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Abstract

We introduce the weaker notion of the P-stabilizability
and P-detectability of the linear time varying systems.
Then, by a naive differential algebraic setting, using ear-
lier results on the characterization of the controllability
and observability of those systems by Kalmans type rank
conditions, 1t is proven that a time varying system is P-
stabilizable if and only if the non-controllable part of the
system is asymptotically stable. Analogously, those are P-
detectable by a higher order Luenberger observer if and
only if the non-observable part of the systems are asymp-
totically stable.

1 Introduction

The notions of the stabilizability, detectability, and
assignability are fundamental and well-known concepts
from the theory of linear time invariant systems. In this
paper we shall generalize all of these concepts and results
for linear time varying systems, due to earlier characteri-
zations of the controllability and observability of the linear
time varying systems by Kalman’s rank conditions [7],[§],

[9].

1.1 Time varying linear systems.

Let A :[0,T] = R™ ™, B : [0,T] = R"*?, C : [0,T] —

RI*™ be smooth functions. Consider the system

(Xr)

The extended system

a(t) = z2(),

i(t) = (A)za(t) + B(t)u(t)™

is the prolongation (of order k) of the original dynamics
(X7). This means, that, for example for k¥ = 3, the last
equation is

i3 = (A + 244 + AA+ A3) T+
+ (B+2AB+AB+A23) u+ (QB—l—AB) i+ Bii
In general, that has the form

in= Py (A4, AGD) gy
A Qui (A, A== B pl=1=D) g (),

where Py, QQx; are polynomials.
In terms of the state feedbacks

u(t) = K () (1), (1)

we can define a prolongated (so-called P-)feedback system

iy = Py (A,A, N .,A<k—1>) o1+ 2)
k—1

+> 0 Qni (A, L AUz g ..,B<k—1—i>) Ky,
i=0

We notice, that relations (1) are restrictions for the gain

matrixes. For example, from the relation (Kgz) = Kz,
(Kiz) = Kax, ..., we can deduce that
Ki = Ko+ KoA+ KoBKo,
Ky = Ki+ KA+ KiBKo,
| ®)
Ky = Ky 1+Kp 1A+ Kp_1BKy .



However, we can think an extension of the state feed-
back of the prolongated system, getting, instead of the
u') derivatives the new control variables v;. Hence, the
relations among the gain matrices are omitted. In this
setting, the exact prolongation can be approximated in
the framework of the sliding control.

1.2 P-stabilizable systems.

System (Xr) is P-stabilizable if there exist state feedbacks
(1) and an asymptotically stable uncontrolled system

(1) = Ao () (1), (4)

such that the prolongation of (4) of order k, is the P-
feedback system (2).

System (X7) is CP-assignable if for all Ag(t) there e-
xist state feedbacks (2) such that the corresponding P-
feedback system is the k-th prolongation of system (4).
Obviously, if (X1) is P-assignable then it is P-stabilizable.

Roughly speaking, we shall show that if system (Xr) is
controllable, then that is CP-assignable. See Theorem 4.

We notice, that both notions can be considered sup-
posing relations (3) among the gain matrices, or, ignoring
those. The advantage of the generalized setting is that we
only obtain linear relations, designing the gain matrices.

If system (X7) is not controllable, then, under weak dif-
ferential algebraic conditions for the time varying terms
of A(t), B(t), we shall prove that system (Xr) is P-
stabilizable if and only if, the non-controllable part of the
system is asymptotically stable.

1.3 ‘P-detectable systems.

Now, we define the prolongation of the Luenberger’s ob-
servers. For this purpose, compute the derivatives of the
output mapping of the system:

y(t) = C0)=(t),

(¢ +cmAw) «() + &) Bu(t).
For the second derivative
j = (C+20A+CA+CA2) +
+(20B+ CB+CAB) u+ CBi.
In general, the k—th derivative has the form
Y = Pe(A,C)z + ) Qi(A, B,C)ul.
The prolongation of the Luenberger’s observer is

&= Ai + Bu+
+3D; (Y = Py(A,C)i — Qi (A, B, C)ul)) .

The error equation is

(1) = (A) = Y2 Di(OPAW), C(1)) et).

