-
ply the theorem to each of these subchains. For example, suppose that the
transition matrix of the chain is

01 2
of{1 0 O
P=1{01/21/2
2101/21/2
In this case, the limit lim, o pgz) exists but is not independent of . We easily
find that
. () J1lifi=0
A Pio = {0 ifi£0 (3.63)

and (by symmetry)

. n) _ .
nll»ngo pi’l - nlgr;opi’2 - 0 ifi=0 (364)

(n)_{1/2ifi=lor2

However, we cannot write that mp = 1 and m; = 72 = 1/2, since the 7;’s do
not exist in this example. At any rate, we see that the sum of the 7;’s would
then be equal to 2, and not to 1, as required.

Ezample 3.2.11. The Markov chain {X,,n = 0,1,...} considered in Exam-
ple 3.2.1 is irreducible and positive recurrent (see Example 3.2.6). Since the
probability pg o (or py,1) is strictly positive, the chain is aperiodic, and thus
ergodic, so that Theorem 3.2.1 applies. We must solve the system

1/31/31/3
(mo, m1,m2) = (mo, 1, m2) | O 1/21/2
1 0 0

that is,

1
o = §W0+7T2

21
Ty = z7g+ 771

31 1
M2 = =M+ =71
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subject to the condition mg + 7 + mo @ 1. Often, we try to express every

limiting probability in terms of 7g, and then we make use of the condition (*)
to evaluate mg. Here, Eq. (1) implies that mp = %71’0, and Eq. (2) enables us

to assert that m; = %WO too [so that 71 = g, which actually follows directly
from Egs. (2) and (3)]. Substituting into Eq. (*), we obtain:

~| N

2 2
7ro+§7fo+§7fo=1 ¥ M=z T M=M=

We can check that these values of the 7;’s are also a solution of Eq. (3), which
was not used.
("')7

Note finally that the 7;’s correspond to the limits of the ;.

in Example 3.2.1 by finding the approximate value of the matrix P(™ when
n is large.

s computed

When the state space S, is finite, before trying to solve the system (3.52),
(3.53), it is recommended to check whether the chain is doubly stochastic (see
p. 79), as can be seen in the following proposition.

Proposition 3.2.6. In the case of an irreducible and aperiodic Markov chain
whose state space is the finite set {0,1, ... , k}, if the chain is doubly stochastic,
then the limiting probabilities exist and are given by

1 .

ﬂ-j:k'——{—l forg:O,l,...,k (365)
Proof. Since the number of states is finite, the chain is positive recurrent.
Moreover, as the chain is aperiodic (by assumption), it follows that it is er-
godic. Thus, we can assert that the 7;’s exist and are the unique positive
solution of

k
Wj:Zmp,:,j vVie{o,1,...,k} (3.66)
=0
k
Som =1 (3.67)
7=0
Now, if we set m; = 1/(k + 1) > 0, we obtain
k
1
—_—= 3.68
21! (3.8
=0
and
k k

1 1 1 1
- - 1= 3.69
Zk+1p” k+1 Op” /lc+1>< k+1 (3:69)

1=0 §==

(because the chain is doubly stochastic). 0
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Ezample 3.2.12. The matrix

0o 1 2
o[1/31/31/3
P=1]| 0 1/21/2
2|2/31/61/6

is irreducible and aperiodic (because pg ¢ > 0, in particular). Since it is doubly
stochastic, we can conclude that 7; = 1/3 for each of the three possible states.
We can, of course, check these results by applying Theorem 3.2.1.

Example 3.2.13. The one-step transition matrix

01 2

o[t 0 0
P=1/01/21/2
2]01/21/2

is doubly stochastic. However, the chain is not irreducible. Consequently, we

cannot write that 7; = 1/3. Actually, we calculated the limits lim, .o pg,’;) in

remark vi) on p. 96.

When the state space {0,1,...} is infinite, the calculation of the limiting
probabilities is generally difficult. However, when the transition matrix is such
that po,1 > 0, pjj—1 X pjj+1 >0V j >0, and

piy=0 if|j—i|>1 (3.70)
we can give a general formula for the 7;’s. Indeed, we have
T = ToPo,0 + T1P1,0 (3.71)
and
Tj = Wj-1Pj-1,5 + TjPjj + T+1Pj+1 (3.72)

for j =1,2,.... We find that

Po1 X P12 X X Pj—1,j
71']' =

= mp forj=1,2,... (3.73)
P10 X P21 X+ X Py

Then a necessary and sufficient condition for the existence of the m;’s is that

oG
X X oo X D
Po,1 X P1,2 Pe—1k _ (3.74)
by P10 X P21 X oo X Prk—1

If the sum above diverges, then we cannot have that Z;?_-o ;= 1.
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Note that this type of Markov chain includes the random walks on the
set {0,1,...}, for which pp1 =p =1—poo and p;i41 =p = 1 — pi -1, for
1=1,2,.... We have

0,1 X P1,2 X = X Pp—1,k
1 X Py, £y (3.75)
£ pro X pai X X prk-1 A (L= p)F

and this sum converges if and only if p < 1/2. Thus, we can write (with
g :=1—p) that

my (/=1 = m=1- b (3.76)
k=0 g
and then
J j
= <9) o = (3_’) (1 -~ 3) (3.77)
q q q
forj=1,2,....

Actually, we could have used Theorem 3.2.1 to obtain these results. Indeed,
consider the transition matrix

g 1 2 3 ... . Ek—2k—1Ek
o [ap 1
1 g0 p
2 q0 p
k-1 q 0p
koL q p]

As the Markov chain is irreducible and ergodic, we can try to solve the system

Ty = q Ty +q 71
T =pWj—1+qmip1 forj=1,..., k-1

Tk =P Th—1 +P Tk

We find that

p 7
7Tj:<") me forj=1,...,k (3.79)
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Then, the condition E?:o m; = 1 enables us to write

(@7 e

Taking the limit as k tends to infinity, we obtain (in the case when p < ¢ &

p<1/2)
o — (1 - g) and m — <§>,~ (1 _ g) (3.81)

for j = 1,2,..., which effectively corresponds to the formulas (3.76) and
(3.77).

3.2.4 Absorption problems

We already mentioned (see p. 87) that the state space of a Markov chain can
be decomposed into the set D of transient states of the chain and the union
of closed and irreducible sets C), of recurrent states. We are interested in the
problem of determining the probability that, starting from an element of D,
the process will remain indefinitely in D or instead will enter one of the sets
Cy, from where it cannot escape.

