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Abstract: This article proposes a new filter design method fault detection and
isolation. The method is based-on two necessary conditions: the first condition is
a weak failure observability and the another is a weak failure separability condition.
If the two conditons are satisfied, we can design the filter via Luenberger’s observers
and one dynamic post-filter. The post-filter is designing by a inverse dynamical. In
this method, the (C, A)-invariance is completely ignored.
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1. INTRODUCTION

The design of a fault detection and isolation
(FDI) filter based-on Luenberger’s observer has
a well-known algebraic (geometric) obstacle. The
fault signatures must be output separable, see
(Massoumnia 1986). That is, the minimal C − A
invariant subspaces generated by the fault signa-
tures must be linearly independent in the output
space under the action of the output mapping
C. The difficulty is of algebraic nature; counter-
example shows that the minimal C −A invariant
subspace generated by only one vector may be the
whole state space, hence the diagnostic system has
no chance for output separability.

Our earlier efforts in papers (Edelmayer et al.
1997b, Edelmayer et al. 1997a), and (Keviczky
et al. 1992) was motivated by a possible gener-
alization of the synthesis of fault detection fil-
ters to time varying linear systems. Our expecta-

tions were based on a purely geometric descrip-
tion of the observability and reachability sub-
spaces of the time varying linear systems, see
(Szigeti 1992, Szigeti et al. 1995). The first ap-
proach was the replacement of the time varying
diagnostic system by a time invariant one, that
is equivalent in a certain sense, to the original
system. Then classical results were applied to the
equivalent time invariant system.

However, in the time invariant diagnostic system,
equivalent to the time varying one, the dimension
of the failure signatures has increased sensitively
affecting the output separability of the diagnostic
system. Therefore, the generalized observers were
proposed for state reconstruction, estimation in
(Szigeti et al. 1997b) and (Szigeti et al. 1997a).
The novelty of those observers was the injection of
the output derivatives. Hence the error dynamics
was split for the unobservable and the observable
part with the assigment of the observable dy-



namics. From that, analogous results to the well-
known stabilization and detection were obtained
for time varying and bilinear systems.

The synthesis of fault detection filters, however,
has seemed a hard problem using generalized
observers in consequence of the appearance of
the failure terms in the output. Nevertheless, the
fault detection problem were treated by this way
for several practical problems, see (Szigeti and
Tarantino 1998).

Recently, Patton et al., (Patton and Hou 1997),
presented an interesting a very nice paper on fault
observability and reconstructability for dynamic
systems. The proposed input estimator also in-
volves the output derivatives. Analogous results
to observability and reconstructability are proven
for faults, confirming the usefulness of the output
derivative injections.

2. PROPOSITION FOR FAULT ISOLATION
BY INVERSION

In our paper a new design method is presented
for fault detection and isolation. The diagnostic
model is supposed to be time invariant and linear.
In this case classical Luenberger’s observers can
also be used.

The considered diagnostic model is

ẋ(t) = Ax(t) + Bu(t) +
J∑

i=1

Livi, (1)

y(t) = Cx(t), (2)

where A ∈ <n×n, B ∈ <n×p, C ∈ <q×n, and
Li ∈ <n×pi .

Now, we introduce a particular system with inputs
and outputs of the same dimension:

ẋ1 = −x1 + u
ẋ2 = x1 − x2

· · ·
ẋk = xk−1 − xk





(3)

y =
k∑

i=1

Cixi, (4)

where x1, · · · , xk, u, y ∈ <p, Ci ∈ <, for some i,
Ci 6= 0. The transfer function of systems (3), (4)
is

H(s) =
k∑

i=1

Ci

(s + 1)i
. (5)

If the function u : [0,∞) −→ <p is zero for t ≤ t0

and x(0) =
(
x1(0)T , · · · , xk(0)T

)T = 0, then the
response y(t) is also zero for t ≤ t0.

Supposing that u is piecewise continuous and that
u(t) 6= 0 in a right neighborhood (t0, t0 + ε) for
any ε > 0, then y(t) is not identically zero at the
same neighborhood. This property justifies that
system (3), (4) is called a detector for u. Roughly
speaking, if u is trigged at the moment t0, then
also y is trigged at the same t0.