System (X)) is P-detectable if there exists a prolongated
Luenberger’s observer, such that the corresponding error
equation is asymptotically stable. System (X7) is OP-
assignable, if for all Ag(?) there exists a prolongated Lu-
enberger’s observer such that its error equation is system
(4). Obviously, if system (Xr) is OP-assignable then that
is P-detectable. If system (Xr) is not observable, then
under weak differential algebraic conditions for the time
dependence of the matrices A(t), C(t), we shall show that
system (X7) is detectable if and only if the non-observable
part of the system is asymptotically stable.

2 Controllability, observability.

In the papers [7], [8], [9], under different additional condi-
tions for the time dependence of A(t), and B(t), the fol-
lowing generalized Kalman’s rank condition was proven to
reachability (controllability) of system (X7):

ST TS T imay AP By =R, (5)

0<n <n...,.0<nz <mn, j=1,...,m), where
Aq,..., A 1s a basis of the Lie algebra L, generated by
the set {A(t) : 0 <t < T}, and By,..., By, is the basis
of the vector space Vp, generated by {B(t): 0 <t <T}.
Then,

Aty = ai(t)Ai,  B(t) =Y bj(t)B; . (6)

We notice that a matrix Lie algebra . C R™*" is a vector
subspace of R™*™ which is closed with respect to the Lie
bracket of the matrices, defined by [X, V] = XY — Y X.
The multiplication table of L, with respect to that basis
is defined by [4;, A;] = ZF%A;. On the other hand, let
A € L, then the linear mapping Ad A : L — L is defined
by Ad AX = [A, X]. Since, T'; = (Féj) is the matrix rep-
resentation of Ad A; with respect to the basis Ay, ..., Ag.
Let a(t) = (a1(t),...,ar(t))*. The Wei-Norman’s differ-
ential equation for the inverse of the fundamental matrix,
is

St R = 0 g(0)=0  (7)

where Ej; is the 0 — 1 matrix with the unique 1 at the ¢-th
diagonal element. Then, the Wei-Norman’s product of the
inverse of the fundamental matrix is

<I>(t)_1 — 91 (B)Ar | gr(t)Axk

(see [10]). In [7], we have proven that the Kalman’s
rank condition (5) to the controllability of the system
(X7), is necessary and sufficient, if certain differential al-
gebraic conditions hold for the time varying coefficients
a(t),...,ai(t), and by(t),...,bm(t), defined in (6). The
main idea was the concept of the persistent excitedness of
system (X7), by their coefficients. In Theorem 1 we will
weaken this condition, replacing it by the condition that
the associated Wei-Norman’s equation is generic.



The Wei-Norman’s equation (7) is generic if there is no
basis of the Lie algebra L, such that the solution has the
form

,gk(t),O, e

ap € R¥ be linearly independent. Then,

g(t):(gl(t)a"' ,0)*,

Let ay, a9, ...,
the matrices

A=) Ay, i=12 0k,
constitute a basis in L. Let the new table of multiplication
be denoted by I'; = (fi]) . The structure matrix of system
(X7) can be expressed in this basis by A(t) = > di(t)fli.
Then, the non genericity of the Wei-Norman’s equation

means that there exist aq, as, ..., ap € R*, such that the
Wei-Norman’s equation corresponding to this basis, is

K<k (8)

91 a
k—1 : - : - 52
Z egk—lrk—l . ,691+1Fz+1 E; —
i=1 gk—l

0 ag

Now, we shall define a nonlinear system with output

equation, identifying the variables a; < u;, —g; < z;,
1< j<k—1a; < y. Hence,
T Uy
k-1 } .
Z eTrh—1Tk—1 ~6x’+1F’+1Ei —
=1 l“k_l Uk —1
0 y

(9)
The genericity can be expressed in terms of the equivalent
(to (9)) input-output system. First, we transform (9) into
a polinomial differential equation in order to apply the
Diop’s state elimination procedure.
The matrix-exponentials e”i"# are quasi polynomial ma-
trices, so (9) is a quasi polynomial equation. Now, we
introduce new variables in the differential equation (9).
In terms of the eigenvalues A;;, of the matrices I';. If Ay
is real, then z;; = e>‘”x’, and if A\;; = a + jﬁll, then

= Y% gy = sin By x;, &y = cos f;x; are the new

Tq
variables.