Notation. Let ¢ € D and let C be a recurrent class. We set

r{™(C) = P[X, € C | Xo =] Zp(") forn=1,2,... (3.82)
jec

and

ri(C) = lim r<">(c } (3.83)

We have the following result.

Theorem 3.2.2. The probability r;(C) is the smallest nonnegative solution
of the system

ri(C) = Zp"»j ri(C) + Zpi:j forallie D (3.84)
j€D jec
Moreover, if D is a finite set, then the solution is unique.
Remarks. i) The system (3.84) is a system of nonhomogeneous linear equa-

tions. When D is finite, we can try to solve this system by using results from
linear algebra.
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ii) Actually, it is not necessary that the set C' be a class. It is sufficient that
C be a closed set of recurrent states.

iii) We can imagine that all the states of the recurrent class C constitute a
single absorbing state, since, once the process has entered this class, it cannot
leave it again.

A classic example of an absorption problem is known as the gambler’s
ruin problem and is described as follows: a player, at each play of a game,
wins one unit (for example, one dollar) with probability p and loses one unit
with probability ¢ := 1 —p. Assume that he initially possesses ¢ units and that
he plays independent repetitions of the game until his fortune reaches k units
or he goes broke.

Let X, be the fortune of the player at time n (that is, after n plays). Then
{Xn,n=0,1,...} is a Markov chain whose state space is the set {0,1,... ,k}.
As states 0 and k are absorbing, we have that pg o = pxr = 1. For all the other

states i = 1,... ,k — 1, we may write that
Pii+1 =p=1—pii-1 (3.85)
This is a random walk on the set {0,1,... ,k}, with absorbing boundaries at

0 and k. The chain thus has three classes: {0}, {k}, and {1,2,... ,k—1}. The
first two are recurrent, because 0 and k are absorbing, whereas the third one
is transient. Indeed, we have, in particular, that

PX;=0|Xo=1=¢>0 = f11<1 (3.86)

from which we can conclude that the player’s fortune will reach 0 or k units
after a finite number of repetitions.

Let r;({0}), for ¢ = 0,1,... ,k, be the probability that the player will be
ruined, given that his initial fortune is equal to ¢ units. That is, we write that
C is the class {0} in Eq. (3.83). We will first consider the case when p = 1/2.
Note that, in this case, we have

E[X; |X0=z']:(i—1)><%+(i+1)x%:i fori=1,...,k—1 (3.87)
We also have
EX)|Xo=0]=0 and E[X;|Xo=k =k (3.88)
That is, in general,
EX,i1 | Xp =1 =1 foranyi (3.89)

This type of Markov chain is a martingale and is very important for the
applications, notably in financial mathematics.
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Definition 3.2.13. A Markov chain for which

EXp41| Xo=il= Y jpij=i forallicSx, (3.90)
j€Sx,,

is called o martingale.

Remark. We can rewrite Eq. (3.90) as follows:
E(Xnt1 | Xo) = Xn (3.91)

Now, proceeding by induction, we may write that
k
i=EXn | Xo=i]= jp\7 (3.92)

Indeed, if we make the induction assumption that E[X,_, | Xo = 1] = 1, then
we have

k
ElX, | Xo=i]=) jp{) = Zng”p“’ Y
Jj=0 j=01=0
k
= ZZMZJPJ(S V= Zpi,lE[Xn—l | Xo=1]
=0 =0
k
=) il =E[X1| Xo=1i] =1 (3.93)
=0
Now, we have
lim p; (") — 0 for all transient states J (3.94)

n—00 Y

(otherwise the sum Y o>, pE';) would diverge, contradicting the remark on
p. 88). It follows, taking the limit as n tends to infinity in Eq. (3.92), that

k-1
i= lim Op%) + ijl + kp(") =k lim p(") (3.95)
That is,
Jim ) = k (3.96)

from which we deduce that

im py =1-~ — r({0})=1- % (3.97)
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Thus, the more ambitious the player is, the greater is the risk that he will be
ruined.

In the general case where p € (0, 1), the probability r;({0}), which will be
denoted by r; to simplify the formulas, is such that 7o = 1, 7, = 0 and [see
Eq. (3.84)]

ri=pra+gq (3.98)
Ty =Qqri—1+priy; fori=2,...,k—2 (3.99)

and
Th—1 = qTk-2 (3.100)

Rewriting Eq. (3.99) as follows:
(p+q)ri=qri-1 +priy1 (3.101)
we obtain

ri+1—ri=%(ri—ri_1) fori=2,...,k—2 (3.102)

which implies that

rig1 — 7 = (%)H (ra —11) = (%)i (ri —1) (3.103)

where the last equality follows from Eq. (3.98).
Next, since r = 0, Eg. (3.100) can be rewritten as follows:

Th—1 = (qTk—2 +PTk (3.104)

We can then state that Eq. (3.103) is valid for 7 = 0,... ,k — 1. Adding the
equations for each of these values of i, from 0 to j — 1, we find that

[

j"'

rj—ro=(ri—1)> (a/p)’ (3.105)
i=0
Since 1y = 1, we obtain
1— J
Rl U1 A I TSN

r;= 1-(q/p) (3.106)
1+4(r1—1) ifp=gq

for j =0,1,...,k. Finally, the fact that r, = 0 enables us to obtain an explicit
expression for r; — 1 from the preceding formula, from which we find that
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L 1=(a/py

—rifp#q
1— k
—% ifp=gqg

Note that for p = ¢ = 1/2, we retrieve the formula (3.97).
We can calculate the limit of the probability r; in the case when & tends
to infinity. It is easy to check that

. _[la/p)ifp>1/2
im r; = { 1 ifp<1/2 (3.108)

Thus, if p > 1/2, there exists a strictly positive probability that the process
will spend an infinite time in the set of transient states.

Another example for which the Markov chain may spend an infinite time
in the set D of transient states of the chain is the following.