Let us suppose that diagnostic model (1), (2)
is detectable. Denoting the orthogonal projection
onto the observable subspace

O =
n−1∑

i=1

Im (A∗iC∗),

by P , P : <n −→ <n, Im P = O. We say that
the ith failure signature is weakly observable if

Ker(PLi) = 0 (6)

It is obvious that, the weak failure observability of
the ith failure is necessary to its observability, see
(Hou and Patton Submitted) or (Patton and Hou
1997) for failure observability, since if Ker(PLi) 6=
0, then a fault signal vi(t) 6= 0 can be hidden in
the Ker(PLi).

The diagnostic model (1), (2) is weakly separable
from the other failure signature if

Im(PLi)
⋂ J∑

j=1
j 6=i

Im(PLi) = 0 (7)

It is obvious that weak failure separability of the
ith failure signature is necessary to failure sepa-
rability, since if a non zero fault signal PLivi(t)
belongs to the non-zero intersection (7), then
PLivi(t) can be decomposed by

0 6= PLivi(t) =
J∑

j=1
j 6=i

PLjvj(t),

and, obviously, failure Li can not be isolated from
failures Lj , satisfying PLjvj(t) 6= 0.

The diagnostic model (1), (2) is weakly failure sep-
arable if all failure signature are weakly separable
from the other failure signatures.

Now, we are able to formulate the main result of
the paper:

Theorem 1. Let us suppose that diagnostic model
(1), (2) is detectable, weakly failure observable
and weakly failure separable. Then, if

∑I
i=1 pi ≤ q

(where q represent the available outputs) there
exists a Luenberger’s observer of gain matrix D,
with the corresponding error equation

ė(t) = (A−DC)e(t) +
J∑

i=1

Livi, (8)
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η(t) = Ce(t), (9)

and a dynamical filter

ż(t) = Fz(t) + Gη(t), (10)
w1(t) = K1z(t),

· · ·
wJ(t) = KJz(t),



 , (11)

such that (10) is asymptotically stable and the
system

ė(t) = (A−DC)e(t) + Livi, (12)

ż(t) = Fz(t) + GCe(t), (13)

wi(t) = Kiz(t) (14)

is a detector of vi, for i = 1, 2, · · · , J .

Theorem 1 says that under necessary conditions
for the diagnostic systems, failures can be decou-
pled in detectors. The Fig. 1 shows the schematic
diagram of the detector proposed.

System

Luenberger’s Observer

Post-Filter

y

η

ω i

u

Detector

Fig. 1. Schematic diagram for the FDI filter.

In this method, the unique inconvenience of the
stated is, that wi(t) are detected instead of the
system failures. If the order of the detector, the
number k of the blocks of detector (3), (4), is
high, then the output signal wi(t) is flat. The fault
detection of a noisy system from flat output signal
can be hard.

PROOF. First, let us split <n in the orthogonal
sum

< = O ⊕ U,

where U is the unobservable subspace. Let system
(1), (2) be realized over O in the observable
canonical form:

ẋ(t) =




A11

. . .
Aqq

0

AUO AUU


x(t) + Bu(t) +

+
J∑

i=1

Livi(t),

y(t) =




0 · · · 1 · · · · · · 0
0 · · · 1

. . .
0 · · · 0 · · · 1

0


x(t);

where

A11 =




0 · · · · · · a10

1
...

. . .
...

0 1 a1n1−1




,

and

Aqq =




0 · · · · · · aq0

1
...

. . .
...

0 1 aqnq−1




.

The assumption on detectability of (1), (2) means
that the unobservable system

ẋU (t) = AUUxU (t)

is asymptotically stable. Therefore, there exists an
asymptotically stable Luenberger’s observer

x̂(t) = Ax̂(t) + Bu(t) + D(y(t)− Cx̂(t)), (15)

ŷ(t) = Cx̂(t), (16)

with the corresponding error equation

ė(t) =




Ad1

. . .
Adq

0

AUO AUU


 e(t) +

J∑

i=1

Livi(t),

η(t) =




0 · · · 1 · · · · · · 0
0 · · · 1

. . .
0 · · · 0 · · · 1

0


 e(t);

with

Ad1 =




0 · · · · · · a10 − d10

1
...

. . .
...

0 1 a1n1−1 − d1n1−1




,

and

Adq =




0 · · · · · · aq0 − dq0

1
...

. . .
...

0 1 aqnq−1 − dqnq−1




.