For the new variables we have the algebraic differential
equations = A%, Ty = aq¥q%;, respectively, and
Ty = PuZati, Tu = PuZudi.

The obtained differential equation is algebraic in the
states x;, Zy, &1, #41, and that is equivalent to (9). Now,
we can apply the Diop’s elimination procedure (see [1]).
Hence an external description P(u Uyoo Y, Yy ...) = 0,

Q(u Uy Y, Y, ..) 7 0 is obtained, Wthh is equivalent
to (9).
From this, we can deduce that
Py, oy (a6, .. ) = P(a,a,... a5, ax,...) =0,
holds for a = (@i, ...,a5—1)", such that
Qal,...,ak(aaaa ) :Q( 'aakaaka"') ¢0a

if and only if, the solution g of the Wei-Norman’s differen-
tial equation has the form §(t) = (41 (¢), ..., dr-1(t),0)*.
In order to obtain the last equations, we substituted the
original terms a1 (), ..., ax(t).

The Wei-Norman’s equation (6) is generic if and
only if, the coefficients ai(t),...,ax(t) do not satisfy
the Weil-Norman-Diop’s differential equations for any
a1, g, .. o €RE

Let’s combine this statement with our earlier result on
the reachability (controllability) of system (¥7). Hence
the following theorem can be obtained.

Theorem 1. If the time warying coefficients
b(t),ba(t),...,bg(t) are linearly independent in the time
interval [0,Ty] C [0,T] and the smooth time varying co-
efficients a1(t),az2(t),...,ax(t) do not satisfy the Wei-
Norman-Diop’s equation for any oy, as,...,a € RF,
then the Kalman’s rank condition (5) is necessary and suf-
ficient to controllability (reachability) of system (X7).

In general, under the same differential algebraic con-
dition, the controllability subspace of system (X7) is the
image space

KT T

The observability of system (X7) can be treated by du-
ality. For this, let {Cy,Cy, ..., Ci} be a basis of the vector
space Vo = V(C(t) : 0 <t <T). The time varying co-
efficients ¢1(t), ca(t),...,c(t) are defined respect to this

basis by
C(t) = ci(t)Ci. (11)
Then, the analogous theorem to observability of system
(ET) 1s
Theorem 2. If the time warying coefficients
e1(t), ca(t), ..., c(t) are linearly independent in the time
interval [0,To] C [0,T] and for the smooth time varying
coefficients ay(t), az(t), ..., ax(t) the Wei-Norman-Diop’s
equations do not hold for any a1, s, ..., ar € RF, then
the Kalman’s rank condition

YD 3 WP
1s necessary and sufficient to the observability of system
(Xr).

Under the same differential algebraic condition, the ob-
servability subspace of system (Xr) is the image space

:Z...ZZ[m(ATm AT
Or, equivalently, the unobservable subspace is
No=([+ [\ Eer (CiAT A52 - AR*) .

Finally, if we suppose that the Wei-Norman’s equation
is generic, then the following statements are true:

AREB;) - (10)

A = R

1. The controllability and the reachability subspaces co-
incide.

2. The reachability subspace is A(¢)-invariant.

3. The unobservability subspace is A(¢)-invariant.



3 Construction of the controllers
and observers.

We introduce
€ = (0,...,1,...
ATTATE ~A2”k.

First, we compute the application

the notations: n = (n1,...,n),

J0), AR = ATLART. AT ATR =

K = (K, Ky, ..., Kp) —
=3 Qui (A, ..., Ak2=0 g BR=I=0) K (12)

which is associated to the feedback system (2).
The Qi (A, B) has the form

Qui(AW), B(1) = 37 37 Q3 ulalt), b(1)) AB; .

where the coefficients are differential polynomials of the
coefficients.

Erample. Let the system of the skew symmetric matri-
ces be

0 al(t) Clg(t) 0
—ay (%) 0 as(t) | xt)+ | b() | u(®)
—az(t) —as(t) O 0
yt) = @)1 0 0)x(t) = c()x1(t).