Ezample 3.2.14. Let pog =1 and
Pio=0;(>0) =1—pj 41 forj=12,...

be the one-step transition probabilities of a Markov chain whose state space
is the set {0, 1, ... }. This chain has two classes: {0} (recurrent) and {1,2,...}
{transient). We calculate directly

o0

ri({0}) =1- (1 - ej12)
=0
It can be shown that r;({0}) < 1 if and only if the sum > oo Qi COMVErges.
For example, if a; = (1/2)¢, for all i > 1, then we have

i%‘ﬂ = i(l/Q)jH = (1/2)"! < o0
=0 =0

3.2.5 Branching processes

In 19th-century England, some people got interested in the possibility that
certain family names (particularly names of aristocratic families) would dis-
appear, for lack of male descendants. Galton® formulated the problem math-
ematically in 1873, and he and Watson? published a paper on this subject in

% Francis Galton, 1822-1911, was born and died in England. He was a cousin of
Charles Darwin. After having studied mathematics, he became an explorer and
anthropologist.

4 The Reverend Henry William Watson, 1827-1903, was born and died in England.
He was a mathematician who wrote many books on various subjects. He became
a priest in 1858.
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1874. Because Bienaymé® had worked on this type of problem previously, the
corresponding stochastic processes are sometimes called (branching) processes
of Bienaymé—Galton—-Watson. More simply, the term branching processes is
also used.

Definition 3.2.14. Let {Z, ;,n=0,1,... ;5 =1,2,...} be a set of i.i.d. ran-
dom variables whose possible values are nonnegative integers. That is, Sz, , C
{0,1,...}. A branching process is a Markov chain {X,,n =0,1,...} de-
fined by

Xn-1

X, = Zl Zn-15 ¥ Xn-1>0 (3.109)
J:

0 if Xn—1 =0
forn=1,2,....

Remarks. i) In the case of the application to the problem of the disappearance
of family names, we can interpret the random variables X,, and Z,_; ; as
follows: Xy is the number of members of the initial generation, that is, the
number of ancestors of the population. Often, we assume that Xy = 1, so that
we are interested in a lineage. Z,_; ; denotes the number of descendants of
the jth member of the (n — 1)st generation.

ii) Let
pi = P[Z,-1;=1] forallnandj (3.110)

To avoid trivial cases, we assume that p; is strictly smaller than 1, for all
t = 0,1,.... We also assume that py > 0; otherwise, the problem of the
disappearance of family names would not exist.

The state space S, of the Markov chain {X,,n = 0,1,...} is the set
{0,1,...}. As state 0 is absorbing, we can decompose Sx, into two sets:

Sx, = DU {0} (3.111)

where D = {1,2,...} is the set of transient states. Indeed, since we assumed
that pg > 0, we may write that

PlX,#iVne{l,2,...} | Xo=1] > pio = py >0 (3.112)

Thus, fi; < 1, and all the states i = 1,2,... are effectively transient. Now,
given that a transient state is visited only a finite number of times, we can

5 Irénée-Jules Bienaymé, 1796-1878, was born and died in France. He studied at
the Ecole Polytechnique de Paris. In 1848, he was named professor of probability
at the Sorbonne. A friend of Chebyshev, he translated Chebyshev’s works from
Russian into French.
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assert that the process cannot remain indefinitely in the set {1,2,...,k}, for
any finite k. Thus, we conclude that the population will disappear or that its
size will tend to infinity.

Suppose that Xy = 1. Let’s now calculate the average number g, of indi-
viduals in the nth generation, for n = 1,2,... . Note that u; = E[X;] is the
average number of descendants of an individual, in general. We have

fin = E[Xp] =Y E[Xn | Xpo1 = j]P[Xn-1 = ]
=0
=Y jmPXn1 = j] = mE[Xn-1] (3.113)
=0

Using this result recurrently, we obtain
pn = W E[Xn 1] = i E[Xn—2] = ... = pT E[Xo] = u7 (3.114)

Remark. Let 02 := V[X;]. When p1 = 1, from Eq. (1.96), which enables us
to express the variance of X, in terms of E[X,, | X,-1] and of V[X,, | Xn_1],
we may write that

V[Xn] E{V[Xn [ Xn—l]] + V[E[Xn [ Xn—1”
iid

= E[Xn—laf} + V[Xn——l X 1]

= 0} x 14 V[Xpo1] = 207 + V[X,2]

= ... = not + V[Xy] = no? (3.115)
since V[{X] = 0 (X, being a constant). When p; # 1, we find that

1
Vi) = ot (1) (3.116)
H1

We wish to determine the probability of eventual extinction of the popu-
lation, namely,

goi = lim P[X, =0]| X, =1] (3.117)
[ amde o]
By independence, we may write that

do,i = qé,l (3.118)

Consequently, it suffices to calculate gg 1, which will be denoted simply by gq.
We have

[]8

PX,=0|Xo=1=1-PX,>1|Xo=1=1-Y P[X,=k|Xo=1]

k

Il

1
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o0
>1-) kPX,=k|Xo=1=1-E[X,|Xo=1]
k=1
—1—up (3.119)
[by Eq. (3.114)]. It follows that, if u; € (0,1), then

g>lml-pt=1 = ¢g=1 (3.120)
n—00
which is a rather obvious result, since if each individual has less than one
descendant, on average, we indeed expect the population to disappear.
When 1 > 1, Eq. (3.119) implies only that go > 0 (if 41 = 1) or that
go > —oo (if uy > 1). However, the following theorem can be proved.

Theorem 3.2.3. The probability qo of eventual extinction of the population
is equal to 1 if py <1, while gqo <1 if py > 1.

Remarks. i) We deduce from the theorem that a necessary condition for the
probability ¢y to be smaller than 1 is that p; must be greater than 0 for at
least one j > 2. Indeed, if pp = p > 0 and p; = 1 — p, then we directly have
m=1l-p<l

il) When po = 0 and p; = 1, we have that u; = 1. According to the theorem,
we should have go = 1. Yet, if p; = 1, it is obvious that the size of the
population will always remain equal to Xy, and then gy = 0. However, the
theorem applies only when pg > 0.

Let F be the event defined by
F=|J{X,=0} (3.121)
n=1

so that g = P[F | Xy = 1]. To obtain the value of gg, we can solve the
following equation:

oo oo
QQ=ZP[F|X1 = i]pj :Zq(])pj (3122)
Jj=0 7=0

The equation above possesses many solutions. It can be shown that when
p1 > 1, go is the smallest positive solution of the equation.

Remark. Note that go = 1 is always a solution of Eq. (3.122).