Let us denote the new systems parameters by
αij = aij − dij , i = 1, . . . , q, j = 0, 1, . . . , ni−1.
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Then, asymptotic stability of observer (15), (16)
means that

p1(s) = sn1 − α1n1−1s
n1−1 − · · · − α10

...

pq(s) = snq − αqnq−1s
nq−1 − · · · − αq0

are Hurwitz polynomials. Detectability means
that the Det(sI − AUU ) is also Hurwitz polyno-
mial.

A standard computation shows that the matrix
G(s) = C(sI −A + DC)−1 is equal to

G(s) =


 G1(s) G2(s) · · ·

· · ·
Gq(s) 0


 ;

where

G1(s) =




1
p1(s)

s

p1(s)
· · · sn1−1

p1(s)
0 · · · · · · 0

0 · · · · · · 0




,

G2(s) =




0 · · · 0
1

p2(s)
· · · sn2−1

p2(s)

0 · · · 0




,

and

Gq(s) =




0 · · · 0

0 · · · 0
1

pq(s)
· · · snq−1

pq(s)




.

By the weak failure observability, in fact, we can
suppose that PLi = Li, ignoring the unobservable
components of Li, for i = 1, 2, . . . , J .

Then, the transfer function

G(s)Li =




GL1(s) · · · GL1p(s)
GL2(s) · · · · · ·

...
...

...
GLq(s) · · · GLqp(s)


 ,

with i = 1, 2, . . . , J and

GL1(s) =
1

p1(s)

n1−1∑

j=0

Li,j+1,1s
j ,

GL2(s) =
1

p2(s)

n2−1∑

j=0

Li,n1+j+1,1s
j ,

...

GLq(s) =
1

pq(s)

nq−1∑

j=0

Li,n1+···+nq−1j+1,1s
j ,

GL1p
=

1
p1(s)

n1−1∑

j=0

Li,j+1,pi
sj ,

...

GLqp
(s) =

1
pq(s)

nq−1∑

j=0

Li,n1+···+nq−1j+1,pi
sj .

The transfer function G(s)L, with L = (L1 . . . LJ)
is of full rank, in consideration of the assumption∑J

i=1 pi ≤ q, that is, if a combination of the
columns of G(s)L is zero, then the linear com-
bination is trivial.

Let

λ = (λ11 · · ·λ1p1 , λ21 · · ·λ2p2 , λJ1 · · ·λJpJ
)

0 =
J∑

i=1

pi∑

l=1

λil

pk(s)

nk−1∑

j=0

Li,n1+···+nk−1+j+1,ls
j =

=
1

pk(s)

nk−1∑

j=0

sj

(
J∑

i=1

pi∑

l=1

λilLi,n1+···+nk−1+j+1,l

)

for all k = 1, 2, . . . , q, j = 0, 1, . . . , nk − 1, that is

J∑

i=1

pi∑

l=1

λilLi,m,l = 0

for all m = 1, 2, . . . , n1 + · · ·+ nk.

This latter means that the linear combinations
of the column vectors of the matrix L = (L −
1 · · ·LJ), by the constants λil, is equal to zero. By
our assumptions on the weak fault observability
and the weak fault separability of the diagnostic
system the columns are linearly independent since
all λil are zero; this latter means that the transfer
function G(s)L is of full rank.

Hence there exists a full rank matrix E ∈
<(

∑
pi)×q, such that the transfer matrix

H(s) = EG(s)L

is invertible. Then, denoting v =
(
vT
1 , . . . , vT

J

)T ,

v(s) = H(s)−1EG(s)Lv(s)

= H(s)−1Eη(s) (17)

is an input reconstruction.

Unfortunately, H(s)−1E is not a proper matrix
in general and may also have unstable poles in
β1, . . . , βr and infinity (unproperness) with multi-
plicities m1, . . . , mr,m∞, respectively. Rewritting
(17) by components
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


v1

...
vJ


 = H−1(s)Eη =




G1(s)
...

GJ (s)


 η,

and then multiplying by the proper scalar fraction

p(s)
(1 + s)k

=
Π(s− βi)mi

(1 + s)mi

1
(1 + s)m∞

, (18)

the following equations are obtained

wi(s) =
p(s)

(1 + s)k
vi(s) =

p(s)
(1 + s)k

Gi(s)η(s).

The transfer function

G̃(s) =
p(s)

(1 + s)k




G1(s)
...

GJ(s)




is proper and stable. Let us realize by the state
model (10), (11). Then, obviously, the statements
of Theorem 1 are satisfied.