For this system the terms ()30, ()31, respectively, are

2&1[)—1—&1[)— azagb allb
b— (a? + a3)b , 2b
—deb — azb — a1a3b —Clzb

The genericity condition, in this case is

(Camia) (3 o) + (S aziar)*) #
2D aniar) (D0 asiai) — 2 (30 cnidi) (O asiai)

for all linearly independent vectors, ay, a9, a3 € R3. If in
[0,T0], 0< Ty <T,b# 0 and the Wei-Norman’s equa-
tion is generic in [Ty, T], then the system is controllable,
in consequence of that the Kalman’s rank condition (5)
holds.

Now, let’s choose the basis B = (01 0)*, A;B = (10 0)*,
A B=(00 —1)*.

Then, denoting Ay = [, the matrices A;BB*A7 €
R33: 4 j=0,1,2 constitute a basis. This suggests that
we can choose the gain matrices as K; () = > ki; (t)B*A;f.

Hence, application (12), mappings into R3*3 and that
only can be onto if 3 < k. Choosing a prolongation of
order 3, we obtain that the differential algebraic condition
(determinant # 0) as(a3 — a?) # 2(ajas — ar1az), b #
0 is necessary and sufficient that the mapping (12) were
invertible, that is, the system were P-assignable.

Let’s choose the matrices A% B;, A22 B, .. ., A2m Bim
such that the matrices AﬂsziB;l el =1,2,...,m
constitutes a basis of the vector space of the linear map-
pings of the rank space (10), where m = dimR. If it
is possible, we say that the system structure ts complete.

Suppose, that it is true. Then, let’s agree the matrices
Dy,....,Dy_,, € RP*™ such that KerD; D R and that
the matrices A2 B;; Dy l=1,2,...,m;+=1,2,...,n—m
constitute a basis of the spaces of the linear mappings
from Rt into R.

The terms Qpi(A, B) suggest that we have to choose
K; (t) = Zkzl (t)B;l 4 Z dzl(t)DZ
The subspace R is A(t)-invariant, thus

1?4122(%) )

A(t) = ( Alo(t)

with respect to the decomposition R? = R @ RY. The
feedback equation over R can be expressed in the basis

1,1
AQ,B],Z,B;[ *Ql; n, ler; { r’ y &y 3

The assignability over R is equivalent to the non-

singularity of the application (12), which can be expressed

as the determinant of this linear mapping is different from

0, that is, it can be expressed as a differential algebraic

condition (non equality). Thus, for given Ajg(t), there

exist feedback gains such that the last feedback equation
Aqo(?) 0

T (M0 0 Ve

Theorem 3. Suppose, that the Wei-Norman’s equation
1s generic and the system structure is complete. Then,
iof the differential algebraic condition, corresponding to the
application (12) holds, system (Xr) is P-stabilizable if and
only if the non-controllable structure As(t) is asymptoti-
cally stable.

Our construction, also implies the result on the CP-
assignability.

Theorem 4. Suppose, that the Wei-Norman’s equation
1s generic and the system structure 1s complete. Then, if
the differential algebraic condition, corresponding to the
application (12) holds, system (Xr) is CP-assignable if
and only if that s controllable.

The construction of the obsever gains is analogous, us-
ing the dual basis A™%-C7 Cj A% i, r=1,...,m.

Theorem 5. Suppose, that the Wei-Norman’s equation
1s genertc and system structure is complete. Then, if a
differential algebraic condition, corresponding to the error
equation holds, system (X7) is P-detectable if and only if
the unobservable structure As(t) is asymptotically stable.

Our construction, also implies the result on the OP-
assignability.

Theorem 6. Suppose, that the Wei-Norman’s equation
1s generic and system structure is complete. Then, if the
differential algebraic condition, corresponding to the error
equation holds, system (X7) is OP-assignable if and only
iof that is observable.

Ezample. (Continuation). If as(a? + a3) # 2(asar —
azay) holds, then our system is OP-assignable.

We notice, that if the equation as(a?+a3) # 2(asa;—aza)
holds, then the Wei-Norman’s equation is not generic,



however, our system is controllable and P-assignable.
However that is not observable hence it i1s not OP-
assignable, but P-detectable if and only if, the non-
observable part is asymptotically stable.

4

Conclusion.

The stabilizability and detectability plays important roles
in the design of decoupling and fault isolation problems.
Using the recent results, we can extend our earlier me-

thods, [4], [5], to larger class of time varying linear sys-

tems.
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