Ezample 3.2.15. Suppose that pg = 1/3 and p; = 2/9, for j = 1,2,3. First,
we calculate

2 4
m=0+5(1+2+3)=2>1

Thus, we may assert that go < 1. Eq. (3.122) becomes
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1 2 7 3
qo=§+§(qo+q3+q3) = q3+q3—§qo+§=0

Since go = 1 is a solution of this equation, we find that
. 3
(0-1){ g +200—3) =0

The three solutions of the equation are 1 and —1 % 1/5/2. Therefore, we
conclude that go = —1 4 4/5/2 ~ 0.5811.
Remark. If po = 1/2 and p; = 1/6, for j = 1,2,3, then we have

1
u1=0+6(1+2+3)=1
Consequently, Theorem 3.2.3 implies that ¢o = 1. Eq. (3.122) is now

1 1
qO=§+g(qO+q§+q8) “— (qo—1)2(qo+3)-—-0

so that the three solutions of the equation are 1 (double root) and —3, which
confirms the fact that gg = 1.
Similarly, if po = p1 = 1/2, then we find that

1
QO=‘2“(1+‘10) = =1

in accordance with Theorem 3.2.3, since u; = 1/2 < 1.

Assume again that Xo = 1. Let
Toi=) Xp=1+) Xk (3.123)
k=0 k=1

That is, T,, designates the total number of descendants of the population’s
ancestor, in addition to the ancestor himself. It can be shown that

i P [nllrr;o T, = j] = g (3.124)
i=1

Thus, if gg < 1, then Ty := lim,,_,oc T}, is a random variable called defective,
which takes the value oo with probability 1 — go. Moreover, if go < 1, the
mathematical expectation of T, is evidently infinite. When ¢go = 1, we have
the following result.

Proposition 3.2.7. The mathematical expectation of the random variable To,
s given by

E[Ts] = 1u1 ifur <1 (3.125)



3.3 Continuous-time Markov chains 109

Remark. We observe that when puy = 1, we have that P[Tw < oo} = 1, but
ETy] = .

Erample 3.2.16. If py = p € (0,1) and p; = 1 — p, then we know that go =1,
because 3 =1 — p < 1. In this case, we may write that

x, — J 1 with probability (1-p)*
* = 0 with probability 1 — (1 — p)*

Thus, we have

i 5 1 1
ETn:1+ 1— k n__)oo st
[T5] Z_‘;( p) i

which is indeed equal to 1/(1 — uy).

3.3 Continuous-time Markov chains

3.3.1 Exponential and gamma distributions

In the case of discrete-time Markov chains, we said nothing about the time
the processes spend in state ¢ before making a transition to some state j. As
in Example 2.1.1 on random walks, we may assume that this time is determin-
istic and is equal to one unit. On the other hand, an essential characteristic of
continuous-time Markov chains is that the time that the processes spend in a
given state has an exponential distribution, so that this time is random. More-
over, we will show that the sum of independent exponential random variables
(having the same parameter) is a variable having a gamma distribution. We
already mentioned the exponential and gamma distributions in Chapter 1. In
the present section, we give the main properties of these two distributions.

Exponential distribution

Definition 3.3.1. (Reminder) If the probability density function of the con-
tinuous random variable X, whose set of possible values is the interval [0, 00),
is of the form

=AT Sf.
fx(z) = {Aeo Zﬁ i 8 (3.126)

we say that X has an exponential distribution with parameter A > 0 and
we write X ~ Ezp(\).

Remarks. 1) Using the Heaviside function u(z) (see p. 11}, we may write that

fx(x) = e Mu(z) (VzeR) (3.127)



110 3 Markov Chains

Note that we have the following relation between the functions u(z) and é(x)
(see p. 63):

u(z) = /_x §(t) dt (3.128)

it} For some authors, a random variable X having an exponential distribution
with parameter A possesses the density function

Fx(@) = ye u(z) (3.129)

The advantage of this choice is that we then have E[X] = A, while for us
E[X] = 1/A, as will be shown further on.
The distribution function of X is given by

0 ifex <0
_ T
Fx(z) = / e Mdt=1—eifz>0 (3.130)
0

Note that we have the following very simple formula:
PIX>z]=e forz>0 (3.131)

Some people write F(z) for the probability P[X > z].

The main reason for which the exponential distribution is used so much, in
particular in reliability and in the theory of queues, is the fact that it possesses
the memoryless property, as we show below.

Proposition 3.3.1. (Memoryless property) Suppose that X ~ Ezp()).
We have

PIX>s+t|X>t]=PX>s] Vst20 (3.132)

Proof. By the formula (3.131), we may write that

PX>s+t,X>t P[X>s+t
P[X > t] T PIX >t
e-—)\(s-i-t)
JesY;

PX>s+t| X>t]=

=eM=PX>s] O (3.133)

Remark. Actually, the exponential random variables are the only r.v.s having
this property for all nonnegative s and t. The geometric distribution possesses
the memoryless property, but only for integer (and positive) values of s and ¢.

We can easily calculate the moment-generating function of the r.v. X ~
Exp(A):
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it < A (3.134)

e A
Mx(t) = E[eiX] = / e e M dx =
0 A—t

Then

Mx(t) = and My (t) = (3.135)

A
(A-1)? (A—t)?

which implies that

1

1
’% and V[X] == (3.136)

EIX] = M(0) =5, BIX?] = M{(0) =

=z
Remark. Note that the mean and the standard deviation of X are equal.
Consequently, if we seek a model for some data, the exponential distribution
should only be considered if the mean and the standard deviation of the
observations are approximately equal. Otherwise, we must transform the data,
for example, by subtracting or by adding a constant to the raw data.

Ezample 3.3.1. Suppose that the lifetime X of a car has an exponential dis-
tribution with parameter A. What is the probability that a car having already
reached its expected lifetime will function (in all) more than twice its expected
lifetime?

Solution. We seek

2 1 1
PiX>= | = ~Zl =e 1 ~0.3679
x> 2x> 2= p[x> 1] e w03

Remark. The assumption that the lifetime of a car has an exponential distribu-
tion is certainly not entirely realistic, since cars age. However, this assamption
may be acceptable for a time period during which the (major) failure rate of
cars is more or less constant, for example, during the first three years of use.
Incidentally, most car manufacturers offer a three-year warranty.