We notice that if instead of (18), we multiply by
similar proper scalar fractions the transfer func-
tion by components, considering the multiplicities
by components, then the orders of the detector
will decrease allowing us better detections for
noisy systems.

3. EXAMPLES

3.1 Example 1

Let us consider the system

ė(t) =




0 · · · 0 −d0

1
...

...
. . .

0 · · · 1 −dn−1




e(t) +




L1

...
Ln


 , (19)

η(t) = (0 · · · 1)e(t),(20)

with negative poles λ1, λ2, . . . , λn. As example, we
shall consider the case when all poles are different.
The characteristic polynomial of our system is

p(s) = sn + dn−1s
n−1 + · · ·+ d1s + d0,

where

dn−1 =−(λ1 + · · ·+ λn),

dn−2 = λ1λ2 + · · ·+ λn−1λn,

...

d0 = λ1λ2 · · ·λn.

The eigenvector corresponding to the pole λ1 is

e1 =




1
−(λ2 + · · ·+ λn)

λ2λ3 + · · ·+ λn−1λn

...
(−1)n−1λ2 · · ·λn




,

thus, to the pole λn is

en =




1
−(λ1 + · · ·+ λn−1)

λ1λ2 + · · ·+ λn−2λn−1

...
(−1)n−1λ1 · · ·λn−1




.

Let L be decomposed in the basis e1, . . . , en, this
is:

L =
n∑

i=1

liei =
M∑

j=1

lij
eij

.

The linear combination with non zero coefficients,
lij 6= 0, j = 1, . . . , M . Then, the reachability
subspace of (19), generated by the basis elements
ei1 , . . . , eiM .

Let us suppose that for an L, the reacha-
bility subspace is generated by the elements
e1, . . . , ei−1, ei+1, . . . , en. Then λi will be a root
of the polynomial

Lnsn−1 + Ln−1s
n−2 + · · ·+ L1 = pL(s),

that is,
n∑

j=1

Ljλ
j−1
i = 0.

Hence, if pl(−s) is Hurwitz polynomial, that is,
all roots of pL(s) has positive real parts, then the
reachability subspace of (19) must be the whole
space (let us remember that λi’s are negative
poles).

3.2 Example 2

Let us consider the system of error

ė(t) =




0 0 d1 e1

1 0 d2 e2

0 1 d3 e3

0 0 d4 e4


 e(t) +




a
b
1
1


 v1 +

+




a
b
1
−1


 v2, (21)

η(t) =
(

0 0 1 0
0 0 0 1

)
e(t), (22)
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where the polynomial λ2 + bλ + a has roots
with positive real parts that is λ2 − bλ + a is a
Hurwitz polynomial. Then, supposing that output
separability holds for (21), (22), the relations

d1 + e1 = a(d4 + e4),

a + (d2 + e2) = b(d4 + e4),

b + (d3 + e3) = (d4 + e4),

d1 − e1 = −a(d4 − e4),

a + (d2 − e2) = −b(d4 − e4),

b + (d3 − e3) = −(d4 − e4)

can be deduced. Now, we can choose as inde-
pendent parameters d1 and d4. So, the structure
matrix of (21) will has the form

(A−DC) =




0 0 d1 ad4

1 0 b
d1

a
− a bd4

0 1
d1

a
− b d4

0 0 d4
d1

a




.

Its characteristic polynomial is
[(

λ− d1

a

)2

− d2
4

]
(λ2 + bλ + a) = p(λ),

with roots of positive real parts independently of
the gain parameters d1, d4. Hence simultaneously
output separability and stability can not be hold.

However, Theorem 1 can be applied and our
method solves the change detection and isolation
problem. Indeed, system (21), (22) is observable,
and the fault signatures satisfied the required
weak failure observability and weak failure sep-
arability.

4. CONCLUSION

The weak failure observability and weak failure
separability of a detectable diagnostic system are
necessary conditions. In this paper it was proven
that they are also sufficient to decoupling the
failure signals by a Luenberger observer and dy-
namic post-filter into decoupled detectors. The
use of detectors may fail only for noisy systems
with noise of high level and small failure signal,
in consequence of the multiple integration. The
method ignores completely the well-known C −A
invariance. Thus, the computation is easy because
design requirement is an asymptotically stable
Luenberger’s observer with left invertible transfer
function of error equation.
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