As the following proposition shows, the geometric distribution may be
considered as the discrete version of the exponential distribution.

Proposition 3.3.2. Let X ~ Ezp()\) and Y := int(X)+ 1, where “int” des-
tgnates the integer part. We have

PlY =k]=(e M Y1-e?) fork=12,... (3.137)
That is, Y ~ Geom(p:=1—e"?).

Proof. First, since int(X) € {0,1,...}, we indeed have that Sy = {1,2,...}.
We calculate

PlY =k = Plint(X) =k —1] =Pk —1 < X < (3.138)
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k
= Ae M dp = — 7N
k-1

k — - -
lk-lze MMk 1)(1—-6 )\) 0

Remark. 1f we define the geometric distribution by
PY =kl=¢*p fork=0,1,2,... (3.139)

(as many authors do), then we simply have that Y := int(X) ~ Geom(p =
1—e™ ).

We can also consider the exponential distribution on the entire real line.

Definition 3.3.2. Let X be a continuous random variable whose density func-
tion is given by

fx(z) = %e")‘m forzeR (3.140)

where X is a positive parameter. We say that X has a double exponential
distribution or a Laplace® distribution.

Remark. We find that the mean value of X is equal to zero and that V[X] =
2/A2. The fact that E[X] = 0 follows from the symmetry of the function fx
about the origin (and from the existence of this mathematical expectation).

Proposition 3.3.3. If X ~ Ezp()), then for all o > 0, we have
EX | X >xg)=z0+ E[X] and V[X|X >z =V[X] (3.141)
Proof. The formula P[X > 1p] = e~*% implies that

Fx(x] X >z) = Ae M&720)  for & >z (3.142)

from which we have

E[X]X>:c0]=/oo

To

= E[X]+ zoP|X € [0,00)] = E[X] + o (3.143)

o0
x NeAE=0) g YVEITT0 / (y + zo)Ae™ Y dy
0

Next, we calculate

o o
E[X?| X >z = / z? Ae~MET0) g YT / (y + z0)*Xe™ dy
0

= E[(jX2] + 229 E[X] + z2P[X € [0, 00)]
= E[X? + 220 E[X] + z} (3.144)

5 See p. 19.
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Then we obtain

VIX | X >z0) = B|[X?| X > 2] — (B[X | X > z0))?
= E[XY - (E[X])?=VI[X] O (3.145)
Remark. The preceding proposition actually follows directly from the memo-
ryless property of the exponential distribution.

A result that will be used many times in this book is given in the following
proposition.

Proposition 3.3.4. Let X; ~ Ezp(A) and X2 ~ Exp(Ag) be two independent
random variables. We have

A
PlX1 < Xg]=——— 3.146
[X1 < X2 N (3.146)
Proof. By conditioning on the possible values of X, we obtain
o0
P{Xz >X1] = / P[XQ > X4 ‘Xl =:L‘]fX1(.CE)dIL' (3.147)
0

ind o0 o0
m:'/ PlX, >a7]/\1€”)‘””dz::/ e\ e M2 dx
0 0

At
A1+ A

o]
:/ e~ Matd2z gy (3.148)
0

Remarks. 1) We have that P[X; < Xo] = 1/2 if A; = A2, which had to be the
case, by symmetry and continuity.

ii) The proposition may be rewritten as follows:

A1
P{X; = min{X;, X5} = ————— 3.149
(X1 = min{Xy, X>}] SV (3.149)
Moreover, we can generalize the result: let Xy, ... , X, be independent random
variables, where X ~ Exp(Ag), for all k. We have
P|X; = min{X X} = S (3.150)
1 190 340 /\1++)\n
To prove this formula, we can make use of the following proposition.
Proposition 3.3.5. Let X1 ~ Ezp(A\1), ..., Xn ~ Ezp(A\n) be independent
random variables, and let Y := min{X,...,X,}. The r.v. Y has an expo-

nential distribution with parameter A := Ay + ... + A,.

Proof. Since min{ X1, X3, X3} = min {X;, min{ X2, X3}}, it suffices to prove
the result for n = 2. We have, for y > 0,
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PlY >y = P[X; >y, Xy > y] "= P[X; > y|P[X2 > 9]
= g MY~ rey — o~ (Mtd2)y
= fr(y) = (M +A)em M) O (3.151)

Example 3.3.2. Suppose that X, X,, and X3 are independent random vari-
ables, all of which have an Exp()) distribution. Calculate the probability
P[Xl < (X2 +X3)/2].

Solution. We have P[X; < (X2 + X3)/2] = P[Y < Xy + X3}, where Y :=
2X;. Moreover, for y > 0,

PlY <y]=PlX;<y/2)=1-e? = Y ~Exp(}/2)
Then, by the memoryless property of the exponential distribution,

P[?Xl<X2+X3]=1—P[YZX2+X3]
=1—P{YZX2+X3lYZXz]P[YZXQ}

2
i A
=1-PY > Xs]P[Y > X5) & 1- .
A+ 5

=1-(2/3)?=5/9

Finally, we would like to have a two-dimensional version of the exponential
distribution. We can, of course, define

Fx0.x: (@1, T2) = Mhge~PaZitha2) for 4 >0, 25 > 0 (3.152)

However, the random variables X; and X, are then independent. To ob-
tain a nontrivial generalization of the exponential distribution to the two-
dimensional case, we can write

P[X;y > z1, X2 > z2] = exp{—A171 — dox2 — Ao max{zy,22}}  (3.1563)

for 1 > 0, x2 > 0, where A15 is a positive constant. We indeed find that X; ~
Exp(A;), for ¢ = 1,2. -

Another possibility is the random vector whose joint density function is
(see Ref. [5])

A1A2 A1x1 + Aoxo 2(p)\1)\2:1:1m2)1/2
exp | — I
1- 1—-p 1-p

for £1 > 0, x2 > 0, where p € [0, 1) is the correlation coefficient of X; and X3,
and Io(-) is a modified Bessel’ function of the first kind (of order 0) defined
by (see p. 375 of Ref. [1])

7 Friedrich Wilhelm Bessel, 1784-1846, was born in Germany and died in Konigs-
berg, in Prussia (now Kaliningrad, in Russia). He was an astronomer and mathe-
matician. The mathematical functions that he introduced in 1817 are important
in applied mathematics, in physics, and in engineering.

Ix1,x(T1,02) = (3.154)
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1,2 1,232 (1.2\3
Io(z) =1+ 4;,)2&?;)3 +(€32!)2 ool (3.155)

Here, too, we find that X; ~ Exp(};) and X3 ~ Exp(A2).

Gamma distribution

Definition 3.3.3 (Reminder). We say that the continuous and nonnegative
random variable X has o gamma distribution with parameters a > 0 and
A >0, and we write that X ~ Gla, M), if
(Az)2~ e A"
I'(c)

where I'(-) is the gamma function, defined (for a > 0) by

fx(z) = u(z) (3.156)

I(a)= f tele=tdt (3.157)
0

Remarks. 1) The function I'(«) is strictly positive for any positive a. For
a > 1, we have

o0
I'a) = —t"‘_le“t|;° + (@ — 1)/ t*2e7tdt
0
204 (a~-1)T(a—1)=(a—1)T(a—1) (3.158)
Then, since
(ee]
ra = / etdt =1 (3.159)
0
we have

I'ny)=(n-1)I'(n-1)=(n-1)(n-2)I"(n-2)
=... =n-1n-2)---1-I'N) =(n—-1)! (3.160)

Thus, the gamma function generalizes the factorial function. We also have
r/2) = / t™12e"t gt s"“_/ V2e™ 12 ds (3.161)
—2\/—/ e /2d3:2\/7_rP[N(0,1)20}=\/7_r

ii) Contrary to the exponential distribution, whose density function always has
the same form, the shape of the density function fx changes with each value of
the parameter «, which makes it a very useful model for the applications. We
say that the parameter « is a shape parameter, while A is a scale parameter (see
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Fig. 8.1. Examples of probability density functions of G(«, A = 1) random variables.

Fig. 3.1). In reality, the shape of the function fx varies mostly when o is small.
When a increases, the gamma distribution tends to a Gaussian distribution,
which follows from the fact that if X ~ G(n, ), then the random variable
X can be represented as the sum of n independent r.v.s X ~ Exp(}), for
k=1,...,n (see Prop. 3.3.6).

iii) If X ~ G(a =1, ), we have
fX(x) = )\e—)‘zu(:p) (3.162)

Thus, the gamma distribution generalizes the exponential distribution, since
G(a=1,A) = Exp(}).

iv) The parameter o may take any real positive value. When a = n € N,
the gamma distribution is also named the Erlang8 distribution. Moreover, we
have that G(a = n/2,A = 1/2) = x2. That is, the chi-square distribution
with n degrees of freedom, which is very important in statistics, is a particular
case of the gamma distribution, too.

The moment-generating function of X ~ G(a, ) is

00 Ae—)@(}\x)a—l PR o0 3 1
Mx(t = / et® dr = / et=Nzga—l g
© 0 T'() @) Jo

y=(~t)z A% a1 g AY
= r(a)(A—tw/o TNy = T @)

8 Agner Krarup Erlang, 1878-1929, was born and died in Denmark. He was first
educated by his father, who was a schoolmaster. He studied mathematics and nat-
ural sciences at the University of Copenhagen and taught in schools for several
years. After meeting the chief engineer for the Copenhagen telephone company,
he joined this company in 1908. He then started to apply his knowledge of proba-
bility theory to the resolution of problems related to telephone calls. He was also
interested in mathematical tables.
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A o

= —— fi 3.163
()\ — t) ort <A ( )

We then calculate

1
BIX] = My(0) = and E[X?] = M} (0) = % (3.164)
so that
ala+1) (a2 a

=———(5) =3 3.165
VIA] A2 ()\) A2 ( )

We can transform a G(o,A) random variable X into an r.v. having a
G(a,1) distribution, sometimes called the standard gamma distribution, by
setting Y = AX. Indeed, we then have

a—le—y
fy(y)=fx(y/A)!d(Z£’\)(:y ) u(y) (3.166)

The distribution function of Y can be expressed as follows:

Fy(y) = 71(10(‘(5) for y > 0 (3.167)

where y(a, y) is the incomplete gamma function, defined by

y
7(a,y):/ t* et dt (3.168)
0

We have the following formula (see p. 272 of Ref. [1]):
Yayy) ="y VM(1L,1 + ayy) (3.169)

where M (., -, -} is a confluent hypergeometric function, defined by (see p. 504
of Ref. [1])

2 3
M(a,b,z):1+ﬁz+a(a+1)z a(a+1)(a+2)z

D e T e nery 3 T G0

When a = n € N, the function v(«, y) becomes

y(n,y) =I'(n) |1 —e7¥ "2:1 %'i} (3.171)
k=0
which implies that
n—1 k
Fy(y) =1-) e fory>0 (3.172)
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This formula can be rewritten as follows:
PlY <y]=1-P{W <n-1]=P[W >n], where W ~ Poi(y) (3.173)

Remarks. i) The formula (3.173) can be obtained by doing the integral

/y t"letdt (=v(n,y)) (3.174)
0

by parts (repeatedly).

ii) We will see in Section 5.1 that, in the case of a Poisson process (with rate
A = 1), the random variable Y represents the time needed for n events to
occur, whereas W is the number of events that occur in the interval [0, y] In
other words, the relation between Y and W is expressed as follows: the nth
event of the Poisson process occurs at the latest at time y if and only if there
are at least n events in the interval [0, y].

Ezample 3.3.3. Suppose that the duration T (in hours) of a major power fail-
ure is a random variable having a gamma distribution with parameters a =
2 and A = 1/2 (so that the average duration is equal to four hours). What
is the probability that an arbitrary (major) power failure lasts more than six
hours?

Solution. First, we have
P[T > 6] = P[X >3], where X ~ G(2,1)
Then, by using the formula (3.173), we can write that

P[X >3] = P[Poi(3) < 1] = e 3(1 4+ 3) = 4¢3 ~0.1991

Remarks. 1) It is important not to forget that T' (or X) is a continuous random
variable, while W is discrete.

ii) When the parameter « is small, as in this example, we can simply integrate
by parts:

w$2—1e—z o0
PlX >3] = ———dz = “d
I ] /3 %0) T /:; ze Tdx

o
= ——:ve_””lgo +/ e ®dr=3e3+e P =4e73
3
We have seen that the exponential distribution is a particular case of the

gamma distribution. We will now show that the sum of independent exponen-
tial random variables, with the same parameter, has a gamma distribution.
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Proposition 3.3.6. Let X1,...,X,, be independent random variables. If X;
has an exponential distribution with parameter A, for all i, then

> Xi~Gla=n,)) (3.175)
=1

Proof. Let S:=3""_ X;. We have

Ms(t) = Ele'’] = E {exp {tin}} nd ﬁMX-,:(t)
i=1 i=1
= 1 /\_2\:; = ()\_A—_—t> fort < A (3.176)

Since [A/(A—t)]" is the moment-generating function of an r.v. having a G(a =
n, A) distribution, the result is then obtained by uniqueness. Indeed, only the
G(a = n, A) distribution has this moment-generating function. O

The exponential and gamma distributions are models that are widely used
in reliability. Another continuous random variable, which also generalizes the
exponential distribution and which is very commonly used in reliability and
in many other applications, is the Weibull ? distribution.

Definition 3.3.4. Let X be a continuous random variable whose probability
density function s given by

fX(l”):t)—?(xg’Y)ﬁ_lexp[— <x;’y>ﬁ}u(a:—fy) (3.177)

We say that X has o Weibull distribution with parameters 3 >0, v € R,
and § > 0.

Remark. The exponential distribution is the particular case where § = 1,
v =0, and § = 1/). Like the gamma distribution, this distribution has a
shape parameter, namely 8. The parameter < is a position parameter, while
4 is a scale parameter. When v = 0 and § = 1, we have

fx(z) = ﬁmﬁ‘le_’”ﬂ u(z) (3.178)

This variable is called the standard Weibull distribution. Its distribution func-
tion is

Fx(z)=1-e¢% forz>0 (3.179)
® E. H. Wallodi Weibull, 1887-1979, was born in Sweden and died in France. In

addition to his scientific papers on the distribution that bears his name, he is the
author of numerous papers on strength of materials, fatigue, and reliability.
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Because the exponential, gamma, and Weibull distributions are very im-
portant in reliability, we will end this section with the definition of the failure
rate of a device, or a system, etc.

Definition 3.3.5. The failure rate (or hazard rate) of a device, whose
lifetime X is a continuous and nonnegative random variable, is defined by

o fx(®)

Remarks. i) We have that rx(t) ~ P[X € (t,t + dt] | X > t]/dt. That is, the
failure rate rx(t), multiplied by dt, is approximately equal to the probability
that a device being ¢ time unit(s) old will fail in the interval (¢,¢ + dt], given
that it is functioning at time ¢.

ii) To each function rx (t) there corresponds one and only one distribution
function Fx(t). Indeed, we have

rx(t) = fx(t)  £Fx(t)

C1-Fx(t) 1-Fx(t) (3.181)

from which we can write (since Fx (0) = 0) that

‘ ’ %FX(S) _ t_ _
/Orx(s)ds*:/0 T‘!_F—X(S)ds———ln[l—FX(s)]lo——ln[l Fx(t)]

= Fx(t)=1—exp {—/Ot rx(s) ds} (3.182)

Particular cases
1) If X ~ Exp()), then

de~ M

Note that this result is a consequence of the memoryless property of the expo-
nential distribution. We say that the parameter ) is the rate of the exponential
distribution.

2) In the case of the standard gamma distribution, we may write that
ta—le—t

Fla) — oD (3159

rx(t) =

3) Finally, if X has a standard Weibull distribution, we deduce from Eqgs.
(3.178) and (3.179) that
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rx(t) = ptPt (3.185)

In practice, the function rx(¢) has more or less the shape of a bathtub.
That is, at the beginning the failure rate decreases, then this rate is rather
constant, and finally the failure rate increases (which is equally true for the
death rate of humans). To obtain this kind of curve, we can consider a random
variable that is a linear combination of three Weibull distributions:

Xi=c X{+co Xo+c3 X3 (3.186)

with ¢; > 0, for all 4, and ¢; +ca+c3 = 1 (called a mized Weibull distribution),
where X has a (8 parameter smaller than 1, X5 a 3 parameter equal to 1,
and X3 a § parameter greater than 1.

3.3.2 Continuous-time Markov chains

Let {X(t),t > 0} be a continuous-time and discrete-state Markovian [see Eq.
{3.1)] stochastic process, and let 7; be the time that the process spends in
state ¢ before making a transition to some other state. We may write that

P{Ti>$+t1Ti>t]:P[Ti>S] \V’S,tZO (3187)

Indeed, since the process is Markovian, the time it has spent in a given state
does not influence the future. Consequently, whatever the time that the pro-
cess has already spent in ¢, it is as likely that it will remain there during at
least s additional time units than if it had just entered this state. Eq. (3.187)
means that the continuous random variable 7; possesses the memoryless prop-
erty. As we already mentioned (see p. 110), only the exponential distribution
possesses this property. We can therefore conclude that 7; has an exponential
distribution, with parameter denoted by v;, which, in general, depends on
state <.

Moreover, the Markov property also implies that the next state visited, 7,
is independent of 7;. Thus, when the process leaves state i, it enters state j
(# ¢) with probability p; ; (by definition), where

o0
pii=0 Vi and » piy=1 Vi (3.188)
7=0

The p; ;'s are the one-step transition probabilities of the embedded (or as-
sociated) discrete-time Markov chain. Note, however, that, contrary to the
transition matrices in the preceding section, all the terms on the main (de-
creasing from top left to bottom right) diagonal of the matrix are necessarily
equal to zero, by definition of the p; ;’s in the present case.

The process {X (¢),t > 0} is called a continuous-time Markov chain, which
is now defined formally.
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Definition 3.3.6. Let {X(t),t > 0} be a continuous-time stochastic pro-
cess whose state space is N° = {0,1,...}. We say that {X(t),t > 0} is a
continuous-time Markov chain if

PX(t+s)=j|X(s)=i,X(r)=2,0<r <3
— PIX(t+5) = | X(5) = 1] = pig () (3.189)

Vs,t>0andV 1,4z, € N,

Remarks. i) As in the case of the discrete-time Markov chains, we assume that
the chains considered have stationary or time-homogeneous transition proba-
bilities. We could treat the general case and denote the conditional probability
P[X(t) =j | X(s) =1] by p; ;(s,t), where t > s, but since the most important
processes for the applications are indeed such that p; j(s,t) = p;;(t — s), it
will not be necessary.

ii) Continuous-time Markov chains are also known as Markov jump processes.

iii) The function p; ;(t) is called the transition function of the continuous-time
Markov chain.

iv) The probabilities p; ;(t) correspond to the pg?-)’s in discrete-time Markov

chains. If there exist a t > 0 for which p; ;(t) > 0 and a t* > 0 for which
p;,i(t*) > 0, we say that states i and j communicate. The chain is irreducible
if all states communicate.

v) We may write that
D opiit)=1 Vi (3.190)
j=0

since the process must be in some state at time t + s, regardless of the state
it was in at time s.

vi) For the sake of simplicity, we will assume in the sequel that the state space
of the Markov chain {X(¢),t > 0} is, save indication to the contrary, the set
{0,1,...}. However, as in the discrete case, the state space can actually be a
set Sx(¢) C {0,1,...}, or, more generally, a finite or countably infinite set of
real numbers.

Ezample 3.3.4. Since all the elements of the main diagonal of the matrix P
in Example 3.2.8 are equal to zero, we can consider this matrix as the transi-
tion matrix of the embedded discrete-time Markov chain of a continuous-time
Markov chain. The fact that p; ; = 1/2, for all i # j, does not mean that all
the random variables 7; have the same parameter v;, for i = 0,1, 2.

The following proposition is the equivalent, in the continuous case, of
Proposition 3.2.1.
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Proposition 3.3.7 (Chapman—Kolmogorov equations (2)). For all s,t
nonnegative, we have

pzk t+ 9 sz,g pgk sz,J p]k (3'191)

Proof. The proof is similar to that of Proposition 3.2.1. O

Example 3.3.5. In general, it is not easy to calculate the functions p; ;(t) ex-
plicitly. T' heorems 3.3.1 and 3.3.2 provide differential equations whose solu-
tions are these p; ;(t)’s. In the case of a Poisson process (see Section 5.1), we
find directly that

j—i
e M E’,\t) il forj—i>0
— 1)
pij(t) = J
0 forj—i <0

where ) is the rate of the process. We indeed have, for k > 1,

k i—i k—j
AP s (As) T
pr ka me p]k Z (j—i)!e (k—j)!
]=Z
—A(t+s)/\k—'zk: ti—ish=d Mt+s) \k zkz_:l tigkid
=€ ’ — T = e - T T
= U= Dlk=5)! = Ik —i—g)!
k—i _ Jok—i~j (t_+_8)k—i
Mtts) yk— zz ( Z) s () —A(t+s) \h—i
Y a0l
o (k —i)! (k —)!
Cagers) A+ 9)] — pin(t+9)

where Eq. (*) is obtained by Newton’s!® binomial theorem.

Notation. We denote by p;(t) the (marginal) probability that the process
{X(t),t > 0} will be in state j at time ¢:

p;(t) = PIX(t) = j] (3.192)
If a; := P{X(0) =], for i = 0,1,..., then we may write that

t) =" a;pi;(t) (3.193)
=0

When P[X(0) = k] = 1 for some k € {0,1,...}, we simply have that p;(t) =
pkw] (t)'

10 Sir Isaac Newton, 1643-1727, was born and died in England. Newton was a scholar
who is famous for his contributions to the fields of mechanics, optics, and astron-
omy. He is one of the inventors of differential calculus. He also wrote theological
books.



124 3 Markov Chains
3.3.3 Calculation of the transition function p; ;(t)

First, if state i is absorbing, which means that the parameter v; of the random
variable 7; is equal to 0, we may write that

lifi=3j
pij(t) = bij := {0 vy #j’ (3.194)

for all t > 0. In the case of nonabsorbing states, we will obtain two systems
of differential equations, which, when we can solve them, give us the value of
pi,5(t), for all states 4,5 € {0,1,...}.

Remark. It can be shown that the p; ;(t)’s are continuous functions of ¢, for
every pair (i, 7).

Definition 3.3.7. The quantities
viji=vipiy Yi#je{01,...} (3.195)

are the infinitesimal parameters or instantaneous transition rates of
the continuous-time Markov chain {X(t),t > 0}.

Remark. We have

Z Vi = Zpi’j =vy; (because p;; = 0) (3.196)
ji i
We set
Vig = —V; (3.197)
It follows that
Y vi;=0 (3.198)
=0

Definition 3.3.8. The matriz

0 Vo0 Yo,1 V9,2 -+ -
rigriivi2 .-

G=2 Voo Va1 V22 ... (3.199)

is known as the generating matrix of the continuous-time Markov chain
{X(t), t > 0}.

Remarks. i) If we know the quantities v; ;, for all i # j, then we can calculate
the rates 1; and the probabilities p; ; from Eq. (3.195). Moreover, we will show
in this section that the p; ;(t)’s depend only on the v;’s and the p; ;’s, from
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which one derives the name of generator of the Markov chain for the set of all
Vi,j ’s.

ii) The matrix G corresponds to the transition matrix P for a discrete-time
Markov chain. However, note that the v; ;’s are not probabilities and that the
sum of the elements of each row of G is equal to 0 rather than to 1.

Notation. If the function g(x) is such that
im 2@ _ g (3.200)
rz—0 T

then we write that g{x) = o(z).

A function g(z) that “is” o(x) must therefore tend to 0 more rapidly than
the identity function f(z) = = when = — 0. Thus, g;(z) := 2?2 is o(z), while
g2(z) = +/z is not o(z). Moreover, if g;(z) = o(z), for i =1,... ,n, then

zn:cz-gi(:c) =o(z) Ve eR (3.201)
i=1

Proposition 3.3.8. The probability that a continuous-time Markov chain,
{X(t),t > 0}, makes two or more transitions in an interval of length ¢ is

o(9).
Proof. We know that the time 7; that the process spends in state i has an
exponential distribution with parameter v;, for ¢ = 0,1,... . Suppose first

that »; = v V ¢ and, without loss of generality, that X (0} = 0. Let NV be the
number of transitions of the Markov chain in the interval [0,d]. We have

P[N >2]=1-P[N =0] - P[N = 1]

00 .6
~1-Pl>8-Y [ fu(wporPln> 6 - uldu
k=170

00 5
=1- e V8 _ ZPOJ‘?/ ve v e—-u(é—u) du
k=1 0

o0
=1-e" — Zpo,k e uf =1—e V(1 +